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Abstract

We consider a nonlocal boundary condition for anti-self-dual instantons on
four-manifolds with a space-time splitting of the boundary. This boundary
condition naturally arises from making the Chern-Simons functional on a
three-manifold with boundary closed: The restriction of the instanton to each
time-slice of the boundary is required to lie in a Lagrangian submanifold of
the moduli space of flat connections.

We establish the fundamental elliptic regularity and compactness prop-
erties of this boundary value problem. Firstly, every weak solution is gauge
equivalent to a smooth solution. Secondly, all closed subsets of the moduli
space of solutions with an LP-bound on the curvature for p > 2 are compact.
We moreover establish the Fredholm property of the linearized operator of
this boundary value problem on compact four-manifolds. The proofs are
based on a decomposition of the instantons near the boundary. Due to the
global nature of the boundary condition the crucial regularity of one of these
components has to be established by studying Cauchy-Riemann equations
with totally real boundary conditions for functions with values in a complex
Banach space.

These results provide the basic analytic set-up for the definition of a Floer
homology for pairs consisting of a compact three-manifold with boundary
and a Lagrangian submanifold in the moduli space of flat connections over
the boundary. Such a Floer homology lies at the center of the program for
the proof of the Atiyah-Floer conjecture by Salamon. The program aims
to use this Floer homology as intermediate step for the conjectured natural
isomorphism between the instanton Floer homology of a homology three-
sphere and the symplectic Floer homology of two Lagrangian submanifolds
in a moduli space of flat connections arising from a Heegard splitting of the
homology three-sphere. These isomorphisms should result from adiabatic
limits of the boundary value problem that is studied in this thesis.
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Zusammenfassung

Wir betrachten eine nichtlokale Randbedingung fiir antiselbstduale Instan-
tone auf Viermannigfaltigkeiten, deren Rand eine Raum-Zeit-Aufspaltung
tragt. Diese Randbedingung ist die natiirliche Bedingung, durch die das
Chern-Simons-Funktional einer Dreimannigfaltigkeit mit Rand geschlossen
wird: Die Einschrankung des Instantons auf jede Rand-Teilflache konstanter
Zeit liegt in einer Lagrangeschen Untermannigfaltigkeit des Modulraumes der
flachen Zusammenhange.

Wir zeigen die grundlegenden elliptischen Regularitats- und Kompakt-
heits-Figenschaften dieses Randwertproblemes. Jede schwache Losung ist
eichaquivalent zu einer starken Losung. Weiterhin ist jede abgeschlossene
Teilmenge des Modulraumes der Losungen, die eine LP-Schranke fiir die
Krimmung mit p > 2 hat, kompakt. Zudem zeigen wir die Fredholm-
Eigenschaft des linearisierten Operators dieses Randwertproblemes auf kom-
pakten Viermannigfaltigkeiten. Die Beweise basieren auf einer Zerlegung des
Instantons in der Nahe des Randes. Die Regularitat einer dieser Komponen-
ten macht es wegen der globalen Natur der Randbedingung nétig, Cauchy-
Riemann-Gleichungen mit total reellen Randbedingungen fiir Funktionen mit
Werten in einem komplexen Banachraum zu studieren.

Diese Resultate legen die analytischen Grundlagen fiir die Definition einer
Floer-Homologie fiir Paare bestehend aus einer kompakten Dreimannigfaltig-
keit mit Rand und einer Lagrangeschen Untermannigfaltigkeit des Modul-
raumes der flachen Zusammenhéange iiber dem Rand. Eine solche Floer-
Homologie liegt im Zentrum des Beweisprogrammes von Salamon fiir die
Atiyah-Floer-Vermutung. In diesem dient die erwahnte Floer-Homologie als
Zwischenschritt in der Konstruktion des vermuteten natiirlichen Isomorphis-
mus’ zwischen der Instanton-Floer-Homology einer Homologie-Dreisphare
und der symplektischen Floer-Homologie zweier Lagrangescher Unterman-
nigfaltigkeiten eines Modulraumes flacher Zusammenhange, die aus einer
Heegard-Zerlegung der Homologie-Dreisphare resultieren. Die zwei Isomor-
phismen in diesem Programm sollten sich aus adiabatischen Limites des in
dieser Doktorarbeit betrachteten Randwertproblemes ergeben.
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Chapter 1

Introduction

We begin by giving a brief introduction to the gauge theory of connections
on principal bundles.

Let G be a compact Lie group. A principal G-bundle is a fibre bundle
7: P — M with a free, transitive action of G on the fibres 77!(z) = G.
The vertical subbundle V' = ker(dw) C TP is then given by the tangencies
V, = {p¢ } ¢ € g} to the orbits. Here g denotes the Lie algebra of G and
p +— p€ is the infinitesimal action of ¢ € g. Now a horizontal distribution
H C TP is an equivariant choice of complements T,P =V, ® H,.

Consider a trivialization P|y = U x G over U C M. Then horizontal
distributions over U can be identified with g-valued 1-forms A € Q' (U;g)
via the following identity: For every p = (x,9) € U x G one identifies
T, U xT,G=T,P, then

H, = {(Y,—gA.(Y)) | Y € T,U}.

Here the 1-form A determines the deviation from the natural horizontal dis-
tribution H g,y = T,U x{0}. On a nontrivial bundle there is no such natural
choice, but still the horizontal distributions can be identified with the kernels
H, = kerA, of certain 1-forms A € A(P) called connections. The space of
smooth connections A(P) C Q'(P;g) consists of equivariant g-valued 1-forms
with fixed values on the vertical bundle.

The automorphisms of a principal G-bundle are of the form p — pu(p)
with an equivariant smooth map v : P — G called a gauge transformation.
These form the gauge group G(P) which acts on the space of connections:
The pullback of a connection A € A(P) under a G-bundle automorphism
given by u € G(P) is denoted by u*A and is called gauge equivalent to A.

1



2 CHAPTER 1. INTRODUCTION

For simplicity of notation now consider the trivial G-bundle P = M x G
over a manifold M. Then the space of connections is A(M) := Q'(M; g), the
gauge group can be viewed as G(M) := C>(M, G), and the action of a gauge
transformation v € G(M) on a connection A € A(M) is given by

wA=u"tAu + v tdu.

A connection A € A(M) is called flat if the associated horizontal distribution
is locally integrable. This is equivalent to d4 o dy = 0 for the exterior
differential d4 : Q¥(M; g) — QF1(M; g), daw = dw+ [A Aw] associated with
the connection. One has d daw = [F4 Aw] for all w € QF(M;g), where

Fa=dA+1iANA] € Q*(X;9)

is called the curvature of A. So a connection is flat if and only if its curvature
vanishes. Now the Yang-Mills energy of a connection,

YM(A) = /M FAl2,

is a gauge invariant measure for the nonintegrability of the horizontal dis-
tribution. The extrema of the Yang-Mills functional are the solutions of the
Yang-Mills equation d% F4 = 0. Note that the definition of the Yang-Mills
functional and more generally of the L2-inner product of g-valued differen-
tial forms uses a metric on M as well as a G-invariant metric on G. The
coderivative d* then is defined as the formal L2-adjoint of d4. (More details
about gauge theory and these notations can be found in appendix A.)

In the case of a manifold with boundary, the extrema of Y M moreover
satisfy the boundary condition *F4|sy = 0. So we call A € A(M) a Yang-
Mills connection if it satisfies the boundary value problem

A%\ Fy = 0,
*FA|8M = 0.

Extrema of Y M actually are weak Yang-Mills connections, that is they sat-
isfy the weak equation

/M<FA, 4B =0  VAeQ(M:g),

where § runs through all smooth 1-forms. However, one has the following
regularity result, which we state in the case of a G-bundle (not necessarily
trivial) over a compact 4-manifold M. Here we use the notation A*P(M)



and GFP(M) for the W¥P-Sobolev completions of the space of connections
and the gauge group.

Theorem (Regularity for Yang-Mills connections)
Let p > 2. Then for every weak Yang-Mills connection A € AYP(M) there
exists a gauge transformation u € G*P(M) such that u*A is smooth.

An elementary observation in gauge theory is that the moduli space of
gauge equivalence classes of flat connections on a G-bundle over a compact
manifold M is compact in the C*°-topology. This is obvious from the fact
that the gauge equivalence classes of flat connections over M are in one-
to-one correspondence with the conjugacy classes of representations of the
fundamental group of M, c.f. theorem A.2. The Uhlenbeck compactness the-
orems are a remarkable generalization of this result. We again state them
in the case of a (not necessarily trivial) G-bundle over a compact 4-manifold
M. Proofs of these and the above theorem can be found in [U2],[DK], or
[We] (explicitly containing the case of manifolds with boundary).

Theorem (Weak Uhlenbeck Compactness)

Let (A”),en C AYP(M) be a sequence of connections and suppose that ||Fav ||,
is uniformly bounded for some p > 2. Then there ezists a subsequence (again
denoted (AY),en) and a sequence of gauge transformations u” € G*P(M) such
that u” *A¥ converges weakly in AYP(M).

Theorem (Strong Uhlenbeck Compactness)

Let (A"),en C AY(M) be a sequence of weak Yang-Mills connections and
suppose that || Fav||, is uniformly bounded for some p > 2. Then there exists
a subsequence (again denoted (A”),en) and a sequence of gauge transforma-
tions u¥ € G*P(M) such that u”* A" converges uniformly with all derivatives
to a smooth connection A € A(M).

An important application of Uhlenbeck’s theorems is the compactifica-
tion of the moduli space of (gauge equivalence classes of) anti-self-dual in-
stantons over a four-manifold. These compactified moduli spaces are the
central ingredients in the construction of the Donaldson invariants of smooth
four-manifolds [D2] and of the instanton Floer homology groups of three-
manifolds [F1]. Anti-self-dual instantons are special first order solutions of
the Yang-Mills equation described in the following.
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Let M be a closed oriented 4-manifold, choose a metric, and denote the
associated Hodge operator by *. Then the curvature Fy = F{ + F splits
into a self-dual and an anti-self-dual part, Fy = 3(Fa £ *F4). Now an
elementary calculation shows that the Yang-Mills energy can be rewritten as

YM(A) :—/ (FANFa) + 2/ |ET 2. (1.1)

The first term on the right hand side is a topological invariant of the bundle
P — M. (For example, in the case G = SU(2) this invariant equals 872cy(P),
where ¢o(P) is the second Chern number and the inner product on su(2) is
given by the negative trace of the product of the matrices.) If this invariant
is nonnegative, then the minima of the Yang-Mills functional are exactly the
anti-self-dual instantons, i.e. connections A € A(M) with

Fy+xF4=0.

