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Abstract

We give a unified statement and proof of a class of well known mean value
inequalities for nonnegative functions with a nonlinear bound on the Lapla-
cian. We generalize these to domains with boundary, requiring a (possibly
nonlinear) bound on the normal derivative at the boundary. These inequali-
ties give rise to an energy quantization principle for sequences of solutions of
boundary value problems that have bounded energy and whose energy den-
sities satisfy nonlinear bounds on the Laplacian and normal derivative: One
obtains local uniform bounds on the complement of finitely many points,
where some minimum quantum of energy concentrates.

1 Introduction

One purpose of this note is to explain an ’energy quantization’ principle that —
in different forms — has successfully been applied to a variety of partial differ-
ential equations, such as minimal submanifolds, harmonic maps, pseudoholomor-
phic curves, and Yang-Mills connections. The common feature of these PDE’s is
an energy functional. (The solutions often but not necessarily are critical points
thereof.) The ’energy quantization’ phenomenon which we describe in theorem 2.1
is a consequence of a mean value inequality for the energy density.

The second purpose of this note, and the content of section 3, is a presentation
and generalization of the underlying mean value inequality for the Laplace oper-
ator. Theorem 1.1 below is well known and proofs in an exhausting collection of
cases can be found in the literature, e.g. [S, U]. Our aim here is to give a unified
statement and proof. In theorem 1.3, we generalize this inequality to domains
with boundary and inhomogeneous Neumann boundary conditions.

We denote by B,.(x) C R™ the open geodesic ball of radius r centred at € R™
and with respect to the present metric. Integration as well as the (positive definite)
Laplace operator A = d*d will also be defined with respect to the metric given in
the context. The Euclidean metric on R" is denoted by its matrix 1. Note that
by our convention the Laplace operator in this metric is A = — "1 | ;2.
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Theorem 1.1 For every n € N there exist constants C, p > 0, and § > 0 such
that the following holds for all metrics g on R™ such that ||g — 1|10 < 4.

Let B,(0) C R™ be the geodesic ball of radius 0 < r < 1. Suppose that the
nonnegative function e € C*(B,(0),[0,00)) satisfies for some Ag, A1,a >0

and / e < pa~
~(0)

e(0) < CAgr® + C(Af +177) / c.
+(0)
Remark 1.2 By using local geodesic coordinates the above theorem also implies
a mean value inequality on closed Riemannian manifolds with uniform constants
C, 1 > 0, and for all geodesic balls of radius less than a uniform constant.

n+2

Ae < Ag+ Aie+ae

w3

Then

In order to generalize the mean value inequality to manifolds with boundary
we would have to consider general metrics on the half space H™. However, for the
sake of an elementary geometric proof, we restrict this exposition to the Euclidean
metric. We denote the intersection of a Euclidean ball with the half space by

D, (z) := B,(z) "NH", H" := {(%0,2) | w0 € [0,00),% € R}
The outer unit normal derivative %an in the Euclidean case is just _Bim)'w():o'

Theorem 1.3 For every n > 2 there exists a constant C and for all a,b > 0
there exists pi(a,b) > 0 such that the following holds: Consider the (partial) ball
D,(y) € H" for some r > 0 and y € H". Suppose that e € C*(D,(y),[0,00))
satisfies for some Ag, A1, By, B1 >0

{ Ae §A0+Ale+aen%2,

nt1 and / e < u(a,b).
%‘aHne < By + Bie+be D (y)

Then

e(y) < CAgr® + CBor + C(Af + By +r77) / e.
Dr(y)

2 Energy quantization

In this section we generally consider a PDE for maps v : D — T from a Riemannian
manifold D (with possibly nonempty boundary dD) to a target space T, e.g.
another manifold, a Banach space, or a fibre bundle over D. The energy is given
for all sufficiently regular maps v in the form

Bw) = [ etw.

where the integrand e(u) : D — [0,00) is a nonnegative energy density function.
Its key property is that for a solution u of the PDE, the positive definite Laplacian
Ae(u) can be bounded above in terms of e(u) itself.



