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_Introduction to Polyfolds

Maote Title [+t

Polyfolds,

. new technelo

by [ofer- &loﬂl- 2ehnolar

brought %o you
by Ketrin Wehrheim
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] =) (5 uw)
"classical” transversalidy & 5('“,,;,,3/ ) G %’f}s:’é

¥ describes modeli spaces as zero sets At=5'f%(;&{“ z-oW}

of Fredholm sections in Banach bunclles modulo o Lie grosp

¥ identifies ends of noncompact moduli spaces with
fibered products of lower dimersional moduli spaces
TO DO: #* (geometric) construction of perturbations

s¥S' @ O-seclion ; gut(S)-equivariant, compatible with gluing

n I . { . f f alal !’.;‘.{ A
* fhe u.sz l Matys S | 1005 of peges (f done E;:;;-mfg 1‘1

. ' P 1 | / i
\[itlle Femains strictly quotable when ;g.{-.,-.,o changes)
\ r ! - &

-

Defect: smoothstructure on compactifiec! moduli space #

(weth bounchry & corners) reguires additional constructions

based on: IMPLICIT FINCTION THEQREM - Dslf'ao) surjective

(ie. S A o-cect)

= s(0) manifold

actual idea/wish : generalize 7

TRANSVERSALITY: | Y
S

;3 = s+p i O-section for genaric P ‘;’f,;;},f;;:;ﬁ’;

(S*PJ-“'O)“‘ (S*Pe)_ll"’) cobordant for p,p, = aaml

finite dim. vector bmdfa ’ S-'{O) com.pqc‘f __]

Cfo o0 -dim. function spaces

mhtml:file://C:\Documents and Settings\Administrator\My Documents\My Notes\Introducti... 3/8/2012



Page 3 of 10

Polyfold Fredholm theory & cperations

? describes compactified moduli spaces as zero sets
of "Fredhdm" sections in “polyfold’ bupdles #=:'0) iﬁ‘ s
— identifies (codimf) boundaries of moduli spaces with
Ft'bercet producfs mt lower df'mcnsiona( modul:’ spaces

AND encodes - counts of O-dim moduli spaces
- relations from 1-dim. moduli spaces

th a general! algebraic structure - "opem{émsh

IO DO: understand compché Fied moduli space as o set,

define appropriate ambient space € section, then quote

C C T

. ; '—-.-. l.' ."I - . - o~ - ] . 1 - F . v p I iy ah '|.
Manitold versioh — for Symmetnes wse orbifold version (withoutr M)

€ M=polyfold, Y- strong M-polybundle
S: 36*—"'? Scﬁﬁ’edhobn secfionj S_'(O) Com]r:ac‘f

+ . / -1
= 3 p: X SC- SCC{'[DI’] (suticientty small &supported near $'(0))
P y /P .

such that (S+pj'{0) s @ ct ifo
with boundary with corners.
(Ano{ (S-hp,jI(O)"'(S""}}jI(O) cobordimt for different choices ﬁ,ﬁl
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APP[I:CQ%EO” tO SFT ’% yuzga"(ua-rw) /P
J S(UW)="9u

‘classical’: /ﬁf()\)=s"(0) < asf(x).:{u.-z—»w WF}
ends »p, g . [ul=A

M 1< s
M: (A) = /%f();)/rgpammfrfiaﬁon = { E ;;/z }
9 | q¢
Fd.. . '_,K:F\‘

/}? : () =? hnlomorpb! c bui(dt‘n; s} _ ‘
new age’:  JTFN) =3"0) %
by

— ?
35: N = { (Wy,...ux) mt necc holomorphic b&lfdmg r"t’jpb Lﬂ

L LI ?EJ

of any height k; ends p.g ;[ =\ [ i
y{“'-"-"d =Rq'{urw)‘...tﬂm{uﬁ W) Il,flf'l"p

—_—

Yy
oy

S(u,..us) = (2w, .., 3,)

L & insperations:

