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Project Summary f

The proposed project belangy into the general realm of interaction between symplectic geometry
end kow dimensional topology. Impartant progress In thees aress has boen made i the last twonty
years starting with the work of Donaldson [D1] on amooth four-manifolds, which was based on anti-
self-dual instantons, and with the work of Gromov [G] on pseudoholomorphic curves in symplectic
manifolds. In both suobjects Floer then introducsd a hew approach to Inflnite dimensional Marse
theary. In the gauge theoretic context the Floer homology groups provide invariants of three-
manifolds that fit into a topologicel quantum field theory with the Doneldeon invariants of four-
manifolds. In the symplectic context Floer homology is most generally an invariant for pairs of
Lagrangian snbmanifolds, which is closely related to Gromov-Witten Invariants.

One primary poal of this project is the proof of the Atiyah-Floer conjecture, which relates the
Floer hamology of a homology three-gphere to a Floer homology of Lagrangisng which arise from
moduli spaces of flat bundles asseciated to a Heegaard splitting. The remaining majer difficulty
is a version of the large structure limit in a formulation of mirror aymmetry for Kihler surfacen.
Bubbling effecta In this Imit ¢an be excluded by purely analytlc methods but should be identified
geametrically for the context of mirror symmetry. This leads to a conjectural one-to-one correspon-
dence between antl-seH-dual connections on € x 5 and stable holomorphic bundks on CP! x 3.

A second maln part of this project, joint with Chris Woodward, is the definition of a ¢lass
of Immrlants for thres-manifolds and knots nang a class of ‘'menotone’ medull spaces of bundles
erising from decompositions of the menifeld resp. knot. This i3 based on the construetion of Floer
theoratle fanetors associated to Lagrangisn correspondences, which are part of s categorifleation
of symplectic manifolds and Lagrangian correspondences. These invariants should hence fit into a

! category valued topologicel quentnm field theory in 241+1 dimensions resp. for 0-/1-/2-tangles.
‘I'_T"' The Atiyah-Floer conjecture is & Jongstanding open question and its solution would be sn im-
ﬂ_gf_‘_..- portent step towarde understanding the relations between different invariants of homology thres-

spheres. The large structure limit technique also has an extension to Seiberg-Witten equetions,
where it would provide one step in a program of ¥.-J. Lee towards identifying the Seiberg-Witten
and Heegard Floer homology of three-manifolds. Legrangian correspondences were introduced by
‘Weingtein as additional functors in & symplectic category, and a 24141 topological quantum field
theory factoring through a gymplectic category has been a vigion ever gince. The proposed real-
ization moreaver yields new tools for computations of Floer homologies and it would geometrically
constmuet knot invarlants that are structurally similar to Khovanee's combinatorial lreatianta.

L Mhore generally, this program alms to further the understanding and exposition of the analytic
pb‘ﬁ' foundations of gauge theory, pasudcholomorphie curves, and modull speces of nonlinesr FDE' in
,J/" generel. One such project is to meks & revolutionary abstrect framework by Hofor-Wysoeld-Zohnder
eccessible to B wider audienee through e graduste sourse and users guide’ lecture notes. Further

expository texts ere planned on removable singularity theorems and Lagrangian Floer homology.
Promoting women In mathematles is another Important goal of this project. Cn a large scale
she proposes to organize a conference celebrating the achievements of women in seience in order to
strengthen the visibility of role models. On a smeller scale she plans to introduce a mathemetica
dey at MIT combining a major orientation for female students with en open dey for schoclgirls.
This is degigned to combine networking and mentoring effects and counter the negative offect of

sterectypes on career decisions of women.
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Introduction and Results From Prior NSF Support

0.1 Floer Theories in Symplectic Geometry and Topology

The Morse complex of a Morse function on & Riemahnian roanifeld, with transverse Interasetions
of stable and unstable manifolds, is generated by the critical pointa. The boundary operator is
defined by eounting the connecting orblts of index difference one and the homolegy of the resnlting
complex is isomerphie to the homology of the underlying manifold, see a.g. [Mi, 3¢]. Floar's idea
wea to generalize Morse homalogy to functionals on infinite dimensionel apacea, where the critical
points have infinite index and coindex, but the relative indices are finite. Az in Morse theory,
the chaln eomplex is generated by the eritical polnis and the bonndary operator 18 constructed
by eounting trejectories between eritical points. While the gradient flow equations are not well-
posed, the trajectories are solutions of certein nonlinear elliptic equations, such that the spaces of
gomnegting orbits are finite dimengional.

The gymplectic Floer homelogy is defined in terms of the symplectic action on the space of
paths in a symplectic manifold M which connect two Legrangian submsnifclds £p and L;. In this
¢age the critical pointe are the intersection points of Ly and L; and the trajectories are pseudo-
holomerphic sirips with boundary ares in Ly and L. Under certain monotonicity hypotheses this
gives rise to Floer homology groups HFY™P(M, Lo, L1) [F2, Ohl. As a special case one obtains
invariants HF™F{iz) for symplectomorphisms iz of & symplectic manifold, where the complex 18
genereted by the fixed points of io. These were nsed by Floer [F3] to prove the Arnald conjecture for
mohotone symplactic menifolds. This proof end the definition of Floer homology for Hamiltonian
symplectomorphisma has been extended to all compact symplectic manifelds [HS, FO, LT].

In the Lagrengian case Floer homology is not always defined and thers is an obstruction the-
ory [FOD0]. It gives rise to the Fukaya category of a symplectle manifold, where essentlally the
objecta are Lagrangian submanifolds, the morphisms are Floer chains, and the Floer differentisl
# and ita feilure to satisfy % = 0 are encoded in an A, -structure. In eertain crses, Seidel hes
achieved an understanding of the Fukeye category in terms of vanishing cycles of an associated
Lefachetz pencil [8e2]. He used this to establish Konigevich's mirror conjecture for the guartic
[Se3], where the Fuksyn category appears on the symplectic side.

The second petting in which Floer carried hig program through ie given by the Chern—Himons
functicoal on the space A(Y) of BU{2)-connections on & homology 3-sphere ¥ [F1]. In this case
the critical points are the fat connectlons on ¥ and the trajectorles are antl-self~dual instantons
on R x Y. The resulting Instanton Floer homology groups HF™™(Y) are smocth Invarisnts of the
3-manifold. They morecver interact naturally with the moduli spaces of anti-self-dual instantons
on & 4manifold X with boundary AX = Y, giving rlse to a topological quantum Aeld theory [D3]
that 18 closely related to the Donaldson invariants of 4-manifolds [D1].

