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ABSTRACT. We prove an isomorphism of Floer cohomologies under geometric composition
of Lagrangian correspondences in exact and monotone settings.

1. INTRODUCTION

Lagrangian correspondences were described by Weinstein [32, 31] as generalizations of
symplectomorphisms, in an attempt to build a symplectic category with composable mor-
phisms between non-symplectomorphic manifolds. By definition a Lagrangian correspon-
dence from My to M; is a Lagrangian submanifold in the product, Lo C M, x M,
with respect to the symplectic structure (—wpz,) X war,. The basic examples are graphs of
symplectomorphisms. Composition of symplectomorphisms generalizes to geometric com-
position of Lagrangian correspondences Loy C My x My, Lo C M, x Ms, defined by

(1) Loi o Lqo := {(l’o,ZEg) € My x My | dzq : (:E(],:El) € Lo, (:El,:EQ) S ng}.

In general this will be a singular subset of M, x My which is isotropic at smooth points.
However, if we assume transversality of the intersection Lo; X s, L12 := (Lm X ng) N (MO_ X
Ay, X Mg), then the restriction of the projection mo : My x My x My x My — My x M>
to Loi1 X, Li2 is an immersion [5, 24], and hence Lgj o Lia C My x My is an immersed
Lagrangian correspondence. We will study the class of embedded geometric compositions,
for which in addition mgo is injective, and hence Lg; o L1o is a smooth Lagrangian corre-
spondence.

Lagrangian correspondences arise naturally in various contexts. Perutz [13, 14] proposed
a construction of three and four-manifold invariants using Floer theory for Lagrangian cor-
respondences in symmetric products, which generalize the tori in Heegard Floer homology
[OS]. Seidel proposed a generalized version of his exact triangle in Floer cohomology [18]
for fibered versions of symplectic Dehn twists, whose vanishing cycle is a spherically fibered
Lagrangian correspondence. Seidel and Smith [20] proposed a symplectic definition of Kho-
vanov homology, using Lagrangians constructed as geometric compositions of the fibered
vanishing cycles. Finally, moduli spaces of flat bundles on three-dimensional cobordisms
define Lagrangian correspondences between the moduli spaces of bundles on the boundary
surfaces, such that composition of cobordisms corresponds to geometric composition of cor-
respondences. The associated Floer cohomology groups, which we construct in [28], may
be viewed as symplectic versions of instanton Floer homology for three manifolds.

Naturally the question arises of how composition of correspondences affects Floer co-
homology. In this paper we prove that Floer cohomology is isomorphic under embedded
geometric composition. For a precise general statement, it is best to use the language of
quilted Floer cohomology developed in [24] which defines HF(Lg1, Li2, ... s Lk—1)x) for a
cyclic sequence of Lagrangian correspondences L_1), C M, ; x M, between symplectic
manifolds Mo, My, ..., My = My. If the composition L_1), © Lys41) is embedded, then we
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obtain under suitable monotonicity assumptions a canonical isomorphism

(2) HF(..., L1y, Loyrys--) T HF( .., Li—1y¢ © Logey1ys - - -)-

Here the quilted Floer cohomology on the left hand side counts k-tuples of pseudoholo-
morphic strips (u; : R x [0,1] — M;);=0, . k-1, whose boundaries match up via the La-
grangian correspondences, (u;-1(s,1),u;(s,;0)) € L¢j_1);. On the right hand side of (2),
no strip in My is taken into account, and the strips My_; and My, 1 match up directly via
(ug—1(5,1),u41(8,0)) € Lig_1y¢ © Ly(e41y- Rather than going through the general definition
in detail, we will prove in detail the following representative example in the familiar notation
of Floer cohomology for pairs of Lagrangians in the same symplectic manifold.

Theorem 1.0.1. Let My, My, My be symplectic manifolds that are either compact or satisfy
the ‘bounded geometry’ assumptions as in [19, Chapter 7].1. Let

Lo C My, L01CM0_><M1, L12CM1_XM2, LQCMz_

be compact Lagrangian submanifolds such that the geometric composition Ly o Lo is em-
bedded. Then the canonical bijection (Lo X L12) N (Lo1 X La) = (Lo x L9) N (Lo1 o L12)
induces an isomorphism

(3) HF(L() X ng,Lm XLQ) :>HF(L0 XLQ,LQlong),
provided the following assumptions hold:

(a) The pair (Lo x L12, Lo1 x La) of Lagrangian submanifolds in My x M; x My is
monotone (or exact) for Floer theory, that is with some 7 >0 (or 7 =0) we have

QIU*WN =T- [Maslov(U*T(LO X ng),’u*T(Lm X Lg))

for all maps from the annulus v : S* x [0,1] — My x My x My with Lagrangian
boundary conditions v(S' x {0}) C Lox L1z and v(S* x {1}) C Lo1 x L. The Maslov
index is defined by choosing a trivialization v*T(My x M x Ms) = S1 x [0,1] x C",
then Intasiov (VT (Lo X L12),v*T(Lo1 X L2)) is the difference of Maslov indices of the
two loops in the Lagrangian Grassmannian of C™.

(b) The minimal positive Maslov index in (a) is 2, that is there exists no annulus v with
Ivastov (VT (Lo % L12),v*T (Loy % L2)) = 1.

(¢) Each of the Lg, Lo1, L12, Ly has minimal Maslov index > 3. (Here the minimal
Maslov index of L C M is the positive generator of Intasiov(m2(M, L)) C Z.)

Note that (a) implies monotonicity on homotopy groups for the symplectic manifolds,
ie. [war,] = Ter(TM;) on mo(M;) for i = 0,1,2, as well as for each Lagrangian, i.e. 2[wys] =
TIMaslov on 7T2(M, L) for (M, L) given by (M(),L()), (MO_ X M17L01)7 (Ml_ X Mg,ng), or
(My, Ly). Assumptions (a) and (b) are necessary in their full strength for a subtle bubble
exclusion argument, as explained below. They are met, for example, if all Lagrangians
are orientable and exact, or if they are orientable, monotone, and the image of either
m1(Lo X Li12) or m(Lor X Lg) in m (Mo x My x My) is torsion. In [25] we discuss some
alternative conditions ensuring monotonicity. Note that (b) also is the natural assumption

More precisely, we consider symplectic manifolds that are the interior of Seidel’s compact symplectic
manifolds with boundary and corners. We can in fact deal with more general noncompact manifolds, such
as cotangent bundles or symplectic manifolds with convex ends, for which bubbling can be excluded in
moduli spaces up to dimension 1, as detailed in Section 2.1. Moreover, we require that transverse Floer
trajectory spaces be constructed as in Section 2.2 using almost complex structures J such that, with respect
to J-compatible metrics, up to second derivatives of J as well as the curvature are uniformly bounded.
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that excludes self-connecting trajectories in the construction of Floer homology. Similarly,
(c) is needed only to ensure that Floer homology is well defined. In [29] we generalize
Theorem 1.0.1 to an isomorphism in the derived category of matrix factorization, allowing
to drop assumption (c).

In this paper, the isomorphism (3) of Floer cohomology groups is completely proven only
with Zo-coefficients. The discussion of coherent orientations — in the presence of orientations
and relative spin structures on the Lagrangians — can be found in [27]. There should also be
versions of this result for Floer cohomology with gradings, coefficients in flat vector bundles,
and Novikov rings. We give a detailed statement and proof for the gradings in [25].

Lo
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Ficure 1. Tuples of pseudoholomorphic strips that are counted for
HF(L(] X L12,L01 X LQ) and for HF(LO X LQ,LOl o L12)

Throughout we will use the construction of Floer cohomology based on [3, 12, 4]. The
Floer differential for (Lo x Li2,Lo1 X Lg) counts triples of pseudoholomorphic strips in
My, M, M5 (see Figure 1 below). In the standard definition, one would take the width of all
three strips to be equal, but we show in [25] that one can in fact allow the widths of the strips
to differ. The main difficulty then is to prove that under the stated assumptions and with the
width of the middle strip sufficiently close to zero, the triples of pseudoholomorphic strips
in Mo, M , M3 are in one-to-one correspondence with the pairs of pseudoholomorphic strips
in My, M, that are counted in the Floer differential for (Lo x Lg, Lo © L12). As in similar
situations in Floer theory, the proof is an application of the implicit function theorem, on
one hand, and compactness results for shrinking the middle strip, on the other. In the
limit various kinds of bubbling can occur: Sphere bubbles in My, My, Ms; disk bubbles in
(Mo, Lo), (Ma, La), (Mo x My, Lo1), (M1 x Ma, L12), (Mg x My, Loy o Ly12); and a novel type
of bubble which we call a figure eight bubble. The latter is a triple of pseudoholomorphic
maps vy : R X (—o0,—1] — Mp,v1 : R x [-1,1] — Mj,ve : R x [1,00) — My such that
(vo(r,—1),v1(7,—1)) € Lo1, (v1(7,1),v2(7, 1)) € L1a.

To explain the name, note that under stereographic projection to the sphere, or after
transformation z +— % of C = R?, the lines Im(z) = +1 appear as a figure eight as in
Figure 2. These pictures are labeled in the pictorial language of [26]: The maps vy, vy, v2
form a “quilt” on the punctured S?, whose “patches” are the domains of the three maps
(labeled by the target spaces), and with “seams” on the intersections of these domains
(labeled by the “seam condition” Lg; or Lo that is satisfied there). We conjecture that the
maps (vg,v1,v2) can be extended continuously to the closure of their domains in S? by a
point (vg(00),v1(00),v2(00)) € Lo1 X My N My x Lis. However, we cannot in general prove
this removal of singularities, nor is there a readily available Fredholm theory for seams
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FIGURE 2. Figure Eight bubble

touching tangentially as in Figure 2. Thus we are lacking the construction of a moduli
space of figure eight bubbles. Instead, as in [22] we exclude bubbling by energy quantization
without establishing a geometric description of the bubble. This method hinges on strict
monotonicity with a nonnegative constant 7 > 0 as well as the 2-grading assumption (b).
Theorem 1.0.1 has a wide range of applications: First, it provides a tool for symplectic
topology, which has not yet been exhaustively used. In [25] we give examples of elemen-
tary Floer homology calculations arising from the representation of symplectic quotients
as Lagrangian correspondence. For example, a simple iteration in n confirms the calcu-
lation HF(T#,TE) = H.(T™) of Cho [2] for the Clifford torus in CP". We also show
that non-displaceability of Lagrangians in product symplectic manifolds follows directly if
the Lagrangian, viewed as correspondence, has an image in one of the factors whose Floer
homology is nonzero. This explains e.g. the nondisplaceability of standard Lagrangian em-
beddings (S1)*F x §2k=1 < (CP*¥~1)~ x CP" (for example the sphere S — (CP')~ x CP?)
by the fact that their projection to CP" contains the nondisplaceable Clifford torus. An
application to non-triviality of symplectic mapping class groups is given in [29]. Second,
our isomorphism is key to proving the topological invariance of various Floer cohomology
groups arising from decompositions in low-dimensional topology; for example, the symplec-
tic version of instanton (knot) homology constructed in [28, 29], and Seidel-Smith homology
and Heegard-Floer homology, for which it provides alternative constructions [15], [8, 10]%.
Third, from a more conceptual point of view, Theorem 1.0.1 is used in [24] to give a
solution to the problem in Weinstein’s construction that composition of Lagrangian corre-
spondences is not always defined. Using the result here, one may construct a symplectic
2-category, in which all Lagrangian correspondences are composable morphisms and Floer
cohomology groups (as 2-morphism spaces) are well defined. Thus one removes the quotes
in Weinstein’s “category” by promoting the construction to a 2-category, using Floer theory.

We thank Paul Seidel and Ivan Smith for encouragement and helpful discussions.

2Excluding figure eight bubbling in negatively monotone symmetric products requires a somewhat more
subtle analysis. Using a weak removable singularity theorem, it suffices to establish that potential homotopy
classes of figure eight bubbles have zero energy [23, 30]. This seems to be the case for all correspondences
introduced by Perutz. At the time of last revision of this paper note that the alternative approach presented
in [9] assumes real valued symplectic actions, which directly implies our assumption (a) with 7 = 0.
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2. FLOER COHOMOLOGY FOR MONOTONE LAGRANGIAN CORRESPONDENCES

In this section we first explain why both Floer cohomologies in Theorem 1.0.1 are well
defined. Then we give a specific “quilted” setup and choice of perturbations for both that
reduce the isomorphism of Floer cohomologies to a bijection of moduli spaces that is proven
in Section 3.

2.1. Monotonicity assumptions and index identities. The significance of the mono-
tonicity and Maslov index assumptions in Theorem 1.0.1 is the following energy-index re-
lation and relative grading.

Proposition 2.1.1. Suppose that the pair (Lo, L1) of Lagrangians in M is monotone,
transverse, and has minimal annulus Maslov index N > 2. (That is, N is the positive
generator of {Ivasioy (V*T Lo, v*TLy) | v : ST x [0,1] — M,v(S' x {j}) Cc L;} C Z.)

Then for any x4 € Lo N Ly there exist constants c(zr—,zy) € R and p(x_,x4) € Z
such that for all strips u : R x [0,1] — M with boundary values in (Lo, L1) and limits
u(£o0,-) = 1 we have

(4) 2E(u) = 7 -Ind(D,,) + c¢(z_, x4), Ind(Dy) = p(x—,24+) mod N.
Here E(u) = [u*w is the energy and D, the linearized Cauchy-Riemann operator at .

Proof. Given two strips uj,uz : R x [0,1] — M we can glue them together (reversing
the orientation of us) to an annulus v : S' x [0,1] — M, then [v'w = E(u1) — E(us)
and Iviasioy (VT Lo, v*TLy) = Ind(D,,) — Ind(D,,). So the energy-index relation follows
from monotonicity f v*w = TIMasiov(V*T Lo, v*T' L), and the index identity follows from
IMaSlOV(U*TL(),’U*TLl) C NZ. O

The energy-index relation ensures energy bounds for the moduli spaces of fixed index
and thus compactness up to bubbling (‘pointwise blow-up of the gradient’) and breaking
of trajectories (‘nontrivial amounts of energy moving off into both ends of the strip’).?
Together with the index identity it excludes bubbling in moduli spaces of index less than NV
as follows: Any bubbling leads to a new (possibly broken) trajectory connecting the same
points but with less energy.? By monotonicity, less energy means strictly less index. By the
index identity mod N that means negative index. By transversality (previously established
for moduli spaces of negative index) that means an empty set: The new trajectory doesn’t
exist, so the bubbling didn’t happen. We spelled out this argument because we will use it
again to exclude figure eight bubbling — by only proving energy loss, not actually giving a
geometric description of the bubble.

Working with N = 2 there is just one point in the construction of Floer cohomology where
this argument fails: The 1-dimensional moduli spaces of self-connecting Floer trajectories

3For a noncompact symplectic manifold, one needs to establish C°-bounds on the holomorphic maps, be-
fore 'standard Gromov compactness’ can be quoted. Note that the domains of maps under our consideration
are such that each interior point has bounded distance from a boundary point, where the maps take values
in a compact Lagrangian submanifold or in the projection of a compact Lagrangian correspondence to one
factor. Hence it suffices to establish uniform bounds on the gradient (i.e. exclude bubbling).

4Such energy loss can be established by proving convergence of rescaled maps to disks or spheres. Al-
ternatively, this can be shown by a mean value inequality as in [11, 4.3], [22], or Lemma 3.3.2, which only
requires uniform bounds on the curvature and up to second derivatives of the almost complex structure J
w.r.t. a J-compatible metric on M. Such bounds will also be required for the proof of energy loss during
strip shrinking in Lemma 3.3.2, hence they are a standing assumption for noncompact manifolds.

In addition, both approaches require the removable singularity theorem ([11, Thm 4.1.2]) to hold on M.



6 KATRIN WEHRHEIM AND CHRIS T. WOODWARD

have index 2, so bubbling could lead to an index 0 solution (which are always constant due to
the R-action). Assumption (c) serves to exclude this scenario by index additivity arguments:
Any pseudoholomorphic disk bubble with boundary on L will reduce the index by at least
Ny, the minimal Maslov index on ma(M, L). So N, > 3 ensures that the remaining solution
would have negative index (and the same holds for sphere bubbles whose Chern number
would be at least %N ). Note that this argument, unlike the previous bubbling exclusion
by energy loss, requires an identification of the bubbles as spheres and disks.> In our
case it also requires that we work with a split almost complex structure (preserving the
factors of My x M; x My), otherwise pseudoholomorphic disks in the product manifold
don’t necessarily have the minimal index of a disk in one of the factors. We will show in
Section 2.2 that we can achieve transversality with a split almost complex structure, and
hence our assumptions indeed ensure that the Floer cohomology HF (Lo X Li2, Lo1 X Lg)
is well defined. The next Lemma shows that the Floer cohomology H F(Lg x Lo, Loi o L12)
for the composed Lagrangian correspondence is also well defined.