If this bound is linear in e(u), then theorem 1.1 provides a C°-control on e(u)
in terms of its mean values on geodesic balls. So if the energy E(u;) of a sequence
of solutions u; is bounded, then one obtains a uniform bound on the energy den-
sities e(u;) on any compact subdomain of D \ dD. In many cases this leads to a
compactness result, i.e. to the convergence of a subsequence of the solution u;.

For solutions of nonlinear PDE’s however, the bound on Ae(u) is usually non-
linear in e(u). In that case the mean value inequality in theorem 1.1 only holds
on geodesic balls with sufficiently small energy and for nonlinearities up to order
(dim D + 2)/dim D in e(u) (where the estimate becomes scale-invariant). Theo-
rem 1.3 generalizes this mean value inequality to domains D with boundary 0D
and bounds on the outer normal derivative % |op. This provides uniform bounds
on e(u;) up to the boundary for solutions u; of a PDE with appropriate boundary
conditions and with bounded energy.

So if a sequence of solutions u; has bounded energy E(u;) but only satisfies
nonlinear bounds on the Laplacian or the normal derivative, then one only obtains
locally uniform bounds on the complement of finitely many points: By a converse
of the mean value inequality, the energy densities e(u;) can only blow up at points
where some nonzero quantum of energy concentrates. In the following theorem we
give a blueprint for such energy quantization results.

Here D is a Riemannian manifold (possibly noncompact or with boundary),
A = d*d denotes the Laplace operator, and % denotes the outer unit normal
derivative at D. For the sake of simplicity we make a technical assumption on
the metric near the boundary.

Assumption: A neighbourhood of 0D C D is locally isometric to Euclidean H".

For general metrics the mean value inequality at the boundary becomes more
technical, but theorem 1.3 should generalize in the same way as theorem 1.1, so
this theorem should extend to general Riemannian manifolds with boundary.

Theorem 2.1 There exists a constant h > 0 depending on n = dim D and given
constants a,b > 0 such that the following holds: Let e; € C*(D,[0,00)) be a se-
quence of monnegative functions such that for some constants Ag, A1, By, B1 > 0

n+1

nt2
Ae; SAO—I—AleZ——i-aei" ,
€; S BO + Blei + beZT .

i)
E}BD

Moreover, suppose that there is a uniform bound / e; < E < oo.

Then there exist finitely many points, 1, ... ,:zr?v € D (with N < E/h) and
a subsequence such that the e; are uniformly bounded on every compact subset of
D\ {z1,...zn}, and there is a concentration of energy h > 0 at each x; : For
every 6 > 0 there ewists I; 5 € N such that

/ €; Z h Vi Z Ij)(;. (1)
Bs(x;)



Proof: Suppose that for some x € D there is no neighbourhood on which the
e; are uniformly bounded. Then there exists a subsequence (again denoted (e;))
and D > z; — x such that e;(z;) = R with R; — oo. We can then apply the

mean value inequality theorem 1.1 on the balls Bs,(z;) of radius 6; = R, BN}
For sufficiently large i € N, these lie within appropriate coordinate charts of D.
In case z € 0D we use the Euclidean coordinate charts at the boundary to apply
theorem 1.3, but we also denote the balls in half space by Bg, (z;). Now these mean
value theorems provide uniform constants C' and h := max{ua~%,u(a,b)} > 0
such that for every ¢ € N either

/ e; >h (2)
Bs, (i)

or fBé.(z») e; < h and hence

RP = e(z) < CA? + CByd; + C(Af +B?+5f")/ €i:
Bs, (2i)

n
2

In the latter case multiplication by 6 = R, > implies

K2

n n+ n+ n
2 2

< CAR."* £ CBoR"* + Ch(AER;

n
2

R +B'R;

(2

+1). (3)

As i — o0, the left hand side diverges to 0o, whereas the right hand side converges
to Ch. Thus the alternative (2) must hold for all sufficiently large ¢ € N. In
particular, this implies the energy concentration (1) at z; = .