Similarly, the Seiberg—Witten invariants of 4 manifolds are related to a Seiberg—Witten version
of Floer homology [Ma, CW, KM2]. Also in the aplrit of Seiberg—Witten theory, Ozsvdth and
Szabd [O81] introduced e further Floor type 3-manifold invarant: A Hesganrd splitting of the 3-
manifold gives rise to two totelly real tori in the symmetrie produet Sym?(E). The Heegaard Floer
homology is constructed from these tori analogously to Floer's theory for pairz of Lagrangians in a
symplectic manifold. Ozsvdth and Szabd [O52] conjecture that the Heegrard Floer homology is iso-
morphic to an equiverient Seiberg-Witten Floer homology. The structural similarity of these Floer
theories i apparent, in particular in comparison to the work of Kronheimer and Mrowks [KM3].

e in Some excity
-ﬁnza:mm-k& €0 'Hg?
non- ex)pwt

set the stage
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0.2 The Atiyah—Floer conjecture

A Heegard eplitting of e closed 3-manifold M 18 a decomposition A = Hy Us H; Into two hendle-
bodies [ with common boundery 8H; = K. In eontrast to Heegard Floer homology one cen also
use represemtation spaces to define s peir of Legrangians Lg,, Ly, © Ry io a symplectic manifold,

m (%)

LHi = Hum(—aﬁ'n(ﬂi, E] f

5U(2))/80(2) © Ry = Hom(m{E),5U(2)}/8U(2),
where S8U(2} acts by conjugation. These apaces are all singular, but they can be mepresented as
{symplectic) quotients of smooth (Banach-Ymanifolds in gauge theary,

Ly = {Alz|Ae QH;u2)), F5 =0} C AT} := QYT;su(2)).

More precisely, the symplectie structure on A{X) ia given by win, 8) = — [5tr{e A 8). The pull-
back sction of bundle isomorphisms, represented by the gauge group G(X) := Mep{E,8U(2))}, is
Hemiltonian with moment, map given by the curvature Fy = d4 4+ A A A of a connection A € A{E).

Agmyming that the symplectic Floar homology can be defined in the singular quotient setting,
Atiyah and Floer conjectured that it should be naturelly isomorphic to the instamion Flosr homaol-
ogy of the cloged manifold A = Hy Uy Hy, if the latter i3 an infeger homology 3-gphere.

define your main objects

/4
and state your goal clearly

cisel

pre

Conjecture 1 (Atiyah, Floer) HFPS(Af) ¥ HF"®(Ry, L., L)

The aim of my long term preject with Dietmar Salamon i3 to prove this conjecture via an
intermediate Floer homelogy HF2®([0,1] x X, £apus, ) that couples the instanton equation with
Legrangian boundary conditions in the smooth but Inflnite dimenslonal setting. (See [3a, W4 for
purveye.) In a firgt gtep [SW], based on [W2, W3], we have now defined this intermediate invariant
for general 3-manifolda with boundery and a generel cless of Legrangian boundery conditions, The
follewing thecrem applies in particular when £ = L, where H is a disjolnt union of handle bodies
with #H = ¥, and such that ¥ Ug H 12 an Integer homology 3-sphera.

Theoram 2 Let Y be a compact, oriented 3-manifold with boundory X, and fet £ C A(X) be ¢
gange invariant, monolone, irreduacible Lograngion submanifold, i.e

(L1) £ is & Fréehet submenifold of A(Y), each fongend space TaLl is 6 Iogrongion subspace of
YL, g), £C Agai(E):= {Fq = 0}, and £ is inveriant under G{I).

{L2) The quotient of £ by the based gauge group G,(Y) = {u : £ — 8U(2) |u[z} = I} iz compaet,
aomnected, simply connected, and m2(£/G.(X)) = 0.

(L3) The zeme connection 48 contrined in £ and 48 nondegenerate. Moreover, every nomtrivial fist
connection A € A(Y) with Alx € £ is érreducible.

Then the Floer homology HF'"'(Y, £) is well-defined and independent of the metric and perturba-
tione used o define i

state previous resubis

For this construction we dewveloped and refined & number of technical tcals. In particular,
the extension of the compactness results to general Lagranglans is based on mew results with
Tom Mrowka [MWe] on the topelogy of the gauge action on L2(X}, the borderline Sobolev case.
These replace an extension result in [W3]: The L2(Z}-norm on the Lagrangion Lg controls the

d.
) e_.i nm{-echnicaﬁ/

8-
3
&

e fforts
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corresponuding flat covmections on H in L3(H). (Although it is unclear whether the L2-closure
of £z 1 smocth.) The latter however also ig a firgt step towards an igomeorphism between the
Instanton Floer homelogies «f manifolde with and without boundery,

?
HFISSY, ) = HFESE (Y () B, {1
ﬂ‘hﬂ mongtonicity formulas and coberent orientations for thecrem 2 were obtained by identifying
the index bundle for the anti-self-duality operator with Lagrangian boundary conditions to one on
& corresponding closed manifold. This slso provides the linesr theory towards {1). As final step
\'tﬂwards a proof of conjecture 1 we plan ta esiablish the isnmorphism

intuitive formulbos

HF™ ([0, 1] % I, Lgum,) E’HF’J"“P(RE,LHE,LHL) (2)

by adapting sn adisbatic limit argument. by Dostoglon—Salemon to the degeneration £ —+ 0 of the
metrie dt? 4 £2gs on [0, 1] % E.

break project irto pieces

dl'.rp?a)r

0.3 Bubbling Analysis

One egsential new difficulty in the adiabatic limit for (2} is the occurrence of imjermediate bubbles
that I can now exclude by the fellowing quantization of energy {which coincides with the charge
for anti-seli-dual connections). The following is & sperial cases of the regult in [W6| for C x £, and
¢an be proven with similar methods in the boundary case,

Theorem 3 Let £ be a Biemarmian surfnce and equip € [or the half spoee H C C) with the
Euclidesn metric. Coneider 6 connection A € QYT x T;su2)) (or A € OYH x Z;5u(2)) with
Lagrangian boundory conditiony Al;«x € £ for all # € 6H), If the connection has finite energy
E{A) := 5 [|Fal? < o0, then it has integral charge g0z [tr(F4 A Fa) € Z.