Lemma 2.1.2. In the setting of Theorem 1.0.1, the assumptions (a) and (b) imply the
analogous assumptions for the pair (Lo x Lg, Lo o L12) of Lagrangians in My x M, . As-
sumption (c) implies that 0> = 0 on CF(Lgx Lo, Lo 0L132), and hence the Floer cohomology
is well defined.

Proof. Consider any annulus (up x u2) : ST x [0,1] — My x M, with Lagrangian boundary
conditions (ugxu2)(S'x{0}) C Lox Lo and (ugxuz2)(S'x{1}) C LoioL12. By the embedded
composition there exists a unique lift u; : S' — M; such that (ugli=1 % u1)(S') C Lo and
(u1 x uzli=1)(S*) C Li2. Now we can reverse the parametrization in %a(s,t) 1= ug(s, 1 —t)
and extend uj constant along [0,1] to define an annulus (up x u; x wz) : S x [0,1] —
My x My x M as in (a). Here ujw; = 0, hence [(ug X u1 X Us)*(wp X (—w1) X wy) =
J(uo x ug)*(wo X (—wz)). To identify the Maslov indices, pick the same trivializations
uiTM; =S 1'% [0,1] x V; for j = 0,2 in both cases, then equality follows from the identity

(5) I(y01) + I(712) = I (701 X 712) = 1(702)

for loops of Lagrangians o1 : S' — Lag(Vy x V1), m2 : ST — Lag(V;™ x V3), and g2 :
St — Lag(Vy x Va) given by y02(s) = (y01(s) x 712(s)) N (Vo x Ay, x V). The first equality
is simply additivity of the Maslov index. To see the second equality we fix Lagrangians
A; C Vj for j = 0,2, then the Maslov indices can be expressed as the intersection number
with Ag x Ay, x Ag resp. Ag x Aa. With this choice the intersections are identified,

K(S) = (’y()l(s) X ’ylg(s)) N (A() X Avl X Ag) = ’Y()Q(S) N (A() X AQ)

Now we need to compare the crossing forms I'g112(s), To2(s) : K(s) — R at regular crossings
s € S, Fix a Lagrangian complement ~g2(s)¢ C Vp x V,, then y02(s)¢ x Ay,, after appro-
priate transposition of factors, is a Lagrangian complement for 7o1(s) X y12(s), due to the
assumption of transversality (Lgy X L12) M (Mo x App, X Ms). So for vg112 = (vo, v1,v1,v2) €
K(s) one finds (wg,w2)(t) € 702(s)¢ and w; € Vi such that v + (wp, wi,wi, we)(t) €
(701 X v12)(s + t). For the corresponding vector vp2 = (v, v2) € K(s) this automatically

S5For noncompact symplectic manifolds, this requires a compactification as in [19] or the use of the
maximum principle on convex ends. Alternatively, one could restrict to N > 3 (e.g. exact Lagrangians in a
cotangent bundle have N = c0) or use any other valid argument to prove 8% =0.
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gives vp2 + (wo, w2)(t) € yo2(s + t). With this we identify the crossing forms
To112(8)vo112 = 4 |,_o(wo ® —w1 & w1 & —w2) (vor12, (wo, wy, w1, ws)(t))
= 4|,_y (—wo(vo, wo) + wi (v, w1) — wi(v1, wr) + wa(va, wa))
= % ‘tzo(wo & —wg)(vog, (wo, wg)(t)) = To2(s)vo2.

This proves equality of the Maslov indices in (5) and this finishes the proof of (a) and (b).

In the absence of assumption (c) we have 9> = wld a multiple of the identity in both Floer
theories, see [12] and [29]. A derived version of Theorem 1.0.1 implies that the value of w is
the same for both theories, see Remark 2.2.3. Assuming (a) for the pair (Lo x L2, Lo1 X L2)
we obtain w = 0 and thus also 02 = 0 on CF(Lg x Lg, Lo o L12). O

The index calculation in (5) analogously holds for strips. This identifies the index on
the two complexes in Theorem 1.0.1. Recall here from [3] that the index of the linearized
Cauchy-Riemann operator D, at a map u : R x [0,1] — M with Lagrangian boundary
conditions u(R x {i}) C L; for i = 0,1 and limits u(s,-) — Lo M L; at transverse

s—=+o0
intersection points is given by the Maslov-Viterbo index,

Ind(Du) = IMV(U) = 1(707/71)7 7@(8) = Tu(s,z)Lz
Here the Maslov index of the pair of paths is defined by choosing a trivialization «*T'M =

Rx[0,1]xV (independent of ¢t € [0, 1] for s — 400 ) so that ; becomes a path of Lagrangian
subspaces in the symplectic vector space V.

Lemma 2.1.3. Let Ly C My, Ly1 C MO_ X My, Lis C Ml_ X Ms, and Ly C MQ_ be
Lagrangians such that the composition Loy o L1 =: Lgs is embedded. Suppose that the
intersection Lo X Ly1a N Lo1 X Ly (and hence also Lo X Ly N Loy o L13) is transverse and
consider a map (ug, uz) : Rx[0,1] — My x My taking boundary values in (Lo x Lo, Lo 0 L12),
and limiting to intersection points as s — +o0o. Let (ug,u1,Us) : R x[0,1] — My x My x Mo
be the corresponding map which takes boundary values in (Lo X Li2, Loy X L) and satisfies
Oy = 0. (Here uy reverses the [0,1]-parametrization of us.) Then the indices of the
linearized operators and the energies are equal,

Ind(D yg,u,)) = A(D g, 1)) E((ug,u2)) = E((uo, u1,2)).

Proof. The identity of Maslov indices follows as in Lemma 2.1.2. Alternatively, it could be
deduced from a more general result of Viterbo [21, Proposition 3]. For the energies just
note that [ujws = [Us(—ws) and [ ufws = 0. O

2.2. Quilted setup for Floer cohomology. As in Theorem 1.0.1 let My, My, Ms be
symplectic manifolds and let

Lo C My, L01CM0_><M1, L12CM1_><M2, L2CM2_

be Lagrangian submanifolds such that the geometric composition Lgo := Lg1 o Lio is em-
bedded. The aim of this section is to introduce the “quilted” setup and give compatible
choices of perturbation data for the two Floer cohomologies HF(Lg x L2, Lo1 X Lo) and
HF(LO X L2,L02).

First, we need to fix Hamiltonians® such that the perturbed intersection points are fi-
nite and nondegenerate. In fact, the following Proposition shows that we can pick a

61f some of the symplectic manifolds are noncompact, then we work throughout with Hamiltonian func-
tions that are supported in fixed compact neighbourhoods of the Lagrangians.
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Hamiltonian of split type which achieves simultaneous transversality for the intersection
points in both Floer theories. Given a pair of time-dependent Hamiltonian functions
(Ho, Ha) € C*°([0,1] x Mp) x C*°(]0,1] x Ma) consider the Hamiltonians Hoa(t, zo, x2) =
Hy(t,xg) — Ho(1 — t,z9) on My x My and Hoio(t, xo, x1,22) = Ho(t,z9) + Ha(t,z2) on
My x M; x M, and denote their time 1 flows by ¢f02 and ¢f012. Then the perturbed
intersection points ¢02(Ly x Ly) N Loz can be identified with

Lox yito Loz X gy Lz = { (mo, ma) € Mox My | mo € Lo, (¢ (mo),m2) € Loz, 9 (m2) € Lo}
and analogously
¢H012 (LO x L12) N (Lo1 x Lg) = Lo X gHo Lo1 X yH1 Lis X pHo Lo,

where ¢fi is the time 1 flow of the Hamiltonian H. ; and we use the trivial function Hq =0
on M. Note that the Hamiltonians are constructed such that the perturbed intersection
points for the two Floer theories are still canonically identified. Indeed, by assumption
every point in Lgg = Lg1 o L12 has a unique lift to Lg; XTdyy, L1s.

Proposition 2.2.1. There is a dense open subset Ham(Lg, Loz, La) C C*°([0,1] x Mp) x

C°([0,1] x Ms) such that for every (Hy, Hy) € Ham(Lg, Loz, L2) and Hy = 0 the defining

equations for both sets L X pHo Lo % SH2 Lo and Ly X pHo Loy % $H1 Lo X 4Hz Lo are transversal.
1

Proof. By assumption Lg, Loz, Lo are embedded submanifolds and so locally they are the
zero sets of submersions g : Mg — R™, 9o : Mgy x My — R™7T"2 1)y : My — R™2. Then
the defining equations for Lg X oo Loz X gy Lo are

(6) Yo(mo) =0, o2 (¢ (mg),ma) =0, P2(¢™(m2)) = 0.

Consider the universal moduli U space of data (Hy, Ha, mg, m2) satisfying (6), where now
each H; has class C* for some ¢ > 2. The linearized equations for U are

(7) Dyyg(vg) =0, Dtoga(D¢™ (ho,v0),v2) =0, Dipo(D¢™(hy,v2)) = 0.

forv; € Ty, Mj and h; € C*([0,1] x M;). The product of the operators on the left-hand sides
of (7) are surjective since each of the maps C*([0, 1] x M;) — Ty, (mj)Mj’ hj — D (h;,0)
is surjective. So by the implicit function theorem I/ is a smooth Banach manifold, and we
consider its projection to C*([0, 1] x M) x C*([0, 1] x Ms). By the Sard-Smale theorem, the
set of regular values is dense. On the other hand, the set of regular values is clearly open.
Hence the set of smooth functions that are regular values is open and dense. This is exactly
the set of functions H = (Hy, Hs) such that the perturbed intersection Ly x oo Loz X yry Lo
is transversal.

Moreover, the perturbed intersection Lg X oHo Lop X ot Lo X my, Lo is also transversal,

¢
since by assumption Lg; X L is transverse to the diagonal My x Ay, x Mo. O

In the following, instead of working with perturbed intersection points, we will apply the
Hamiltonian diffeomorphisms to the Lagrangians to achieve transversality. Replacing Lg
with L) = ¢f°(Lgy) and Ly with L, = (¢2)71(Ly) the generators of the two Floer chain
groups are the transverse intersections

(L6 X L/Q) N L01 = L6 XIdMO L02 XIdM2 L/Q,

(L6 X L12) N (L()l X L/2) = LIO XTdag, Lot X1dar, Lo XIdar, L/2
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The forgetful map (mg, my, ma) — (mp, ma) is a bijection from Z to (L x L5) N Loy since
by assumption Lgp X1dag, L1s — Lo is bijective. So, after a Hamiltonian perturbation, we
have a natural isomorphism of the Floer chain groups

(8) CF(L() X L127L01 X Lg) = CF(L() X LQ,LQQ)

and it remains to identify the Floer differentials. For that purpose we now drop the Hamil-
tonian from the notation: By abuse of notation we can assume to start out with unperturbed
transverse intersections and a natural bijection

T := (Lo x Lo) th Loy = (Lo X L12) th (L1 x L2).

To investigate the Floer trajectories note that we consider (Ly x Lg, L) as a pair of
Lagrangians in My x M, and (Lo x L12,Lo1 X L) as a pair of Lagrangians in My x
M x M. For any symplectic manifold M let J(M) be the space of almost complex
structures on M that are compatible with the symplectic structure wy;.” We pick time-
dependent almost complex structures Jy € C*>([0,1], J(Mp)) and Jo € C*>([0,1], T (Ma)),
then Jy(t, mo) x (—J2(1—t,mg)) defines a compatible almost complex structure on My x My .
Now any pseudoholomorphic strip wpz : R x [0,1] — My x M, with boundary values on
(Lo x Lo, Ly2) corresponds by “unfolding” woa(s,t) = (ug(s,t),uz(s,1—1t)) to a pair of strips
(ui R x [0,1] — Mi)izo , satisfying
(9) Jsug + Jo(t, u())atu() =0, Osug + Jo (t, Ug)atUQ =0,
uo(s,0) € Lo, (uo(s,1),u2(s,0)) € Loz, us(s,1) € Lo.

Similarly, pick an almost complex structure J; € J(Mj), then Jy x (—J1) x Jo defines a
compatible almost complex structure on My x M, x Ms and any pseudoholomorphic strip
with boundary values on (Lg x L12, Loy X L2) corresponds by “unfolding” to a triple of strips
(vi R x[0,1] — Mi)izo | o satisfying
(10)  9svo + Jo(t,v0)0vo = 0,  Osv1 + J1(v1)9v1 =0,  Osva + Ja(t,v2)0pva = 0,

U0(870) € L07 (U0(571)7U1(870)) € L017 (U1(571)7U2(870)) € L127 U2(871) € Lo.

In both cases, the trajectories have finite energy >, [ |0sus|? resp. >, [ |0svi|? iff they
converge uniformly to intersection points

. + 4+ . + 4+ o+
(11) SEI:EIOO(UO,UQ)(S, ) = (zy,25) €T resp. sggloo(vo,vl,vg)(s, ) = (zg,27,25) €.

For any z~,x" € Z let us denote by
M(l)($_7x+) = {(u07u2) ‘ (9)7 (11)7 Ind(D(uo,uz)) = 1}

the one dimensional (i.e. index 1) component of the moduli space of Floer trajectories
for (Lo x Lo, Lg2). One can achieve transversality of these moduli spaces (of any index
< 1) by choosing t-dependent almost complex structures Jy and Jy that are constant near

I M is noncompact, then we assume as in [19] that the almost complex structure extends to the compact
symplectic manifold with boundary and corners, whose interior is M. More generally, it would suffice to work
with any noncompact M and J for which the bubble exclusion arguments hold, as detailed in Section 2.1
and Lemma 3.3.2. In particular, this requires uniform bounds on the curvature and up to second derivatives
of the almost complex structures J with respect to J-compatible metrics.
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t =0 and t = 1. Note that we cannot expect a bijection with the moduli spaces of Floer
trajectories for (Lgx L12, Lo1 X L2) as in (10). However, by the independence theorem in [25],
the cohomology defined from the above Floer differential is isomorphic to the cohomology
defined by the “quilted Floer differential” arising from the moduli spaces

,/K/lv%(x_,x"') = {(v07vlvv2) | (10)57 (11)7 Ind(D(vo,vl,@)) = 1}

for any choice of § > 0. Here we consider strips vg,ve of width 1 as before but middle
strips v1 : R x [0,0] — M; of width § > 0, and (10); denotes the same boundary value
problem as above except for the seam condition (v;(s,d),v2(s,0)) € Lia. Moreover, we use
almost complex structures Jy 5, Jo s that converge to Jy, Jo in the C*°-topology as § — 0.
The specific choice follows from the constructions in the proof 9 and will also ensure that
the moduli spaces M};(x_, xT) are cut out transversely for § > 0 sufficiently small.

Lo

FiGURE 3. Shrinking the middle strip

In order to prove Theorem 1.0.1 it now suffices to show that the isomorphism (8) of chain
groups descends to cohomology for an appropriate choice of § > 0. We will prove this by
establishing a bijection between the Floer trajectories for (Lo, L2, L) on strips of width
(1,1) and those for (Lo, Lo1, L12, L2) on strips of width (1,0, 1) for sufficiently small width
0 > 0 of the middle strip. These Floer trajectories are pseudoholomorphic quilts associated
to the pictures in Figure 3. More precisely, we will consider the (zero dimensional, compact)
moduli spaces of Floer trajectories modulo R-translation and prove the following.

Theorem 2.2.2. Under the assumptions (a), (b) of Theorem 1.0.1 and for all sufficiently
small § > 0, the moduli spaces M};(:E_,:E*) are reqular and there is a bijection

T : Mz, 2%) = Mb(z—,27) /R — MLz, 2t)/R = Mk(z~,z7T).