Now we can go through the same argument for any other point € D at
which the present subsequence (e;) is not locally uniformly bounded. That way
we iteratively find points z; € D such that the energy concentration (1) holds for
a further subsequence (e;). Suppose this iteration yields N > E/h distinct points
Z1,...,xny (and might not even terminate after that). Then we would have a
subsequence (e;) for which at least energy h > 0 concentrates near each x;. Since
the points are distinct, this contradicts the energy bound [ p ¢ < E. Hence this
iteration must stop after at most | E/A| steps, when the present subsequence (e;)
is locally uniformly bounded in the complement of the finitely many points, where
we found the energy concentration before. a

The allowed nonlinearities in theorem 2.1 are sharp, and they are scale-invariant
in the following sense: Consider one function e : H" — [0,00) with [e < oo
and Ae < Ce?, %e < Ce* for some A\, € R. Then the rescaled functions
ep(z) = p~"e(z/p) for p > 0 have the same energy [ e, = [ e but e,(0) blows up as

p — 0. On the other hand, they satisfy the nonlinear bounds Ae, < Cp’\"_"_Qef;

and Ze, < Cprm=n=lekl. Here the constants are bounded iff A > (n 4 2)/n
and g > (n 4 1)/n, so the theorem cannot hold with nonlinearities of these higher
orders.

The analogy in the use of energy densities in compactness proofs for a variety

of PDE’s, including minimal submanifolds [A, CS] and harmonic maps of surfaces



[SUJ, has already been observed and listed by Wolfson [Wo]. Below, we will dis-
cuss pseudoholomorphic curves and Yang-Mills connections in more detail, and in
the appendix we give some sample calculations for the energy densities. In local
coordinates these PDE’s are all second order nonlinear elliptic systems (or first
order reductions thereof), whose leading term is a component-wise Laplacian. In
all cases, the nonlinearities are exactly of the maximal order as in theorem 2.1.
This corresponds to the fact that the energy functionals are conformally invariant.

For pseudoholomorphic curves (with a 2-dimensional domain) the energy
is the L%-norm of the gradient, and the estimate Ae < C(e+e€?) leads to Gromov’s
compactness result [G, Wo]. A detailed proof of Ae < Ce? can be found in [MS,
Lemma 4.3.1]. The linear term in the bound on Ae only occurs when the almost
complex structure varies over the domain of the pseudoholomorphic curve.

For pseudoholomorphic curves with Lagrangian boundary conditions,
these Gromov compactness results are also well known. They can be proven via
a specific choice of a metric for which %e = 0 (see [F] and [MS, Lemma 4.3.3]).
Then the energy density can be extended across the boundary by reflection and
the mean value inequality for R™ applies. For the naturally induced metric, the
Lagrangian boundary condition only implies %e < Cle+ e%) (see lemma A.1),
which however fits nicely into our energy quantization principle.

For Yang-Mills connections on 4-manifolds the energy is the L2-norm of the
curvature. The bound Ae < C(e+e? ) was used by Uhlenbeck [U] to prove a remov-
able singularity result, which leads to Donaldson’s compactification of the moduli
space of anti-self-dual instantons [D]. For a proof of the energy quantization as in
theorem 2.1 see also [We, Thm.2.1]. As an example of the calculations involved we
prove the bounds on Ae in lemma A.2, based on a Bochner-Weitzenbock formula
by Bourguignon-Lawson [BL].

Consider a principal G-bundle P — X over a 4-manifold with boundary. The
Yang-Mills equation with boundary conditions for extrema A € Q'(X, gp)
of the Yang-Mills functional is the system of Ay 4 = 0 and *F4]px = 0. Here gp is
the associated bundle whose fibre is the Lie algebra of G. We show in lemma A.2
that the energy density of such Yang-Mills connections satisfies a linear bound
%e < Be.