The formula (1.1) shows that a sequence of anti-self-dual connections on a
given bundle automatically has an L?-bound on the curvature. Uhlenbeck’s
compactness theorem however does not extend to the case p = 2 due to the
bubbling phenomenon:

The conformally invariant Yang-Mills energy YM(A) = || F4]|7. can con-
centrate at single points. If this happens at an interior point, then rescaling
near that point yields a sequence of connections on balls of increasing radii
whose limit modulo gauge is a nontrivial anti-self-dual instanton that ex-
tends to S*. Its energy equals some positive constant times a characteristic
number of the bundle. (This number is nonzero due to the nontriviality
of the instanton; for an SU(2)-bundle it is the second Chern number.) So
on a closed manifold and for a suitably chosen subsequence this bubbling
only occurs at finitely many points. On the complement of these points,
Uhlenbeck’s compactness theorems ensure C*°-convergence on all compact
subsets. Now Uhlenbeck’s removable singularity theorem [Ul] guarantees
that the limit connection extends over the 4-manifold (to a connection on a
bundle of lower characteristic number). This leads to a compactification of
the moduli space of anti-self-dual instantons. In the case of simply connected
4-manifolds with negative definite intersection forms Donaldson used these
compactified moduli spaces to prove his famous theorem about the diagoniz-
ability of intersection forms [D1].



Now in the case of a 4-manifold with boundary note that the boundary
condition *F'4|gp; = 0 for anti-self-dual instantons implies that the curvature
vanishes altogether at the boundary. This is an overdetermined boundary
value problem comparable to Dirichlet boundary conditions for holomorphic
maps. ! As in the latter case it is natural to consider weaker Lagrangian
boundary conditions.

More precisely, a natural boundary condition for holomorphic maps with
values in an almost complex manifold (X, J) is to take boundary values in
a totally real submanifold. Recall that J € End(TM) is called an almost
complex structure if J2 = —1. A submanifold L C X is called totally real if
T,L&JT,L=T,X for all x € L. So essentially, it suffices to have Dirichlet
boundary conditions for half of the components of the holomorphic map.
Special cases of almost complex manifolds are symplectic manifolds (X, w)
with w-compatible almost complex structures. In this symplectic case the
Lagrangian submanifolds are examples of totally real submanifolds.

We consider a version of such Lagrangian boundary conditions for anti-
self-dual instantons and prove that they suffice to obtain the analogue of the
above regularity and compactness results for Yang-Mills connections.

For that purpose we consider oriented 4-manifolds X with a space-time
splitting of the boundary, i.e. each connected component of 9.X is diffeomor-
phic to § x X, where S is a 1-manifold and ¥ is a closed Riemann surface.
We shall study a boundary value problem associated to a gauge invariant
Lagrangian submanifold £ of the space of flat connections on ¥: The re-
striction of the anti-self-dual instanton to each time-slice of the boundary
is required to belong to £. This boundary condition arises naturally from
examining the Chern-Simons functional on a 3-manifold Y with boundary
3. Namely, the Langrangian boundary condition renders the Chern-Simons

!Consider for example the abelian case G = S', then the anti-self-duality equation
is dA = 0. The gauge freedom is eliminated by going to a local slice, d*A = 0 and
xAlopr = 0. This already gives the elliptic boundary value problem AA = 0 with Dirich-
let boundary conditions for the normal component of A and Neumann boundary con-
ditions for the components of A in directions tangential to the boundary. Indeed, let
A = Agdxg + Z?:_ll A;dx;, where g is the coordinate normal to the boundary M and
the z; are coordintes of M. Then the local slice boundary condition is Ag|zy=0 = 0
and the boundary condition *F4|ops = 0 gives g A;|zg=0 = 0 for all s = 1,....,n — 1.
So the solutions of this boundary value problem are already unique (up to a constant
in the tangential components). But now the anti-self-duality equation gives the addi-
tional boundary condition Fa|sam = 0, in above coordinates 9; A, |zo=0 = 9jA;|z,=0 for all
i,7 € {1,...,n — 1}. This makes the boundary value problem overdetermined.



6 CHAPTER 1. INTRODUCTION

1-form on the space of connections closed, see [Sal]. The resulting gradient
flow equation leads to the boundary value problem studied in this thesis (for
the case X = R x Y'), as will be explained in chapter 2. Our main results
establish the basic regularity and compactness properties as well as the Fred-
holm theory, the latter for the compact model case X = S! x Y.

Boundary value problems for Yang-Mills connections were already con-
sidered by Donaldson in [D3]. He studies the Hermitian Yang-Mills equation
for connections induced by Hermitian metrics on holomorphic bundles over
a compact Kéahler manifold Z with boundary. Here the unique solubility
of the Dirichlet problem (prescribing the metric over the boundary) leads
to an identification between framed holomorphic bundles over Z (meaning
a holomorphic bundle with a fixed trivialization over 0Z) and Hermitian
Yang-Mills connections over Z. In particular, when Z has complex dimen-
sion 1 and boundary 0Z = S, this links loop groups to moduli spaces of flat
connections over Z. This observation suggests an alternative approach to
Atiyah’s [A1] correspondence between holomorphic curves in the loop group
of a compact Lie group G and anti-self-dual instantons on G-bundles over
the 4-sphere. The correspondence might be established via an adiabatic limit
relating holomorphic spheres in the moduli space of flat connections over the
disc to anti-self-dual instantons over the product (of sphere and disc). Our
motivation for studying the present boundary value problem lies more in
the direction of another such correspondence between holomorphic curves in
moduli spaces of flat connections and anti-self-dual instantons — the Atiyah-
Floer conjecture for Heegard splittings of a homology-3-sphere.

A Heegard splitting Y = Yy Us Y7 of a closed 3-manifold Y is a decom-
position into two handlebodies Yy and Y; with common boundary 3. (A
handlebody is a 3-ball with a finite number of solid handles attached.) It
gives rise to two Floer homologies, i.e. generalized Morse homologies. Firstly,
the moduli space My, of gauge equivalence classes of flat connections on the
trivial SU(2)-bundle over 3 is a symplectic manifold (with singularities) and
the moduli spaces Ly; of flat connections over ¥ that extend to Y; are La-
grangian submanifolds of My, (see chapter 4). The symplectic Floer homology
HFY™P( My, Ly,, Ly, ) is now generated by the intersection points of the La-
grangian submanifolds (as critical points of a generalized Morse theory). The
critical points in the case of the instanton Floer homology HF™'(Y) are the
flat connections over Y.



Conjecture (Atiyah, Floer) Let Y = Yy, Us Y] be a Heegard splitting of
a homology 3-sphere. Let Ly, be the Lagrangian submanifolds of the moduli
space My, of flat SU(2)-connections over ¥ given by the flat connections over
Y. that extend to Y;. Then there exists a natural isomorphism between the
instanton and symplectic Floer homologies

HFinSt(Y) = HFiymp(MEa LYm LYI)‘

The program for the proof by Salamon, [Sal], is to define the instanton
Floer homology HF™™!(Y, L) for 3-manifolds with boundary Y = ¥ using
boundary conditions associated with a Lagrangian submanifold L C Msy.
Then the conjectured isomorphism might be established in two steps via the
intermediate HF™([0, 1] x X, Ly, x Ly, ) by adiabatic limit type arguments
similar to [DS2].

Fukaya was the first to suggest the use of Lagrangian boundary condi-
tions in order to define a Floer homology for 3-manifolds Y with boundary,
[Ful]. He studies a slightly different equation, involving a degeneration of
the metric in the anti-self-duality equation, and uses SO(3)-bundles that are
nontrivial over the boundary dY. Now there are interesting examples, where
one has to work with the trivial bundle. For example, on a handlebody Y
there exists no nontrivial G-bundle for connected G. So if one considers any
3-manifold Y with the Lagrangian submanifold Ly, the space of flat connec-
tions on 9Y = 9Y’ that extend over a handlebody Y’, then one also deals
with the trivial bundle. So if one wants to use Floer homology on 3-manifolds
with boundary to prove the Atiyah-Floer conjecture, then it is crucial to ex-
tend this construction to the case of trivial SU(2)-bundles. There are two
approaches that suggest themselves for such a generalization. One would be
the attempt to extend Fukaya’s construction to the case of trivial bundles,
and another would be to follow the alternative construction outlined in [Sal].
The present thesis follows the second route and sets up the basic analysis for
this theory. We will only consider trivial G-bundles. However, our main
theorems A, B, and C below generalize directly to nontrivial bundles — just
the notation becomes more cumbersome.
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The main results

We consider the following class of Riemannian 4-manifolds. Here and through-
out all Riemann surfaces are closed 2-dimensional manifolds. Moreover, un-
less otherwise mentioned, all manifolds are allowed to have a smooth bound-
ary.

Definition 1.1 A 4-manifold with a boundary space-time splitting
is a pair (X, T) with the following properties:

(i) X is an oriented 4-manifold which can be exhausted by a nested sequence
of compact deformation retracts.

(ii)) T = (T1,...,Tn) i an n-tuple of embeddings 1; : S; x ¥; — X with
disjoint images, where ¥; is a Riemann surface and S; is either an
open interval in R or is equal to S* = R/Z.

(i1i) The boundary 0X is the union
U (S x %)

Definition 1.2 Let (X, 7) be a 4-manifold with a boundary space-time split-
ting. A Riemannian metric g on X is called compatible with 7 if for each
i =1,...n there exists a neighbourhood U; C S; x [0,00) of S; x {0} and an
extension of T; to an embedding T; : U; x ¥; — X such that

g =ds* + dt* + g,

Here g, is a smooth family of metrics on ¥; and we denote by s the coordinate
on S; and by t the coordinate on [0,00).

We call a triple (X, 7, g) with these properties a Riemannian 4-manifold
with a boundary space-time splitting.

Remark 1.3 In definition 1.2 the extended embeddings 7; are uniquely de-
termined by the metric as follows. The restriction 7;|;—o = 7; to the boundary
is prescribed, and the paths ¢ — 7;(s, ¢, z) are normal geodesics.



Example 1.4 Let X := R x Y, where Y is a compact oriented 3-manifold
with boundary 9Y = ¥, and let 7 : R x ¥ — X be the obvious inclusion.
Given any two metrics g_ and g, on Y there exists a metric g on X such
that g = ds? + g_ for s < —1, g =ds* + g, for s > 1, and (X, 7, g) satisfies
the conditions of definition 1.2. The metric g cannot necessarily be chosen
in the form ds? + g, (one has to homotop the embeddings and the metrics).

Now let (X, 7,¢g) be a Riemannian 4-manifold with boundary space-time
splitting and consider a trivial G-bundle over X for a compact Lie group
G. Let p > 2, then for each i = 1,...,n the Banach space of connections
A%P(Y;) carries the symplectic form w( =[x (anB). We fix an n-
tuple £ = (Ly,...,L,) of Lagrangian submanlfolds L; C A%(3;) that are
contained in the space of flat connections and that are gauge invariant,

L AP(%) and  w'li=L; YueGhr(%).

Here A" (%;) is the space of weakly flat LP-connections on ¥; (see chapter 3).
A submanifold £ of a symplectic Banach space (Z,w) is called Lagrangian
if it is isotropic, i.e. w|; = 0, and is of maximal dimension. To make the
latter precise in this infinite dimensional setting, choose a complex structure
J € End Z that is compatible with w (i.e. w(:,J-) defines a metric on 7).
The condition of maximal dimension is now phrased as the topological sum

T.LoJT.L=T.Z Vze L.