8Indeed7 note that the unique continuation theorem [4, Thm.4.3] applies to the interior of each non-
constant strip u; : R x (0,1) — M;. It implies that the set of regular points, (so,t0) € R x (0,1) with
Osu;i(s0,t0) # 0 and u; *(u;(R U {o0}), o) = {(s0,%0)}, is open and dense. These points can be used to
prove surjectivity of the linearized operator for a universal moduli space of solutions with respect to split
almost complex structures (Jo, J2). (The constant solutions are automatically transverse due to the previ-
ously ensured transversality of the intersection points.) Note that it suffices to work with almost complex
structures that are ¢-independent outside of [%, %] The existence of a comeagre set of regular (Jo, J2) then
follows from the usual Sard-Smale argument as in [11].

9Due to more technical folding, Jo s, J2.s are given by rescaling Jo to [0,1 — /2] and Js to [§/2,1], and
extending them constantly by Jo(1) and J2(0) respectively. The convergence holds since each J; is smooth
and constant near t = 0, 1.
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Remark 2.2.3. In the situation of Theorem 1.0.1 except for assumption (c), the constructions
in this section provide naturally isomorphic chain groups C'F(Lg x L1, Lg2) and CF(Lg X
L9, Lo; x Lo) and well defined differentials dy resp. ds on them, defined from the moduli
spaces M{(z~,2T) and M}(z~,2T). As discussed in Section 2.1, due to obstructions from
disks of minimal Maslov index 2, both differentials square to a multiple of the identity,
see [12] and [29]. So we have 03 = wold and 92 = wsld for any 6 > 0 (as long as the
moduli spaces M}(z~,zT) are regular). Now Theorem 2.2.2 implies that for sufficiently
small 6 > 0 and any z € 7 (viewed as generator in both chain groups) we have wg(z) =
O3 (x) = 0% (x) = ws(x), and hence wy = ws. (If Z is empty then both theories are trivial.)
If ws = 0 (e.g. by assumption (c)) or wy = 0 for some other reason, then this proves that
both Floer cohomologies are well defined and (again by Theorem 2.2.2) are isomorphic.
For any value of wg = ws this proves that there exists a canonical isomorphism

(CF(Lo x L1z, Loy x L), 80) — (CF(Lo x La, Lo1 o L12), 05)

in the derived category of factorizations of wgld.

3. BIJECTION OF MODULI SPACES UNDER STRIP SHRINKING

In this section we prove Theorem 2.2.2. We start by describing the strategy of proof and
introducing the relevant notations. First we > use the assumption that Lgj o L5 is embedded
by moe. Consider a solution u = (ug, uz) € My(x~, "), that is a pair ug : R x [0,1] — Mo,

ug : R x [0,1] — My of index 1, with limits lim,_,+0(uo, u2)(s, ) = 2%, and satisfying
5J0u0 = 0, 5]2UQ = 0,
ugli=o0 € Lo, (ug|¢=1,u2|t=0) € Loz, ugli=1 € L.

We can identify (ug,u2) with the map wupe : R x [0,1] — My x My given by ugp2(s,t) =
(ug(s,1 —t),ua(s,t)), which satisfies limy_+ o0 ug2(s,-) = ¥ and

01902 = 0, u2]t=0 € Lo2, uo2|t=1 € Lo x Lo.

Here we denoted Joa(s,t) := (—Jo(s,1 —1t), Jo(s,t)). We will also denote Joa := Jo2|t—¢ and
U 1= u02|t:0 R — LOQ. Finally, we will denote by (L01 X L12)T C M(] X M2 X M1 X M1 the
obvious transposition of factors. Since mp2 : Lo1 Xar, Li2 — Lo2 C My x Ma is transversal
and embedded, there is a unique smooth map ¢; : Lgo — Mj such that

(12) (z02, 01(x02), £1(x02)) € (Loy X L12)T Vo € Log.

This provides the lift @; := ¢1 o ugy : R — M;. We also denote by @ := (@2, u1,u1) the
extension R x [0, 6] — My x My x My x M; that is constant along [0, §]. Given 0 these choices
are unique, so we can identify u with the pair (ug2,@). In the same spirit we find unique
points azf € M such that (azi,azf) € (Lo x L12) N (Lo1 x La) € My x My x M. In this
notation we have the limit limg_ o @1(s) = :Eit Given u € ./K/lv(l)(x_, x1) as above and § > 0
we wish to find a corresponding (v, v1,v2) € ./K/lv%(:n_,aﬁ), that is a triple vp : R x [0,1] —
My, v1 : R x [0,6] — My, vy : R x [0,1] — My with limits lim,_,+00(vo, v2)(s,-) = o7,
limg_, oo v1(8,7) = :Eit, and satisfying

5JO,(S'UO = 07 ngvl = 07 5J2,5U2 = 07
’UQ(S,O) € Ly, (?)()(S, 1),?)1(8, 0)) € Lo, (?)1(8,5),?)2(8, 0)) € Lo, 1)2(8, 1) € Lo.
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Here Jy 5, J2 5 are given by linearly rescaling Jy to [0,1—0/2] and J5 to [§/2, 1], and extending
them constantly by Jy(1) and J5(0) respectively. This choice of almost complex structures
is more natural in the following reformulation of the §-moduli spaces.

Let 0 := 6/(2 — 6) (or equivalently § = 25/(1 + 0)). Instead of the triple strip we
consider a quadruple of maps v = (vg2,V(y,v1,v]) With vga € C®(R x [0,1], My x Ma),
vhy € C®(R X0, 6], Mox Ms), v1,v] € C®(Rx[0, 4], M7) that have limits lims_, £ vo2(s, -) =

limg— o0 Vo (S,*) = T limg L 1oov1(s,-) = limg 100 v1(s, ) = a:f, and satisfy

5]02?]02 = 0, 5—j02U62 = 0, E—Jﬂ)i = 0, 5]1?]1 = 0,
(13) (v}, v02)|t=0 € My x Ma, (vi,v1)|t=0 € Ay,
(Vo2 V1, v1)]—5 € (Lor x L12)7, vo2|i=1 € Lo X Lo.

For notational convenience we will also group these quadruples of maps as v = (vg2, 0)
with & = (v(, v1,v]). Then we can abbreviate J = (Jya,J) with J := (—Joa, —J1, J1), and
reformulate (13) as

5]’0 = (5]022102 s gj’[)) = 0,

(v02,0)t=0 € Antgx s X Anry, 5 € (Lo1 x L12)", vo2lt=1 € Lo X La.

We denote the moduli space of such solutions v = (vg2,0) by ./(/l\%(a:_, z). It is in one-to-
one correspondence to M}(z ™,z ") as follows: Given v = (vp2, vjy, v}, v1) € M%(m‘, ) we

obtain v = (vg,v1,v2) € M%(:E‘,ﬁ) from

B ] vl (1 + 5)3,5 -1+ 5)%) for 0
(UO(S,l t)avz(S,t)) = { voo((1 4 8)s, (1 +8)t — ) for %5 <t<
vi(s,1) = vi((1+0)s,0 — (L+0)t) for 0<t< 10,
PEYT U oi((W+8)s, (L+0)t—08) for L6<t <
The two different formulations for double and triple strips each are indicated in Figure 4.
The bijection 75 to the moduli space M(l)(:E_, x1) can then be established via a bijection

Mo : M5 :
Uug ug Vo V1 V2
Lo Lo2 Lo Lo Lo1 L2 L2
M
. L . L
I [ 0 I [ 0
Ao A()l
Oos ] ) — e
. TR
LOl; _ . (%1 1L01
U1 ~ s L,
1 Up2 w02 ARER Vo2 o2
L123 e ; ! Lis
’ﬁ' LS o < .
Azi J Azi V
Lo Lo

FIGURE 4. Double and triple strips
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(14) T My(a™ o) = M(a,at) == Mj(a™,2")/R.

This map will be constructed by the implicit function theorem 3.1.1. We prove injectivity
in corollary 3.1.6, and the surjectivity will follow from the compactness theorem 3.3.1.

3.1. Implicit function theorem. The purpose of this section is to construct the map
Ts - Mé(x__, zT) — M}(x~,2T) of Theorem 2.2.2. We will do this by constructing the map
(14), with ¢ replaced by d, from the following implicit function theorem.

Theorem 3.1.1. There exist constants Cy, € > 0, and 6o > 0 such that the following holds
for every 6 € (0,8)]. For every u € M{(xz~,z") there exists a unique v, € M}(z~,z")
such that v, = e, (&) with £ € I'y 5(€) N Ky. The solution moreover satisfies

(15) €2, < Cod.

Here e, (&) := (voa,vhy, v}, v1) is given in terms of u = (ugg, @) and & = (£g,&) with
oo € D(ug,T(My x Ma)) and € = (€}, &1, &) € D(@*T (Mg x My x My x My)). The precise
definitions of the exponential map e,,, the e-ball I'y s5(¢), the H 12 s-horm, and the local slice
Ky of the R-shift symmetry will be given in the process of the proof.

To prove the theorem we fix a solution u € M(z~,z%), and in the following will allow
all constants to depend on u up to translation in R. (Since M{(z~,27T) is finite we can
then easily find uniform constants Cy and dg > 0.) We will then roughly solve 9 e, (¢) =0

~ A~

for sections & = (£n2,&), £ = (&9, &1, &1) satisfying the boundary conditions
(16) (€025 €02) =0 € T{ags,a02) A Mox Mz (&1, €1)l=0 € Tia, an A1,
Elims = (02 €1, &) |t=s € Ta(Lor x L12)T,  €o2li=1 € Tugs (Lo x Lo).

The exponential map e, (§) will then be constructed such that the nonlinear Lagrangian
boundary conditions are satisfied automatically. The index of the new solution v, will
coincide with that of the given solution u due to Lemma 2.1.3. Here we identified v, with
a solution v, € M(lg(x_,a;*'), 6 =26/(1 4 68). Then the homotopy between v, = e,(¢) and
(ug2, @) induces a homotopy v, = (ug, U1, u2).

To set up the implicit function theorem we introduce the space of H*-sections over (ug2, @)
for k € Ny,

o2 € HF(R x [0, 1], uf, T(My x My)),
HY s = < (102, 109> 1, m1) | noa € HF(R x [0, 6], a5, T (Mo x Ma)),
nim € HY R x [0,4], ajTM)
We also write these sections as n = (no2,1) € H f 5» Where the subscripts indicate the width

of the domains of 192 and 7 = (n)y, 1}, m) € HF¥(R x [0, 8], w*T(Mo x My x My x My)). The
corresponding H*-norm on this space is

2 2 ~l12
H(WO277762777/1’771)HH£5 = ||7702HH’€(R><[0,1}) + (19 H*(Rx[0,6])

2 / 2 7112 2
= H7702HHk(Rx[o,1]) + HnO?HH’“(RX[O,&]) + H”lHHk(Rx[o,a]) + HanHk(Rx[o,a})'
We denote the space of H?-sections satisfying the boundary conditions by
Iy s5:={¢ € Hi5](16)}
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and equip this space with the norm

lelle,, = ellz, + 19l

- 2 1/4
where we added the L*-norm HV(£02,£)HL%Y6 = (||V£02||i4(RX[O’1D + Hv&”i‘l(Rx[O,é])) /* on
the multi-strip. We denote the e-ball in I'1 5 by

Tis(e) = {€ € His|lllr, ; < e (16)}.
We equip the target space {1y 5 := H 11 s With the norm

Il s = linllay, + Wz .

The reason for adding the L*-norms in domain and target is that we do not have uniform
Sobolev embeddings on the strips of varying width. Instead, we build the necessary Sobolev
multiplication properties into the norms. The definitions of all these norms also involves a
choice of metric on each manifold My, M;, M. Different choices yield equivalent norms.'®

Next, we make some preparations for defining an exponential map that is compatible
with the boundary conditions (16).

Lemma 3.1.2. (Ezistence of compatible quadratic corrections) There exists g > 0 and
smooth families of maps (defined on the ey-balls)

Qs : Tas) (Mo x My x My x My) D Bey — Ty(s) (Mo x Ma x My x M), Vs € R,
Q(s]?t : Tuoz(s,t)(MO X Mg) D) BSO2 — u02(37t)(M0 X Mg) V(S,t) € R x [0, 1],

that are a diffeomorphism onto their image and have the following properties:
(Quadratic): Q(0) = 0, dQs(0) = 0, Q%(0) = 0, and dQ¥(0) = 0 for all (s,t) €
Rx[0,1]. In particular, there is a constant Cgq such that for allé € B¢, and &2 € BSO2

(17) 1Qs(6)] < Colél, Q%% (&02)| < Cqléozl*-

(Linearizing L01 X L12): expﬁ(s) o (1 + Qs) maps Tﬂ(s) (L()l X L12)T N Beo to (L01 X
ng)T.

(Linearizing Mo x M2 x A1): expgq) o (1 + Qs) maps Tys)(Mo x Mz x Ay) N By,
to MO X M2 X Al.

(Linearizing Lo2): expyg,(s,1)© (1 + Qg?l) maps Ty, (s.1)Lo2 N B2 to Loy,

(Compatible): Restricting Qs to Ta(My x Ma x A1) and composing it with the pro-
jection Prgo : T(amﬂhﬁl)(Mo X Mo x My x M) — Ty, (Mo x My) yields a map that
is independent of the T(y, q,)A1-component. The resulting family

QP : Typo(s) (Mo x Ma) D BY — Ty, 6)(Mo x Ms)
coincides with 2?0.

Proof. We fix s € R and restrict the exponential map eXpy(s) to a geodesic ball around
0. The subsequent constructions will depend smoothly on s € R, which we drop from
now on. By assumption the submanifold Lp211 := expg 1(L01 X ng)T in the vector space
X :=Tz(My x My x My x My) is transverse to the subspace A := T3 (Mo x Ms x Ay). Their
intersection Lo := Loo11 N A is diffeomorphic to the submanifold Lgo := expgolz(Log) -

10This remains true if some M; are noncompact, since the images of uo2, % are contained in compact sets.
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Ty, (Mo x M) by a map (mg, ma) +— (mg, ma, m1,m1) with uniquely determined m; =
mq(mg, m2). So we have a direct sum decomposition
A= TgOQ(M() X My) X T(ﬁl,ﬁl)Al = Toﬁ()g ) ((Toﬁog)l X {0}) ) ({0} X T(ﬂhﬁl)Al).

As a submanifold we can now write £g2 C A as the graph of a map 1 over a sufficiently
small e-ball,

4 1
¥ =Ygy X Y11 : ToLoz D Be — (ToLo2)™ x Tiay,a)A1
with 1(0) = 0 and di)(0) = 0. We moreover pick a complement C' of ToLos C ToLo2n1,
ToLo211 = C @ ToLoa,
then the transversality X = TyLgo11 + A implies the splitting
4 1
(18) X=0C® T()ﬁ()g ) (Toﬁog) X {O} D {O} X T(ﬂl’ﬂl)Al.

We write X 3 2 = x¢ + xo2 + (2g3,0) + (0,211) in this splitting and define a map ¥ : X D
B, — X by

U(2) ==z + (Yga(x02), 0) + (0,11 (702))
= 2¢ + 202 + (293 + Y (202), 0) + (0, 11 + Y11 (202))-
This map linearizes the intersection, \I/(Toﬁog) = L2, and we have U(0) =0 and d¥(0) =

FIGURE 5. Construction of quadratic corrections: Writing Log as graph
Id. In order to linearize the entire Lagrangian Lg211 we remark that Ty (\I/_l(ﬁogll)) =
dV(0) 1Ty Loa11 = ToLo211- So we can write W—1(Lyo11) as graph of a map
1

¢ = ¢z X b1 : ToLo211 D Be — (T, Lo2) ™ X Ty a1)A1

with ¢(0) = 0, d¢(0) = 0, and by the previous construction ¢|TO Foy =0
Finally we define the entire linearization ® : X D B, — X by

D(z) == U(z + (¢pa(zc + 02),0) + (0, 11 (xC + 202)))
for * = x¢ + 202 + (75,0) + (0,211) in the splitting (18). Now Qs := ® — Id is quadratic
and linearized (Lg; X L12)T by construction. Explicitly, we have

(19) Qs(z) = (Voa(02) + ¢ (e + 202), Y11 (02) + d11(zC + T02)).
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TV e -

T0@71(£02)=W71 (éog)

FIGURE 6. Linearizing Ly112 compatibly with Loo

The construction moreover ensures that Qg linearizes My x My x Ay, that is ®(A) C A,
since z € A = {z¢ = 0} is mapped to ®(z) = z + (g3 (z02), Y11 (z02)) € A.