The anti-self-duality equation is a first order reduction of the Yang-Mills equa-
tion for connections on 4-manifolds. The Yang-Mills boundary condition (roughly
equivalent to an inhomogeneous Neumann boundary condition) turns it into an
overdetermined system, similar to Neumann boundary conditions for holomorphic
curves. The natural system to consider are thus anti-self-dual connections
with Lagrangian boundary conditions. Locally, these are anti-self-dual con-
nections on a product U x P of a domain 4 C H? and a G-bundle P — X over
a closed Riemann surface. By a Lagrangian boundary condition for a connec-
tion A € Q'(U x X,gp) we mean Alf,)yx € L for every z € JH N U, where
L C QY%,gp) is a Lagrangian (Banach) submanifold in the symplectic space of
connections.

Energy quantization for this system is proven in [We, Thm.1.2] for the SU(2)-
bundle and a special class of Lagrangian submanifolds by an argument along the
lines of theorem 2.1. In that case, the energy density e : Y — [0, 00) is given by



the slice-wise L?-norm of the curvature, e(A) = [ [Fa|?>. The special Lagrangian
boundary condition (which has global nature along the Riemann surface ) pro-
vides %e <Cle+ e%), but one only has a linear bound Ae < ge with a function
g that cannot be bounded in terms of e or a constant. However, in the argument
using (3) we can replace the constant A; by the sequence CR? with a constant
C and for sufficiently small & > 0. The according estimate |g| < CR? can be
established (and can roughly be understood as a bound Ae < Ce?). This result
does not follow from the standard rescaling methods for Yang-Mills connections.

3 Mean value inequalities

In this section we prove the mean value inequalities that were stated in the intro-
duction and that the energy quantization principle is based on. We continue the
notation of the introduction.

The special case Ag = A1 = a = 0 of theorem 1.1 and the starting point for the
proof is Morrey’s [M] mean value inequality for subharmonic functions. A proof
of the version below can be found in e.g. [LS, Thm.2.1]. For the Euclidean metric
g = 1 we give an elementary proof in lemma 3.2 below.

Proposition 3.1 For every n € N there exist constants Cy and § > 0 such that
the following holds for all0 < r < 1 and all metrics g on R™ with ||g — 1|1, < 0.
If e € C%(B,(0),]0,00)) satisfies Ae < 0, then

e(0) < C’Or_"/ e.
»(0)

Proof of theorem 1.1:
This proof is based on the Heinz trick, which is to consider the maximum ¢ of
the function f below. This allows one to replace the bound on the Laplacian
by a constant depending on ¢. One then obtains the result from the mean value
inequality for subharmonic functions and a number of rearrangements in different
cases.

Consider the function f(p) = (1 — p)"supp, ()€ for p € [0,1]. It attains its

0,
2(1—p) < %, then

maximum at some p < 1. Let ¢ =supg_ ()€ =e(Z) and € =
e(0) = f(0) < f(p) = 2"e"e
Moreover, we have for all x € B.,(Z) C B,(0)

ex) < sup e = (1-p—e)"f(p+e) < 2"(1—p)"f(p) = 2"¢,
B(p+e)r(0)

and hence Ae < Ay + 2" A& + 272"+ . Now define the function
v(z) = e(z) + (Ao +2"¢(A1 + 4a6%))|:17 —z/?

with the Euclidean norm |z — Z|. It is nonnegative and subharmonic on B, (Z)
if the metric is sufficiently C!-close to 1. This is since Aq|x — Z|? = —2n for the



Euclidean metric and |z — Z| < er < 1 is bounded, so A|z — Z|? < —n whenever

llg — Ijlwr. < 4 is sufficiently small. The control of the metric also ensures that

the integral [, @) |z —z|? is bounded by the following integral over the Euclidean
pr

ball B},.(z): With the constant C; = 2""3Vol S"~1/(n + 2)

),
Bl

2pr

2pr
. )|x—£|2 = 2/ t"HVol 8"t dt = Cy(pr)" 2.
T 0

So we obtain from proposition 3.1 with Cy = max{C, %2"0001} forall0<p<e
¢ = v(@) < Colpr)™ / v
Bor(z)