Thie integrelity in surprising and of independent interest. The bubbles on © % X for £ a
2-torgs also appear in the po-called *large strugture limit’, which relates holomorphic bundles to
Lagrangian submanifolds in & formulation of Mirror Symmetry for Kéhler surfaces. The new energy
quantizetion for these bubbles will significantly mrengthen previous results in this ares by e.g. Chen
end Nighinou. More generelly, thig charge identity supports & conjecture by Marens Jardim and
myself of a one-to-one corregpondence between finite energy anti-self-dual connectiong on T x E
and stable holomorphic bundlea over CP! x X,

More generally, the bubbling analysis in moduli spaces with a monotonictty property (energy—
Index relatlon) actually only requires an energy quantization £ = £ > 0. In [W5] I have farmmlated
this well known technique as & genersl energy quantizatich prineipls for ssguencess of anergy density
functions. It applies to the adiabetle limit for enti-self-dusl instantone ws wall 88 to the shrinking
of strips in psendcholomorphic quilts described in the next section.

Theorem 4 Let D be o Blemannion monifold (nossibly with boundery). There exists o constont
-DO i > 0 depending onn = dim D) ond given constants a,b > 0 sueh thad the following holds: ua
MO— Lete; € C3(D,[0,00)) be sethme of nonnegative furetions such thafiAe; = Ag+ Are;+oe, "
! 5| g < Bn+31&+be, for some conatanis Ao, Ay, Bo, B >0, and with uniformiy bounded
SQEEEE l e nei < B < o0, Then there exist finitely many points, 21,...,85 € D snd ¢ subseguence
* such thet the & are uniformdy bounded on every compact subset afD Sz, ..en}, ond there iz g
concentration of energy A > 0 at esch 24 (i.e liminf; .. fﬂ;{x,)e* >hforalld >0}
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0.4 Functoriality for Lagrangian correspondences

In a jJoint project with Chris Woodward [WW] we have achieved a categorification for symplec-
tic manifolds and Legrangian corregpondences: To any monotone symplectic manifold A one can
smociste (following Denaldson and Fuksys) & category Don(M) whose objects are Legrangian sub-
meanifclds, and whose merphlsms are Fleer homology classes. To any Lagrangien correspondence,
thsat I8 a Lagrangian submanifold Loy € My » M, in the product of two symplectic manifelds My,
M, we define a functor

B, : Don¥(My} — Don® (M)

between suitable enlargements of these categories. In particular, a simple Lagrangian submanifcld
Ls € My 18 vlewed as eorrespondence Ly © {pt}~ x My and 1s mapped to the sequence of Lagrangian
correspondences &z, (Lo) := (Lo, Lpa} from {gt.} to M, which is an object of Don#(M;}. In this
setiing we can define the functor on the morphism level

B, - HF(Mp; LD:-L,U) — HF{M,; {Lg, L), (%:Lﬂl})'

7
it's

e ¥
'g &‘ih; Hera both the genoralized Flosr homology for sequences of Lagrengian correspondsnces and the
: é X relative invariant 1, are defined from moduli spaces of pseudeholomorphic quilts, whose 'patches’
S h'% are peetudoholomorphic maps to various symplectic manifolds with *seams’ mapping to Legrangian
&~  correspondences. Our first maln result [s that the compesltion with the functor for Ln2 C M} x Ma
ia isomarphic tn the functor associated to the genmetric compogition of the correspondences, given
M.E. hy oz & (LUI x le) th (MQ x an_ x ME] —+Lgyo L C Mﬂ_ x Mg, if thig ig an embedding,

short, mwnbyﬁcﬂ Lormulas —p o oPn, ™ Sy,

Muoreower, we extend this construetion to a 2-functor from a Floer type 2-category of symplee-
tic manifolds and Lagrangien correspondences to the 2-category of categories. One of the basie
nontriviel ingredients of this theory is the following, in 8 more down-to-earth speciel case.

Theorem 5 Let My, My, My be a triple of compaet {or exact) symplectic mondfolds with the saome
S":abB monotonicity constont, end consider compaet, oriented, monotone Lagrangion submanifolds

fﬂl{tfs LopC My, Lon CMy x My, LigCM] XMy, Lo C M.

If Loy % gy Lo = (Lo % Lig) N (Mo % Ay, % M) {8 smooth, moz embeds it inde Lojelia C My x My,
and the latter Lagrangian iz also monotone, then there exisis a canonical tsomorphism

HF(Mp x My x Mz Lo x Lnz, Lny % Lg) = HF{Mo x My ; Lo x La, Loy 0 La). (3)

ML Thls Isomorphlsm 15 Indueed by the IdentHfcation (Lg x Lna) g x o) = (Tox LN (Lm o fi2)
rﬂﬁ‘s of the generators of the Floer eomplex. The Floer differential for (Lg % Lis, Do) % Lo} counts
Q triples of peendohclomorphic strips in Mg, My, Ma. [Such tuples of strips are the basic examples of
II‘A ‘ﬂ peeudoholomorphic quilts, see figure 1.) In the mandard definition, one would take the width of all
three strips to be equal, but in fact one can allow the widths to differ and prove that, with the width
4, mmﬂ_iﬁ of the middle strip suiticiently cloge to zern, the triples of peeudohclomorphic strips in My, M), Mz
| are in one-to-one correspondence with the paire of psendobolomorphic sirips in My, Ay that are
counted in the Floer differential for {Lg % L3, Ly ¢ Lyg). This involves disallowing a “figure eight”

bubble (which does not appesr in the atandard theory) by energy quantization as in theorem 4.
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use simpfc pfcn‘:ures to demonstrate mmsﬁt"’; dramatic

g
In

12 i A
Figure 1: Holomorphic sirips that are counted for HF(Lgx Ly, Emyolaa) and HF{ Lg% Lg, Lo x Lg)

Project Description

The following deseription of possible projects is orgenised into three mejor flelds of resesrch and one
eoctlon summerizing projects of broader impect. Several parts of theee are jolnt work s indicated,
some others might become projects for graduete students.