This condition is independent of the choice of J since the space of compatible
complex structures on (Z,w) is connected [MS1, Proposition 2.48]. Next, the
assumptions on the £; ensure that the quotients

Li = Li/G(%) C Agh(2:)/G" (%) = My,

are (singular) Lagrangian submanifolds in the (singular) moduli space of
flat connections, c.f. chapter 4. We consider the following boundary value
problem for connections A € A.P(X)

{ xFp+ Fqa =0,

Ay, €L Vs E€Sii=1,...n. (12)

Observe that the boundary condition is meaningful since for every neigh-
bourhood U x ¥ of a boundary component one has the continuous embedding
WiP(UxX) c Whp(U, LP(X)) — CO(U, LP(X)). The first nontrivial observa-
tion is that every connection in £; is gauge equivalent to a smooth connection
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on ¥; and hence £; N A(X) is dense in L;, see theorem 3.1. Moreover, ev-
ery I/Vhl)’f—connection on X satisfying the boundary condition in (1.2) can be
locally approximated by smooth connections satisfying the same boundary
condition, see corollary 4.2.

Note that the present boundary value problem is a first order equation
with first order boundary conditions (flatness in each time-slice). Moreover,
the boundary conditions contain some crucial nonlocal (i.e. Lagrangian) in-
formation. We moreover emphasize that while £; is a smooth submanifold
of A%P(%;), the quotient £;/G'P(3;) is not required to be a smooth subman-
ifold of the moduli space My, := A" (%;)/GP(%;). For example, £; could
be the set of flat connections on >; that extend to flat connections over a
handlebody with boundary ¥;, see lemma 4.3. To overcome the difficulties
arising from the singularities in the quotient, we will work with the (smooth)
quotient by the based gauge group.

We will not be interested in existence results for the present boundary
value problem but in its elliptic properties. The following two theorems
are the main regularity and compactness results for the solutions of (1.2).
The regularity theorem is the analogue of the regularity theorem for Yang-
Mills connections stated above. The compactness theorem deals with con-
nections satisfying uniform LP-bounds on the curvature and thus extends
Uhlenbeck’s strong compactness theorem for anti-self-dual instantons to the
present boundary value problem.

Theorem A (Regularity)
Let p > 2. Then every solution A € AP(X) of (1.2) is gauge equivalent to

loc
a smooth solution, i.e. there exists a gauge transformation u € gﬁ;f(X) such

that u*A € A(X) is smooth.

Theorem B (Compactness)

Letp > 2 and let g¥ be a sequence of metrics compatible with T that uniformly
converges with all derivatives on every compact set to a smooth metric. Sup-
pose that AY € Alléﬁ(X) is a sequence of solutions of (1.2) with respect to
the metrics g¥ such that for every compact subset K C X there is a uniform
bound on the curvature ||Fav||ze(x). Then there exists a subsequence (again
denoted A" ) and a sequence of gauge transformations u” € Qi’f(X) such that
u’*A” converges uniformly with all derivatives on every compact set to a

smooth connection A € A(X).
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The difficulty of these results lies in the global nature of the boundary
condition. This makes it impossible to directly generalize the proof of the
regularity and compactness theorems for Yang-Mills connections, where one
chooses suitable local gauges, obtains the higher regularity and estimates
from an elliptic boundary value problem, and then patches the gauges to-
gether. With our global Lagrangian boundary condition one cannot obtain
local regularity results.

However, an approach by Salamon can be generalized to manifolds with
boundary. One first uses Uhlenbeck’s weak compactness theorem to find a
weakly I/Vlif—convergent subsequence. The limit then serves as reference con-
nection with respect to which a further subsequence can be put into relative
Coulomb gauge globally (on large compact sets). Then one has to establish
elliptic estimates and regularity results for the given boundary value problem
together with the relative Coulomb gauge equations. All the general tools for
this approach are established in [We|: We give a detailed proof of the general-
ization of weak Uhlenbeck compactness to manifolds with boundary that are
exhausted by compact deformation retracts. We also generalize Salamon’s
subtle local slice theorem to compact manifolds with boundary. Moreover,
we give a precise formulation of the procedure by Donaldson and Kronheimer
that allows to extend regularity and compactness results on compact defor-
mation retracts of noncompact manifolds to the full manifolds.

In this thesis, we concentrate on the last step — the higher regularity and
estimates for the boundary value problem in relative Coulomb gauge. Here
the crucial point is to establish the higher regularity or estimates for the
Y-component of the connections in a neighbourhood U x ¥ of a boundary
component. The global nature of the boundary condition forces us to deal
with a Cauchy-Riemann equation on U with values in the Banach space
A%P(¥) and with Lagrangian boundary conditions.

The case 2 < p < 4, when W'P-functions are not automatically continu-
ous, poses some special difficulties in this last step. Firstly, in order to obtain
regularity results from the Cauchy-Riemann equation, one has to straighten
out the Lagrangian submanifold by going to suitable coordinates. This re-
quires a C%-convergence of the connections, which in case p > 4 is given by
a standard Sobolev embedding. In case p > 2 one still obtains a special
compact embedding WhP(U x X) — C°(U, LP(X)) that suits our purposes.
Secondly, the straightening of the Lagrangian introduces a nonlinearity in the
Cauchy-Riemann equation that already poses some problems in case p > 4.
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In case p < 4 this forces us to deal with the Cauchy-Riemann equation with
values in an L2-Hilbert space and then use some interpolation inequalities
for Sobolev norms.

Now as a first step towards the definition of a Floer homology for 3-
manifolds with boundary consider the moduli space of finite energy solutions
of (1.2),

M(L) == {A € AP(X) | Asatisfies (1.2), VM(A) < 0o} /GP(X).

loc loc

Theorem A implies that for every equivalence class [A] € M(L) one can
find a smooth representative A € A(X). Theorem B is one step towards a
compactness result for M(L): Every closed subset of M(L) with a uniform
LP-bound for the curvature is compact. In addition, theorem B allows the
metric to vary, which is relevant for the metric-independence of the Floer
homology.

Our third main result is a step towards proving that the moduli space
M(L) of solutions of (1.2) is a manifold whose components have finite (but
possibly different) dimensions. This also exemplifies our hope that the further
analytical details of Floer theory will work out along the usual lines once the
right analytic setup has been found in the proof of theorems A and B.

In the context of Floer homology and in Floer-Donaldson theory it is
important to consider 4-manifolds with cylindrical ends. This requires an
analysis of the asymptotic behaviour which will be carried out elsewhere. We
shall restrict the discussion of the Fredholm theory to the compact case. The
crucial point is the behaviour of the linearized operator near the boundary;
in the interior we are dealing with the usual anti-self-duality equation. Hence
it suffices to consider the following model case. Let Y be a compact oriented
3-manifold with boundary 0Y = ¥ and suppose that (gs)sest is a smooth
family of metrics on Y such that

X =8 xY, 7:5'%x ¥ — X, g=ds*+ g,

satisfy the assumptions of definition 1.2. Here the space-time splitting 7
of the boundary is the obvious inclusion 7 : 8! x ¥ — 9X = S! x 3,
where ¥ = |J;_; ¥; might be a disjoint union of Riemann surfaces ;. The
above n-tuple of Lagrangian submanifolds £; C A%P(X;) then defines a gauge
invariant Lagrangian submanifold £ := £, x...x L, of the symplectic Banach
space A%P(X) = A%P(3)) x ... x A%(%,) such that £ C AJ"(%).
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In order to linearize the boundary value problem (1.2) together with the
local slice condition, fix a smooth connection A + ®ds € A(S! x Y) such
that As = A(s)lsy € L for all s € S'. Here & € C>(S! x Y,g) and
A e C>®(S' x Y, T*Y ® g) is an S'-family of 1-forms on Y (not a 1-form
on X as previously). Now let E}Lx’p be the space of S'-families of 1-forms
a € WhHP(St x Y, T*Y ® g) that satisfy the boundary conditions

xa(s)|ay =0 and a(s)loy € Ta, L for all s € S*.
Then the linearized operator
Daay s EyP x W (St x Y, g) — LP(S* x Y, T*Y ® g) x LP(S' x Y, g)
is given with Vg = d, + [®, -] by
Daay(a, @) = (Via—dap + +daa, Ve — dija).

The second component of this operator is —d¥_, gq,(c + ¢ds), and the first
boundary condition is *(« + ¢ds)|sx = 0, corresponding to the choice of a
local slice at A + ®ds. In the first component of D4 ¢) we have used the
global space-time splitting of the metric on S' x Y to identify the self-dual
2-forms *7vs — vs A ds with families v5 of 1-forms on Y. The vanishing of this
component is equivalent to the linearization d, pq,(c+¢ds) = 0 of the anti-
self-duality equation (see chapter 7). Furthermore, the boundary condition
a(s)|ay € Ta, L is the linearization of the Lagrangian boundary condition in
the boundary value problem (1.2).

Theorem C (Fredholm)

Let Y be a compact oriented 3-manifold with boundary 0Y = X and let
S XY be equipped with a product metric ds® + g, that is compatible with
T:S9'x Y = 8" xY. Let A+ ®ds € A(S' x Y) such that A(s)|sy € L for
all s € S*. Then the following holds for all p > 2.

(i) D(ae) is Fredholm.
(ii) There is a constant C' such that for alla € EYP and o € WHP(S'xY, g)

(e, )llwrr < C (1D (@, @) 2o + [, @)l r).-
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(111) Let q > p* such that ¢ # 2. Suppose that 3 € LI(S' x YV, T*Y ® g),
¢ e LYS*x Y, g), and assume that there exists a constant C' such that
for all o € EXP and ¢ € W'(S' x Y, g)

/51 Y<D<A7<I>>(Oéa<ﬂ), (B,0)] < Cll(a, )]l 10+

Then in fact € WH(SI x YV, T*Y ® g) and ( € WH9(St x Y, g) .

Here and throughout we use the notation % + ;z% = 1 for the conjugate ex-
ponent p* of p. The above inner product (-, - ) is the pointwise inner product
in T*Y ® g x g. The reason for our assumption ¢ # 2 in theorem C (iii) is a
technical problem in dealing with the singularities of £/G"?(¥). We resolve
these singularities by dividing only by the based gauge group. This leads
to coordinates of LP(3, T*YX ® g) in a Banach space that comprises based
Sobolev spaces W1P(X, g) of functions vanishing at a fixed-point z € ¥. So
these coordinates that straighten out TL along A|g1gy are welldefined only
for p > 2. Now in order to prove the regularity claimed in theorem C (iii) we
have to use such coordinates either for 3 or for the test 1-forms «, i.e. we have
to assume that either ¢ > 2 or ¢* > 2. This is completely sufficient for our
purposes — concluding a higher regularity of elements of the cokernel. This
will be done via an iteration of theorem C (iii) that can always be chosen
such as to jump across ¢ = 2. However, we believe that the use of different
coordinates should permit to extend this result.

Conjecture Theorem C' (iii) continues to hold for ¢ = 2.

One indication for this conjecture is that the L-estimate in theorem C (ii)
is true (for W1P-regular o and ¢ with p > 2), as will be shown in chapter 7.
This L?-estimate can be proven by a much more elementary method than the
general LP-regularity and -estimates. In fact, it was already stated in [Sal]
as an indication for the wellposedness of the boundary value problem (1.2).