To construct QY2 compatible with Qs note that for z = (mg, ma, m1,m1) € Tyu(My x
My x A1) C X we have a splitting

T = (mo,mg,0,0) + (0,0,ml,ml) =xc + T2 + (333‘2,0) + (0,3311 + (ml,ml)),

where z¢, 202, Tgy, 711 only depend on (mg,mg). With this we can see in (19) that in-
deed Qs(mg, ma, m1,m1) is independent of m;. We then simply define QS?O(mo,mg) =
Pro2Qs(mo, m2,0,0). Moreover, a graph construction as above provides a map 2?1 :
Tougo(s1) (Mo x Mz) D B — uoa(s,1) (Mo x Ma) that is quadratic and linearizes Los.
Now the two families Qg?o and Qg?l can easily be interpolated by the smooth family

2= (1-1t)Q% + tQ%¥ of quadratic maps. O

With these quadratic corrections we can now define the exponential map e, by e, (§) :=

~ ~

(€ups (§02), €a(§)) for & = (€02, &) € I'i5(€), where
(20) Cups (€02) 1= XDy, 0 (14 Q) (), €a() = expy 0 (1+ Q)(E).
Note that we have the usual properties of an exponential map,

ew(0) = (up2, ), de, (0) = Id.

To define e, on T'; 5(¢) the € > 0 should be chosen such that ||€g||co and ||€]|co are sufficiently
small for the quadratic corrections in Lemma 3.1.2 to be defined.!! Lemma 3.1.4 below
ensures that we can pick a uniform € > 0 for all § > 0. Now solutions v, € /(/l\(% (x7,z7) in
a neighborhood of u correspond to zeroes of the map F,, : I'; 5(¢) — £ 5 given by

fu(f) = ((I)UO2 (602)_1(5%261102 (502))7 q)ﬂ(é)_l(gjeﬂ(é)) )
Here ®,(§) denotes the parallel transport T, M — T, )M along the path 7 — e,(7E).
For ®,,, this parallel transport on T'(Mp x Ms) can simply use the Levi-Civita connection.

L1t some M; are noncompact, in particular the interior of a compact manifold with boundary and corners
as in [19], then the choice of € > 0 also ensures that the exponential map at uo2 resp. @ is well defined. This
is always possible with a uniform e > 0 since the images of up2 and @ are contained in compact subsets.
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In the definition of ®; we however use a Hermitian connection V on the tangent bundle
T (Mo x My x My x M) that leaves J invariant. This can be done by the same construction
as in [11, Proposition 3.1.1], which brings the linearized operator into simple form.

Next, we introduce projections related to the various Lagrangians:

Toa11 € Aut(C®(R, a*T(My x My x My x My))),

T2 , 7T(J)'2 € Aut(COO(]R,ﬂSQT(MO X Mg)))

are linear operators, given by pointwise orthogonal projection onto the subspaces (T'(Lgy X
L12)T)t € T(My x My x My x My) resp. TLoa, (T'Loz)t C T(Mg x Ms). The following
lemma contains the estimates resulting from the transversality assumption.

Lemma 3.1.3. (Quantitative transversality) There exists a constant C such that the fol-
lowing holds.

(a) For every & = (xo,x2, 2y, 1) € Mo x My x My x M
d((zo, 2), Loz2) < C(d(&, (Loy % L12)") + d(2},21)).
(b) For every s € R and £ = (€02, &1,61) € Tiy(s) (Mo x Mo x My x My)
€] < C(Imo2&hal + €1 — & + |mo211€]),
Ima3602] < C(Imgni€l + 161 — &al).-
(¢) For every & € C®°(R, w*T (Mo x My x My x M)
€]l 2 gy < C(Im02€ballmrrry + 161 — Ell ) + o211 €l ()
and the same holds with H' replaced by C* or LP for any p > 1. Moreover,
‘|7Té_2£(,)2||L2(R) < C(Hﬂ'éélléHL?(R) + 1€ — &1ll 2wy
170302l ry < C (Imoa11 €l ar ey + 161 — Exll ey + ||10s] - [€]

Proof. We fix metrics on each M; and use the induced split metrics on both My x My
and My x My x M; x M;. Towards (a) note that we evidently have d((zo,x2), Lo2) <
d((zo, e, 2}, 1), f/og) for 1302 := (Lo1 x L12)T N My x My x Ay. Moreover, we can estimate
with some constant C

d(#, Lo2) < C(d(&, (Lor x L12)") +d(&, My x My x Ay)),

LZ(R))‘

since the Lagrangian (Lg; x L12)T intersects My x My x A transversally. (In more detail
this follows from the linear theory below; if & does not lie in an exponential neighbourhood
of .Z/Qg, then both sides of the inequality are bounded away from zero, hence the quotient
attains a positive minimum on the complement of the exponential neighbourhood.12) This
proves (a) since d(z, My x M x A1) is bounded by d(z, z1). To approach (b) note moreover
that Lo injects to Lgs C My X Ms. So at every point of Loz we have a decomposition

12This remains true when some of the M; are noncompact. Indeed, we only need to consider the case of
d((zg,x5), Lo2) — oo and simply note that Loz as well as the projection pry,(Loz) C Mo X M2 are compact
subsets. Hence we can bound d((z§, %), Lo2) < d((2§, %), pros(Lo2)) + D < d(2", (Lo1 x L12)T) + D with

d(@",(Loy xL12)™) _ D
d((«F,%5),L0o2) 21 A(@5,28),Loz) L

a finite constant D = d(Lo2, prys(Lo2)) and obtain
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T(My x My x My x M) = TLoy & (TE()Q)J‘, where we can change the first factor to
T Loz x {0}. On the other hand, the transverse intersection implies

(21) (T.Z/OQ)J_ = ({0} X (TAl)J') EBT(L()l X L12)J‘,
so we obtain a splitting
(22) T(MO X M2 X Ml X Ml) = (TL02 X {O}) ) ({0} X (TAl)J') D T(Lol X ng)l.
This means that the product of the three orthogonal projections onto the f&}ctors defines an
isomorphism. The norm of this isomorphism is bounded at each @(s) € Lgg, so for every
5: (562,51,51) S Tﬁ(s)(MO X Mg X M1 X Ml) we have

|£| < C(|7To2f(/)2| + ‘5 - 51‘ + ‘Wolznﬂ)

with a uniform constant C' as claimed in (b). (Here the projection onto (T'A1)* is given by
(&9, €1, 61) — %(51 —&1,&1 — &)).) Moreover, the splitting (22) commutes with

T(My x My) = TLoy @ (T Lo2)*

via the canonical projection on the left hand side, and on the right hand side the identity on
T Lgs combined with a bounded map ({O} X (TAl)l) ® T (Loy x L1a)*t — TLoy ® (T Loa) ™.
This implies that

’%5562’ < C(’W()Lmlé’ + ’fi - 51‘)

with another uniform constant C. This proves (b ). For € € C(R, @*T' (Mo x My x My x M)
we can then apply the pointwise estimates to f (s) and integrate over s € R to obtain for
any p > 1 including p = oo

(23) 1€l oy < C (IIm02€b2 | oy + 161 — Exll Loy + Im011Ell Lo (R) )
I m0aé02 )l o &) < C(H”é’zné”m(u@) + 1161 — &l w))-
In order to prove the H'- and C'-estimates we also apply the pointwise estimates to V 55 (s),

V€l < O(Imoz(Vsoo)l + |Vs&h = Via| + [ma311 (VsE)]),
175V s&)| < C (|71 (V5€)| + [Vl = Vi)
Here we will need the inequalities
|02 ( sfoz )| < C(IVs(mo2 502 NI+ I€]),
7211 (Vs8)| < C(IVs(mga11 ()] + |05 - ‘5’)
|V (3 502 )| < C(Imga(Vs&oo)| + |04t - |5|)

The first inequality (and similarly the others) can be seen by writing &, in a local orthonor-
mal frame given by (v;(s))i=1,...k € @02(8)*T Loz and (9;(s))i=1,...x € tg2(8)* (T Loz)*. Writ-

ing £ = 5" Ny + 3y we have

|m02(Vs€i2) — Via(m02(£02))| = ‘Z X (w02 (Vi) = Vayi) + D pimoa Vs (ns)
< C0sto2| - [€nal-
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Note here that Vv, = Voae,v and Ve = Va7 are uniformly bounded. Putting
things together we obtain the first estimate in (c) with an extra ||| z2(g) or [|§]|cow) on the
right hand side, for which we can use (23). For the last estimate in (c¢) we obtain

IVs(mi€oo) 2@y < CUIVs(maané)llr2@) + 1Vs€1 = Viall oy + [[10sal - [E]]] L2 gy)-
This finishes the proof of (c). O

The following lemma contains a Sobolev estimate with a constant independent of the
width ¢ of the middle strip; here the transversality assumption is used in a crucial way.

Lemma 3.1.4. (Uniform Sobolev Estimate) There is a constant C's such that for all 6 €
(0,1] and & = (£02,€) € H 5
€02 llco (0,17, (y) + 1Ellcoqpo,), 1 ()

< Cs(lIllaz, + (€02 = So2)le=oll vy + (&1 = €)=l ) + 70311 € le=s | 111 m)) -

In particular, for all p > 2 including p = oo and for £ € I'ys satisfying the boundary
conditions (16),

€02/l Lo e xo.17) + €]l Lo Rx (0.8 < Csliéllmz ,-
Proof. The C°- and LP-estimates will follow from the continuous embeddings H'(R)

C°(R) and H'(R) < LP(R) for p > 2. So it suffices to suppose by contradiction that there
are sequences ¢ > 0 and & € H12751, with (€62 llco(o,11, 57 )y + 1€7 llco 0,61, 51 (m)) = 1 but

1€ 1122, + 11(&82 — &) le=oll mrr =) + 1€ — €2 le=0ll 1 ) + 1733116 l1=6v || zr1 ) — O- By the

1,6v

standard Sobolev embedding

H%([0,1] xR) ¢ H*([0,1],X) — C°([0,1],X)  with X = HY(R)
this implies ||§8;[|co(o,1), 71 (r)) — 0, and so
(24) €02l e=0ll 1 ) < €02 =0l () + 11(&62 — &02) =0l a1 (r) — O

We can moreover integrate for all tg € [0,0"”] to obtain

51/
(25) 1€¥ le=to — &” li=sv 71wy < 5”/0 IV 3 gy < 8”I1€” 72 mx0,507) — O
Using Lemma 3.1.3 we then obtain

1€” |e=sv |l 111
< C(|lmo2égali=s |l e ) + 11(E7 = € e=sv | (v) + ||7T(J)_211£V|t=6”||H1(R))
< C(lmoz2(Egali=s — Egale=0) Il a1 m) + lIm02(€65) =0l a1 m)
+11E = &) le=oll i vy + 216" [e=s» — € le=oll 1 () + 170311 €" le=sv L1 () )

— 0

with uniform constants C, C’ by (16), (24), (25), and a bound on the operator norm of .
Now combining [[£"|i=sv || 1 (r) — O with (25) proves ||£”||co(jo,v],m1(r)) — O in contradiction
to the assumption and the previously established fact that [[£gslco((0,17, 71 (®)) — O- 0
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The solution u of the 0-equation corresponds to & = 0, which is an almost zero of F,.
This and a quadratic estimate for d, near 0 is the content of the next lemma. For later
purposes we also compare dF,(§) with the linearized operator D, ) of 95 = (0.y,,0) at
ew(§). To state the comparison we will need the pointwise linear operator

Ey(&)n = %EU(g +71)|r=o0-

It satisfies F,(0) = Id, and since e, maps I'; 5 to the space of maps satisfying the bound-
ary conditions in (13), the linearization FE,(§) maps I'i s to the space of sections ( €
(v T Moz) x T(0*T' Moa11) over v = (v2,0) 1= €,(§), that satisfy the linearized boundary
conditions

(Co2,O)li=0 € To(Antoxasy X Aary),  Clims € To(Lot x Li2),  Cozle=1 € Tupy (Lo X La).
The linearized operator D, acts on this space of sections and is given by
Dy¢ = V;8€y(7¢)|r=0,
with the connection V introduced on page 17. In this notation we have D, 0) = dFu(0).

Lemma 3.1.5. (Uniform quadratic and error estimates) There are uniform constants € > 0
and Cy,Cq,C3 such that for all 6 € (0,1] and § € T'15(€), n € T'1 5
1
1Fu(O)lla, s < C1%,
Hd}-u(@?? - dfu(o)nufh,é < C2”§HF1,5HTI”F1,57
Hd}-u(@?? - (I)u(5)_1Deu(§)Eu(§)T/”QL5 < C3”§HF1,5H77”F1,5'

Proof. To estimate F,(0) we recall that ugg is pseudoholomorphic and @ is constant in ¢, so

1Fu(O)ll0, 5 = [1€0, Bs@) 1, + [1(0, Dsw) |1 |

1
< 0% ([|0suo2l =0l 2 ) + 211051 || 11w )+54(H5 uoali=oll Law) + 2|05t || a(r))
< Cy61.

Here Osug2 — 0 converges exponentially as s — t00, and so does 0ty = dl1(Dstig2), where
/1 from (12) has bounded differential. This shows that the above constant C is indeed finite.
For the third estimate we differentiate as in [11, p.68] the identity ®,,(& + n)F.(§ +7n) =
0(eu (€ +7n)) to obtain

(26) Dy (§)dFu(E)n — Do, ey Eu(E)n = —Vu(&,n, Ful§)),
where the estimate for the right hand side

\Ilu(éa m, C) = @T(éu(g + TU)C)|T:0

is part of the estimates below. The first component of F, is independent of §, so the
quadratic estimates for it simply follow from the continuous differentiability of F,. For the
second component we follow the argument in [11, Prop.3.5.3.] to obtain a uniform constant
for all 6 € (0,1]. We need to consider

Fal) = ®a(8) 7@ ea()),
where ey (é) = expu(é + Q(é )) is the exponentlal map with quadratic correction defined in

(20). Note that our parallel transport @y (5 ) is defined with respect to the path T eu(Té’ )
and the Hermitian connection V on T(My x My x My x M) that leaves J invariant. Since
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ez(0) = @ and dez(0) = Id, the same path can be used in the definition of V¢ instead of the
geodesic. Now let &, n € I'y 5 with ||£||Hf6 < e. Then by Lemma 3.1.4

[€lleo < Csliéllz, < Cse=co.  lilleo < Cslinllae,

with a uniform constant Cg thus a uniform constant ¢y that only depends on e. In the
following, all constants will be uniform in the sense that they only depend on ¢y and hence
€. Next, we consider

Ea(€)i = Lea(€ + 700, Wal&,1,¢) = Vo (®a (€ + 77)C)]r=0-

Note that Ey(0) = Id and that ¥(0,7, () = 0 since the covariant derivative exactly uses the
parallel transport ®;(77). Moreover, these maps are linear in 7 and ¢, and they depend
smoothly on £. So given € and thus |{] < ¢y we have linear bounds

Ba@l < e V(B < er(VE +dallé]),  [Walén, )l < edléllall¢]

with a uniform constant ¢;. With these preparations we calculate from (26), using the
notation of [117 Prop.3.5.3.},

%(5 0, &(A)) + (V(E()n)™ + ((Bal€) — ®a(€) Vi)™
- %j(ea(f))(((V(Eﬂ(ﬁ)n—%(@n)j)(eﬂ(é)))¢‘(é)da)m
— 3J(ea(@) (Vo1 (€al€)) — @a() (V3 )) (@) @a(&) ) @a(€)du)™!
— LI(eal@) (Vg 65D ea @) (d(ea(€)) — @alé)du)) ™!

We then use the uniform bounds'® on ||J||so, ||V ||so, [|®a(€) 2|, |dal, |€], and the estimates
[Fa(©)] < Cld(ea(§))| < eo(IVE| +|dal),  |d(ea(§)) — a(é)dul| < Cz(lvfl + |dal|€]),
Ba(®) — 0a@) S cldl, (Vo @) (€a€) — 0alé) (Vo) (@)Pa(d) ] < calé]li

with a uniform constant ¢y to obtain with a further uniform constant cs

|dFa(€)i — dFa(0)i] < es(1Ellal + 1Al VE] + €] Vl).