onzm'ﬂg
1 The Atiyah-Floer conjecture and related questions _« pry/ ct

1.1 Adiabatic limits
The next step in my joint projeet with Dietmar Salamon is the following.

statt Conjecture 6 Under the assumptions of theprem 2 there is 4 natural isomorphism
intCr- HF™(Y, £} & HFSS(Y Us, H).
rediate )
adg Our Idea of proof is to choose a family of embeddings ¢ : ¥ — ¥ Ug H =: V starting from
8 ¢ = Iy and shrinking ¥\ ¢f,(Y) to the 1-dimenslonal eore of H for £ — 0. Then the anti-self-dual

instantons on R x ¥ (for s fixed metrie g on ¥ pull back to anti-self dusl instentons on K x ¥ with
S&CM respect 10 the metrics ¢y, which degenerete on 8Y for ¢ — 0. On the cther hend, en antl-self-dual
instanton on B x ¥ with boundary velues in £5 cano be pushed forward by . and extended sa in
W section 0.2 to en almost anti-self dusl instanton on B x ¥. As £ — 0, one should be able to pass
from the genuine bonndary value problem to solutions on the closed manifold ¥. The linear theory
{(identificetion of indices and orienteticos) has largely been covered in [SW].
If conjecture & is true, then the Ativah—Floer conjecture reduces to the following analogon of
the Atiyab—Floer conjecture for mapping tori {by Dostoglou and Salamon}.

g Conjecture T Any Hecpaand aplitting Hy Us Hy of a homology J-sphere induces o natural isomor-
phism

Fm{[ns 1] x E, -Can x EH:[) = thﬂn LHmLH1]'

The proof of the required correspondence between pseudoholomorphlc curves in the meduli
space of flat connections and anti-self-dual ingtantone — both with Lagrangian houndary conditions
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— phould be an adaptation of the adisbatic limit sargument in [DS]. More precisely, if we choose a
split metric dt*+=%gg on [0, 1] x X for & fixed metrie gn on T and any £ > 0, then the anti-self-duslity
equation with Lagrangian boundary conditions becomes
[ A —dad + «(BA — vdaT) =0,
B0 — BB [@,T]) 2% Fy =0, f4)
| A(s,i)c Ly, forscRic {01},

far A:Rx[0,1] — A(Z) and &, T : B x [0,1] — 293, su(2)). As ¢ — 0 one should be sble to

pass from these ABD instantons to pseudoholomorphic curves in the sense of (6). Here cne crucial ~ = ;
paing is to study three different bubbling effects corresponding to the ratin hetween the divergence iz )
of the curvature and the convergence ¢ — 0. One extreme ¢ase correspends to the bubbling ‘a%n‘
for holomorphic curves that alse has to be studied in part 1.2 below. The other extreme cape =8 ™
corresponds to bubbling for anti-self-dual instantons as in theorem 2. The intermediste casecan be 5 % E‘
understood more gecmetirlcally as the convergence of semHocally rescaled selutions to & nontrivial & = E,
F anti-self-dual instanton on R? x & with finite energy. These are of Independent interest, see pert 1.5 i
below. In the present monctons estting, sll theee bubbling effscts can be dealt with by an energy g' ! i
ba,ck/ quentization argument as in theorem 4. { '\'g"
- ;- =
ﬁ’ﬂlﬁ'd 1.2 Floer homology for singular symplectic quotients \3 rh i
A trajectory of the symplectic Floer homology HFY™ (R, Ly, Lv;) should be a pseudohalomor- &Q 3
phic map % : R x [0,1] — ®x with boundary values in Ly, and Lg,, [y 3 H
)
utJu=0, ulg,i)c Ly, forzgcRi=0,1. (5) “_:- ;
The almest complex structure J i3 induced by the Hodge operator of a [0, 1]-family of metrics on 2. %‘ g 3
If & tekes values in the irreducible representations (where Ry is smooth), then (5} is mesningful 3 . ®

and u lifts to a map A : R x [0,1] — A{E) patisfying

[ A —da® ++(BA—da¥) =0,
#Fs =0, (6)
| Als,f)ely, forseRdi=0,1
Here 44 % and d4 ¥ are viewed ag infinitegimal pagge transformations and A uniquely determineg
O, TR x[0,1] — 0%, su(2)) via AsD = daBpA, AT = daHA. This is sinee Ay =d%ds 18
invertible for irreducible A € A(X). If A is sllowed to become reducible, then & and ¥ heve some
axtra freedom that makes the modull space of solutions (A, &, ¥) infinite dimensional. We expect
however that one can use perturbations of {8} to obtain finite dimengional smocth moduli spaces of

_‘-}wr& {rajectories in the ceses that are relevant for HFY"™P Ry, L, Ly, ), 6. when st least one critical
. point is irreducible.
S This setup should generalize to more general symplectic quotients. In particular, quotients of

finite dimengional group actions could be used as test case for this definition.

1.3 Products in the Ativah-Floer conjecture

ffﬁees If Hyp, Hy, Hy are three handle bodies with boundary T such that the manifold #; Ug B i &
homnlogy 3-sphere for § £ §, then there are product morphismg on all three Flosr homologies in
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conjectures 6 and 7T that should be intertwined by our isomorphisms. For the symplectic Floer
homology these are the Donsldson prodoets

or {Rz, Lyg, L) @ HF*™ Ry, Ly, L) — WY (Rg, Ly, Lg,).

These should be defined by counting holomorphic triangles JJ — Ry In the sense of part 1.2 with
boundary conditions cn the L, for the three boundary arcs of D). The product on the nstanton
Floer homology tekes the form

HF™(Hy U ;) @ HF™(H, U Hy) — HF™Y{H, U Hy).

