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. sfc'ﬂfas& papers on
Wi~ mﬂ..m{f.edu/&kaﬁrin

The .Sympﬁed:ic ca.f.'egbr)r

e Course notes on
e ff:eacfn/quiﬂ ks
Katrin Wehrheim

based on joint work with  C.Weodward
S. Mai

The sxmglecfic 2- c«.fc;o:—z (ﬁomofo"y ver:;‘nn) W#
.objec.f‘- M aolmissible Synylecﬁc

® Mor(MoM,)= Donaldson/ Fukaya, - Ca.éagor y
**ohject : admissible genlagr corresp. L =M= o N M)
. 2/;101'“,,-_ L ) = quilted Floer hOMofogy with tomposition

® composition Functor & : Mar (M, M) x Mor (M,,My) — Mor (M, M,)
m.,aobﬁﬂﬁ a._o; ,é_-u) — .}-.-m#ém

empty concatenation
o identities (MW= IneMar(MM) , e Mor(L,)
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Recall : quilted Foer bomofog’z

Har(L,L) = /&r( mot ”“"‘/”’4,) - 42,
E:?M Nk’-t{w.m

Floer o fieventiedd 0 counts ?mﬂcd cylmdsrs/m
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as qubt invariant fo i M' . x;‘:
L emma : "ComPosiﬁon (s a.ssocc'a.ﬁve R M - ]
with Z'ideni:iéy 1,___= L e M(L,L)
LMo
Proof:

S ﬁ__‘1f=°3"-"-9' Td

ogeh . RN | e, ool
o i

iy L—E—W'F*—t,—-' | 344;@- e ~ LG
- y /

F"(ﬂ'h) jll'-""ﬂ T——— -'- SR has B-symmetry
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composition Eunctor 3t Mar (MyM,) = Mor(M M) —> Alor(pp, ;)

ﬂ' Lol .L-‘-lt — éﬂ( *Lp,
" [ ] ] I 1
"“\9; b Loy L, — éq *L,,

f m | TEEG HPla )oKl = HF(LtLa L)
'F "Lo_‘ Lemm # is Td-competible, associative, miem‘uge&

e = (‘F"' 'u,l#’IJ
3 2 . ’
@ e lwin | e
{ = .“'H | il ”l ]
l PR - ,n ] .
.,\ I.L!_ﬂ ;' IF ‘ i, j | #“FT 'F : = (-Fe-F‘)'F(a.o,)

summary: [hm L There is 2-category W# with
« object : symplectic manifole

* l-morphism : generelized Lagrangian correspondence
I-composition : algebraic (concatenation)

'Z-mrpbf.fm= qu:!&u’ }%&-Mo#‘y class
horizontal&vertical 2-composition given by reblative quilt invarant

L Lo#Ln. ~ L°|£-tg if gcomeﬁnc comfoscfmn (s embedued
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Tb 2 Lo.#‘!-n T pr‘uc orthwLﬂz H;eomefﬂ'c camfosifﬂ.'ln (s embeduled
Proof: Define L,,#L,,"""*L" from HF—isomo:-pAixms

I >HF(1..'L=., Lile) 3 G
"t 11-03 HF‘LMJZ-OJ‘LR)Sﬂ Mo ,,’f
Then TS T

xofo= hu_anOp:n:d h—d L.

b

[

- e e

and ﬂau = 1L¢a s:m:!&r[y.

£ i, . i, !f i
F — _— 1 [ - !
Poct= F—p I o« — S 1] = ;= 1{_“
- s - , 5 +
Y . -
" e == - - iich = o
e 9 & )
= o] = o] =101, ) =1
gy DR o Lot = Hea
W > b -

T+ HF(L#la, Lo*la) S HF (Loa, Log)
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ob Thmi _

7 %+ ca&-cgorcff
Cgro”mr;ﬁ There is a 2-functor Jen: Spmp. — Gt =(Fu.nc&or-5' )
rat trans Y

induced by the 2-category structure and choite of base object M_=pt.

e;'ﬂmﬂﬁz categories
<
. -— 1cbors/from
Mz There is a 2-Functor W — %"[iife;ﬁﬁm
A . wdmissi bl symplectic M
W em % ;s adm. g’@h.it?&ﬂ’- C{)}".’ES'P-/@.E\F & im b ol ol Cdmf]lﬂj{ff@’? -
HF dass ’

concretely, Symp—> ol is giver as follows :