So far these pointwise estimates were standard calculations. Now we have to check that
they actually lead to uniform bounds in the §-dependent norms. The zeroth order part of
the € s-norm over R x [0, 4] can be estimated with the help of Lemma 3.1.4 by

< cs(1Ell pallll o+ WAlleo V€l 22 + [€]leo | VA 2)
< c3(C3 +2Cs) €l 2 Il 2

(
es €15l + 1ol P80+ 1Nl Vil
e5(CE +205) (el + NEllza ) (Illz, + 1¥lcs ).

deu( &)n — dFz(0)n

LBpor noncompact M; we here need j7 V.J bounded only in a compact neighbourhood of the image of .
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For the first order part of the € s;-norm one differentiates the above identity and uses
further bounds on ||V2.J ||« and |Vda/| to find a pointwise bound

|V (dFa(€)i — dFa(0)7)| < ca(1€] + |VE)) (7] + V)
+ea (IV2E|A] + [VEPIA] + [VE] VAl + 1€]]V24]).

Then we again use Lemma 3.1.4 and HVé |2 < € to obtain with a final uniform constant cs

IV (dFa(€)i — dFa(0)7)]| .
< ea (€]l + V€[ ) (19 o + IVl 24)
+ea(IVE 2 1lleo + IVEN 2 V€N Lallall za + V€N Ll Vall Lo + 1Elleo V241 2)

< CS(H&”H%(; + vaﬂL;{&) (|!77HH35 + |’V77HL‘1{5)- -

Theorem 3.1.1 now follows from the implicit function theorem [11, A.3.4] if we can es-
tablish surjectivity and a uniform bound on the right inverse for the linearized operator

(27) D?: Ty — Qg D¢ := dF,(0)¢ = (Dygybon » Dié);
Doygyéo2 = Vo2 + J(u02) Vi€oz + Vg, Joz2 (uo2)0suoz,
Dg€ = V€ + J(@)Vi€ + 1V, J( )J (@)Oy.

Here D,,,, and Dy are the linearized operators of 0 Jos b up2 (which is pseudoholomorphic)
and of J; at @ (which satisfies 0,4 = 0) respectively. (See [11, Prop.3.1.1.] for an explicit
calculation of the linearized operators, and note that we identify Q%'(R x [0, 1], u*T M)
with sections of u*T'M by ~ds 4+ Jvydt — ~.) We can identify the cokernel of D° with
(im DY)t c (H 11 5)- By elliptic regularity any element in this cokernel can be represented
by the L%inner product (n,im D%) = 0 with a smooth section 7. Partial integration then
shows that 7 € I'; 5 satisfies the boundary conditions (16) and lies in the kernel of the formal
adjoint operator, (D°)*n = 0. Note that (D°)* is given by (—Vs+Jo2(uo2) Vi, —vs+j(a)vt)
plus lower order terms. So (D5)* has the same analytic properties as D%, and we will prove
the surjectivity of D% by establishing injectivity for (D%)*.

By our assumptions on the index and regularity of (ug,us) € Mv(l)(x_, z) we know that
the operator D,,, @® mp; on the space of sections in H2(uf,T(My x Ms)) with boundary
conditions at t = 1 in T'(Lg x La) (where 73, is the projection at ¢ = 0) is surjective and
has a one dimensional kernel ker(D,,, ® ;). This is not a subspace of 'y 5, but we will fix
a complement for every § > 0 in the following sense,

Ky = {f 502, ) € F15| fog,ker(Dum @71'02) 2 = 0}

Here we used the L2-inner product on H?(R x [0, 1], us,T(My x My)).
Combining the uniform linear estimates Lemma 3.2.1 and Lemma 3.2.2 we can choose
8o := 7=c3c3 > 0 such that for all § € (0,6p) and £ € T'y 5

”(Dé)*fuﬂ} + 3I(D%)* §HL4 +621HDu02§02”H1(Rx[0 1))
c1lléllr, 5 — &3 'VoIVilllmmxppa = Lerllélr,,,

L+ HID°) €y, =

1
2
1
23
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and similarly for all £ € I'; 5 N Ko

C1C2

HfHFM

The first estimate shows that (D?)* is injective and hence D is surjective. The second
estimate shows that its right inverse is uniformly bounded. It remains to check that D?
stays surjective when restricted to Ky. This follows from the fact that both D, with
boundary conditions in (Lgg, Lo X Lg) and D% = (Dy,,, Dg) with boundary conditions
(16) are surjective and have the same index 1 by Lemma 2.1.3 and the identification
M
Ky by the last estimate, and hence DI| K, must be surjective. This finishes the proof of
theorem 3.1.1. Here € > 0 is fixed such that the exponential map e, is defined on I'y 5(¢)
and such that Lemma 3.1.5 holds.

~

(x7,2") & M§($ ,21). So D° has a 1-dimensional kernel, which is transversal to

Corollary 3.1.6. There exists 69 > 0 such that the map Ts : M{(x~,27) — M}(z,a™)
given by Ts([u]) := [vy] is well defined and injective for all § € (0, d].

Proof. We choose §y < 64C0_ 4 such that Theorem 3.1.1 applies. Then let v, = e, (&) be the
solution constructed from u € Mv(l)(a:_, x) and consider a shifted 0-solution @ = u(-+0) €
[u]. Then & := &(- 4 o) satisfies ||€]| = ||€] < Coé1 < e, Fu(§) = 0, and the orthogonality
condition to ker (D, ©7g5). Hence vg = €y(.44)((- —i—a)) = vy(-+0) € [vy], so Ts([u]) = [vy]
is well defined.

The injectivity of 75 follows from the fact that M(l)(:E_, x") consists of isolated points, so
the C°-distance deo([u], [u/]) > Ag is bounded below by some Ag > 0 for all [u] # [/]. On
the other hand, deo([a], Zs([u]) < CoCs(l—FCQ)(ﬁ by (15), (17), and Lemma 3.1.4. So if we
had 75([u]) = T5([v']) then deo([u], [u]) < deo([a], [@]) < 2CoCs(1 + CQ)ﬁ . This implies
[u] = [u/] whenever § < &, where we choose &y < (2CoCs(1 + Cg)) A, O

3.2. Uniform estimates. In this section we establish the uniform linear and nonlinear
estimates that are used in Sections 3.1 and 3.3. We will work in the setup of section 3.1
and fix a solution u € M}(z~,27). For convenience we denote the target spaces by Mg :=
Mox Ms and Mga11 := My x Ma x My x My and the symplectic structures by wgs = (—wp) Bws
and wp211 = wo @ (—w2) ® (—w1) @ wq respectively. The nonlinear equation for v = (vgg, 0),
Vo2 - R x [0, 1] — Mog, v:R X [0,5] — M0211 is

5]’0 = 04v + J(v)@tv = (asvog + Jog(vog)atv(p , 040 + j(@)@m)

We will need uniform estimates for the nonlinear operator & — 9 e,(£) on & € I'y 5(¢) and
the linearized operator D°. For that purpose we use the Levi-Civita connection on M = My,
and M = Moz11 respectively to identify T, M x T,M = T¢T,,M for every £ € T,,M. With
this we decompose Te(u,§) : T¢T,M — T, ¢ M as

Te(u, §)(X,n) = Ore(u, )X +deu(§)n V€ X,n € T, M.
We denote the pullback almost complex structure on H? 15 under de, (&) by

J(E) = (Joa(&e2), J(9))
= ((deu02 (€02))_1J02(61m2 (€02))dew)2 (€02)7 (deﬁ(é))_lj(eﬁ(é))deﬁ(é))



24 KATRIN WEHRHEIM AND CHRIS T. WOODWARD

for £ = (£02,€) € I'1 5(€). With this we can express
(29) 0y(eu(€)) = dey (&) (V€ + J(E)Vi€) + Dre(u, £)dsu + J (u)dre(u, £)Oru
in terms of the nonlinear operator on H 12 5

V& + J(E) Vi€ := (Vo2 + Jo2(€02) Vicoz Vs + j(é)vté)-

Note that J(0) = (Jo,J) is the usual almost complex structure at (uge,u), so we can
express the linearized operator (27) as

Déf =V + J(O)Vté + (vfoz Jo2 (U(]Q)atU(]Q , %ng(ﬂ)j(ﬂ)asﬂ)
The following lemma provides uniform elliptic estimates.

Lemma 3.2.1.
(a) There is a constant Cy such that for all 6 € (0,1] and £ € T'y 5

‘/ wo2(802, Vsoz)| + ‘/ woa11 (£, Vsé)‘ < Cr (€02l =1l gogry + \|§|t:5||H0(R))2,
{1} xR {6}xR

‘/ wo2(Vs€o2, VE€o2) | + ‘/ wo11 (Vs Vfé)‘ < Cr([[€o2l =1l g m) + Hé’t:é”Hl(R))z-
{1} xR {d}xR

(b) There is a constant € > 0 and for every cy > 0 there is a constant Cy such that for
all § € (0,1) and &,C € H1276 with [|C]leo <€, [[VC|loo < co

el < € (1926 + IO Veellag, + el

1/2
+ / wooi1 (&, V&) + / wo2(&02, Vs€oz)
{6} xR {1}xR

1/2>

1/2

€z, < Ca (Vs + TQVikllay, + Iy,

V2 N

+/ wo211 (&, V) +/ wo211(V €, V2E)
{0}xR {0}xR

1/2>

1/2
+ / wo2(€02, Vséo2)|  + ‘/ woz(Vsoz, V2€02)
{1} xR {1}xR

I9€lzs , < Cr(lellaz, + 196 + TV ekllzg, + Wlumslliry)-
(c) There is a constant ¢y > 0 such that for all § € (0,1] and £ € T'y 5
el < D%l + €l o, + IElmsllor ) + b .
allVEll s, < N0y, + D% 5y , + el , + I€lsllon ) + ozl .
and the same holds with D° replaced by (D%)*.

Proof. We prove (a) in general for [, w(§, V&) and [ w(V€, V2¢) with a Lagrangian sec-
tion £ : R — w*TL over a path u : R — L. These expressions vanish if L is totally
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geodesic. To estimate them in general we pick a smooth family of orthonormal frames
(7i(8))i=1,...k € u(s)*TL, then

= Ny, V= Z(&Ai% + AZVS%), Vi€ = Z((??Ai’n + 20NV + AiV?’n)

with A : R — RF. By the orthonormality we have [A(s)| = |£(s)|, and using (v, J7) as a
trivialization for the definition of Sobolev norms on u*T'M we obtain ||A||gswr) = €]l s (w)-
We now use the identities w(;,7;) = 0 to obtain

‘/R”“’Vs@ . ' | clelineas

[eve vig)' < ' [ TN + 19,8101 + 1047 + 1)
R R

= CH§|’%2(R)7

< 4C(€IBp1 -

where the constant C only depends on v (that is on w : R — L) up to third derivatives.
Here we used partial integration

/ Z NN w(V v, 75) = / Z DN N w(V7i,7) + NON 0w (V7i, ;) ).

To prove (c) we can replace D° by V£ + J(0)V£ since the difference of the operators is
bounded in the different components and norms by

1% 02 oz (w02) Detaoa | yro o,y + Ve (@7 ()05l | oo g7y < CH§HH;{67

Hv502‘]02(u02)8tu02HL4(]R><[O,1}) < CHV§02JO2(u02)atu02HHl(Rx[O,l}) < CHSHH}’(S’
(30) vaj(a)‘](ﬂ)asaHHl(Rx[0,6]) S CH§HH11,6’

Ve (@) (@051l 0,5y < NV lloo|1OstllsellE s rcioay) < CllEN 2

where C' denotes any uniform constant. The extra terms on the right hand side will fit into
the proof and will be recalled for the relevant estimates. The proof for (D?)* is completely
analogous. To prove (b) and (c) we may moreover fix convenient metrics on Moo and Myaq1.
In order to obtain the boundary terms involving the symplectic forms, we pick the induced
metrics (-,-) = woa(-, Joz-) resp. (-,-) = woa11(+,J-), noting that this introduces a smooth
t-dependence in the metric on Myy. We will now use the notation V& + J(0() V£ to make
partial integration calculations for the nonlinear (¢ = 1) and linear (o = 0) operator at the
same time. In the nonlinear case the almost complex structure J(¢) is not skew-adjoint
since the metric is defined by J(0). In order to obtain this property we work with the
L%’ s(0¢)-metric, which uses the pullback metric gy¢ = (,-)o¢ under deyy, (0Co2) on Moy
and degz(0¢) on Myg11 respectively. In the linear case o = 0 nothing has happened; in the
nonlinear case we can pick ¢ > 0 and hence ||¢ Hoo sufficiently small such that de,(() is
C-close to the identity, and hence the induced L1 6(C )-norm is uniformly equivalent to the

standard L1 s-norm. With this in mind we start by calculating for any ¢,n € H? s with
IC]lo < € (unless otherwise specified integrals are over two infinite strips of width (5 and 1)

| Vsn + J(UOVtUHLi(S(UQ

= /(!Vsn!f‘;g + Venlae + (Van, J(0O)Vin)oe — (Ve J(UC)Vsmac)
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= 190032 o) - / (Vs8¢ (0, (@) Vi1) = Vigiog (1, T (#C)Vm) )
- / (0. (Vs (@) Vi) = Ve (S (o) V) o)

— lim (n, J(6C)Vin)ee + lim (n, J(aQ)Vin)oc
S5—00 J{s=—5} S—00 J{s=5}

+/ (n, J(@Q)Vsn)oc —/ (n02, J02(0€02) Vs102) 5¢0s —/ <77,j(UC)V577>U§
{0} xR {1} xR {0}xR

2 ||V77H%§6(U¢) - /C((l + oco) Il V| + *) = Qoz(nozli=1) — Qo211 (Ali=s),

where we abbreviated
/ wo2 (102, Vsnoz)
{1} xR

These boundary terms occur on the right hand side of (¢) and they will be estimated by (a)
to prove (b). The boundary term at t = 0 vanishes by the diagonal boundary conditions,
and the boundary terms at S — 400 vanish since T]‘{se[s’g_i_l]} — 0 in the levé—norm. The
error term can be estimated by

Qoz2(no2]t=1) :=

, Qo211 (Ne=s) = ‘/ wo211(7, V1)
{0}xR

1 1
[ e+ oclaliTul +10?) < Clllly ooy + 519013 o + 5C20 +0e0R il

where the highest order term ||V7|| can be absorbed on the right hand side. From now on
C will denote any uniform constant (which is allowed to depend on ¢y in the nonlinear case
o =1). In summary, the estimates for n = £ and n = V¢ are

%Hvﬂﬁg s V€ + J(Uf)thHif ot Hf”if .+ Qo2(o2li=1) + Q0211 (Ele=s)
IVVstllzs < [|Vs(Vil + T (@) VeE) |72+ IVEIIT:
+ Q02(Vs€o2lt=1) + Qo211 (V5] i=s)-

This already proves the first estimate in (b). We can moreover use the identity V,{ =

J(0Q)Vs& — J(00) (V& + J(0¢) V&) to obtain
IVVeclz, < IVValliz, + IV(Va + T@OVi) 1z, + CIIVEl 2, +0Ceol| VEllz
In the linear case (c) these estimates combined with (a) and (30) to prove the first estimate:
ClH&HHié < HD%HH%’& + [|§ozlt=1ll 71 m) + ||£|t:6HH1(R) + ||5HL§,6
with a uniform constant ¢; > 0. In the nonlinear case (b) we obtain similarly

CT ez, < 196+ T Vel gy |+ 1€z, + Qoa(Eozli=r) + Loo1 (€les)

+ Q02(Vsozli=1) + Qo211 (V€ li=s)

with a constant C; that depends on ||VE||o < co.

The L*-estimate for the linear and nonlinear operators will arise by rescaling from the
following basic estimate. Here @ : R x [0,1] — Mp211 will be given by 4(s,t) = u(ds) for
any 6 € (0,1]. Then for every /) € H*(R x [0, 1], 4*T Mg211)

17l Laexo.1) < Co(llfili=1ll L2y + Vil L2®x[0.17)) -
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This simply follows from the Sobolev embedding H'(R x [0,1]) — L*(R x [0,1]) and

1
171172 R xfo,17) < /0

When applying this to 7(s,t) := Vsé(és, dt) we encounter the following terms:

2

1
A1) /t Vil(-,7)dr

dt < 2||7= 1HL2 +2”Vt77”L2(RX[o 1))
L2(R)

A 12 A

”77”%4(R><[0,1]) = </ \st(ésaét)’4d3dt> = 5_1HV8€H%4(R><[0,5})’
Rx[0,1]

19]i=11172 ) = /R |Vs£(8s,6)*ds = 67|V &li=s 72 (my

IVilZe @, = 6%V &(0s,6t) Pdsdt = V'V |72 (mx(o.5)-
®x0) = oo (Bx[0.4)
Putting this together we find that
IVl Laexo.d) < Co(lIVelizsllrzw) + IVVéllmzmxios)) < Co(ll€li=sllmry + HgHHi&)’

where the estimate for ||£|| 2, 1s already established. The L*-estimate for V&g follows from
the Sobolev embedding H' (R x [0,1]) — L*(R x [0,1]), and for the last component we have

IVi€llzamxos)y < IIVsE+ J(0) Vil pa@npos + IVl Lo
This finishes the proof of the second estimate, where we allow ||V €+ J (o) V|| 14, on the

right hand side, and the constant in the nonlinear case depends on ||[V(|lococ < cg. In the
linear case the difference to || D¢|| 4, in (30) is bounded by the previous estimate. O

The lemma below gives control of the lower-order terms appearing in Lemma 3.2.1 and
in particular will be used to prove surjectivity of the linearized operator.