It is defined by comunting anti-self-dual instantons on a cobordism X that 1s obtained by gluing R = H;
t0 the three boundary eomponents of £ x . Finally, let K := [0,1] x X, then our analytic sstup
for the antlself-duality equetion with Lagrangian boundaty conditions slss ineludes the domain
I} » 5., which ahould yield an intermediate product

HF ™K, L, % L3} % HF™ (K, Ly % L) — HF™(K, L, % L)

1.4 Instanton Floer homology for 3-manifolds

In g firet step we extended the instenton Floer homalogy with Lagranglen boundery conditions to
genere] gange invariant Legrangien submanifolds £ < A(E). One might be sble to go one step
further, also allowing for different bundles. For the nontrivial S0{3)-bundle one should then find
&n isomorphism betwesn the Floer homology as defined in theorem 2 and Fukeya's Floer homology
for 3-manifolde with boundary [Fu|. Moreover, Fukaya suggested thet one might try to define an
invariant for more general clesed 3-manifolds ¥ etarting from a Heegard splitting ¥ = Hylip H1 and
using the symplectic Floer homology for perturbationg of the Legrangiang Ly, Ly, € Ry {(whose
intersection should be transverse {o the singylar locus). It might be one step easier to use the
new Instanton Floer homology HFY¥([0,1] x E, £g, £1) for perturbations £ of the £y, such that
Lo Ly containg no nontrivial reducible connectlon. The main Issue would be to understand the
will erossing effects for different choless of perturbetions.

ve 1.5 Anti-self-dual instantons on € x £ and holomorphic bundles on CP! x £

Com&:ﬁa » Lhe adiabatic limit in {4) without boundary conditions is considered 23 the "large structure limit’
to othér n e formulation of Mirrer Symmetry for Kihler surfaces. It would thue be interesting to obtain a
oblbens full deacription of the limit by identifying the bubbles a8 geometric objecta. The energy ldentity

: In theorem 3 for the Intermedinte bubbles A € Aasp(C x X}, anti-self-dual Instantans on € x I,
fie bls geams to indicate ah underlying topologleal object whose invarisnts would fix the ehergy. Indeed,
If A e Aasp(C x X} extends 1o a connection on a closed manifold, then the corresponding bundle

would heve second Chern mumber — gy [ tr{FaAFy) = 22£(A). In genersl, there will be holonomy

obstructions to the extension of A, but the bolomorphic structure associated to A might still extend

40 & holomorphic bundle over CPF! x £. A result in this direction was proven by Biguard and

qunl!t. Jardim [BJ]: Anti-self-dual instantons on € x T2 with quedratie curvature decay are in one-to-one

Gt "f correspondence to stable holomorphic bundles aver CF! x T2,

.-F:'c P, With this background, Marcog Jardim and myself conjecture a one-to-one correspondence be-
unprecise eeR finite energy anti-self-dual instantons on € x = snd stable holomorphic bundles over CF! x .
P A major gtep towards this wonld be to prove that finite energy implies quadratic curvature decay.
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1.6 Analogues for Seiberg-Witten and Heegard Floer homalogy

1 have conyinced myself that the elliptic thecry for anii-self-dual ingtantons with Lagrangian beund-
ary conditiong a3 in theorem 2 should work analogously for the Seiberg-Witten equation with La-
egrangisn boundary conditions, and the bubbling effects are excluded &3 usual in Seibergz-Witten
theory. Followlng idess of Tom Mrowka, one might use this to define a Selberg-Wltten Floer theory
for 3-manifolds with boundary. This would have to deal with redueible critical points analogously
to the theory by Krenheimer-Mrowka, where the redurible points are blown up and one then deels
with a generalized Morae theory on a manifeld with boundary.

Yi-Jen Lee has set up & program for proving an lsomorphism between the Heegaard Floer
homology defined by Ozsvéth and Szabd and a Selberg-Witten Floer homology. It 18 based on
techniques of Teubea but will elso make use of a Floer theory as above, or st least of the associated
maoduli spaces. An edisbatic limit enalysia enalogous to section 1.1 should thus be helpful for the
progrem towerds this isomorphism.

2 The algebraic and analytic structure of Floer theories

A general Floer theory for Lagrangian intersections has t¢ overcome several problems. On the
technical level, holomorphic digks need to be semewhere Injective in order for standerd transversslity
methods (choice of generlc almost complex structure or Hamiltonisan perturbaticn) to apply. More
conceptionally, multiply covered disks form orbifeld singularities in the moduli space of holomorphic
disks. Finelly, even trensverse, simple disk bubbles can ceeur a8 codimension 1 phenomenon in
modull spaces of holomorphie curves, thus obetrueting 8 = 0 In the Floer theory. These bubbling
phenamena cancel in special monotone or symmetric cases, but in other ceses the algebraic structure
arising from the moduli spaces of Floer trajectorles must be more general than s homology theory.

However, even in the easiest cases there are very fow explielt caleulations of Flower homologies
beyand Floer’s proof of the Arnald eonjecture [F2], identifying HF(L, L} with the homology H.({L)
in the absence of disk bubbles. {Notable exceptions are Heegard Floer homology for knots, which
now even hes 2 combinatorial description [MOS], some calculations from eomplex geometry [C, Ok,
and predictions via Mirror symmetry in the current work of Fulaya-Seidel-Smith.)

2.1 Abstract transversality theory

There are now several approaches to the menticned transversality problems: First, Fukays-Oh-
Ono-Ohte [FO, FOOO] developed & technique of constructing e *virtusl fundamente] cyele’ from
the ‘chstruction bundle’ formed by the {(Anite dimensional) cokernela over the solution set. A
more geometric approach, nsing Intersections with complex hypersurfaces, is belng developed by
Cieliebak-Mohnke. Finelly, Hofer- Wysocki-Zehnder are currently finelizing e new abstract nonlin-
sar Fredholm theory [H, HWZ]. They construct & emooth structure on compactifled meduli spaces
from » general implicit function theorem for transverss 'seale smooth Fredholm sections’ in & *strong
bundle’ over a 'polyfold’. Moreover, they provide n general transversality construction in the pres-
ence of finite symmetry groups Ae well as Internetions of modull spaces {i.e. when "bubbling’ in the
boundsry of one moduli space iz deseribed in terms of *glning’ of other moduli spaces). This setup
waa developed for the construetion of Symplectic Field Theory, but it is in & general formulation
thsat should allow for the application to other maduli spaces ariging from nonlinear PDE’s.
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S‘ﬁ-&ﬂ My aim is to use the latter setup to streamline the construction of some Floer theories, e.g.

aoal construet an squbvariant instanton Floer homology for general 3-meanifolds along the lines of [AB],
at the same time providing test csses for the sbetract Fredholm thecry. The equivariant instanton
ease, for example, requires an extension of the transverselity theory to finite dimensional symmetry

Laim groups. A more tangible setting, to which the shatract theory should apply directly, is peuodoholo-

4 marphic curves with Lagrangian boundery conditions. [ have already done some basic congtructions