Besides the LP-compactness and Fredholm theory, the construction of an
instanton Floer homology for 3-manifolds with boundary moreover requires
an analysis of the bubbling at the boundary for sequences of solutions of
(1.2) with bounded energy. Here the standard rescaling technique runs into
problems since the local rescaling fails to capture the full information of the
boundary condition. The flatness of the connection on each time-slice of the
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boundary is a local condition, but the Lagrangian condition is global, i.e.
it can only be stated for a connection on the full time-slice. The rescaling,
however, cuts out small balls in each time-slice. In [Sal] Salamon expected to
obtain anti-self-dual instantons on the half space bubbling off at the bound-
ary, and he conjectured a quantization of their energy. The convergence of
the rescaled connections to such instantons on the half space, however, would
require some additional information (coming from the Lagrangian boundary
condition) on the local behaviour of the finite energy solutions of (1.2) near
the boundary.

Alternatively, the analytic framework of the regularity and compact-
ness results obtained in this thesis suggests a global treatment of the time-
slices. This might lead to holomorphic discs in the space of connections
with Lagrangian boundary conditions, that would bubble off as a result of
2-dimensional rescaling only in the time- and interior direction (preserving
the full time-slices). In this thesis we will give some partial results about the
possible bubbling phenomena at the boundary.

Outline

This thesis is organized as follows. We give a short introduction to Floer
homology and the Atiyah-Floer conjecture in chapter 2. We moreover explain
in more detail the program for the proof by Salamon and the motivation for
the boundary value problem (1.2).

In chapter 3, we introduce the notion of a weakly flat connection on a
general closed manifold. In theorem 3.1, we prove that weakly flat connec-
tions are gauge equivalent to smooth connections that are flat in the usual
sense. This uses a general technical result, lemma 3.3, that will be applied
at several points. It allows to extract regularity results and estimates for
individual components of a 1-form from weak equations where boundary
conditions are imposed on the test 1-forms. In a subsection we discuss more
closely the space of weakly flat connections on a Riemann surface, A%?(X),
and its quotients by the gauge group and the based gauge group.

Chapter 4 describes the crucial properties of the Lagrangian submanifolds
L C A%P(X) for which the boundary value problem (1.2) will be considered.
In particular, corollary 4.2 shows that the space of W1P-connections with La-
grangian boundary conditions is the closure of a space of smooth connections.
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Moreover, a subsection introduces the main example Ly of such Lagrangian
submanifolds, the set of connections on the boundary dY of a handlebody
that extend to a flat connection on Y.

Chapter 5 deals with Cauchy-Riemann equations with totally real bound-
ary conditions for functions with values in a complex Banach space. We
establish the usual regularity results and estimates under one crucial as-
sumption. In order to obtain LP-regularity results or estimates, the totally
real submanifold (and hence also the complex Banach space) has to be mod-
elled on a closed subspace of an LP-space. This is the general setting for
the key part of the boundary value problem (1.2) and allows to deal with
the nonlocal Lagrangian boundary condition. The results in this chapter are
central for the proofs of theorems A, B, and C.

In chapter 6, we prove the regularity and compactness result for (1.2),
theorems A and B, and chapter 7 establishes the Fredholm theory in the
compact case, theorem C. Finally, in chapter 8, we give an outlook on the
bubbling analysis at the boundary and prove some partial results.

The appendix gives a more detailed introduction into the basic notations
and constructions in gauge theory. This appendix is taken from [We], a
forthcoming monograph. The latter is an extensive exposition of the general
analytic background of gauge theory. In particular, it contains detailed proofs
of Uhlenbeck’s compactness and removable singularity theorems as well as
the regularity theorem for Yang-Mills connections. The generalizations to
manifolds with boundary, noncompact manifolds, and varying metrics seem
to not have been written up before. Moreover, this exposition has been set up
in such a way as to provide a suitable analytic framework for the treatment
of the nonlocal boundary conditions in the present thesis. So in a number
of places we will quote results from [We] without proof — these are generally
wellknown but cannot be found elsewhere in the precise formulation that we
need.



Chapter 2

Floer homology and the
Atiyah-Floer conjecture

The Atiyah-Floer conjecture belongs into the general realm of interaction be-
tween symplectic geometry and low dimensional topology. Important progress
in these areas has been made in the last twenty years starting with the work
of Donaldson [D2] on smooth four-manifolds, which was based on anti-self-
dual instantons, and with the work of Gromov [Gr] on pseudoholomorphic
curves in symplectic manifolds. In both subjects Floer, inspired by Conley
and Witten, introduced in the late eighties his idea of a Morse theory for
functionals on infinite dimensional spaces, where the critical points have in-
finite index and coindex, but the relative indices are finite.

As in Morse theory, the chain complex is generated by the critical points
of the functional, and the boundary operator is constructed by counting con-
necting orbits between critical points. Floer’s connecting orbits are finite
energy solutions of certain nonlinear elliptic equations arising from the gra-
dient flow equation of the functional, which itself is not well-posed. Floer
carried out this program in two cases, [F1, F2|, which have been developed
further by a large number of authors.

The instanton Floer homology HF™!(Y) of a 3-manifold Y is defined in
terms of the Chern—Simons functional on the space A(Y) of connections over
Y (on the trivial SU(2)- or a nontrivial SO(3)-bundle),

CS(A>:%/((AAdA>+§<[AAA]AA>). (2.1)
Y
In this case the critical points are gauge equivalence classes (using only the

17
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identity component of the gauge group) of flat connections, and the connect-
ing orbits are the anti-self-dual instantons on R x Y with finite Yang-Mills
energy.

In the symplectic case Floer considered two Lagrangian submanifolds L
and L; in a symplectic manifold (M, w). The critical points of the symplectic
action functional on the space of paths connecting Ly to L; are the constant
paths, that is the intersection points of Ly and L;. The connecting orbits are
pseudoholomorphic strips u : Rx [0, 1] — M of finite energy 5 [ |Vu|?, whose
boundary arcs s — u(s,0) and s — u(s, 1) liein Ly and L, respectively. Here
one has to choose an almost complex structure J € End(TM), J* = —1 that
is compatible with the symplectic form, i.e. w(-,J) is a metric on M. Then
a pseudoholomorphic curve is a solution of

Osu + J(u) Qyu = 0.

Under certain monotonicity assumptions this gives rise to Floer homology
groups HFY™P (M| Ly, Ly). Similarly, one can define Floer homology groups
HFY™P(M, ) for symplectomorphisms ¢ € Diff (M, w), [F3]. Here the crit-
ical points are the fixed-points of ¢, and the connecting orbits are finite
energy pseudoholomorphic curves u : R? — M satisfying a twist condition
associated with .

Atiyah and Floer conjectured the existence of natural isomorphisms be-
tween the instanton Floer homology of 3-manifolds and the symplectic Floer
homology of Lagrangians or symplectomorphisms on moduli spaces of flat
connections associated with the 3-manifold. The starting point for these
conjectures is the Atiyah-Bott [AB, §9] picture of the moduli space of flat
connections over a Riemann surface as a symplectic quotient.

The moduli space of flat connections over a Riemann
surface

Let P — X be a G-bundle over a Riemann surface 3 with a compact Lie group
G. The space of connections on P is an affine space A(P) = A + Q'(X; gp)

for any fixed reference connection A. It carries a symplectic structure: For
a, B € T4A(P) = Q' (Z; gp)

w(a, B) :== /E(a/\ﬁ>. (2.2)
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The action of the gauge group G(P) on A(P) can be viewed as Hamiltonian
action of an infinite dimensional Lie group. The Lie algebra of G(P) is
Q°(3; gp) and the infinitesimal action of £ € Q°(X; gp) is given by the vector
field

A(P) — Q'(Sigp) = TAA(P)

A — dAf

This is the Hamiltonian vector field of the function A — (u(A), &) on
A(P). Here (¢, &) = [((,&) denotes the inner product on the Lie algebra
0%(Z; gp) and p is the moment map of the gauge action,

CAP) — Q(Ziep)
e A — *FA.

Indeed, one has for all 3 € Q'(%; gp)

W(Xc(A), B) = /E<dAsAﬁ> — (wdaB, £,

where *dy4 is the differential of the moment map at A € A(P). For a flat
connection A € Ag,(P) one has a chain complex
LieG(P) — TaA — LieG(P)
I I I
Q°(Z;gp) o (i gp) o Q°(Z;gp)

Xg:

Here the second arrow is the infinitesimal action at A and the third arrow is
the differential of the moment map at A. If A is moreover irreducible', then
the quotient u=1(0)/G(P) = Agat(P)/G(P) =: Mp is a smooth manifold near
the equivalence class of A. (This can be made precise in the setting of Banach
manifolds — using the Sobolev completions of the space of connections and the
gauge group.) So the moduli space of connections Mp is a smooth manifold
with singularities at the reducible connections. It can moreover be seen as
the symplectic quotient of the Hamiltonian gauge action on the symplectic
space of connections,

Mp = A(P)//G(P) = u~'(0)/G(P).

So Mp is a (singular) symplectic manifold with the symplectic structure
induced by (2.2).

LA connection A € Agat(P) is called irreducible if its isotropy subgroup of G(P) (the
group of gauge transformations that leave A fixed) is discrete, i.e. d4|qo is injective. For
a closed Riemann surface this is equivalent to d |1 being surjective.
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The Atiyah—Floer conjecture for mapping tori

A first version of the Atiyah—Floer conjecture for mapping tori was confirmed
by Dostoglou and Salamon [DS2]: Consider a nontrivial SO(3)-bundle P — ¥
over a Riemann surface Y with an orientation preserving automorphism
f: P — P. Similarly as above, the moduli space Mp := Aga(P)/Go(P)
of flat connections on P modulo the identity component Gy(P) of the gauge
group is a compact symplectic manifold, and the pullback of connections
under f obviously induces a symplectomorphism ¢; : Mp — Mp. So one
has a symplectic Floer homology HF?™(¢). On the other hand, the au-
tomorphism f induces an orientation preserving diffeomorphism f : > — X
(by abuse of notation), which gives rise to an oriented closed 3-manifold, the
mapping cylinder Yy := R x X/ ~ with (t+1, z) ~ (¢, f(2)) for all ¢t € R and
z € . The same mapping cylinder construction yields a nontrivial SO(3)-
bundle Py over Y;. This can be used to define the instanton Floer homology
HF™ (1)

Theorem 2.1 (Dostoglou,Salamon) Let f : P — P be an orientation
preserving automorphism of a nontrivial SO(3)-bundle P — ¥ over a Rie-
mann surface 3. There is a natural isomorphism

HE (Yy) = HFY™ (py).

The proof relates pseudoholomorphic sections of a bundle over a cylinder
with fibre Mp to anti-self-dual instantons on the corresponding 4-manifold
(in which the fibre is replaced by X itself). The relation is established by an
adiabatic limit argument in which the metric on X converges to zero. More
precisely, a flow line of the symplectic Floer homology is a pseudoholomorphic
cylinder, u : R* — Mp with the twist condition u(s,t+ 1) = ¢r(u(s,t)) and

Osu + J(u)Owu = 0.