Lemma 3.2.2. (a) There is a constant € > 0 and for every co > 0 there is a constant
Cy such that for all § € (0,1] and &,¢ € H12’5 with ||¢|lee < €, [|VC|loo < co we have

1€le=sll .y + 1€02li=1l 1w
< O (Vo + Jo2(Go2) Vicozll exo)) + VoIVl i @xjo,s)) + Imo211 €=l w)
+ €021l 2 ®xjo,17) + 1€ = &D)le=oll 1) + | (€02 — €02) =0l 11 ) -
(b) There is a constant ca > 0 such that for all § € (0,1] and £ € T'y 5

c2 (I1€le=s |l () + €02 le=1l .y + ||§||H;{6) <D}, €02l @xo.1)) + VOVl mxjo.)s
and for all £ € I'1 s N Ky
ca (1€l i=s | 1.y + €02 =1l 1 () + HfHHgJ) < | Duggozll e o,y + VOVl 1 mx(0.0))-

Proof. The constant ¢ > 0 in case (a) is chosen such that e, ((o2) and thus Jo2({p2)
is defined. To prove (a) (and similar for (b)) we assume by contradiction that we have
sequences 6 > 0 and £”,(” € H? v such that \|£V|t:5u||H1(R) + [1€0alt=1]l g1 ry = 1 (in case
(b) add ||€¥|| HY, here), but the rlght hand sides converges to zero. For technical reasons we
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assume in addition [|§8 || g1 (rx(o,1) < 1, which we will also disprove (i.e. we actually prove a
stronger estimate with this term on the left hand side). First we integrate for all ¢ € [0, ¥]

(B 1€ =ty — & lemsv |l () < /06 IV |y < VO Vi€ | mx(o,6)) — O-
Next, Lemma 3.1.3 implies
Imaa&tali=oll L2y < Imoa€tali=sv [l L2 @) + 1€0li=0 — EGali=sv | L2y + [1(€65 — Eb2)li=oll 2y
< C(HW(J]élléV’t=5”HL2(R) + Héy‘tzo - éV’t:JVHLZ(R)
+ 1€ = &D)li=oll L2y + (€02 — &b2) =0l L2(m)) — 0,
(32)
I moaEbali=oll @) < IIm0a€0ali=sv | ) + 1605l e=0 — &6 le=sv |l 2 m) + 1(€65 — &6 )le=ollrr (w)
< C(Imga11€” limsv |l ) + €% lemo — € li—sv L) + (€Y — &) li=oll 1
+ 1168 — &6)le=oll gy + 11105l - €= I 2 gy)-

In the two cases of (b) we use the boundary conditions for £ € T'y s here. In all three

cases the hardest step is now to prove that H|8sﬂ| I ) — 0. Here we exploit

L2(R
the assumption that [|§g, ]| g1 (rx[o,1)) 18 bounded. This implies a bound on [|§5; |i=oll£2(r)-

Now we find a convergent subsequence &, — &5 € HY(R x [0,1],ufyTMpg) in the weak
H'-topology, and at the same time EGalt=0 — &85 ]t=0 in the L?-norm on every compact set.
(The Sobolev embedding H!(2) — L?(92)) is compact for compact domains  C R x [0, 1]
with smooth boundary 0€2, see e.g. [1, Theorem 6.3].) In case (a) the limit has to be 5 =0
since (€65 | L2mx[o,1)) < Hminf, oo [|§8a]lL2(Rx[0,17) = 0- This also holds in case (b) since the
limit satisfies with D = D,,,, or D = D;;

uo2

10865 | 22 (R x(0,17) < lim inf | DEG | 22 (0,17 = 0,
1 N 1

702802 lt=0llL2(R) < huni)lol.}f 1702802l e=0ll L2 (m) = 0.

Since ug is assumed regular, DZOQ @ 773‘2 is injective, and in the second part of case (b) we

have in addition £55 € ker(Dy,, @ T53)+. So in all three cases we obtain

[1€02li=0llz2ry < € and  [[§6ale=oll 2~y — 0 for all T'> 0.

The same holds for £ |t=sv since we can apply Lemma 3.1.3 on the interval (=7,T') for any
T € (0,00] to obtain

16" =g | 2 < C (Im02€03 =6l 22 + 1T0201€" fe=sv [z + (€1 — &) le=sv Il 12)
< C'(lI&6ali=oll 2 + 11(€02 — &62)le=oll L2 + 118" ft=0 — &” le=sv Il
+ o311 € le=ov 22 + (€7 — €D)le=oll2).-

This together with the fact that supjy > [0st(s)] — 0 as T" — oo implies that |05l -

17 —sv | L2 — 0 and hence ||7T(J)‘2£0VQ|15:0||H1(R) — 0 by (32). From this we will move on to
prove that
(33) ”552|’H3/2(Rx[0,1}) — 0.

For that purpose we denote by D any of the three operators Vs + Jy2((o2)V: in case (a)

and Dy, or Dy, in case (b). Then we use the fact that in all three cases the operator
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D @ 7y is Fredholm on the space of sections 7 that satisfy the boundary conditions 7}—1 €
Ty, (Lo X L2), see e.g. [6, Theorem 20.1.2] for compact domains. The corresponding
estimates add up to

(34 1€l a2 @xqoa) < CUIDEN 1 @xpo,1)) + Imaa€beli=oll @) + €6l o @x(0,1)) -

In the nonlinear case (a) the constant in this estimate depends continuously on Jo2(p2) in
the C'-topology, see e.g. [11, Appendix B]. In this case the above estimate already implies
the claim (33) since we assumed ||£f,]|,2 — 0. In the linear cases we need to use the
injectivity of the operators to remove the last term from the right hand side of (34). Since
H3/2(R) — HO((~T,T)) is compact only for T' < co, we first have to achieve a lower order
term on a compact domain:

Consider the operator D,+ = 9 — A, where A := —J(z%)9; (or A := J(x%)9; in the
case D = D} ,) is self-adjoint and invertible on its constant domain H'([0, 1], T},= Mys) with
boundary conditions n|—=o € T+ Loz, n|t=1 € Ty+ (Lo X Lz). Then abstract theory (e.g. [16,
Lemma 3.9, Proposition 3.14]) implies the Fredholm property and bijectivity,

71 et (mx[0,17) < CllDgxnll Horx[0,1))-

In order to apply this estimate to &, we first find an extension ¢ € HY(R x [0,1]) of
Climo = T35 li=0 such that ||¢|| 1 < C||mg38s =0l g1/2- We moreover fix a cutoff function
h € C3°(R, [0, 1]) with h|{5<7—1} = 0 and h|{5>7) = 1, where we fix T' > 1 sufficiently large
such that upz|supp(h) = €z (Po2) for some smooth map oz : {£s > (T — 1)} — T+ Moo.
Then we can apply the estimate to n := ®,+(Jo2) " (h(&, — ¢)), where @+ (Jo2) denotes
parallel transport along the path [0,1] 3 7 +— e +(7¥02). We obtain, denoting all uniform
constants by C|

1A&02 1l 1 (mx [0,1])

< Clnllmr mxjoay) + 1S a1 Rx[0,1))

< C([[(Dyt = D o @t (902)) nll mowxjo,17) + 1D (M)l o fo.17) + 1A 1 (rx[o,1)))
< C(|[(Dgt =D o®,x (1902))|{\5|>T_1}H (€62 = Ol ®xjo,17) + 1PE62ll 7o R x[0,17)

+ (1662l o (=117 x [0,1]) T ||7T(J)_2£OV2|15=0||H1/2(R))‘

Here the difference of the operators goes to zero for T' — oo since ugz|(|s|>7-1} — T with
all derivatives. Thus for sufficiently large T > 0 we can absorb the first term into the left
hand side and ||h¢||g1 < Olmgaéhali=ollf1/2- After all this we can finally replace the last
term in (34) by (1§62 [l go—7,mx[0,1])-

Now in the first case of (b) we can deduce (33) from the fact that D,,,, D7y, is surjective by
assumption and hence Dy , @® gy is injective. So the compact embedding H 32(Rx[0,1]) —
HY([-T,T] x [0,1]) allows the removal of the lower order term. Similarly, in the second case
of (b) we can employ the injectivity of the operator on ker(D,,, ® mp;)" 2 &4, to deduce
(33).



30 KATRIN WEHRHEIM AND CHRIS T. WOODWARD

Next, (33) and the Sobolev trace theorem provide ||{5; |i=oll g1 (r) + [I§62li=1l g1 ) — O,
and again using Lemma 3.1.3 we can deduce that

1€” |e=sv |l 11
< C(|lmo2€gli=ov | m r) + ||7T(J)_211£V|t:6”||H1 ®) 11 = &) li=sv L))
< C(1€b2le=o0llm @) + 1165 — €02 le=0ll a2 m) + ”Wol211él/’t:5VHH1(R)
+ (16" 10 — & |t:6VHH1(R) + (&Y — &))le=oll e r)) — 0.
Finally, combining this with (31) in case (b) implies
1€ 1| L2 ®x[0.6)) — O
in contradiction to the assumption. O

Finally, we establish uniform exponential decay for the solutions of Floer’s equation (13)
on the triple strip. For that purpose we introduce the following notation for integration
over finite strips,

1 )
/ 00(s, 1) dt ::/ |85v02(s,t)|2dt+/ 1046(s, )| dt.
[0,1]L[0,3] 0 0

and similarly for the C°-norm

[10s cho (s0,s1]) = N0sv02ll Lo (59,511 x[0,1)) + 105D oo (0,511 x[0,6])
deo (1so s (U,xi) = sup dty, (Vo2(s, 1), 27F),
C15([s0.5]) (s0)€l0,s]x[01]
+ Sup dMOQll(@(S7t)7( :t x::Lt"xit))

(s,t)€[s0,51]%[0,4]

Lemma 3.2.3. There are constants h, A > 0 and C such that the following holds for every
€ (0,1]. Ifve ./\/l(;(x x™) is a smooth solution of (13) satisfying

(35) / / Os0(s, ) dids < h,
[0,1]U[0,6]

then for every S > 3

dCO(S([Soo))(U x ) + Ha UH@O (1S,00)) <Ce~ AS/ / \8 'U(S t)‘ dtds,
0,1]U[0,3]

and the analogous statement holds on (—oo,0] for the convergence to x~.

Proof. Step 1: }jgr every k > 0 there is an ¢, > 0 such that the following holds for all
§ € (0,1]. If v e Ms(z—,z") satisfies (35) with h = €, then

(36) 195vlleo 13,00y < A-

Assume by contradiction that this is wrong. Then there exist x > 0 and sequences 6" € (0, 1]
and v” € Mgv(x~,2™") such that

(37) lim / / (s,t)[*dtds = 0,
v—oo [0,1]U[0,5¥]

but the assertion fails. So after a time-shift we can assume that

||6U HCO 1) > /{
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The equation djv” = 0 together with (37) implies that dv”|s>¢ — 0 in the L:mnorm. If §”
is bounded away from zero, then the standard compactness'* for pseudoholomorphic curves
with Lagrangian boundary conditions implies that dv”|s~¢ — 0 in C*° on every compact set
(for a subsequence), in contradiction to the assumption. In the case § — 0 the standard
compactness theory still implies d”ng(o,l}x(o,oo) — 0 in C* on every compact set. For o
and wvop near the boundary ¢t = 0 we obtain a C'-bound from Lemma 3.3.2. So we obtain
CY-convergence of a subsequence Vg — To2, V¥ — (02,21, %1) to constants zgy € Lo X La,
x1 € My such that (xg2,x1,21) € Lo1 X L13. Now we can use the same compactness
arguments as in the proof of Lemma 3.3.2 (step 2, using a cutoff function only in s) to
deduce that dv"| selby) 0 in the C%-norm. This again is a contradiction.

Step 2: There are constants €1 > 0 and Cy such that the following holds for all § € (0,1].
If v e Ms(z—,a™") satisfies (35) with h = €1, then

|]85v(1,.)Hgo([wu[w]) < Cl/ IV,:050(1,t)|? dt.
[0,1]L1[0,6]

By contradiction we find sequences ¢” € (0,1] and v” € M. (x7,z7T) that satisfy (37),
but there is no uniform constant C; with which the estimate holds. Then as in Step 1 we
obtain (for a subsequence) C!-convergence v* — = = (202, %) on [3,2] x ([0,1] L [0,6"]) to
constants xge € Lo X Lo, 1 € My with & = (zg2,z1,21) € Lo1 X Li2. By assumption Lo
and (Lo X Lg) intersect transversely in xg2, and hence we have for all £y : [0, 1] — T4y, Mo2
with 502(1) S TIEoz (L(] X LQ)

1€02llcoqo,1)) < C (IVeollL2(o,1)) + |Ta2c02(0)]).-
Now consider in addition £ : [0,8] — T3Moa11 such that £(8) € T5(Loi X Li2) and &|—g =

(foz,é)h:o € To(Anyx s, X A1). We integrate for all ¢ € [0, 0]
N R g R ) . 1/2
(39) {0 &)< [ 1vitla < va( [ miorar)
0 0

Combining this with Lemma 3.1.3 and using the boundary conditions we obtain

R R R S5 R 1/2
|wézsoz<0>|é\w&mls(é)\+|7r0511(£<0>—s<6>)\+|si<0>—51<0>|gcﬁ( /0 rvg(t)\?dt) :
and thus

leso ooy <C* [ [Vig
[0,1]U[0,0]

We moreover obtain from Lemma 3.1.3 with uniform constants C,C’, C”
1£0)| < C(|ma2gha(0)] + (€1(8) — &1(6))])
R R o\ 2
< e + 0 -€)) < ([ Vilem o)
[0,1]U[0,6]
Together with (38) this implies

||f”g'0([o,1]u[o,5}) < Cl/ V| dt
[0,1]U[0,0]

M1 some of the symplectic manifolds are noncompact, see Section 2.1 for a variety of mild ‘bounded
geometry’ assumptions which can ensure the initial C°-bound on the curves.
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with some uniform constant C; for all § € (0,1] and all sections £ over z satisfying the
boundary conditions. Due to the C!-convergence v¥ — z this estimate continues to hold
with a uniform constant for sufficiently large v for sections &g € C([0, 1], v8y]s=1"T Mo2),
€ € C([0,0"],]*_, T Mys11) that satisfy the analogous boundary conditions. (We can write

v”]s=1 = ex(CY) with ||¢”]|er — 0 and use de,(¢¥)~! to map (€o2,&) to a section over z.
This preserves the boundary conditions by construction of e.) In particular, we can apply
this new estimate to £ = 95v”|s=1, which provides a uniform estimate and thus finishes the
proof by contradiction.