& admizs chie

oM synnf!scﬁc
N\
extended Doraldson - mfgor‘y Don (M):= Hor (pt, M)

'objecf: pt—> "'—" —M genemﬂiud Lagmny’an

el v s5r bl

Mo (LL')= Hr(L,) = HF(L,L)

* Compesition Y . f
s - . L
| 0 Hl “h X —( wg}
P .U =
T8
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genera Gizedd Hor C"'o,ﬁ;

oM,JE.J)M La,rmq;:hgmp #: &,—(pé H,)@rf-”}—-)&'ﬁvf H,)
(—7 functor &,.(L,) Do 0‘!,) — .ﬂmm)
oh ohjec.ts: #ﬂ%ﬂﬁa — F*_,’L__ﬂfv[oi‘:;’!
«D;"‘L«Jf on morphisms:  HF(L L' ) —> HF(L #Loy Lt #Lo,)
E : ) L -
Tte ?
£
Do (Lol
. HF{.L.m;Qm)go‘ — natural transformation l Donla) =T,
Don (Lo
To L eDm (M,) associate T;(L) =1, %
- RN € HF(L#L,, L#L,)
s.t. V(L —""L') ﬂ
Don (L)F S
LIL,.. iLo o
TalL) TalL) =
Ly T L.

by the interchange axiom for w#
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COrolfa.rz: Funci'Ors and #amgérfc Campwiﬁon

Do (Ln-)e’lnﬁ-uu) 7 Lo (Loz‘*l-u) r"'}"’ Don fL,,OL;;)
by Lopliz™ [ oL, if embedded

a.emys 57 ‘Func-fbriafﬂy

divect proof :
Bmltad * Dnllad yf;-ﬁ_ Don{Lo2L)
—_— i _/___—
f!’—_\.__—— ’

So far (hom::fogy vtr.n.bn)
* conformad structure of quilted surface ,perturbations,.. fixed

* given symplectic Labels, count isolated holomorphic quilis
=¥ map on Floer homafogy iné.wnd@nf of choices

* oll disk/sphere[figure ® bubbfb? esxcluded by admissibidity

9/28/2010
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Next :  Aw-/ chain level version [Ma.'u. -ww]
* construct Pafytopes Q< { b quilted suan:ce}
« given gympfech'c Labels (M,L), count (solated pairs
{(u,)[Zeq, u:E2M holl quitt}

= map on chainlevel stisfies refations given by boundary facets of Q

* still need admisscbility to exclude dlisk [sphere[figure® bubbling
(chcfudfng them should yzé.&( more ﬁggnertz.é poé’yf:opes and aﬁ?gebra.)
extended Fukaya - A, r.‘af’gor/ M’(‘H)
sobject: pt—» E M Jenerqﬂjzga{g}agmngmn
Mor(LL)=CF(L,L)

« compositions m =(mk) 1

k=132,
detined by associahedra Q = ( w
~_UN
k

(Munafur}a ares & tuples of si'rip;)
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‘M,!E.J’M mem&:jmhgrmp
LD As functor FL,): M?/‘!,) — M#(H.)

. L — L+#L
ks R Rl
on moPhEnst B CR(L™, L) —> CR(L#La L Lo

izt

\ =~ Q’:f"" definedl by rhufﬁp[fbedrﬂ.

3

e

C )

N
X \
" ] construct strip-Like conformaf structue ot outgoing end

facets of mul tiplihedron:

/

Ap" Flmc éo r relation

| LSy N
Fm +mF =0
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work in (slow) progress : Extend [ ,—> FlL,) to an
Aafunctor Tk (Mo, M) —> AFun( 5k " (), Bul'(m)
* on morphisms é CF(_L‘;‘;L_‘;) — é CF{Q:E{;} a(p)

isl

- (o)
4 : CF(La#La, Lo* Lo
. =Q
L% e "B k¢ requires realization of generalized
N 4 multiplihedra. by quilted surfaces
. .

Moreover: Lo.#Lr.-. ~ LoroLn. and 3:“-9.)" 3: u-ﬂ) = 3:(2'.*1“)_;3:“0‘ OLW)

embeodldeod

work in (repid) progress [Ha'u] : There exists an
A,."Fanc{‘or- B: M(M;*M.) —> Bimodules foMa),M(ﬂ,})

o BB, 1) okt o Bk

defined by "simpller" poﬂyhedm of quilted surfaces

M
Moreover B(LM#LEE)EB(('OIULW) '

ambedoed

but relation to B(lo)® B(L,z) is unclear.
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