< Co(27Ag + (A + 4a2)) (pr)? + Colpr) ™" / e ()

Byr (%)

If 27" Cy Ag(er)? > 3¢, then e(0) < ¢ < 27 e?CoAgr? < 2717 Car Agr? proves the
assertion. Otherwise we can drop Ag from (4) while doubling the constant Cs.
Next, if Co(A; + 4ac)(pr)? < &, then (4) implies ¢ < 2Cs(pr)~ " g, (0) € So

if Cy(Ay + 4acn)(er)? < 1 then p = € proves the assertion,

e(0) < 2"¢"e < 2Ty fB ) &

Otherwise we can choose 0 < p < & such that (pr)~2 = 205(A; +4aé=). Then we
obtain with C3 = (2C,)'*3

e(0) < ¢ < Cs(A1+4a5%)%me<f>

Again we have to distinguish two cases: Firstly, if 4aéw < Ay then this yields
e( ) < C3 2A1 fB (w)

Secondly, if A; < 4aén then ¢ < cC5(8a)z fB )€ and thus with y = 82 C >0

n
2

s, @€ > na”
So we either have the above or with some constant C' (that only depends on n)
e(0) < CAg? +C(A] +77) [ o€
O

Theorem 1.3 will be proven in three steps. The first step is the generalization
of proposition 3.1 to domains with boundary and subharmonic functions in the
sense of the weak Neumann equation: A distribution e on a manifold M is called
subharmonic if for all ¢ € C>°(M, [0, 00)) with g—fﬂaM =0

02/M6A¢ (:/wAH/ wg—)

For e € C?(M) the equality above holds and implies that Ae < 0 and 2 £elom < 0.



Lemma 3.2 For every n > 2 there exists a constant Cy such that the following
holds for all R > 0 and y € H": Suppose that e € C*(D.(y),[0,00)) satisfies

{ Ae <0,

(%’8]1-]1”6 <0.

Then
e(y) < C’OT_"/ e.

D (y)

Proof: We will write H" = {(z0, %) |z¢ € [0,00),Z € R""'} and also use spherical
coordinates (z9,Z) = (yo + rcos¢, ¥+ rsing - z) =: (r,¢,2z) with r € [0,00),
¢ € [0,7], and z € S*72 C R™. (For n = 2 this notation means S° = {-1,1},
and integration |, go - - - dvolgo will denote summation of the values at these two
points.) Now the boundary of D, (y) has two parts,

Z,:= OD.(y) NOH" = {(0,2) ]|z — 7> <r* —y0°},
= aBT(y) NH" = {(T,QZ/),Z) ‘ ¢ € [0,¢0(T)],Z € SH*Q}'

Here we use ¢o(r) := arccos(—yo/r). For yo > r we set ¢o(r) := m, so I, is the
entire sphere and the set Z, is empty. With this we calculate for all » > 0

d —n+1 /

d bo(r)
=T roH /0 /s B e(r, ¢, z) (rsing)" 2 dvolgn—2 7 d¢

bo(r)
= / / Ore(r, ¢, 2) (sin ¢)" 2 dvolgn-2 d (5)
0 Sn—2
T % /SP2 e(r, ¢o(r), ) (sin ¢o(r))" 2 dvolgn-2.

Note that ¢o(r) is constant for yo = 0 as well as for r < yo. So firstly in case
Yo > 0 we have for all 0 < r < yp

d — —n+
r n+1 e = r n+1 ie —r 1 Ae > 0. (6)
d7 oD v D
r r(y) T(y)

In that case we moreover have

Jim <rn+1 /F T e> — Vol §"e(y), 1)

r—0

R
which is less or equal to "+ [ eforall0 < < yo. Sointegrating [, r"~!... dr
proves the lemma for all R < 2y,

R
%2_"R"V01S"_1 e(y) < /2/ edr < / e.
0 ” Dr(y)