Step 3: There are um'fol“ln constants €2, A > 0 and Cy such that the following holds for all
for all § € (0,1]. If v e Mg(xz™,z") satisfies (35) with h = €3, then for all sy > 2

2
/ 105v(s0, 1) |%dt < Cge_ASO/ / 05v(s, )| dtds.
[0,1]U[0,0] 1 J[0,1]u[0,4]

Consider the function f : [1,00) — [0,00) defined by
Fls) = %/ 1850(s, )2t
[0,1]U[0,0]

We can use the equation 0jv = (88?102 + Jo2(vo2)0rvo2 , Os¥ + j(@)(‘)t@) = 0 and the bound
|0sv||oo < K from Step 1 to calculate for s > 1

f"(s) = / <|Vs8sv|2 + (0sv, Vg@sw)
[0,1]U[0,0]
_ / (1790050 + (Vo D)l — (@0, JViV050))
[0,1]U[0,0]
[ (0w TRO0.00)00 + 20,0V 000+ o(To,0)000))
[0,1]U[0,6]
> / (2179100 + 01 (w000, V.0,0)) — ClowP (90 + |V,000]) )
[0,1]U[0,0]

> (2 Cx) / IV su(s, Bt — C' (1 + 2) 050 (5,20 g0 110005
[0,1]U[0,0]
The last step uses 2|9sv|?|V9sv| < k|0sv|? + k| V:0sv|? and the claim

/ O (w(sv, Vsasv))' < C(105v02(1)? + 1058(5)[?).
[0,1]U[0,0]

To prove the claim we first use the diagonal boundary conditions to obtain

/ O (w(8sv, V505v))
[0,1]U[0,0]

Then we use a smooth family of orthonormal frames (v;)i=1,..r € I'(T'(Lo x L2)) near
w(s) = vpa(s, 1) (and similarly for v),

asw(s) = Z )‘i(s)%(w(s))a Vsasw(s) = Z(as)\i(s)%'(w(s)) + )‘i(s)vﬁsw(s)%)

with A : R — R¥. By the orthonormality we have |\(s)| = |0sw(s)|, and using the identities
w(7i,7j) = 0 one obtains |w(dsw, Vdsw)| < C|dsw[?, where the constant C' only depends
on V+;. Since L is compact this holds with a uniform constant.

= |wo2(Bsv02, VsOsv02) i=1 4 wo2(8s0, Vs050) |1=5|-
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We can now choose k > 0 sufficiently small and then fix # < min{ey, €, } such that Step 1
and Step 2 (applied to time-shifts of v) together with the above calculation yield for all
s>1

£(s) > / TV1050(s, £)2dt > (14 6)Cy) ! / 1050 (s, )2t > A2f(s)
[0,1]U[0,0] [0,1]U[0,0]

with A > 0. Any such nonnegative convex function satisfies for all s > 2 and T' > s

s <ces ([ swas [ so)

[27,2T+1]
with a constant C' that only depends on A. A detailed proof can be found in e.g. [17,
Lemma 3.7] (use the estimate for f(s — T — 1), where the function f is shifted by T'+ 1).
If we let T — oo then f[2T72T+1] f(t)dt — 0 by the finite energy condition [;° f(s)ds < A,
and this proves the claim.

Step 4: There are constants e3 > 0 and C5 such that the following holds for all § € (0, 1].
If v e Ms(z™,a™") satisfies (35) with h = €3, then

(1,2]

19svllep (1,21 < T3 10svll 22 3.5y -

By contradiction we find sequences ¢¥ € (0,1] and v” € My (7, z™) that satisfy (37),
but the assertion fails, i.e. we cannot find a constant C3 for which the estimate is satisfied.
Then as in Step 1 we obtain (for a subsequence) Cl-convergence v — x = (wg2,4) on
[, 5]x([0,1]U[0,6"]) to constants zg2 € Lo x Lo, 21 € My with & = (202, 21, 21) € Lot X L1a.
So we can find sections {” € I'y 5» over u = x such that UVL;@[%,%] = e;(&”). The equation
0 v” then becomes
Vs + J(E")Vil" =0

and we have the boundary conditions Vs |t=1 € Ty, (Lo X L2) and st”|t:5u € Ty (Loy X
Lyp). We fix two cutoff functions h,h € C®(R, [0,1]) with hlpg = 1, hlsuppr = 1 and
supp(h),supp(ﬁ) C (%, %) and consider the sections h&”, h&” € I'y 5». Note that 0,0” =
de,(£7)V & with de,(£”) =~ Id. So for sufficiently large v we have

1050"lleo ,,, 1,21y < 2110V s€lley , < 2Cs AV |2, »

IVs€¥llzz 2,2 < 200s0% 2 |, 4.5

where we used Lemma 3.1.4. Now we apply Lemma 3.2.1 (b) to the sections & = hV £
and £ = AV, (for which the boundary terms vanish since V&%, V2£¥, V3¢Y satisfy the
boundary conditions) and ¢ = £” (which satisfy ||£”||cc — 0 and ||[V&Y|lcc — 0) to obtain
with uniform constants C, C’

AV, < C(I(Vs + TE)TRTSE iy, + W7 g,)
= O (IWV iy, + 1RV € o)
< C“V8§V|’H11,6,,(supph) < CWN‘LVSSVHH%V&,

< COLI[(Vs + JEIV)RV s g, + 1AV I ,,)
< C,”VSSVHHQW([

v

1 57.
23]
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Now the contradiction follows,
1950 lleo ,, (1.2 = 210V |m2 , < QC/HV&V”H;)JV([%,%]) <4000 N2, 11 5))-
Step 5: We prove the claim, that is for every s > 3
deo(o,110p0,6) (V(s, ), 2) + (1050 (s, )20 o 0.0y < Ce™ 2 E' (v)

2
E(v) = / / 100 (s, 1) 2dtds.
0 J[0,1]U[0,3]

We choose h = min{es, €3}, then Step 3 and Step 4 (applied to appropriately shifted solu-
tions) combine as follows for all s > 3

with

s+1
dvl|? < 02/ / dsv(s,t)|2dt
R B R

s+1
SC%CQ/ e M (v)ds < C2C,ATIeRe 2 E (v).
s—1

This proves the second part of the claim. The estimate on deo((o 10,7 (v(S; ), 27) now
simply follows by integration: For all S > 3 and t € [0, 1]

dae, (v02(S,8), 27 < / 1000 (s, )| ds
S

< C’/ e 252\ /E (v)ds
S
= 20A1e 252\ /F(v),

and similarly for . O

3.3. Compactness. The surjectivity of the map 75 : M{(z~,2") — M}(z~,2"), as in-
troduced in the previous section, will be a direct consequence of the following compactness
result. Here we choose ¢y € (0, €] with € > 0 from in Theorem 3.1.1. Then v = e,(§) with
¢ € I'15(e0) N Ko implies that [v,] = Z5([u]) by the definition of 75 via theorem 3.1.1. We
will denote the time-shift by 77v(s,t) := v(o + s,1).

Theorem 3.3.1. Given ¢y > 0 there exists 5o > 0 such that for every 6 € (0,d0] and v €
./(/l\%(a:_,ﬁ) there existu € MY(z~,2") and o € R such that 770 = e, (€) with £ € T 5N Ky
and ||€|lr, ; < €o. Moreover, the moduli space /(/l\(l;(:n_,:fr) is regular for all 6 € (0,d¢] in
the sense that the linearized operator D, is surjective for every v € ./(/l\%(a:_, ).

Proof. We assume by contradiction that there is an ¢y > 0, a sequence ¢° — 0, and solutions
vY = (vhy,0Y) € M\(lgu (z7,z™) for which the assertion of the theorem fails. Their energy is

fixed, E(v”) = %T + %c(x_, x4 ), by the analogue of Proposition 2.1.1 for strips of different
widths: For any pair of maps (vg2, 0) that are not necessarily pseudoholomorphic but satisfy

the limits and seam conditions of ./\//T(%(a:_, zT) we have

E(Uog,@) = /USQ((—W()) D CUQ) + /@* (wo & (—OJQ) & (—wl) D wl)

(39) = %TInd(D(vm,ﬁ)) + %Cg(x_,x-;-)-
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Here c5(x—, x4 ) is independent of § since the equations for different § apply to the same
map, rescaled to different widths, which has the same energy and index. Next, we can
exclude bubbling by the following argument based on Lemma 3.3.2 below:

If |dvgy| is unbounded near a point z € R x (0, 1], then the standard rescaling method
gives rise to a nontrivial pseudoholomorphic sphere or disk in (M, Lg), or in (Ms, Lo), or
in both.!> Thus some fixed amount of energy i > 0 would have to concentrate near z.
The same energy quantization holds for blowup of do” or dvf,|i=o by Lemma 3.3.2. So the
energy densities |dv”| can only blow up at finitely many points. On the complement the
same compactness proof as in the next paragraph provides a C_ . convergent subsequence

vy — uo2, where the limit corresponds to a solution u € My(y~,y™) with finitely many
singularities and energy E(u) < E(v”). The singularities can be removed by the standard
proofs for pseudoholomorphic curves with Lagrangian boundary condition [11, Theorem
4.1.2], so we would obtain a solution @ € My(y~,y") of energy E(a) < E(v”). Its limits
1+ may not be tlAlg same as those of v¥, in which case we find a sequence of trajectories 4 =
(G1,...,uNn) C Mo(-,-) connecting x_ to x4, with total energy F(a) = > E(u;) < E(v).
We claim that monotonicity forces @ to have total index ) Ind(Dg;) < Ind(Dyv) = 1, and
hence by regularity of the moduli spaces Mvo(', -) consists of a single constant trajectory.
This however would mean that v* were self-connecting trajectories of z_ = x4, i.e. we have
annuli with Ind(D,») = 1 — in contradiction to assumption (c). To control the index of
4 we glue the trajectories to a single map w : R x [0,1] — M x My satisfying all limit
and boundary conditions of Mvo(x_,a;+) except for holomorphicity. Its index and energy
coincide with the total energy and index of 4. With that we obtain

tInd(Dy) + c¢(x—,z4) = 2E(w) < 2E(W”) =7+ c(z—,x4)

from the monotonicity formula (39) and the index and energy identities in Lemma 2.1.3
applied to (w,w), where w is the t-independent map given by the lift of w|,—g C Lg2 to
(Lo1 XA, L12)". This proves 3 Ind(Dg ;) <0 as claimed and hence excludes bubbling.

So from now on we assume that |dv”| < Cj is uniformly bounded. In addition, the
boundary condition in the compact set (Lo; x Li2)” implies a priori bounds on the map
0¥ |¢=s,. Together with the uniform gradient bound on ¢” this implies a priori bounds on
0”|4=0, which transfer to v{j,|;=0 via the boundary condition. Finally using the uniform
gradient bounds on v§, we then obtain uniform C*-bounds on both v4, and 9" on every ball
Bgr(0) of fixed radius (intersected with the domain of the respective map). So we can fix
p > 2 and find a subsequence and map uge € C°N Wﬁ)’f (R x [0, 1], My x Ma) such that vf, —
ug in the CO-topology and the weak W'P-topology on every compact subset of R x [0, 1].
We claim that the limit uge corresponds to a solution (ug,us) € M{(z~,z7). Indeed,
the holomorphicity follows from the weak W1P-convergence, and the boundary condition
follows from dgo (USQ\tZO, L()Q) — 0. To check the latter, recall that Lemma 3.1.3 (a) bounds
this distance in terms of dgo (@”]t:(), (Lop % ng)T), which due to the boundary conditions
on 9”|;—s is bounded by dco (@”|t:5u,@”|t:0) < Cpd”.

We also conclude that & — @ = (ugz|i=o, @1, 1) in CO([~T,T]x[0,6"]) for all T > 0, where
@y is determined uniquely by (uo2|t=0,%1,%1) € Lo1 X Li2. Indeed, 0”|i=0 = (v§y, VY, vY)|t=0
satisfies dpo (0" |i=0, up2 X A1) — 0 as well as deo (0" |1=0, Lo1 X L12) < deo (0¥ |4=0, 0" |t=sv) — 0,

151 case My or M, are noncompact, this convergence can be ensured by ‘bounded geometry’ assumptions,
or energy concentration can be proven directly, as outlined in Section 2.1.
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SO v1|t=p must converge to @1 on compact sets, and the convergence for ¢y € [0, "] follows
from dco (@V|t:0, @V|t:t0) S 005V — 0.

In summary we have v¥ — u := (ugz, %) in the C%-topology on every set {|s| < T}
for fixed T'. In the following, we will strengthen this convergence using uniform nonlinear
estimates and exponential decay, to find sections £ € I'y s»(€g) such that v = e,(£”) and
D,v is surjective in contradiction to the assumption. Let us first note that, by the same
monotonicity arguments as above, the limit must be a nonbroken trajectory u € M (z~, 2T)
of the same index and energy E(u) = E(v”). In the next step we strengthen the local
convergence.

For fixed T' > 0 and sufficiently large v > v we can write v”|f < = eu(§”) with a
section £ € I'y v (extended smoothly to {|s| > T'}). The extension of £ can be chosen
such that [|€[|cc — 0 and sup, [|[VE’|eo < oo follows from the C%-convergence and C'-
boundedness of v”[(|s<7}. For the latter note that V& = dey () 71VvY — Ore(u, £)Vu,
where Vv” is uniformly bounded, and de, (§¥) — Id as |£”| — 0. This puts us into the posi-
tion where Lemma 3.2.1 applies with ( = . We fix a cutoff function h € C§°([-T,T], [0, 1])
with h|_pq1 7] = 1, then

18 Ny, < Cr(I(Ts+ TEIV)RE I, + 10 g ,
o 10" li=av 0w + Itali= oy )-
Now we can use (29), d;v” = 0, 0,,up2 = 0, and d;ii = 0 to obtain
1R(Vs+ TENVV)E | 12 io,50) = - dea(€) ™ (1€ €)050) || 21y 0.0
< C||0stl| 2 (1% [0.57) < OV |0sl| p2((—7.7),

and furthermore, using the fact that d;e(ug2,0) = Id commutes with J(ug2),

Hh(vs + J02(£(l]/2)vt)£62HL2(RX[071D

= || - dewg, (E62) ™ (Dre(uoz, E62)J (uo2)Optioz — Joz(uo2)Ore(uoz, £a)Oruoz) | 2@ o))

< Cll&all L2 (=171 x[0,1))-
Hence we have

1€ ez qisi<r—1y) < C (V8 + 1€ 0, (gsi<ry) + 1hEY Li=ov Loy + 1hbali=1ll oy ) »
1,6 1,6

which converges to zero, and thus vg, — ug2 in the H'-norm on every compact set. Now we
can verify the assumptions of Lemma 3.2.3 (with the constant i > 0) and achieve uniform
exponential decay: Pick T' > 0 such that f[_T T)x[0,1] |0sug2|? > E(u) — 17 and pick 1 such

that for all v > vy we have ||8su02||%2([_T’T]X[071D - ||83U52H%2([—T,T}><[0,1]) < £h and thus

[ (L |
{ls[>T} \J[0,1] [0

Now the exponential decay Lemma 3.2.3 combined with the local C’-convergence implies
that

\8513\2> < E(W)+ 3h—E(u) +ih = h.
o]

)

deo (Vg uo2) + deo (07, 4) — 0
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uniformly for all s,¢. Thus for sufficiently large v we can write v” = e, (") with £” € H12751,
and ||€”||cc — 0. In fact, the uniform exponential decay implies global convergence,

1€ |00 — 0, 1€ r , — 0 Vp =1, IVE oo < co < 0.
This puts us into the position where Lemma 3.2.1 and 3.2.2 apply with ( = &,
1€ 2 5, +IVE | 1

1,6 1,6V

< LIV + JEWE iy, + IV + TE)Ve" 11 ,
1€ g, + €7 imsv L2 ey + b limt 1 )

< C1(1+ o) (IVo” + T(€)Vi& iy, + V5" + J(€) Vi€

1,6Y
109, + VO IV | o)

The terms in the last line converge to zero or can be absorbed into the left hand side for
0" sufficiently small. We claim that the penultimate line also converges to zero and we
thus obtain the convergence [{”[|r, ; — 0. To check this we recall from (29) that 90" =0
implies

(40) V& + J(E)V = —dey, (6V) 7! (8le(u, £")0su + J(u)0re(u, 5”)8tu).
Recall that

(41) ore(u,0) = Idp, ar, Oqe(u,0) = de, (0) = Idg, ar-

So in zeroth order we have, using the equations dyz = 0 and dsugy = —Jo2(uo2)druo2,

V& + J(E)ViE| < |dea() ™ (Dre(a, £)0,u)| < C|osal,
| V&t + Jo2 (€62) Ve€ta| < |dewes (662) ™ (Bre(uoz, €6) Joa (uo2)
— Joa(uo2)01€(uoz, £62)) Oruoz| < C|E8|,
and thus
Vo€ + J(E€)Ve" |12, + V€ + T(E) Vel 14,
< O (€6l 2 @x (0.1 + €62l oo, + (81105 L2y + (8)* 1052l L (gy) — O
For the first derivative we calculate from (40), denoting all uniform constants by C,
V(Ve€” + J(€)Vi€") | < C(1+ [VE])|Ore(a, €)dst| + C|V (Dre(, £)0si)
< C(1+|VE)) (|0su] + |Vsdsul),
and (in between dropping the subscript from &)
‘V(Vsﬁéé + Jog(ggz)vtggz)\ <C(l+ |V£V|)|8le(u,£”),](u)8tu — J(u)@le(u,ﬁ”)@tu|
+ C|V(9re(u, &) (u) — J(w)dre(u,&"))| - |0pul
+ C|01e(u, &) (u) — J(u)dre(u, £)| - [Vopu|
< Clétal (1 +VER])-
Here the estimate for the second summand follows from (41) and the identity