ﬂ,cpﬂrw for thig cage, see gection 2.2, and am algo hoping to extend this work towards establishing the bagic
polytold charts and Fredholm properties for a relative symplectic field theory, where Lagrangian
boundary conditions aripe from cobordisma of Legendriana.

bold As part of this project I will be teaching a 2-semester graduate course (Ftarting spring 2007) and

3 o ﬁ .. 1 am planning to write & lecture script, highlighting the essential abstract theory and describing its
epplication to pseudoholomorphic disks.

et not of ve accomplished

2.2 Generalizations of Floer homology for Lagrangian intersections

The algebraic problems due to disk bubbling have been resolved in an obstruction theory by Fuleys-
Oh-Ono-Ohta [FOO0|, which encodes the moduli spaces of holomerphic disks in an A.q-structure.
!""rg However, to the dismay of pome geometers, this algebra i3 generated by & counteble collection of
Fm i currents on each Legranginn. An slternative, finitely genersted structure was proposed by Cornee-
’ Lalonde [CL] using se-called clusters, which are trees of holomorphic disks connected by Morse flow
lings. The festure of cluster moduli spaces compsared to [FOOO] is that & disk bubbling off in &
1-parameter family i3 no longer considered a boundary point, l.e. contribution to &, but the family
is continued by allowing a flow line of a Morae function between the attaching points of the disk.
However, [CL] disallows ghost bubbles and chocses a more symmetric algebra and crientations in
order to obtain a homology theory. Nevertheleas, I conjectured an equality of the twe theorles In the
unobatructed cage: The vanishing of [FOO0] obstruction classes should cotrespond ta venishing of
the [CL] free terms, In which cese a linesrization of the [CL] fine Floer camplex should enineide with
the [FOOQ)] generalized Floer homology obteined from obstruetion corrections to the differential.
In the general (obetructed) cass it hag been observed (imter ella by Fukeye and Seidel} thet the
cluster moduli spaces correspond to stable trees that would occur in the An, perturbation lemma
[Sed, Proposition 1.12] when lifting the [FO0OQ] Ay-structure through the [HT] equivalence between
de Rham theory for currents and Morsa theory.
In = joint project with Peter Albers we are using this perturbation lemms as guideline to define
an actual A-algebra from cluster moduli spaces. This should be & finitely generated equivalent of
the [FOQO] A-algebra for general Lagrangian submanifolds. In order to capture the clagsical cup

%‘ g praduct as in [FOOQ], we have to allow for ghost bubbles in the cluster trees of disks. Eventually,
R L we hope to achieve a construction of the Fukaya Ay -category whose morphism spaces are finitely
E 'ﬁ_ generated, in particular by eritical points of & Morse function for the isgomorphism spaces. In the
& i process of this project, [ am morerwer planning to fermulate the compactification and tranaversality
"E',% theory for the cluster moduli epaces in the new abstract [HWZ] Fredholm theory described in
T section 2.1. In this new framework, a disk bubhble can indeed be described as interior point of a
& ‘polyfold’. The compactified space of clusters (gtable trees of holomorphle discs) should then be
<’ the zero set of & *scale smooth Fredholm section’ on & *bundle’ over the 'polyfeld’. This point of

wl
pro

view also seems to simplify orientation issues at ghost bubbles.
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2.3 HRelations on monotone Floer homaology for Lagrangian intersections

“ - Theorem 5 provides s new relaiion between the Flogr homelogies of monotone Lagrangian gub-
O e manifolds. This may allow for caleulations of the Floer homelogy in special capes. For exsmple,
Y \.‘;ﬁ if & Hamiltonian G-action on a symplectic manifold M glvea rise to a amooth symplectic quotient
@ \;{ MJG = g~ {0)/G, ihen 1t deflnes a smooth Lagrangian correspondence u— (0} — M~ x MfG
E—‘s and its self-composition, A, := {{z,y) € p~'(0) | [z] = [¥] € MJ&} € M~ x M. Under suitsble
& ‘t* monotoniclty snd transversality agsurmptions one should then obtaln the following identity betwwen
% r~ i Floer homologles on MG snd M »x M 8s corollary of theorem 5,

L

g ~ Conjecture 8 fet Lo, L1 C M be monotone Lagrangian submanifolds transverse to 4y~ 1(0) such
v ‘5’ that the intersections £; 0 1(0) embed o monstone Lagrangians Ly © MJC. Then there is
i-g . W nature! isomorphism HE(MJG; Lo, L) = HF(M x M;£0 % £1,A,).

Previously, the only known relation on Floer homology for pairs of (not Hamiltonlsn isotoplic)
Lagrangian submeanifolds was Seldel’s exact triengle for Dehn twists eround Lagrangisn spheres.
Under suitable monotonicity essumptions it can be steted as follows.

Theorem # (Seidel) Let o : M — M denote the Dehn st around o Lagrangion ephere €& C M.
Then for any monotone pair of Lagrangians Ly, L) C M there exists an exact trigngle

HF{(M; Lg, L) (7}

- -
-
- -

HF{M;7e{Do), L)
T,

“~

HF(M x M; Lo x C,C x b1,

Following a setup of Seidel-8mith, it is part of my joint project with Chris Woodward to extend
thig regult to Dehn twiste around coisotropies ©' C Af that are spherically fibred over a symplactic
base B. (These occur as venishing cycles of symplectic Lefschetz fibmations of Morse—Bott type.
They give rise tc Lagrangian correspondences €' = M~ x B and their transpose C* — B~ x M.)
In that cass, the bottom of the exact triangle is replaced by HF (M x B~ x M;Lg x C*, ¢ % L4)
and the correspending maps can be defined 1n terma of holomorphle sections of Lefachetz fibrations
onrer quilted surfaces similar to the ones described In section 0.4,

new project in progress

3 Floer Field theory g4

3.1 A, functers associated to Lagrangian correspondences

In a joint project with SBlkdmet] Mau and Chris Woodward we are working on extending the cat-
worifieation for symplectic menifolds and Legrengien cortespondences in section 0.4 to an Ao~
catagoriflcation. For thet purposs we reallzs Stashett’s multiplihedton as e moduli epace of quilted
diaks. Under suitable monotonicity assumptions we can use it to construet Ag-functors &z, saso-
ciated to Lagrangian correspondences Ly; © M x M;. These functors will be defined on the level
of Floer homolagles analogous to Seldel’s construetion of the Fukayn eategory [Sed] In the exact (or
monotone) case. With similar analyticsl tocle ea for theorem 5 we can prove thet the compasition
by, 0%z, of meh A functors is isomorphic to the funetor @, .1, for the geometrie comporition
of the correspondences, in the case that the latter is smooth and embedded.