Here the almost complex structure J on Mp is induced by the Hodge operator
on 3. One can lift u to a map A : R? — Ag,.(P) with A(s,t+1) = f*A(s, t).
Then the pseudoholomorphic equation is equivalent to

0s A+ %A = dg® + xdy ¥,

where @, ¥ : R? — Q°(X, gp) are uniquely determined by A and satisfy the
same twist condition as A. Now one can view A + ®ds + ¥d¢ as connection
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on R x Py which satisfies

0sA — da® + %0, A — xd, ¥ = 0,
«Fy = 0. (2.3)

On the other hand, a flow line of the instanton Floer homology is an (equiv-
alence class of an) anti-self-dual instanton on R x Py, ie. a connection
A+ ®ds + vdt that satisfies

0,A —dg® + %0, A — xdyq ¥ = 0,
0P — 0,0 — [®, U] — e 2% Fy = 0. (2.4)

Here one can fix any € > 0 by rescaling the metric on ¥ by the factor &2,
since the instanton Floer homology is independent of the metric on the base
manifold. An adaptation of Uhlenbeck’s compactness theorems shows that
sequences of such anti-self-dual instantons for € — 0 converge (modulo gauge)
to solutions of (2.3). Now the gauge equivalence classes of these solutions are
exactly the pseudoholomorphic cylinders. Conversely, an implicit function
argument shows that for sufficiently small € > 0 near every solution of (2.3)
one finds a solution of (2.4). So this gives a bijection between the flow lines
of the symplectic and the instanton Floer homology. Moreover, the critical
points of both Floer homologies can be naturally identified as follows. A
connection A+ Wdt € A(R x P) is flat if Fy =0 and A—d ¥ = 0. So if one
makes U vanish by a gauge transformation v € G(R x P) then one obtain
a constant path u*(A + Wdt) = Ay € Apat(P). Now such a constant path
comes from a flat conection A+Wdt on Py = Rx P/ ~ precisely when f*A is
equivalent by a gauge transformation in the identity component of the gauge
group to Ag, that is the gauge equivalence class of Aq is a fixed-point of the
map ¢ induced by f* on the moduli space Mp. This indentifies the critical
points of the instanton Floer homology with those of the symplectic Floer
homology.

The Atiyah—Floer conjecture for homology 3-spheres

The original version in [A2] of the Atiyah—Floer conjecture for Heegard split-
tings of homology 3-spheres is still open: A Heegard splitting Y = Yy Uy V)
of a homology 3-sphere is a decomposition into two handlebodies Yy, Y; with
common boundary >. It gives rise to two Floer homologies. The moduli space
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My, of flat connections on the trivial SU(2)-bundle over ¥ is a finite dimen-
sional symplectic manifold (with singularities) and the moduli spaces Ly, of
flat connections over ¥ that extend to Y; are Lagrangian submanifolds of My,
(see chapter 4). Atiyah and Floer conjectured that the resulting Lagrangian
Floer homology should be isomorphic to the instanton Floer homology of Y.

Conjecture 2.2 (Atiyah,Floer) Let Y = Y, Ux Y] be a Heegard splitting
of a homology 3-sphere. Then there exists a natural isomorphism

HF™Y(Y) = HFY™P(My, Ly,, Ly,).

Taubes [T] proved that the Euler characteristics agree. Salamon [Sal]
outlined a program for a proof of the Atiyah—Floer conjecture for homology
3-spheres. The central point of this program is a Lagrangian boundary value
problem for anti-self-dual instantons that is motivated by the Chern-Simons
functional.

Chern-Simons functional on 3-manifolds with boundary

In this subsection we give a geometric motivation for the boundary value
problem that is treated in this thesis. The map

Fa: a|—>/<FA/\a)
Y

defines a 1-form F on the space of connections A(Y") on the trivial G-bundle
over a compact 3-manifold Y. Near a connection A € A(Y) with trivial
isotropy group the space of connections A(Y) can be seen as G(Y')-bundle
over My := A(Y)/G(Y). The 1-form F on this bundle is gauge invariant,
and if Y is closed, then it is also horizontal, i.e. it vanishes on the fibres: For
all vertical tangent vectors a = d & with £ € Q(Y; g) Stokes’ theorem gives

Fa(dal) = —/

Y

(aFa )+ [ (Fa €)= 0 (2.5)

oY

So for closed manifolds Y this 1-form descends to a 1-form on the (singu-
lar) moduli space My, and moreover F is closed. Indeed, one can view
a,8 € QYY;g) = TAA(Y) as (constant) vector fields on A(Y), then their
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Lie bracket vanishes and one obtains by Stokes’ theorem and due to 9Y = ()
dF (e, B) = Vao(F(B)) = Va(F())
:/<dAOéAﬂ> —/(dAﬁ/\oz)
Y

Y

:/ (anp) = 0. (2.6)
oy

In fact, for closed Y the 1-form F is even exact — it is the differential of the
Chern-Simons functional (2.1). If Y has nonempty boundary 9Y = ¥ then
the differential (2.6) does not vanish but is equal to the standard symplectic
structure w defined in (2.2) on A(X). To render F closed, it is natural to
pick a Lagrangian submanifold £ C A(X) and restrict F to the space

AW, L) = {A e AY)|Als € L}.

(If £ C A(Y) is any submanifold, then the closedness of F is equivalent to
w|z = 0, and the maximal such submanifolds are precisely the Lagrangian
submanifolds.) In order that F again descends to a 1-form on the moduli
space A(Y,L)/G(Y) one has to assume that £ is gauge invariant and that
L C Agat(X) lies in the space of flat connections. 2 The first assumption
ensures that G(Y) acts on A(Y, L) and the second assumption renders F
horizontal, c.f. (2.5). Under these assumptions £ descends to a (singular)
Lagrangian submanifold in the (singular) moduli space of flat connections,

L:=L/G(Y) C My := Agat(2)/G(2).

In order to obtain a well defined Floer homology for such Lagrangians we shall
moreover assume that L is simply connected. (This ensures a monotonicity
property that gives control on the energies of flow lines between fixed critical
points.) Now in general, £ is not simply connected, but its fundamental
group cancels with that of G(X). This is the reason why F is not exact
but can only be written as the differential of the multi-valued Chern-Simons
functional

CSL(A):%/<(A/\dA>+%<[A/\A]/\A>)+/1/<A0(t)/\A0(t))dt.

Y

2These two assumptions are equivalent if G is connected, simply connected, and has a
discrete center — as for example G = SU(2).
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Here one has to choose a path Ay(t) € £ with Ag(0) = 0 (or any other fixed
reference connection in £) and Ag(1) = Alx. Unless £ is simply connected the
homotopy class of this path is not unique and hence the right-hand side is only
well defined up to some positive integer. From now on we take G = SU(2),
then this defines a functional CS; : A(Y, L) — R/47?Z. A negative gradient
flow line of this functional is a path A : R — A(Y") satisfying

0,A+ *xFy =0, A(s)ls € L VseR.

Equivalently, one can view this path as connection A = A+®ds € AR xY)
in the special gauge ® = 0. Then the above equation is the anti-self-duality
equation for A. So the gauge equivalence classes of gradient flow lines of the
Chern-Simons functional are in one-to-one correspondence with the gauge
equivalence classes of solutions of the following boundary value problem for
connections A € A(R x Y)

F;+%xF; =0,
4 A (2.7)
Alsixz €L VseR.

This is precisely the boundary value problem that we study in this thesis.

Floer homology for 3-manifolds with boundary

Fukaya set up a program to define Floer homology groups for 3-manifolds
Y with boundary Y = ¥ using Lagrangian boundary conditions in the
moduli space My, of flat connections, [Ful, Fu2]. For the definition of Floer
connecting orbits he uses a degeneration of the metric on Y to couple the
anti-self-duality equation for instantons on the interior of R X Y to the pseu-
doholomorphic equation for strips in My, with a Lagrangian boundary con-
dition. In order that the moduli space My is a smooth symplectic manifold,
Fukaya uses SO(3)-bundles over Y that are nontrivial over the boundary 0Y".

The above discussion of the Chern-Simons functional suggests an alter-
native approach by Salamon [Sal] that allows to use trivial SU(2)-bundles.
This approach uses the solutions of (2.7) to define the Floer homology groups
HF™(Y, L) for a 3-manifold with boundary Y = ¥ and a Lagrangian sub-
manifold L = £/G(X) C My. This is the starting point of his program for
the proof of the Atiyah-Floer conjecture 2.2. Fukaya’s approach would also
fit into this program, however, this would require to extend his definition of
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the Floer homology groups HF™'(Y, L) to trivial bundles and thus singular
moduli spaces. This thesis follows Salamon’s approach and sets up the basic
analysis for the boundary value problem (2.7) that is required for the defini-
tion of Floer homology groups.

The Floer complex will be generated by the critical points,

CF(Y, L) := & Z([A]).

[AJeAf, (V,£)/G(Y)

Here Aj,. (Y, L) denotes the set of irreducible flat connections A € Ag,(Y)
with Lagrangian boundary conditions A|y € £. 3 For any two such con-
nections AT, A~ one then has to study the moduli space of Floer connecting
orbits,

M(A™, AN ={A e AR XxY) | A satisfies (2.7), hlil A=A*}/GRxY).

The analysis of the asymptotic behaviour of solutions of (2.7) should show
that the convergence at infinity is equivalent to the Yang-Mills energy of
the instanton being finite, hence these moduli spaces consist of connected
components of

M(L)={A e AR XY)|(2.7), YM(A) < 00} /GR x Y).

Firstly, theorem A shows that the spaces of smooth connections and gauge
transformations in the definition of these moduli spaces can be replaced by
suitable Sobolev completions. Now M(L) can be identified with the zeros
of a section of a Banach space bundle. Theorem C then is one step towards
showing that this moduli space is a smooth manifold. It asserts that in the
compact model case, the linearizations of the section at its zeros are Fred-
holm operators. The analysis of the asymptotic behaviour of the solutions
should be combined with this Fredholm theory (and a perturbation of the
equations (2.7) ) to show that M(A~, A1) is a disjoint union of smooth mani-
folds of the dimension p(A~) — u(A*) + 8Z. (These connected components
are distinguished by the homotopy class of the path in A(Y, £) running from

3There should be no reducible flat connections with Lagrangian boundary conditions
other than the gauge orbit of the trivial connection. This will be guaranteed by certain
conditions on Y and L, for example this is the case when L = Ly, for a handlebody Y’
with Y’ = ¥ such that Y Ug Y’ is a homology-3-sphere.
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A~ to A*.) Here u: Aj, (Y, L) — Z/8Z is a (mod 8)-grading on the Floer
complex. Now a monotonicity property provides a fixed Yang-Mills energy
for the connections in the k-dimensional part M¥(A~, A*) of the space of
connecting orbits.

Theorem B is one step towards a compactification of these moduli spaces
MPF(A=, A*). Tt proves their compactness under the assumption of an LP-
bound on the curvature for p > 2, whereas the Yang-Mills energy is only
the L?>-norm. So an analysis of the possible bubbling phenomena should
then lead to the required compactification. In the case of index difference
(A7) — p(AT) =1 (mod 8), this will show that M!'(A~, AT)/R is a finite
set (after dividing out the time-shifts). Thus the Floer boundary operator
can be defined by

o([A7T]) = Y #(M(AT,AT)/R) ([AT]).

p(AT)=p(A7) -1

As usual in Floer homologies, o0 = 0 should then follow from a glueing the-
orem that identifies the broken flow lines [, MY A=, A)/Rx MY (A, AT)/R
with the boundary of the compactification of M?*(A~, AT)/R. (The number
of broken flow lines from A~ via some A € A} (Y, L) to AT gives the factor
in front of ([AT]) in 09([A~]). This number is even, so it vanishes in Z,
since it is the number of boundary points of a compact 1-manifold. If counted
with signs according to certain choices of orientations, then it also vanishes in
Z..) One then obtains the Floer homology groups HF™'(Y, L) := H,(CF, d).