© dimensian of charts for 3 & fibers of Y Yuumps'at D
P> M-polybolds €-bundles modelled on splicing cores

L]

@ action of r-epar-a.me'ﬁriaa-ﬁon group is not smooth

Eg &. R €(R) — ﬁt(R) time shift
(T, ) > Ty (B = ulr+t)

D@ (TV) — eV + T(z+d) €€'(R) f/ ¢
ﬁ if w€CYR) |
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E’ scale calculus
A sc-structure on Banach space E is a sequence [E ‘-'(E;n?,fwo of

Subspaces EnCE with Banach norms Il such thet ® E,=E
Vm30 o E,, <> E, c_om,,aa& ¢ En= () E. denie in E,
Ex: E-CRPE=CR) ~ E~CR) but € <€ only bounded

E=w"(R) ,E,,.=W£“{n2)={fij;'i*i’1.4.--"”""“"('.fézj 0=4,<8<...
¢:E—F is sc¢’ if Pl Enrhn is € Wm0

time shift ®:E—F is s¢°, ie. @ }P We " 'i‘Vc;:.:.”“z
E,,,, ‘;r“

i

¢ E-F is sc' if
. ‘f:El_"E: differentiable & induces DgOIX,FEb‘_”E Wi, € £,

. Tlf TE"—?TF is Sc° (fé‘. Eer B — 5o £° ﬂ/m)
(x,h) = (p0x), Dptob) (k) = Db
9’ (s sc L if 7? s SZ:’é ; @ is se¢ if it is .*.;c:.'I Vi

/

D is s in particular @:Rx> h/w'z——PW"z is €7
) P

- [l ./ w i b/ iy a S =Y«
. (‘3} . = |il"-:)< Ir'u'J:')_ml . I = l""'v{:" - L"ﬂv.'::' (s f l’-f?j [oe]
/ Lo

{ = T ) L/ T (g e
AP A , V) ol ] [T

Chainrule: ¢:E->FF,4:F=6 s¢ = yeq sc', T(yop)= =TyoTg
Proof cr—uctatty wses compactnes of E,,,G-E.,
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D5

Gluing 3Anﬂ'3[ui?£’a“9 Splicings &dimension jumps

Goal : charts for space EE:M) of level 123, buildings

Goaﬂl : L) % of broécn & unbroken Paf‘hs (;ﬁn %r:e ﬂlcary)

[oéﬂﬂy near crr'ﬁpoint OelR™ (arnd ro R ;ae,?f;"

0

o F wn"
(e € 36 wRoE YR,

l/z':@n‘f.f'ﬁ? R=c0 é:ﬂﬁma"ﬂty potn 5)

has nearby points 0
w
w:[0R]— R" (w:R'=R", v: "> R")
{ﬁleﬂgz{'h 12 Rem  (nterior pc)inf) {/{'mﬁyf}'a K=o ,;lr;.oémafarf,v poc'né}

Pmmeéﬁu a ns:f,}vboarﬁaod of (upy) in BE:

x Weint p" x W n @
)

[(E o] Lo (uoth, w+k) . r=0
\_ ! ?t‘miﬁ_,»--"'/ (r‘l h: k) ?

.JJ 1.'
(R=0o ).

@ uhrk) ro0

Fiber wise pm_jm}fan
m t
i ﬁ M-polyfoldd chart
U 13 % br©,,, splicing core

re [ol"l)

B“egfuin’ £ An'&'(pm);tm‘»y define an iSamorpfn'sm

B *6k : W (R, R) =W (IR, R) == W (Cor1,R) <w" (R,R")

hence ker-eg is a Complement of ker @r .
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In ﬁ)rmufas, Te U + (I-R)V(--R)

"‘L—g:\ia (@Rxek) ( t,") = (-H-Ta) w+ Tr V(:_,-R) )