Vs(0re(u,§)X) = 0re(u,§)Vs X + (V(gu,v.e)01e) (u, X
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(and similarly for Vy(d1e(u,£)X)), where we have (V(g,4,v,)01€) (u,0) = 0 since

and, calculating in local normal coordinates with an extension Y € I'(TM) of Y € T,M
that is covariantly constant along 7 +— exp, (7X),

(V(O,y)ﬁle) (1,0)X = 0y |0—00y |r—oe(exp, (TX),0Y) = ;| ;=Y (exp,(TX)) =

[V(Vs€” 4 J(£")VE") HLiéu < C(1+ co) (€l 2oy + (8)2 105l g1 () — O

This proves
1€ 1Ipy 50 — O

It remains to find a time-shift such that 770" = e, (£”(0)) with some £”(0) € K\ but still
1€ (0)|lr, 5» < €0- In order to find this shift we write 770" = e,(£"(0)) with

(42) & (o) := (e;1 o71%0 eu)(é”’) el 4.
This will satisfy
1€ (@)lIry, 50 < CIE" Iy 50 + lollldulir, 50 ),
so it is well defined whenever |o| < o0y, where we fixed o9 = %600_1||du||511761, such that
1€ (0)|Ir, 5 < €0 is ensured for sufficiently large v > 1. The L?-estimate on £¥ (o) can be
seen from the pointwise estimate
et 7 eu(€)] < len ' 7eu(€) — e 7eu(0)| + [y U — e Ml
< C(d(t%u(§), 774 (0)) + d(77u,u))
< C(‘Tgﬂ + U[Gsu]).
1.0

Here C' is a continuity constant for e;!. The higher derivatives of £(0) = e, 177%¢,(£) are
estimated similarly. Now consider the function

0" (o) := (§62(0), Osuo2) L2-
It satisfies
1©7(0)] < [|0sullf2

1,6¥

1€ 22, — 0O

1,6¥

and (dropping the 02-subscript) we obtain from (42)

50" (0) = [|0sulZ

= ‘((deu(ﬁ”(a))_lTU (Ore(u, £)0su + dey (€Y)0s") — T705u), Dsu) 12
+ <(T"88u — asu),85u>Lz

< C(IE" 1 10sull 2 + 17 oo 105l 72 + 1011V sDsull 2 [ Dsull .2)

The latter is an arbitrarily small error for large v and small o. Hence we will find solutions
o” ~ —0"(0)/||0sun2||22 € [—00,00] of ©”(0¥) = 0. With these we have 77 v” = €,(£"(0)),
where &V € Ky = {f € P1,5|(§oz,05u02>L2 = 0} and [[€”(0)[Ir, » < €0- So with this small
time-shift on v” we obtain a contradiction to the assumption that 7§ is not surjective.
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Finally, to prove the transversality we need to check that Dy = D, ev) is surjective.

(The same then holds for the time shifts 77 v".) This follows from the quadratic estimate
in Lemma 3.1.5 : Let Q : Q; 5» — I'; 5+ be the right inverse of D’ = dF,(0), then

”(I)u(gu)_lDeu(f”)Eu(gu)Q - IdH < H(I)u(fu)_lDEU(ﬁV)Eu(fu) - dfu(O)H ’ HQ”
< 2G| QNIE Iry 50

where [|Q]l < oo by (28) and [[€”||r, ;,, — 0. This shows that ®,(£”) " D, v Eu(€”)Q
and hence also the operator ®,(&” )_1Deu(§u)Eu(£” ) has a right inverse for all sufficiently
large v > 1y. Here the parallel transport ®,(£”) is an isomorphism on the target and
E, (&) identifies I'; 5 with the domain of D, ¢vy. For the latter see the discussion before
Lemma 3.1.5 and recall that E,(0) = Id. So we have established that D,~ is surjective, and
this finishes the proof. O

Lemma 3.3.2. There exists a universal constant h > 0 such that the following holds for
any sequence of Floer trajectories v¥ € Mgv(x™,27) with §* — 0. If for some s € R

liyni)i.gf(udv&HL‘X’(Be(S,O)) + Hdﬁy”Lw(Be(s,O))) =0 Ve > 0,

then there exists a sequence €V — 0 such that

lim inf / |dvgy)? +/ |do”|* | > h.
v—oo B.v (s,0) B.v (s,0)

Here B(s,0) is the e-ball in R x [0,1] or R x [0, "] respectively.

In the usual analysis of bubbling effects, one would prove this lemma by rescaling around
points where the differentials blow up, identifying the limits with pseudoholomorphic spheres
or disks, and hence obtaining an energy quantization constant h that is geometrically de-
termined by the minimal nonzero energy of spheres or disks. In the present case however,
depending on the relative speed of blow-up and strip-shrinking 6 — 0, the rescaling may
lead to sphere bubbles in My, My, or Ms, disk bubbles in (My x My, Lo1), (M7 x Ma, L12),
or (Mg x Ms, Loy o L12), or the novel figure eight bubble described in the introduction. Since
we do not have a geometric bound on the minimal energy of figure eight bubbles, we use a
mean value inequality to obtain & by purely analytic methods.

Proof of Lemma 8.3.2. For notational convenience we introduce the noncontinuous function
|dv| : R x [0,1] — [0,00) given by |dv(s,t)|? = |dvoa(s,t)|? + |di(s,t)[? for t € [0,6] and
|[dv(s,t)| = |dvga(s,t)] for t € (4, 1].

ASuppose the lemma is false, that is, for every k € N there exists a sequence vV €
Mgrw(x,27) with 6 — 0 such that (after time shift to s = 0) RY := |dv*"(s¥,tY)| — oo
for some (s},t}) — (0,0), but

=

lim inf/ |dv™ k|2 <
V—00 Bel’ (0)
for every sequence €’ — 0. In particular, this will hold for a fixed sequence €] — 0 that
satisfies in addition €] > 7, (s}, t]) € Ble; (0) and €/ Ry — co. We can then find diagonal
4

sequences vF € M\gk($+,$_) with 6y — 0, and ¢, — 0, (sk,tx) € B%Ek(O) such that



40 KATRIN WEHRHEIM AND CHRIS T. WOODWARD

xRy = €|dvF (sp, )| — oo and

(43) / o2 = 0.
By (0

Next, we use Lemma 3.3.3 to refine the choice of the blowup points (s, tx). For that purpose
we consider the spaces Xg, = R x [0, 1], X =Rx [0, 0], and X = R x [0, 1], with the obvious
inclusion 7 : Xoo U X — X. Using the function f = |dvf,| on X and f = |do*| on X one
can then vary the point m(2) = (sg,tx) € R x [0,1] by 2p = 1 to find (sy, ty) € B%Ek(O)
and €}, < Leg, such that €} Ry, 1= €} |dv* (s, )| — oo and |dv*| < 4Ry, on By (s, ty). Here
(43) continues to hold on B, () D B (sit2)-

Now in a first step we will prove that figure eight bubbles (arising from rescaling in the
case OpRr — A € (0,00)) have a minimal energy (possibly depending on A > 0.) More
precisely, we claim that (43) implies

(44) tr R — 0, and 0 R — 0.
In a second step we will then see that this gives rise to a disk bubble in (Mg x My, Loi 0 L12).
Step 1: We prove (44).

First consider the case |dvfy (sk, tx)| > 3|dv* (s, tx)| and tj, > 16 Then for all sufficiently

large k we can apply the mean value inequality'® [11, Lemma 4.3.1] to |dvfy| on the ball
By, (k. tr) C R x (0,1) N B, (0) with 7 := min{ty, €} },

SR < sy t)f < [ oo
B'rk (skvtk)
Here we cannot have r, = 62 since eﬁch — 00, so we have rp, = t; and thus %@Rk <
trRi — 0 as claimed.

In the case |do*(sg,t)| > 3|dv*(sp,tk)| and 0y > tp > 36, we can apply the mean
value inequality [22, Theorem 1.3, Lemma A.1] to |di*| with boundary condition o*|;—s, €
Lo1 x L1z on the partial ball B, (s, ¢) C R x (0,0] N Be, (0) for ry := min{%ék, €.}

LreRe)? < r2]do* (s t0) 2 < c/ ¥ 2 0.
Brk (Skvtk)
As before we cannot have rj = € since €} R, — 00, so we have 1, = %5k and thus ¢, R <
0 Ry — 0 as claimed.
In the remaining case t; < %51@ we consider the pseudoholomorphic map

wk = (vky, %) : R x [0, 0] — My x My x My x My x My x M,

which satisfies the Lagrangian boundary condition wk]t:() € Anpx s, X Apr,. By the above
we have |dw"(si,t)| > R — oo and [, ) |dwk|? — 0. So for all sufficiently large k
€k

we can apply the mean value inequality [22, Theorem 1.3, Lemma A.1] on the partial ball

By, (sits) C R X [0,0%) N B, (0) for rj, := min{%ék, €.}
(TkRk)2 < r%\dwk(sk,tk)P < c/ \dwk]2 — 0.
Brk(skvtk:)

16For this and the following applications of mean value inequalities note that they continue to hold with
uniform constants for noncompact symplectic manifolds, if one has uniform bounds on the curvature and up
to second derivatives of the almost complex structures J; w.r.t. J;-compatible metrics.
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Again we cannot have 7, = € since €, Ry — 00, so we have ry = %5k and thus 2t R, <
0 R — 0 as claimed.

Step 2: We prove the lemma.

We consider the rescaled maps w* = (wfy, W*), where wfy : Be, r, (0) NH? — My x My is
defined on half balls of radius ¢, Rj, — oo in the half space H? := R x [0, 00) by wh,(s,t) :=
vby (s +s/RE t/RF), and @ : B g, (0) N (R x [0, 6, Ry]) — Mo x My x My x M; is defined
by @ (s,t) := 0¥ (sp +s/RF,t/RF) on balls of radius ¢, Ry, intersected with the strip of width

This rescaling preserves the nontriviality |dw”(0,#;R)| > 1, but on both domains |dw
is uniformly bounded. Hence we can find a subsequence of the wlgz that converges in
the C%-topology on the unit half ball D; := B;(0) N H2. The (scaling invariant) energy
I} Be,r, (0) |dwky|? converges to zero by (43), so the limit has to be constant. In fact, we

|

have w’& — xg2 € Lg2 since the boundary values w§2|t:0 converge to Lo o L1s = Lgo in
C°([~1,1]). To see the latter use Lemma 3.1.3 (a) to bound the distance to Loy by the
distance d(w*(s,0), (Lo; x L12)T), which is zero for t = 0 replaced by t = ;.. However, the
bound on |9;1w*| provides a bound d(wk(s, 0), W (s, 5k)) < 0;2R;, — 0 and thus proves xgo €
Lo This also proves that wF — x; in C°([-1,1] x [0, 8z Ry]), where 21 € M is uniquely
determined by # := (wo2,21,21) € Lo1 X L12. The maps w§, are Jp-holomorphic, so by
elliptic regularity the convergence w’& — xp2 is in the C*°-topology on every compact subset
of H?\ OH2. However, in order to obtain a contradiction to the fact that |dw*(0, ¢, Ry)| > 1
with t; R, — 0 we need to establish C'-convergence on D; up to the boundary.

We begin by noting that due to the C’-convergence we can express w® = e,(¢F) in
terms of sections £¥ = (¢f,, €F) € H2(Dy, zf,T(My x Ma)) x H?([0,1] x [0, 6% Ry.], 2T (My x
My x M x Mj)) using the exponential map centered at x = (xg2,Z). These sections
satisfy the diagonal and Lagrangian boundary conditions fklt:o € Tp(Anigxnr, X Anry)
and £k|t:5kRk € Ty(Loy X Lia), the CO-convergence |¥||oc — 0, and a uniform bound
[VEF 0o < co. Since dyw® = 0 and Va = 0 we obtain from (29)

Vel + J(EF)Viek = 0.

Now dw” = de, (€¥)V&Fds + de, (€F) T (£F)V 4£Fdt, so it suffices to prove the CO-convergence
of V4£F near 0. For that purpose we multiply the sections by cutoff functions h = (hgg, ﬁ)
with hog : R x [0,1] — [0, 1] supported in Dy, h : R — [0, 1] supported in [—1,1], and both
equal to 1 near 0. Then we obtain sections on the multistrip h¢F := (h02£§2, ilék) €l 5. R,
that also satisfy the boundary condition hga&ly|i=1 = 0. These satisfy a uniform bound

1,6, Ry,

sup([1Vs(h") + JEIV ey, + 10 g, . ) < oD CUE g, suppioy < o0

due to the bounds on ||€¥||o and ||VE&¥|s and the compact support of h. From this
Lemma 3.2.1 (b) provides a uniform bound

sup |]h§kHH126 . < COr <oo
k O R
Indeed, the boundary terms vanish since the constant boundary conditions directly transfer

to the derivatives, V5§§2\t:1,vg§§2\t:1 € Tyyy (Lo X Lg) and stk\tchkRkanfk‘t:&kRk €
Tj(LOl X ng).
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We now fix a pair of cutoff functions h’ with support in h~1(1) and still equal to 1 near 0.
Then we apply Lemma 3.2.1 (b) to h'V£*, again with vanishing boundary terms, to obtain

sup ”h,VS5kHH35k3 < sup Cy <H (Vs + J(gk)Vt)hlmngHi,akRk + Hh,vsgk”ff%am)

<supC(1+co)Hh§ Il g2 < 0.

1,65 Ry

We can pick the cutoff functions such that hfy|p, ,» = 1 on the half ball Dy, C H? and
fz|[_%7%] = 1. Then the compact Sobolev embedding H2(D1/2) — CO(D1/2) provides C°-
convergence of a subsequence VS£§2. We already know that the }imit is 0, so we obtain
Véby — 0 and swfy — 0in CO(Dy ). It remains to establish \\stkuco( 11906, Ry]) — 0
and thus H(“?swk\\co([_%é}X[MkRk]) — 0 in contradiction to |dw” (0, t;Ry,)| > 1 with tx Ry — 0.
To see this we follow the argument in Lemma 3.1.4. Using the standard Sobolev embedding

H'([-3,3]) = C%([-3, 3]) we obtain for all to € [0, 5y Ry]

%”Vsék’tﬂfo - VSék’t=5kRngO([_ ) < Hvsék‘tﬂto - vsék‘t:5kRk|ﬁ'—Il([_%7%D

11

272
Ok Sk j2

(45) <l [ IVVE By,

< Ok Rk V€FI[2 — 0.

([=331x[0,6k Ri])

— 0. Now

From the above we moreover have Hvsg(’)'g]t:()ﬂco([_%’%}) = Hvsg&\t:ouco([_ )
0, we obtain

3]

1
2

using Lemma 3.1.3 and the boundary conditions, in particular (&F — &/¥)|,=o

Hvsék‘t:cSkRk”cO _1 ,])
< C(”ﬂ'02( Sf )’t 5kRk”CO [—— = + HV (51 - ik)’t:cikRk”c()([
< O(IVa&le=olleog D+%%£EM@—%@MﬂMF

)
) =0

1 1)) — 0 with (45) then proves Hvsékuco([_%7%]x[OﬁkRk]) — 0

11 14
2°2 3:2)

Combining Hvsék |t=6,. R, Hco([

and thus |dw® (0, R;)| — 0 in contradiction to the assumption. O

Lemma 3.3.3. Let (X,d) be a metric space, X1,...,X, topological spaces, m : X1 U...U
X, — X a continuous map, and f: X1 U... X, — R a non-negative continuous function.
Fiz x € X; for somei=1,...,n and p > 0. Suppose that 7= (Bay(n(x))) N X; is complete
for each i =1,...,n. Then there exists an ' € X1 U ... X,, and a positive number p' < p
such that

() m(@) <20, sup  F<2fE), P> pf(a).

7= 1B, (n(z"))

Proof. Otherwise, the same argument as in the proof of Hofer’s lemma [11, p.93] shows that
there exists a sequence z, € X1 U...U X, such that

zo =, d(m(za),T(Tar1)) < p/2% f@at1) > 2f(2a).

After passing to a subsequence, we obtain a Cauchy sequence z,, in some X; with f(x,) —
o0, which contradicts completeness and continuity of f. O
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