10
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Thip shrinking of strips in peeudcholomorphic quilie gives riee to "ligure 2ight bubbles”, for
which we conjecture a removal of singularity to 8 quilted psendoholomorphic sphere with seams
thsat are tangential at a marked point. In monotone cages this bubbling can be disallowed by energy
congiderations, but in peneral it will congtitute an obstrugtion to the somorphism of Floer homole-
giea in theorem 5 as well 88 the lsomorphism 5, o P, & Bry e,y 10 abalogy to the obetruction
theory [FOOO] for 8% = 0 we expect that the isomorphisms and functors in the monotone case
can be replaced by morphisms on the chalnh level, which theh satisfy A..-type telations, encoding
the bubbling of both disks end *figure elght bubblas”. This weuld be the netural adension of the
categorification in asetion 0.4 to geheral symplectic manifolds and Lagrangiah eorrespondences.

3.2 A category valued TQFT in 2+ 1 + 1 dimensions

In the project with Chris Woodward we have constructed s categorification 2-funcior from s sym-
plectic 2-eategory of (symplectic manifolds, peneralized Lagrangian correspondences, Floer homeol-
ogy classes} to the 2-category of (caiegories, functors, natural transformations), see secticn 0.4.
Using moduli spaces of bundles we are now working on defining & 2-functor from the 2-category of
{2-manifolde, 3cobordiams, 4-cobordisms) to the symplectic 2-category, thus defining a category
valued topological guantum fleld theory. In particular, this will yield new invariants for 3- and
.r_‘mntd-' 4-manifolds. By an extengion of the Atiyah-Floer conjecture our congtructions should be equiv-
ié a[[ elent to a gauge-theoretic approsch that wes described by Fukaya [Fu). The rongh ides of our
if ooth L&- constructions 1s the following:
il ¢ To a compact orlented surface ¥ one canh assoclate the meodull space Af(T} of semistable vector
bundles of rank ¢ and degree 4 with fixed determinant. {Equivalently, M(X) 13 a apace of U(r)-
tepresentetions of the fundemental group of the punctured surface, with central holonormy around
the punecture.) For r,d coprime M(Z} ia a smooth, compact, monotone symplectic manifelds, to
which we heve associated a Donaldson-Fukays category Don®(M{T)).
To s compact oriented cobordism ¥V between surfeces 8Y = U, one would ideslly agaociate
& Lagrangian correspondence L{Y) € M(X_)~ x M{Z_) given by the restrictions of bundles on
Y to the boundary. (These would correspond to ©/{r}-representations of (¥ % J) with central
holonomy around & line I connecting the punctures in 3. In general this does nct define a smoath
pubmanifold, but when ¥ 18 & simple cobordism (e.g. if it supports £ Morse function with one
critical point such that the boundary ere level sets) then L(Y) ip indeed & smooih, monotone
Lagrangian correspondence. We can thus use a decomposition ¥ = ¥y Ug, ... U, Yip 1k of
the cobordism along level gets ¥y of a Morse fonetion that asparate the critlcal polnts to define a
secuence L(Y) = (L(¥n),..., L{¥_ 1)} of Lagrangian correspondences L(Y5 ) © M{X)™ x
M(X) from M{Zp) = M{E_) to M(E,) = M{E;). This exactly is a morphism in our symplectic
catepoTy, 80 we have assoclated to 1t the functor

i‘J{Y) = m}'_‘(}al) O...8 ﬁL(yu_m} H Dﬂ}ll#(M(E_]] — DDII#(M(E_'_})L

To se= that this is well defined we have to compare two decompositions of ¥ thet are related by a
sequence of Cerf moves (hmldle alide, cance]latmn, and change of order in handle attﬂ[:hmg) Eﬁch of

" dsplay cruc ol idowtibies

mhtml:file://C:\Documents and Settings\Administrator\My Documents\My Notes\my_talk... 9/10/2009



Page 13 of 20

Finally, to a 4-cobordiem Z° between 3-cobordisms Yi we mesociate a natural transformstion
I Z) - ®(Y_} — ®{Y}) by a similar splitting into simple cobordisma.

3.3 Floer fleld theory for tangles

In another part of my project with Chris Woodward we are varying the constiuetions in the previous
section to define a catogorifieation 2-functor frorn tha 2-category of (orlented finite subscts of 52,
tangles in 8% % [0, 1], cobordisms of tangles in 52 x [0, 1]2). Agrin, we can use our general 2-functor
from the symplectle 2-category to the 2-category of categorles. In this case, the basie smooth,
monotone symplectic menifolds are given by the moduli spaces of prrabolic bundles, that is flat
bundles over the punctured 52 with fixed conjugacy classes of holonomies around the punctures for
eertain choices of conjugaey classes as in [MWo|. Tangles 7 < 52 x [0, 1] connect these punctures,
and the corresponding moduli speces of flat bundles over 54 x [0,1] \ T will depend on T, in
contrast to the line £ ¢ ¥ in the previous section. Again, we use 8 decomposition of T into simple
tangles to define a sequence L(T) of Lagrangian correspondences. To check the independence of the
correaponding functor on Donaldson-Foleys categories one then has to check that the Reidemeister
moves on tangles correspond to embedded comporitions of Lagrangian correspondences.

To obtain invarlanta for & knot (or link) K we can add trivial strands such that the moduli
spaces on 52 are points. Then one ¢an construct the Floer homalogy HF(L(K)] of the correspand-
Ing esquence of Lagranglan correepondancas w_thp g Indlapends the decompos]tion.
The letter is based on the variant e _ ...J of theorem § for
embedded compositions Lgy o Ins. 5 mnstructhn ls sl milar to one {based on a braid represen-
tation) suggested by Seidel, Smith, and Meanalesen, and 18 conjecturally related to the invariants
constructed by Saldel-Smith [SS], Khevenov [K2, K1], and Khevenov-Rozensky [KR]. In particular,
we expect to obtain the analogue of Khovanov's exact triangles for resolutions of crossinga from the
exnct triangle {7} for fibered Dehn twists on the moduli spaces of prrebgolic bunbles, which Seidel
spsocisted to braid moves on the punctyres in 52. Similar gauge theoretic constructions of knot
invariants have been investigated by Collin-Steer [(8] and Kronheimer.