I L I :" / ‘ 'J_JL\-' -
9 ot R is an isomorphism since the matrix -0 r) LS
In picfur'es h——-:-l.:( - & 4 1

of the c’amm'n, 0 " 9

@ e C.a;ufur'é’.s information that
R was lost in pregluing @R

w V(--R) V(.-R) -
o k& rd

In picture of the image,

A SPZ*G‘-nj consasi's O‘F Gfu:?’«fAﬂﬁ-)!“""y Examf&

k. 'S
VCR x [O,W) Opeén set (of gfrmn; Farﬂmar.‘!ﬁrsj Vv =L[0"%)

E=W (R R )W " R")

E Banach spuce with scale structure £ - w0
m: VE —E s famdy of projections (T =)

(vie) — Te f |
I! l:f ) ) = 71 j lf' ":
I L el tel [0, _n) o \ A
'y . ; = . | ) ?,l' ] + R g o P v i | 1 L
-{L LYy = Fan S N N A S | le +{1=Tri e + {1~ o e T
Tl(.'.\f s ] = { ﬂ“ﬂ-ﬁ_ ® p | L {1:-‘!11\ "LE'H '{;-}i fj ] = | 4 l"l ') Illl
| \ I =0 |7
] \ L [l i | BN
R=g" NV - /

Its splicing core s sz[;’, E3xpmmr, < WE
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The G[uin_g& Anﬁ‘g!uin’ Spficiry core (s the "Cibration"

P ——
K=U i~ ko hor© ——-{*‘“* ¥ WH(IoR) ; re-
r-%l{'.'fz) R R W)W RT)  ; (722)

over the set [0,') of gluing parametlers.

Now, the map (p:= ‘ﬂk '—'q{%}%’ K—=2£ (s injective, anol
will serve as chart for the M-polyFold €.

MMMMMW

Afhis example just illustrates the dimension jumps in splicing cores.
Inall applications , the fibres of splicing cores will be oo -dlimensional

V= (_ ’r ") 'y
E=[*R) X | : L(r)
it~ : Wwfﬂ Vi
m,f =0, (§¢4) - f
_ bump(‘ +re®) (V20 's
ﬁv" v) ;v$0 :
1 —t g v
— ,-"‘&w'j" T 1 v 0 Vi 1
iB.=1

Check thet T is sc®: Fix felIR) ,then I-F-ﬁ,, -0,
K
and hence fg mF =;ﬁn B, “-Fﬁp} =0 =1,f.
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SE 2”‘ Counfa% Hamdorf Space
/4" M'PD(YFO[J Gj)ﬂ!’f I:S %Du _t') QCK §.ps£(e:{-'§§ core

DPEJ}

Charts Zﬂirock.-clé*ﬁ are Compatiue if
V*E K x

m (?fﬁfm&zi)‘L’ %(’me """* Z{n'u,,—ﬁ-’ Ky VixE, ¢s sc”

An M-Poévfofa/ Structure on E is a rmaximal collection of
co}::pallib(e, M"po[yﬁo[d charts covering .

o) VeE ofT [ polyFold|

:

SRR

|
T TSR AT Y T,

}51’1'{.‘:‘?15 COr;?
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An M‘POZyBuhd& g I‘Y.E is a Scﬂsurjeci'ion T between

M'Pﬂ(y-&lds %,} "With same §luing farwﬁ-:" and linear fibers.

A Fredholm section S=3§—*y isa sc”mp ,mes=Id | that
"con locally be filled up to o Fredholm map Vx B —VxEy,

( H»‘S‘uﬁ-ﬂy by the )
théﬂ;rlﬂ af?&ﬂ.“ét"
filled section
A e lhk)
» =4 \ TT;' Den(weg “n,f()
@
3y Bl thyvik)

o\

Bl th, vt k)

N

The zero set of atransverse Fredholm section ina M-Polybunafle
(S a smogoth manifold.

R

In G?PEJ.CGf’LIOnSI
the Uopolyfold 3

i

y*-.. ?_03

and the bundle
br w will be |
f;ﬂ— c;ihii{'onaﬁ k % :} S {o)
e - &0
Sco" €

but the zero set
Shoy still is w

Finite dimepsional
moanifold ..,

isn't £t neat 2!
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