Bant? 2014

How to extend 2+| “fieldl theores" 4o 2+1+| dimensions,
inspired by  gont work w. C.Woodword ; Gay-Kirby ; Banf 2010- ...

Goal: Every ‘natural” 3-dim TFT "extends naturally to o 4-dim. "TFT"

/-/ functor Bory,—> € 2-functor Bor,, — €"
. . =defined on presentation
what Jouge ﬂaury gives: e raturad "f . ]" s

gu,tduy e.xa.m’pees : Dona!d:on-}’an;«/’fdfs / Sclbeg—Mﬁéan cnvariants
anol thecr (cmjedurwe) symfkoﬁ‘c. versions

disdlosure : gaugetheorebic “TFT"s are not moneidal
since  Sym?(Zuz,) # Sym¥(z,) * Sym®(5,) Sw

T(Sus, pt) ¥ (3 pt) v T (Z, pt) YM



Def?: A presentotion of a category € consists of
¢ simple morphisms  SMor < Mor,
bhat generate: VYeMor, 3Y, .Y eSMor : Y=Y oY,
- moves Mve U SMor" * SMor"

m, |
mens2:  (Y,%: Y, ¥e) YW= Y-"‘Y'

s.t. any two dec.amposr'éions Ve.oY =Y= Y'o... Y- ore

related by a [wot wnige) sequence of morves

Ex.: €=Bor,,, with SMor = handle attachments %
& difleomorphisms 5 )=l il =5
My = Cert moves merr % . .

Y.,,OY
Y.L‘Yp= ‘t;o‘i Yff; A Yﬂ' P "‘ ) Y‘Jzo‘::'

Q@@ 0



Note: A presentotion (sMor, Mv) of T induces a 2-category
€ é; . &jé’ . /‘?:;-'-'-Sunenccs in SMor |, Mor = Seguences in Mv
with €= 94, .

Ex B: BO"aﬁ 2 3-cobordisms with Cer-f-'deam mﬁ‘on

[o.t] | —t Flordtf)

ExA: Sr:-y\r;;;) given by Obs : .s‘ymfle.d:cc manifolels defines S,mp::s‘-:%

SMor (M,M") : Lagm?ian submanifolels € M™=M'

e

Loy Lz ch Mox By <M
Mv : Mbth,E-?» M, if L Prigem, injectire
~¥ 7 oo Ly = Mem,
Loo b is embedded

Mor (MM) © M3u i,



Thm (ww ‘02-.] To construet e “TFT" Bor,,, — Cal = (ﬁ.,wi ,,:zj )
bhat induces HF-valued 3-manifd invariants

it suffices to construct a functor Beor,,, = Symf = %r
on the Cert presentation with values in (monob!m&.__)-% )
[ Obfige —Objsyey , SMory, > SMory,,., competible with My, —Muy., )

n 9 l
e T P S Pt AL

CPerute

[ww]  Hem(m (Z %), SUm) , Hom (mr, (Y s0), SUM)
@P_,,,_ﬂ 4‘/[") 45_,,,1[ h{m"’ l 97

Proof : roctenc SY'ﬂf’ extends to “the symplectic Z-Mﬁe}ory"

4 Obi = OL'.&"’ 3 Functor Symp —> Cat
SYMP : ”or' = IQ:-weqmman SMor ﬂ M —a Mer(pt,Mm)
Mor (L, L) = L L — "eL" functor

qutied HF(M_ 1) § )
‘_I_._:‘ Y = E:___-: — Mif;_{'-_'-‘f —r %or{ﬂﬁslt_‘.‘j} “IHF("_—‘:‘]



maybe — cﬂ&gsrm
'I-rm : To construet o "TFT" E‘aor'z,_,‘_i Cat = ( )