4 Synergistic Projects brooder 1@2.!5.-{—'

4,1 Expaosition of Analytic Foundations

One of my wider goals is to further the general understanding and provide accessible expositions of
the analytic foundations of gauge theory, pseudoholomorphic curves, and moduli spaces of nonlinear
PDFE’s in general.

bl’ﬂ g, In a first step this lead to a textbook [W1] on Ublenbeck compactness. An extension of this
sxposition to bubbling effects 1 In progress. As a flvat step 1 gave an elomentary exposition and proof
of B geheral energy quantizetion prineipls, thecrem 4. For the next stop, removal of singularitios,
I keep collecting material. From [W3] [ have an alternative, simplifled proof of the removal of
codimensien 2 singularities [31] in a speclal ense. An approach of Tom Mrowks to the gange
ection in the borderline Sobolev topalogy, which we use in [MWe], should leed to sn even mare
generzl result. In addition, the current 'J-holomorpic curves’ graduate student seminar at MIT haa
lead to the realization that en approach of Ivashkovich and Shevchishin [I5] may provide a direct
removable singularity proof for pseudobolomorphic curves in general almost complex manifolds,

12
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with only totally real boundary conditions. A compilation of these results with easily accessible
proofd shonld be a helpful reference to researchers in the fleld and a guidance to those entering.

o a larger scale, the analytic techniques used to define ioverients from modull spaces of so-
lutions of nonlinear FDE's have become very sophisticated. Some erucial techniques can only be

S'J‘GV found in highly technical papers, adapted to special settings. This seems 4o pose a problem not
only for graduate students entering the field and for repearchers who meinly work on spplying the
Erue invariants, but it alsa leads to the effect that many analytic papers have to redo egsentially known
scho &U"- constructions in & somewhat new setting for lack of general references. It is my hope that the work
. of Hofer-Wysocki-Zehnder [H, HWZ| described in section 2.1 will offer a solution for some of these
I‘l tp problems. It provides an sbstract framework that should make the conatructions of compactifica-
tions, transversality, and gluing with coherent perturbations/orientations much more transparent.
Ite new lenguage should also be suitable to phrase ehalytle results within the construction of a
speclal moduli space In a modular menner that will male them diveetly appliceble In other settings
of anly roughly similar type. Finally, [HWZ] provides several abstract construstions, e.g. of smaoth
struetures on compectified solutlon spaces, transverse perturbatlons of sectlons, solution counting,
end even of continuation maps in imverience proofs. Insteed of adepting these constructions to a
speciel case one should be sble to just verify the assumptions of these ebateact theorems. For that
purpose, however, one needs to learn this redicelly new language, which essentially replaces large
parts of differentinl geometry and functionsl analysis by concepts more suitable for the description
of moduli spaces. Due to ita seale and sheer valume the best way to make this theory aecessible to
g larger andience seema to be through lectures and workshops.

Afier leaming the theory through e lecture course myself I have thus been giving expository
lectures, orgenized & *polyiold scale caleulus and the cluster complex’ workshop at [AS Princeton,
and will now be glving a lecture course *Polyfold-Fredholm theory and generalized Lagrangian
Floer theory’ starting in spring 2007 at MIT. The goal of this 2 semester course will be te give
& full presentstion of the abstract theory, though focussing on definitions snd concepts rather
than technical proofs, and to illustrate s usage on the cluster modull spaces of holomorphic disks
described in section 2.2, In the same apirlt I am heplng to make the lecture notes 1nta a brief "users
guide’ for researchers who wish to apply the ebstrect theory. A Blown-up version of the notes might
gremy Into an exposition of Legrangien Floer theory.

4.2 Effects of Stereotypes and Reole Models on Women in Mathematics

‘While it saems apparent that the contact with role models inerensen the likelihood of telented women
actually pursusing mathematics, recent results on the effect of sterectypes [DH] suggest an even
stronger resson to make women in mathemetics more yigible: It was shown that the confrontation
with negative stereotypes actually has a direct negative influence on the mathematical performance.
From my own every day experience I can attest that the existence of female mathematicians atill
colnes a8 a surprise to most people, with no exception for scientists ahd even women., Moat of
us theoretically know all about gender equality but cur unconscious judgementa atill followr the
piereotypes of noi expecting women in mathematics and undervalueing their scientific achievementg
while foruesing more on sociel skills.

In the last few yeers 1 heve mostly concentreted my efforts on furthering the networking of
women in mathematics. In my experience this seems to come more natural in private rather than
Institntlonalized settings, and with the Inereasing number of (at least junior) women it only seems
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10 need a Iittle activation energy. The vigibility of female role models and overcoming the negative
starectypes, howaver, seems to still require more decirive action. T hope that I am now in a position
where I can make contributions in that direction. A first large seale ides is to organize & conference,
celebrating the achievements of women in science. The main content should be a series of public
lectures by highly distingnished acientists, ned specifically announced as gender eguality eventa,
but with speakera who happen t¢ be women. Glgliola Stafllianl and myself are currently soliciting
edviee and searching for possible co-organizers from other depertments of MIT.

On a smaller ecals, [ am plenning to edapt the "mathemetics open day for schoslgirls” which 1
organized at ETH Zilrich for several years. This la malnly an orlentation event, giving an idea of the
mathematies beyond caleulus, providing informatlon on the struetore of & major, and showeasing
tesearch In pure and applied mathemeaties and career opportunities for mathematies majors. In the
educational setting of the U.8. it seems more appropriate to target this program st undergradustes
rround the time of their choice of major. After a test run, however, I am hoping to slso invite
girls from schools in the Boston area, adding & mentoring effect by them mesting students from
MIT. The organizationsl meetinge can alpo serve 28 nstural networldng opportunity for fermale
graduate students, postdocs, and faculty. The speakers should include some distinguished male
mathematiciang, but only women would be explicitly invited to participate — with the pitch that
they get a special invitation since we scientifically kmow that many of them are highly talented for
mathematice although they may not belleve in it. B¢ maybe cne day our numbers of majors will
prave the stereotypes wrong!
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