Next, in case yg = 0 we have for all » > 0

i 7“"“/ el = r‘"“/ 0 ¢
dr i r ov

"

= —T_"'H/ Ae — r‘"“/ aie > 0.
Dy (y) z,

T

Since lim,_,o (r’”“ Jr e) = Vol S"~!e(y), integration over 0 < r < R then

proves the lemma for yo = 0 and all R > 0,

R
= R" Vol S" " e(y) §/ / edr :/ e.
0 - Dr(y)

Finally, in case R > 2yo > 0 we obtain from (5) for all r > yq

d

— r7"+1/ e) >_ ¥ e
dT< , _T1/r2—y(2) Sn—2 (

r,60(r), 2) (sin ¢o(r))" % dvolgn-2.

Now we can use (7), (6), and integrate the above to obtain for all yo < r < %R
Vol S" te(y) < r7”+1/ e
T,
' 1-n 2 2) 253
+/ Yop "(p7 —yp) 2 /S ,€(p,d0(p), 2) dvolgn-—2 dp.
Yo "

Since (p, po(p), z) € OH", we already know that

(pnlp)7) < o | ¢ < o [ e
y» Y0 ) P T - X = ﬁ .
VoL S™(5)™ Jb g (p.to(e).2) Vol S"1R"™ [p,.(y)

With this (and substituting ¢ = p/yo) we find that for all 0 < yo <7 < 3R

Vol " Le(y) < r_"+1/ e

"

+ 2n+1p Vol S 2 /Tyol +—2 (1 t*2) n3e dt /
_ — e
R™ Vol Sn—l 1 Dr(y)

gr*”“/ e + OR*”/ e (8)
T, DR(y)

Here we have introduced a constant C' that only depends on n > 2, in particular
on the value of the integral in ¢: For n = 2 we calculate it explicitly,

-1
Yo

1

Y
/ 0 t_z(l_t—2)7%dt = [arccos(t_l)}l = arCCOS(yT—O) <
1

NE]



For n > 3 we have

Tygl n—3 Ty(?l
/ t2(1—t7) 2 dt < / 7t =1-L < 1.
1 1 vo

Now from (6) we know that (8) also holds for 0 < r < yo (with C = 0), so

3
integrating [;* r"~'... dr proves the lemma in this last case,

R
%(%)nVolsnfle(y) < /2/ edr + %(%)HCan/ e < C’O/ e.
0 T, Dr(y) Dr(y)

O

Proof of theorem 1.3:

With lemma 3.2 in hand, the second step of the proof is to assume constant positive
bounds, Ae < A and % o < B and find a constant Cy (only depending on n)
such that for all » > 0 and y € H"

e(y) < Clr_"/ e + C1Ar* + C,Br. (9)
Dy (y)
That is, we first prove the theorem with A; = By = a = b = 0. To do this consider
the function
v(z) == e(z) + %ALCC —y*+(B+ %Ayo)xo.

It is positive and satisfies Av < 0 and % o < 0, s0 lemma 3.2 implies that
o) = vly) — (B+ 2uh < v < Cor " [ o o)
D (y)

In case r < yo we just use v(z) = e(x) + 5= Alz — y|?, then the same holds, and
moreover

/ v = / e + %A/ t" Vol S" LAt = / e + \2/21(51;;147“"”.
Dr(y) Dr(y) 0 Dr(y)

In case r > yo we have (using xo < 2r on B,(y))

/ v g/ e + %A/ "t Vol SP1dt + (B + %Ayo)/ To
D (y) D (y) 0 D (y)

< /D ( )e + gzl(si;;Ar"H + (B—i—%AT)%VOIS"_lr"H.
- (y

In any case, putting this into (10) proves (9).

Finally, to prove the theorem we consider — analogous to the proof of theo-
rem 1.1 - the function f(p) = (1 — p)"supp () e defined for p € [0,1]. It attains
its maximum at some p < 1. We denote ¢ =supp_ (,ye = e(Z) and € = (1 -p),
then e(y) < 2"e"¢ and e(z) < 2"¢ for all € D.,(Z). Thus on D.,.(Z) C D,(y) we

10



have the estimates Ae < Ag+2"¢(A; +4acw ) and 88
Putting this into (9) yields for all 0 < p < ¢

¢ | g < B1+2"¢(By +2bcn).