In order to prove that these are independent of the metric on Y, one
defines a chain homomorphism between the Floer complexes corresponding
to different metrics ¢— and ¢* on Y. This is done completely analogous
to the definition of 0 by counting the solutions of (2.7) for a metric on
R x Y that interpolates between g~ and g* (see example 1.4). Finally,
one has to prove that the thus defined isomorphism of Floer homologies is
independent of the chosen interpolating metric, i.e. find a chain homotopy
equivalence between the chain homomorphisms of two different interpolating
metrics. This homomorphism of the Floer complexes is again defined by
counting elements of a moduli space. This time however, one chooses a path
between the two interpolating metrics, then the moduli space contains pairs
of metrics in this path and solutions of (2.7) with respect to this metric. The
compactification of these moduli spaces is the reason for considering varying
metrics in theorem B.
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The program for a proof of the Atiyah-Floer conjecture
and the significance of this thesis

The first step of the program by Salamon [Sal] for the proof of the Atiyah-
Floer conjecture is to define the instanton Floer homology HF™(Y, L) for a
3-manifold with boundary 0Y = ¥ and a Lagrangian submanifold L C My,
in the moduli space of flat connections. The basic analytic framework for
this Floer theory is set up in this thesis. The regularity theorem A shows
that the boundary value problem whose solutions will be the connecting or-
bits is wellposed. The compactness theorem B is a major step towards the
compactification of the moduli spaces of connecting orbits. It remains to
analyse the bubbling phenomena at the boundary — these remaining obsta-
cles for the compactification of the moduli spaces are discussed in chapter 8.
Theorem C sets up the Fredholm theory (leading to the smoothness of the
moduli spaces) for the compact model case. Here it remains to analyse the
asymptotic behaviour of finite energy solutions of the boundary value prob-
lem (2.7) — which should be a straightforward analogon of the closed case —
and combine this with theorem C to a Fredholm theory in the noncompact
case. Suitable perturbations of the anti-self-duality equation as in the closed
case then should lead to the required transversality result giving the mod-
uli spaces the structure of finite dimensional smooth manifolds. Together
with the compactification of the moduli spaces this allows to define the Floer
boundary operator 0. Finally, the proof of 900 = 0 and the metric indepen-
dence of the resulting homology require several glueing theorems that should
work analogously to Floer’s original glueing theorem [F1].

The next step in the program for the proof of the Atiyah-Floer conjecture
is to consider a Heegard splitting Y = Y, Uy, Y7 of a homology 3-sphere, and
replace the instanton Floer homology of Y by the Floer homology of the
3-manifold [0, 1] x ¥ with boundary ¥ U Y and the Lagrangian submanifold
Ly, X Ly, C Ms_y, in the moduli space of flat connections over 3 U X.
Here Yy, = ¥ and 9Y; = ¥ is the same Riemann surface with opposite
orientation. Let Ly, be the space of flat connections over ¥ that extend to
flat connections over Y;. Then £ := Ly, X Ly, C A(Z) x A(Z) = A(ZUY) is
a Lagrangian submanifold as considered in (2.7) and £/G(XUY) = Ly, x Ly,

In [Sal] it is conjectured that these two Floer homologies should be iso-
morphic.
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Conjecture 2.3 If Y = Yy Us Y] is a homology 3-sphere then there is a
natural isomorphism

HFi*HSt(Y) ~ HFi*Hst([(), 1] X 3, Ly, X Ly,).

Firstly, the Floer complexes can be identified as follows. Consider a
flat connection A € Ag,(Y). Thicken ¥ C Y and slightly shrink the
Y; such that one obtains a disjoint union ¥ = Y5 U [0,1] x ¥ U Y;. Now
Aljo1yxx € Amat([0,1] x ) with the boundary values Alqyxs; = Aloy, € Ly,
and A|gyxx = Alsy; € Ly,. So the main task is to identify the connecting
orbits.

The idea of the proof is to choose an embedding (0,1) x ¥ < Y starting
from a tubular neighbourhood of ¥ C Y at ¢ = 1 and shrinking {t} x ¥ to the
1-skeleton of Y; for t = 0, 1. Then the anti-self-dual instantons on R x Y pull
back to anti-self-dual instantons on R x [0, 1] x ¥ with a degenerate metric
for t = 0 and t = 1. On the other hand, one can consider anti-self-dual
instantons on R X [e,1 — ¢] x X with boundary values in Ly, and Ly,. As
¢ — 0, one should be able to pass from this genuine boundary value problem
to solutions on the closed manifold Y.

The final part of the proof of the Atiyah—Floer conjecture would be to
establish the following conjecture [Sal].

Conjecture 2.4 If Y = Yy Us Y] is a homology 3-sphere then there is a
natural isomorphism

HFinSt([O, 1] % E’ LY() X LYl) = HFiymp(anLYoa LY1).

Again, one sees easily that the Floer complexes (generated by the critical
points) are naturally isomorphic as follows. In the instanton Floer homology
the critical points are the equivalence classes of flat connections on [0, 1] x 3
with boundary values in Ly, and Ly, at t = 0 and ¢ = 1 respectively. They
can be written as A + Wdt with A(t) € Q'(3;g) and ¥(¢) € Q°(%;g) for
all t € [0,1]. One can make ¥ vanish by a gauge transformation, then
the flatness condition A — d4¥ = 0 implies that A is t-independent, so
A(0) = A(1) € Ly, N Ly,. Thus the critical points here can be identified
with intersection points of the Lagrangian submanifolds Ly, and Ly, in the
moduli space My — which are exactly the critical points of the symplectic
Floer homology.
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So the proof of this conjecture requires an adaptation of the adiabatic
limit argument in [DS2] to boundary value problems for anti-self-dual in-
stantons and pseudoholomorphic curves respectively in order to identify the
moduli spaces of connecting orbits. Here one again deals with the boundary
value problem (2.7) studied in this thesis. As the metric on 3 converges
to zero, the solutions, i.e. anti-self-dual instantons on R x [0,1] x X with
Lagrangian boundary conditions in Ly,, Ly, C My should be in one-to-one
correspondence with connections on R x [0,1] x ¥ that descend to pseudo-
holomorphic strips in My, with boundary values in Ly, and Ly, .
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Chapter 3

Weakly flat connections

In this chapter we consider the trivial G-bundle over a closed manifold ¥
of dimension n > 2, where G is a compact Lie group. Fix p > n. Then a
connection A € A% () is called weakly flat if

/(A, dw—3(=1)"* [AA*]) =0  VYwe Q(Z,g). (3.1)

For sufficiently regular connections, (3.1) is equivalent to the connection be-
ing flat, that is F4 = dA + 3[AA Al = 0. We denote the space of weakly
flat LP-connections over ¥ by

Agh () := {A € A°P(Z) | A satisfies (3.1)}.

One can check that this space is invariant under the action of the gauge
group G'P(X). Here p > 2 is required in order that (3.1) is welldefined, and
GHP(Y) is welldefined for p > n, see e.g. [We, Appendix B].

The next theorem shows that the quotient A3” (3)/G5P(X) can be identi-
fied with the usual moduli space of flat connections Ag.(2)/G(X) — smooth
flat connections modulo smooth gauge transformations.

Theorem 3.1 For every weakly flat connection A € AYR(X) there exists a
gauge transformation u € GYP(X) such that u*A € Agat (%) is smooth.

The proof will be based on the following LP-version of the local slice
theorem, a proof of which can be found in [We, Theorem 9.3].
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Proposition 3.2 Fiz a reference connection A € A%P(%). Then there exists
a constant & > 0 such that for every A € AP(X) with ||A — Al|, < § there
exists a gauge transformation u € GYP(X) such that

/<u*A — A, dsn) =0 Vn e C* (%, g). (3.2)
s
Equivalently, one has for v=u"1 € GHP(X)

/<’U*A—A, dan) =0 VY € C*(%, 9).
2

The weak flatness together with the weak Coulomb gauge condition (3.2)
form an elliptic system, so theorem 3.1 then is a consequence of the following
lemma. For closed manifolds M = X, this regularity result is essentially
due to the Hodge decomposition of LP-regular 1-forms. In the case when
M = ¥ is in fact a Riemann surface, this result directly follows from the
regularity theory for the weak Laplace equation. However, the lemma also
holds on manifolds with boundary, and it yields componentwise regularity
results. This will be useful for the proof of theorem C in chapter 7. Here we
use the following notation:

C5°(M) = {¢ € C(M) | dlons = 0},
CX(M)={pecC>(M)|Z,, =0}
Lemma 3.3 Let (M,g) be a compact Riemannian manifold (possibly with
boundary), let k € Ng and 1 < p < co. Let X € I'(TM) be a smooth vector
field that is either perpendicular to the boundary, i.e. X|gnr = h - v for some
h € C*(OM), or tangential, i.e. X|oyy € T(TOM). In the first case let
T =C°(M), in the latter case let T = C;°(M). Then there ezists a constant
C' such that the following holds:
Let f € Wk»(M), v € WEP(M, A*T*M), and suppose that the 1-form
a € WEP(M, T*M) satisfies

/M<O‘=dn>=/Mf-n Vi € C(M),
/J‘/a,d*w):/M(%W) Vo =d(¢-ixg), d€T.

Then o(X) € WrLP(M) and
lae(X) [lwrsro < C (I fllweo + Illwre + [leellwes).
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Remark 3.4 In the case £k = 0 let %+ z% = 1, then the weak equations for «
can be replaced by the following: There exist constants ¢; and ¢, such that

\[;«Lcm>\3clwmw vy € ¢ (M),
}A;%&aaumﬁgwnwww voeT.

The estimate then becomes || (X[l < C(er + e + [laf,) -

The regularity and estimates claimed here will follow from weak Laplace
equations. We abbreviate A := d*d. Then the proof will use the following
standard elliptic theory for the Laplace operator with Dirichlet or (inho-
mogenous) Neumann boundary conditions, which can for example be found
in [GT] and [We, Theorems 2.3",3.2,D.2].

Proposition 3.5 Let k € N, then there exists a constant C such that the
following holds. Let f € WF-1P(M) and G € WHP(M) and suppose that
u € WHEP(M) is a weak solution of the Dirichlet problem (or the Neumann

problem with inhomogenous boundary conditions), that is for all ¥ € Cg°(M)
(or for all vp € C*(M))

/Mu-A@b :/Mf-@/)%—/aMG-@Z).

Then u € WETLP(M) and
[ullwesre < C(1fllwrro + 1 Gllwes + [luflwes).

