Page 1 of 5

2 - Basic properties of pseudoholomorphic curves

(2, J) Riemann surface (ﬁ,u)) symr!ecft'c . je}(ﬂ,w}

Cauchy-Riemann oPeraéor

w:Z—=M ~ du:TZ=>TM du @:HZz-=T M linear
> dee QUE;WTM)=lp: TE>™M [ p(Tn < T, M}
i : ::(f'u))

J
‘SZI‘O""{?OJ :jﬁ?j $ ﬂaﬂzfgﬂj - “3922

o 53“. = i"(da& + Ja’uJ) is the Prajcc{ion of du on ,Q""
® 73::1 is a nonbinear operai'or=

é_,u. (XeTR,Z) = 3 (du (X) + Jute) du(jX) )
in local coordinates - (E.i) - (R, 2 R -r")
seit

§3u =0 & gsu(r,e) + Wuls,&) dputs,t) =0
mOG{ u[t'_-sgaces = reparame trization of J-hef. raps

M(Z,j)={?‘-z‘—"): (51))-hol di fieom } d?"j“_jﬂdf

If w:3>M is Thol ,than so is uep.
hede &
(Eg: A(S' i) = Wsbia trnstormations 2 By adbes ) )
= PSL(2,C) &-dim noncompact
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( afte- fuding o point M(Sz,jo,z,)=f¢{&)=2,} still 4-dim )
We are infoestad in the moduli space &r AeHyM) | pe M, 2,6%

MOA) ={ wZ=>M| Ju=0, uil5]=A, u(z) “Pﬁum %)

(weak) compactness properties of M(3,A) hinge on
energy (dentity for campafible w, )
Elu) := %é‘ ldul’ dety = ;lﬁ;ulzdwfg + ifu*w

N e e

in docol coordlinates | Inl'haty = (in(2)1® +1p(2p)) dsadt
X TR L AT R
Proof: b 13l diet = [du+ Jduj) diet =2
= (1 du+ 20l + [Ju <Taul) dsade
= ( (3uul"s 0l 1330’ [al” + 25 @rse, I 0c) - 2 (v Tosu)

dsacké
= 2 [dul® + & (35, Tew) dsadt
ol uf;_) n

Cor.: J-hol. curves of €ixed homofog)/ Up[T]=A have Fixed enegy
Elw) = ;qu"w = <A, [w]>

o hull-homo logous J-hol. curves are constont (.([du|z="-0)
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o J-hol curves minimiae enegy =% harmonic map s
("Au = Jovor ordﬁ-”)
@ j"luf. Curves minumize areq

Pseudo hoLomorphic curves behove almost bikte hodomorphic €unctions
fouffy: o + W du=0 vs Su+lodelt =0

J

(32,0054 7,3 ) w=0

Au =¥, Nosu - (7 )0, u Yrdi-n
‘1 Opld s
{ineor operator nonlinear but lower order

‘Egularfl_!)y ¥ uet' 3u=0 then uet”™

k 5 k
" because’ wee = Awc€ % uet T
_ {4rue once we work with Sobolev spaces
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Carleman similarity principle

TnxZh

w:C=f", J.¢:C—-R"", P=-1
Su+ddpu+ Cu =0 |, wl(0)=0
= 3850 , ¢ Bslo) = ™Y invertible
¢'Id=17, S u=:v (s holomorphic © v+l v=0

’

This does nof prove regulmity or estimates (ke lies <H3ullyelicd,,)
since U must map to Darboux chart
* ¢ is as regubar es J=Jou
But if does prove other useful propecties of Tholomorphic curves

Unigue Continuation: Z commected , w,v:S =M J-hot.
BCZ optn , (..(,,3':\43 (Or U=V t{a oOGrﬂ/& at a Fm’n'&)

= U=y

Q?L'- W: =M J-hf. , not constant
+ =5 W(p) finite VpeM
e Oifw= {aez ' a’ut'a)rl??l finite
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The following notion and theorem will be crucel for
“transversality ' = smoothness of moduki space for cortuin
Def®: w:Z—=M s simple if it is not multi-coveed
ve. thae is no @222 | dagipr|  such that w=vogp

= Le
#[::ls ?[EJ zZ — M
’ v rd 7
of dagyp = # 4 (30) =

\:oaném:'-H-l sign

Thm: w:Z=M J-holomorphic | scmple

= (z€Z ,duiﬂ#O , d'(&{%}kfal_} € 2 open,dense

L-l
inject‘ Lve Pof'.n\‘:s

Example ;L S*—» ST | .Es‘iffshpt]
Vep deg (proow ) = 1
a‘g(prs,owgp) = deg (pracv) ~digly) =1 = dgip)=1
= W simp,é’e
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