¢ =e(@ < Cilpr) ™" [ e +Ci(4o+2"e(4 + 4acn)) (pr)? (11)
+Cy (Bo +2"¢ (Bl + 2bC" ))

To deduce the claimed mean value inequality from this, we have to go through a
number of different cases. Firstly, if C;Ag(er)? + Cy Boer > >1 5C, then since € < 1

e(y) < & < CLApr? + C1Byr,

which proves the theorem. Otherwise (11) continues to hold with Ay and By
dropped (and the constant Cy doubled). Next, let 0 < &’ < & be the solution of
the equation A (e'r)2 4 Bie'r = 27"~ 1C; ! orin case A; (er)? + Brer < 27" 1C; !
let e = &’. Then we can rearrange (11) to obtain for all 0 < p <&’

/D ( )e > fDW(i) e > &(pr)" (30Tt — 27 2aew (pr)? — 2" bew pr).  (12)
r\Y

Now if @ > 0 or b > 0 let (a,b) > 0 be the solution of
2" 2an? 4+ 2"y = %Cfl.
If ¢ pr = n(a,b) for some 0 < p < &’, then the theorem holds with
fDT(y) e > ;Crn(a,b) =: p(a,b) >0
Otherwise we must have ¢=&'r < 1(a,b), so (12) with p = &’ gives
¢ < 4Ci(e'r)” fD (13)

In the special case a = b = 0 we get the same directly from (12). In case ¢’ = ¢
this proves the theorem since e(y) < 2"e"¢. Otherwise €/ < ¢ satisfies with
02 — 2n+1 Cl

2051 = Ay(e'r)? + Bie'r + C5
= (\/A_ls'r + C’;é)2 + (B1 - 20;%\/A—1)8/T
= (ACEBiEr +Cy 2) + (A — 1CuB2) (7).
From this one sees that either By < 205%\/A_1 and &'r > (V2 — I)CQ%A;% from
the second line, or 4; < %Cng and ¢'r > 2(v/2 — 1)Cy ' By! from the third line.

Putting this into (13) we finally obtain in this last case with a constant C' that
only depends on n

e(y) < ¢ < C’(Alg + BY) fDT(y)e. O

11



A Some identities for energy densities

Let (M,w) be a compact symplectic manifold, let J be an w-compatible almost
complex structure, and fix the induced metric w(-, J-) on TM. Moreover, let
L C M be a Lagrangian submanifold, that is a submanifold of dimension % dim M
with w|r, =0.

For the following we use the coordinates (s,t) € H? with ¢ < 0. Then the outer
unit normal derivative on OH? is 0y |;—o-

Lemma A.1 Let Q C H? be an open domain and consider a pseudoholomorphic
curve u :  — M with Lagrangian boundary conditions,

Osu+ JOwu =0, u(z) € L Vz€ dH*NQ.
Its energy density e(u) = |0su|? : Q — [0, 00) satisfies
Ae§a62, %}BHQegbe%
with constants a,b that only depend on (M,w,J) and L.

Proof: For Ae < ae? see the proof of [MS, Lemma 4.3.1]. We calculate the normal
derivative w.l.o.g. at (0,0) in Darboux-Weinstein coordinates near (0,0) € L C M.
So u is replaced by u = (u1,u2) : U — R™ x R™ on a small neighbourhood & C Q2
of (0,0). In these coordinates, the symplectic structure w = wq is independent of
(s,t) € U, and the Lagrangian submanifold is R™ x {0}, see [MS, Theorem 3.32].
However, the almost complex structure J : R?"® — R2"X2" yaries with the base
point. So we have dsu+ JOwu = 0 with J = Jou : U — R?"*2" and the boundary
condition becomes us(s,0) = 0. We can now use dyu = JO,u to calculate

Ore(u) = Oy (wo(ﬁsu, J@Su))
= wo(0s(JOsu), JOsu) + wo(Dsu, (0:J)0su)) + wo(Osu, JOs(JOsu))
= 2w (0%u, Osu) + 2wo((9s )05, JOsu) + wo(Dsu, (0pJ)Osur).