In the special case k = 0 there exists a constant C' such that the following
holds: Suppose that w € LP(M) and that there exists a constant ¢ such that
for ally € C*(M) (or for all ¢ € C(M))

/uﬂwywmm
M

Then v € WYP(M) and

lullwsr < C e+ [lullze).
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Proof of lemma 3.3 and remark 3.4 :
Let o € C>®°(M, T*M) be an LP-approximating sequence for « such that
¥ = 0 near M. Then one obtains for all ¢ € T

| alx)- 86 = im (/M<£Xav,d¢>—/M<Lxda“,d¢>)
~ lim <—/M<av,£xd¢>—/ (0¥, divX - dg)

V—00 M

—/M<a",Lyd¢£Xg>—/M<doz”,exg/\d¢>)
:/M<a,d(—£xgb—divX-¢)>—/<aad*(LX9/\d¢)>

M

+/M<a, 6 d(divX) — 1y, Lxg)
:/M<f,_5X¢—divX-¢>+/M<v,d(cwag))
_/M<a,d*(¢-dbxg)>+/ (o, ¢ d(divX) — oy, Lxg).

M
Here the vector field Ygg4 is given by ty,,g = d¢. In the case k > 1 further
partial integration yields for all ¢ € T

[at)s6= [ Foor [ o
M M oM
where F' € WF=LP(M), G € WFP(M), and for some constant C

1 lwe-ro + G llwre < C(ILF lwer + 17 lwer + lldllwes).

So the regularity proposition 3.5 for the weak Laplace equation with either
Neumann (7 = C(M)) or Dirichlet (7 = C°(M)) boundary conditions
proves that a(X) € W*LP(M) with the according estimate.

In the case & = 0 one works with the following inequality: Let ]% + % =1,
then there is a constant C' such that for all ¢ € 7

/Ma(X) N

(Under the assumptions of remark 3.4, one simply replaces || f||, and [|v]|,
by ¢; and ¢y respectively.) The regularity and estimate for a(X) then follow
from proposition 3.5. g

< C(Ifllp + Il + el ) @l
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Proof of theorem 3.1 :

Consider a weakly flat connection A € Ag”(¥). Let § > 0 be the constant
from proposition 3.2 for the reference connection A and choose a smooth
connection A € A(X) such that |A — A||, < 6. Then by proposition 3.2
there exists a gauge transformation u € G1*(X) such that

/<u*A—f~1,djn>:O Vn € C*(%, g).
2

Now lemma 3.3 asserts that a 1= u*A—A € LP(3, T*$®g) is in fact smooth.
(By the definition of Sobolev spaces via coordinate charts it suffices to prove
the regularity and estimate for a(X), where X € I'(TX) is any smooth vector
field on X.) This is due to the weak equations

[t an) == [slanedn) v € C¥(.0),
/(a,d*w>:—/(dﬁ+%[u*A/\u*A],w) Yw e Q*(X, g).

Firstly, the inhomogeneous terms are of class Lz, hence the lemma asserts

Whi-regularity of o and u*A. Now if p < 2n, then the Sobolev embedding
gives LP'-regularity of u*A with p; := #fp (in case p = 2n one can choose

any p; > 2n). This is iterated to obtain LPi-regularity for the sequence

Pit1 = %"—fjpj (or any pji1 > 2n in case p; > 2n) with pg = p. One checks

that p;.; > Op; with 0 = sy > 1 due top > n. So after finitely many
steps this yields Wl4-regularity for some ¢ = FY > n. The same is the case
if p > 2n at the beginning. Next, if u*A is of class W4 for some k € N,
then the inhomogeneous terms also are of class W% and the lemma asserts
the Wk+ldregularity of a and hence u*A. Iterating this argument proves

the smoothness of ©v*A = A + «. O

Weakly flat connections over a Riemann surface

Now we consider more closely the special case when ¥ is a Riemann surface.
Theorem 3.1 shows that the injection Ag(X)/G(X) — A" (X)/G'?(L) in
fact is a bijection. These moduli spaces are identified and denoted by Msy.
Furthermore, the holonomy induces a natural bijection from My, to the space
of conjugacy classes of homomorphisms from 7 (X) to G, see theorem A.2

My = AGH(2)/G'7(E) = Agu(T)/G(E) = Hom(m(T),G)/ ~ .
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From this one sees that My is a finite dimensional singular manifold. If we
assume G = SU(2), then My, has singularities at the product connection and
at the further reducible connections — corresponding to the connections for
which the holonomy group is not SU(2) but only {1} or is conjugate to the
maximal torus S C SU(2). ! Away from these singularities, the dimension
of My, is 6g — 6, where ¢ is the genus of 3. (The arguments in [DS1, §4] show
that T4 Ms, = kerds/imds = hl; has dimension 3 - (29 — 2) at irreducible
connections A.)

For the same reasons the space of weakly flat connections Ag’a”t(Z) is in
general not a Banach submanifold of A%P(X) but a principal bundle over a
singular base manifold. To be more precise fix a point z € ¥ and consider
the space of based gauge transformations, defined as

G (L) = {ue G (D) |u(z) =1}.

This Lie group acts freely on A% (X). The quotient space A» (X)/GLP(X)
can be identified with Hom(m(X),G) via the holonomy based at z. This
based holonomy map p, : AY’(¥) — Hom(m(X),G) is defined by first
choosing a based gauge transformation that makes the connection smooth
and then computing the holonomy. Now p. gives AJF (X) the structure of
a principal bundle with fibre G1?(3) over the finite dimensional singular
manifold Hom(7(X), G),

G.7(2) — Agi(2) = Hom(m (%), G).

Note that this discussion does not require the Riemann surface ¥ to be
connected. Only when fixing a base point for the holonomy map and the
based gauge transformations one has to adapt the definition. Whenever
¥ = (J;, ¥; has several connected components ¥;, then "fixing a point z € ¥’
implicitly means that one fixes a point z; € ¥; in each connected component.
The group of based gauge transformations then becomes

G (UL, Z) = {ue (D) |u(z) =1 Vi=1,...,n}.

IThe holonomy group of a connection is given by the holonomies of all loops in 3, c.f.
appendix A. Now the isotropy subgroup of G(X) of the connection is isomorphic to the
centralizer of the holonomy group, see [DK, Lemma 4.2.8].



Chapter 4

Lagrangians in the space of
connections

Consider the trivial G-bundle over a (possibly disconnected) Riemann surface
Y of (total) genus g. Here again G is assumed to be a compact Lie group
and g denotes its finite dimensional Lie algebra. There is a gauge invariant
symplectic form w on the space of connections A%P(X) for p > 2 defined as
follows. For tangent vectors v, 8 € LP(X, T*X ®g) to the affine space A% (X)

w(a,m:/zww. (4.1)

The action of the infinite dimensional gauge group G'*(X) on the symplectic
Banach space (A°P(X),w) is Hamiltonian with moment map A +— *F4 (more
precisely, the equivalent weak expression in (WP (¥, g))*). So Ms can be
viewed as the symplectic quotient A%?(X)//G1P(X) as was first observed by
Atiyah and Bott [AB], c.f. chapter 2. However, 0 is not a regular value of
the moment map, so My, is a singular symplectic manifold. Due to these
singularities at the reducible connections we prefer to work in the infinite
dimensional setting.

A Lagrangian submanifold £ C A°?(Y) is a Banach submanifold that
is isotropic, w|r,r, = 0 for all A € £, and is of maximal dimension. In this
infinite dimensional setting, the latter condition can be phrased as

TA.AO’p(Z) =TsLD JTYL VA e L.

Here one has to choose an w-compatible complex structure J € End TA%(X),
i.e. such that J?> = —1 and w(-, J-) defines a metric. (The latter condition
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is in fact independent of the choice of J since the space of w-compatible
complex structures is connected [MS1, Proposition 2.48].)

Now note that the Hodge * operator is an w-compatible complex structure
since w(-, *-) is the L?-inner product. For all , 8 € LP(X, T*Y ® g)

(e, +B) = /S<oz/\>x<ﬂ> ~ (o, B (4.2)

Hence a Banach submanifold £ C A%?P(X) is Lagrangian if and only if it is
isotropic, w|, = 0, and totally real, i.e. for all A € L

[P(E, TS ®g) = Tal @ «T4L. (4.3)

Suppose that £ is Lagrangian and in addition £ C Agft(z), then one also
has the twisted Hodge decomposition (see e.g. [Wa, Theorem 6.8])

P, T*Y ®g) = imdy ®imd @ R, (4.4)

where hY = kerd, Nkerd?. The assumption £ C A" () also ensures that
L is gauge invariant if G is connected and simply connected. On the other
hand, the gauge invariance of £ implies £ C A" (¥) if the Lie bracket on G
is nondegenerate (i.e. the center of G is discrete). So for example in the case
G = SU(2) both conditions are equivalent.

In general we will consider Lagrangian submanifolds £ c A%P(X) and
assume that they are both gauge invariant and contained in Agg’t(z). In that
case L descends to a (singular) submanifold of the (singular) moduli space
of flat connections,

L= L/G'(X) C Agh(X)/GMP(X) =: Ms.

This submanifold is obviously isotropic, i.e. the symplectic structure in-
duced by (4.1) on My, vanishes on L. Moreover, its tangent spaces have
half of the dimension of those of My, so L. C My is a Lagrangian subman-
ifold. Indeed, in the Hodge decomposition (4.4) imd¥ is the complement
of kerdy = T4 A" (%), imdy is the tangent space to the orbit of GP(X)
through A, and so h!j = T4 Ms. Now compare this with the decomposition
(4.3). Here imdy C T4L and imd¥ C *T4L are mapped to each other by
the complex structure , and thus the intersection of k' with T 4L is of half
dimension — this is exactly T4 L.
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Moreover, our assumptions on the Lagrangian submanifold ensure that
the holonomy map p, : £ — Hom(m(X), G) based at z € ¥ is welldefined
and invariant under the action of the based gauge group G1?(X). Note that
Hom(m (X), G) naturally embeds into Hom (7 (X\{z}), G), which is a smooth
manifold diffeomorphic to G?. This gives Hom(7(X), G) a differentiable
structure (that is in fact independent of z € X)), however, it is a manifold
with singularities. In the following lemma we list some crucial properties
of the Lagrangian submanifolds £ that we will deal with. Here we use the
notation

WIP(S,g) = {£ € WP(3,g) | £(2) = 0}
for the Lie algebra T1G?(X) of the based gauge group. (If X is not connected
then as before one fixes a base point in each connected component and mod-
ifies the definition of W!?(3, g) accordingly.) Moreover, in this chapter, we
will denote the differential of a map ¢ at a point = by T,¢ in order to dis-
tinguish it from the exterior differential on differential forms, d 4, associated
with a connection A.

Lemma 4.1 Let £ C A°?(X) be a Lagrangian submanifold and fiz z € 3.
Suppose that L C Ay (X) and that L is invariant under the action of GHP(3).
Then the following holds:

(i) L:= L/GIP(X) is a smooth manifold of dimension m = g -dim G and
the holonomy induces a diffeomorphism p, : L — M to a submanifold
M C Hom(m (%), G).

(ii) L has the structure of a principal GHP(X)-bundle over M,

GlP(Z) — £ 2 M.

(111) Fiz A € L. Then there exists a local section ¢ : V — L over a neigh-
bourhood V- C R™ of 0 such that $(0) = A and p, o ¢ is a diffeomor-

phism to a neighbourhood of p,(A). This gives rise to Banach subman-
ifold coordinates for L C AP(X), namely a smooth embedding

0: W — A"(Y%)

defined on a neighbourhood W C WIP(Z,g) x R™ x WlP(Z, g) x R™
of zero by

O (&0, v0, &1, v1) := exp(&o) d(vo) + *da&y + *Top(v1).
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Moreover, if A is smooth, then the local section can be chosen such that
the image is smooth, ¢ : V. — LN A(X). Now the same map © is a
diffeomorphism between neighbourhoods of zero in W1P(3, g?) x R?™
and neighbourhoods of A in A*P(X) for all p > 2.