\557 g na,é\‘.nn.v'l:
it suffices to construct a Functor Bor-m - Sy»af
on the Cert presentation with values in [monam...)s;;}

that satisfies

Y=g
naturality: N P = '% m= :
JBXT s

Pl

3

'%

Proof:
() [Whitrey, .. 6ay-Kieby]:  Bory,,,, has a guilted presentation with
® %nam'&ors E"T'ZH ' 2SMor = .";\‘. ’\}g‘

i.e.all 2-morphisms are represented by ML@W tbal
(Ceri: diagrams of Morse 2- functions)
* moves <> =

— = *~
>< =

IT X-¥X

SRS



(c) [ww] Sympc is a.Z'ch'egory with ¢ c&'c%m; hisms and

'Mor( i ’Mor( ) Mor( ¥ &S Yff')
inBor " ¥ W 2:,,
x*= 1 TP e
{3 " 7 } {ax ) L/}
qg,il{rs every quiliesl surface with  Labels in Symp™

S compact oriented] 2-mbod
MenS embedded 3ra.ph
Vo €M "ou.f&m'rg.' vertex

(S ") = Ob,'
edges —» Mor
vertices£\Vv, -

defines a 2-morphism @S labds) € ’-ﬂor( Y’E’"\%) at ;/Elé ]
satisfying "strip shrinking’
/'Y\ = .
(S l_') SV, R EO!] V2 % Q( W a ':KJ%\E.-"



(") §3:-,_,,,, (s a 2-category with cydlic morphisms and quilts
( satistycing r{;n}o f)lrm/cr.‘nj]

whose 2-momh£.rms are_represented by qu,iﬂts
with simgfg Labels in (05)’, SMor, 2SMor = {.S‘ , (}g‘ ) .

(ci) S'ymp" is a 2-cat‘¢59r7 with cyc.mor. ?w:b':s ,str—ipshrinkev.

= To extend Ber,, — Sympﬁ to ﬁ-o“--r'.,_‘_“,l it suffices to
S — M N

Y=(0Y,.. %) — [Ly,...L\h] 3-cobord.w. (ot decomp

Surfaes )
-coborolisms [y 42

a) define ‘F@,‘F@ € z/&rwa

b) check that meves betneen quclt represertations in Bory.
correspond to identities between 2-morphisms in Symp"

¢c) compose ,7§.:—;w" = Symp* — Gat

BOI"'@..“.[



y

2 L ,=

a) } £- g” -F®_.;_ A% Hor(”ig‘a p{["A) 2 'F@ SS'“AM})
<bp=lpt = ‘-°L :"AM: = ST:MG:

Hor{a[2)8) 215, - o~

My s b ,
L;\'Fé/M zﬂir(m;w S l‘ 9'F® = 55(1)
7N\, Ly e
Lt Mg Lo
Lebp=Lyrhae Mor (ML = M ) Nor L"'Lﬁfmw%"f-u'
= ¢ .
“np g # L‘.Lpl: Lpo L‘I az.t' ( p::’ )

U t

My @&

g2
‘ {5.‘ ::11 ﬂ(.:r T R
\\\ %;H"r e l\\_:ﬁ_l__—" |\ Ei_ ,



Con ’ : The [Perutal] ICWW] Func&ors BOr,,,-*SymP are natural,:.e.

¢ ' K 2
T&l’?l = " MJJ ¢ Mor( N ]
Sketch of Preof: via SS-compatible de,mmﬁon: of PDE's
[Satamon-W] seudohdomor’hr.c ey Yang-Mills &— YM,M”!
qmles adiabatic Limit qml.ts (swiw] A
J e s it o
3+1 Atiyah -Floer conjecture : The (ww] TET extends !bndi:@n-by -Mlls
Bory, ~» (h.:';" )

he
Conse;guenms of ’Wm

-
” \‘

+ To prove that the [Perute] TFT extends Seibery- Wition Bor, — .
it suffices to show that [Taubes-..)-style csomorphisms of quilbed 3-mfd

invariants intertwine @ and Qg .
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