The first term vanishes at (0,0) since Osuzli—o = 0 and 92us|;—o = 0. For the
second and third term note that 0,J = (VJ)9su and 9,J = (V.J)Jdsu. Hence

0e,_ye(u) < 2IVJ|-|0sul® + |J(VI)J| - [0sul® < Be(u),

where the constant B only depends on J and the coordinates, so it can be chosen
uniform for the compact manifold M. O

Let G be a compact Lie group and denote its Lie algebra by g. The local
trivialization of a G-bundle over a 4-manifold with boundary is G x 4 — U for
some open domain & C H*. Locally, a connection is given by a g-valued 1-form
A€ QYU,g). It induces the exterior derivative da : Q¥(U, g) — QF1(U, g) given
by dan = dn + £[A A 7], where the pairing is by the Lie bracket [-,-] on g. The
curvature of a connection is the 2-form Fq = dA + [A A A].

Moreover, we equip g with a G-invariant metric (-,-) and let U be equipped
with any Riemannian metric. The covariant derivative V 4 is given for sections
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E:U — g by V€ =da€, but it extends to differential forms by the Leibnitz rule
using the Levi-Civita connection on Y. The formal dual operators of V 4 and d 4
are denoted by V* and by d* : Q¥ (U, g) — Q*U, g).

Lemma A.2 Consider a Yang-Mills connection A € Q*(U, g),
dFa =0, *Faloms = 0.
Its energy density e(A) = |Fa|? : U — [0,00) satisfies
AeSC’e%—ce%, %‘OWGSBe
with constants B, c,C that only depend on the metric on U.
Proof: The Bochner-Weitzenbock formula [BL, Thm 3.10] is
(dadly +d4da)Fa = ViVaFa+ Fao (RicAg+2R) +RA(Fa).

The left hand side vanishes for a Yang-Mills connection due to d% F4 = 0 and
the Bianchi identity d4F4 = 0. The quadratic term R4 (F4) € Q*(U,g) can be

expressed with the help of a local orthonormal frame (eq,...,e4) of TU as
4
RAFA)X,Y) =2 [Fa(e;, X), Fa(e;,Y)].
j=1

The estimate for the Laplacian now follows from
—V*V|Fal® = —2|VaFa|* —2(Fa, V4VaFa)
<2(F4, Fao(RicAg+2R))+2(Fa, R (Fa))
< C|Fal* + ¢|Fal’.

Here the constant C' depends on the Ricci transform Ric and the scalar curvature
R of the metric on Y. The constant ¢ only depends on the metric on g.

For the normal derivative at w.l.o.g. 0 we use local geodesic coordinates on OH*
combined with the flow of a unit normal vector field into H* to obtain coordinates
(w0, 21, 22,23), To < 0 on a neighbourhood U C H* of 0. Then the components
of the metric satisfy g;j|z,=0 = d;; and we have %|3H4 = Oo|zg=0. The boundary
condition becomes Fy; = 0 for all 4, and it implies V;Fy; = 0 for all 4,j # 0. (Here
F;; and V; denote the components of Fl4 and V 4.) With this we can calculate

2 i
6O’zo:0|FA’ = 80‘10:0 Z g ]9M<Fik7ij>
3,4,k 0
=2 Z 909" ( Fyr, Fj ) + 22(V0Fik,Fm) < B|Fal*.
1,5,k ik
Here the constant B only depends on the first normal derivative of the metric. The

second term vanishes since Fj, = 0 unless i,k # 0, but by the Bianchi identity
and the boundary condition

VoFir = ViFor +ViFig = 0 Vi, k#D0.
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