One reason for this detailed description of the Banach submanifold charts
is the following approximation result for W!'P-connections with Lagrangian
boundary values.

Corollary 4.2 Let L C A°?(X2) be as in lemma 4.1 and let
QCH:={(s,t) e R* |t >0}

be a compact submanifold. Suppose that A € AYP(Q x X)) satisfies the bound-
ary condition
A|(s,0)><2 eL V(S, 0) € 0f. (4.5)

Then there exists a sequence of smooth connections AY € A(2 x X) that
satisfy (4.5) and converge to A in the W P-norm.

Proof of corollary 4.2:

We decompose A = ®ds+ ¥dt + B into two functions ®, ¥ € WP (Q x 3, g)
and a family of 1-forms B € W' (Qx ¥, T*¥®g) on X such that B(s,0) € L
for all (s,0) € 02. Then it suffices to find an approximating sequence for B
with Lagrangian boundary conditions on a neighbourhood of Q2 N OH. This
can be patched together with any smooth W!P-approximation of B on the
rest of €2 and can be combined with standard approximations of the functions
® and V¥ to obtain the required approximation of A.

So fix any (sg,0) € QNOH and use theorem 3.1 to find ug € G?(X) such
that Ay := u{B(s0,0) is smooth. Lemma 4.1 (iii) gives a diffeomorphism
O : W — V between neighbourhoods W C W!P(3, g?) x R®*™ of zero and
Y c A%(X) of Ag. This was constructed such that C*(X%,g?) x R*™ is
mapped to A(X) and such that © : W N W2P(X, g%) x R*™ — VN AYP(D)
also is a diffeomorphism. Now note that B € C°(2, A°?(X)). Hence there
exists a neighbourhood U C Q of (sg,0) and one can choose a smooth gauge
transformation v € G(X) that is WhP-close to ug such that u*B(s,t) € V
for all (s,t) € U. Now we define £ = (&,&) : U — WHr(%, g% and
v = (vo,v1) : U — R* by O(£(s,t),v(s,t)) = u*B(s,t). Recall that B is of
class W' on U x ¥, hence it lies in both WP (U, A°?(X) and LP(U, AMP(X).
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Thus & € WH(U, WHP(3Z,g?)) N LP(U,W2P(X, g%)) and v € WHP(U,R*™),
and these satisfy the boundary conditions &;];=0 = 0 and v1|;=9 = 0 due to the
Lagrangian boundary condition for B. Now there exist £V € C®(U x %, g?)
and v” € C®(U,R?*™) such that £ — ¢ and v¥ — v in all these spaces,
£(,2) = 0, &li=o = 0, and v¥|—g = 0. (These are constructed with
the help of mollifiers as in lemma 5.8; also see remark 5.9. One first re-
flects ¢ at the boundary and mollifies it with respect to U to obtain ap-
proximations in C*®(U, W2P(X, g?)) with zero boundary values. Next, one
mollifies on ¥, and finally one corrects the value at z.) It follows that
BY(s,t) = (u=1)*0(£"(s,t),v"(s,t)) is a sequence of smooth maps from U
to A(X) which satisfies the Lagrangian boundary condition and converges to
B in the WP-norm.

Now € N JH is compact, so it is covered by finitely many such neigh-
bourhoods U; on which there exist smooth W!'P-approximations of B with
Lagrangian boundary values. These can be patched together in a finite pro-
cedure since the above construction allows to interpolate in the coordinates
between £¥, v” and other smooth approximations £, v' (arising from approxi-
mations of B on another neighbourhood U’ in different coordinates) of £ and
v respectively. This gives the required approximation of B in a neighbour-
hood of 2 N JH and thus finishes the proof. O

Proof of lemma 4.1:
Fix A € £ and consider the following two decompositions:

LP(E, ™Y ® g) =TuL DT, L (46)
= duW2P(S,g) ® +daWIP(E, g) @ ha,

where h is a complement of the image of the following Fredholm operator:

WIP(S,g) x WH(E,g) — LP(E,T*E®g)
(&.¢) s da& 4+ *daC.

To see that D4 is Fredholm note that for every A € Aﬁ;’i(z) the operator
D, is injective and is a compact perturbation of Dy. Hence moreover the
dimension of coker D, (and thus of hy4) is the same as that of coker D.
In the case A = 0 one can choose the space of g-valued harmonic 1-forms
ht = ker dMker d* as complement hg. So h4 must always have the dimension
dimhy = dimh! = 2g - dim G = 2m. (Note that in general one can choose
h4 to contain hl, but this might not exhaust the whole complement.)

DAZ
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Due to the G}P(X)-invariance of £ the splittings (4.6) now imply that
there exists an m-dimensional subspace L4 C h, such that

TAL = d W (S, 9) @ La.

So T4L is isomorphic to the Banach space W!P(X,g) x R™ via dy & F
for some isomorphism F' : R™ — L,. Here we have used the fact that du
is injective when restricted to WP(X,g). Now choose a coordinate chart
® : TyL — L defined near ®(0) = A, then the following map is defined for
a sufficiently small neighbourhood V' C R™ of 0,

Gy xV — L

v (u,v) — u* (P o (Te®)™" o F(v)).

We will show that this is an embedding and a submersion (and thus a dif-
feomorphism to its image). Firstly, T oV : ({,w) — da€ + Fw is an
isomorphism. Next, note that ¥(u,v) = «*W(1,v) and use this to calculate
for all u € GHP(2), £ € WrP(X, g), and v,w € R™

TV : (§u,w) — U_l(d\p(ﬂm)ﬁ + T(n,v)\II(O,w))u.

One sees that u(T (M)\I/)u_l is a small perturbation of Ty ¥, hence one can
choose V sufficiently small (independently of «) such that T, ,)¥ also is an
isomorphism for all v € V. So it remains to check that ¥ in fact is globally
injective.

Suppose that u,uv’ € GI?(X) and v,v" € V such that ¥(u,v) = V(v 0').
Rewrite this as ¥(1,v) = U(a,v’) with @ := v/u™' € GLP(¥). Now by
the choice of a sufficiently small V' the norm ||¥(1,v) — ¥(1,v")||, can be
made arbitrarily small. Then the identity ¥(1,v) = ¢*W(1,v") automatically
implies that @ is C%close to 1. (Otherwise one would find a sequence of
LP-connections A — A and u” € GLP(X) such that ||u”*A¥ — A¥[|, — 0
but deo(u”, 1) > A > 0. However, from (u”) 'du” = u”*A” — (u’)"LA"u”
one obtains an LP-bound on du” and thus finds a weakly W!P-convergent
subsequence of the u”. Its limit u € G1?(X) would have to satisfy u*A = A,
hence u = 1 in contradiction to deo(u,1) > A > 0.) So one can write
@ = exp(§) where £ € WP(X, g) is small in the L>®-norm. Next, the identity

a'da = W(1,v) — a1, )

shows that ||£]|y1» will be small if V' is small (and thus @ is C%-close to 1).
Hence if V' is sufficiently small, then (u,v’) and (1,v) automatically lie in a
neighbourhood of (1, 0) on which W is injective, and hence u = v’ and v = v'.
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We have thus shown that ¥ : G1?(2) x V' — L is a diffeomorphism to its
image. This provides manifold charts ¢ : V — L/GLP(X), v+ [U(1,v)] for
L:=L/G(%). Now fix 2¢ generators of the fundamental group (%), then
the corresponding holonomy map p, : L — G X --- x G is an embedding,
so its image M C Hom(7(X), G) is a smooth submanifold. This proves (i).
For (ii) the diffeomorphism W gives a bundle chart over U := p,(¢»(V)) C M,
namely

Vo (idx (p o)) : GIP(X) xU — L.

Furthermore, the local section for (iii) is given by ¢(v) := ¥(1,v). However,
this is a map ¢ : V' — L; it does not necessarily take values in the smooth
connections. Now if A € £ N A(X) is smooth, then for a sufficiently small
neighbourhood V' this section can be modified by gauge transformations such
that ¢ : V' — LN A(X). To see this, note that the gauge transformations in
the local slice theorem are given by an implicit function theorem: One solves
D(v,&) =0 for £ = £(v) € WHP(3, g) with the following operator:

Vx Wh(S,g) — imd, c (W' (2g))"
(v,€) — dy (exp(§)*d(v) — A)

Here d; denotes the dual operator of d4 on WP (3, g). One has D(0,0) = 0
and checks that ,D(0,0) : £ — d’yd4€ is a surjective map to im d/,, see e.g.
[We, Lemma 9.5]. The implicit function theorem [L, XIV,Theorem 2.1] then
gives the required gauge transformations exp(£(v)) € GHP(X) that bring ¢(v)
into local Coulomb gauge and thus make it smooth. (By construction ¢(v) is
weakly flat, then see the proof of theorem 3.1.) This modification by gauge
transformations does not affect the topological direct sum decomposition
TsL = dAWZI’p(Z, g) @ im Tyo.

To see that the given map O is a diffeomorphism between neighbourhoods
of 0 and A just note that the inverse of TyO is given by the splitting

P(E,TE®g) =TALD *TyL
= AW (2, g) ®im Top @ *d WP (Z, g) ® im Too

D :

composed with the inverses of d A‘W}P(E o and Too. O

Now observe that the choice of p > 2 for the Lagrangian submanifolds in
the above lemma is accidental. All connections A € L are gauge equivalent
to a smooth connection, and the L7-completion of £N A(X) is a Lagrangian
submanifold in A%(X) for all ¢ > 2. In fact, this simply is the restricted
(¢ > p) or completed (¢ < p) G14(X)-bundle over M.
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The main example

Suppose that G is connected and simply connected and that ¥ = 9Y is the
boundary of a handlebody Y. (Again, the handlebody and thus its boundary
might consist of several connected components.) The crucial property of a
handle body Y is that the inclusion ¢ : ¥ — Y induces an isomorphism
m(Y) = m(X)/0m(Y,2). This is since Y retracts onto its 1-skeleton, which
can be chosen to lie in X, so we have the exact sequence

0=m(Y) > m(Y,2) 2 m(X) 5 mY) - m(Y,%) = 0.

The assumptions on G together with the fact that mo(G) = 0 for any Lie
group G (see e.g. [B, Proposition 7.5]) ensures that the gauge group G4#(%)
is connected and that every gauge transformation on ¥ can be extended to Y.
Let p > 2 and let £y be the LP(X)-closure of the set of smooth flat
connections on X that can be extended to a flat connection on Y,

Ly = l{A€ Agus(T) | A € Agur (V) : AJs = A} C A"?(%).
This set has the following properties.

Lemma 4.3

(i) Ly = {u(Als) | A € Agut(Y),u € G*2(5)}

(ii) Ly C A%P(X) is a Lagrangian submanifold.

(iii) Ly C AYP(S) and Ly is invariant under the action of G'P().

(iv) Fiz any z € ¥. Then

Ly = {A e 4G (D) | p-(A) € Hom(m (Y),G) C Hom(m (%), G)},
where we identify
Hom(m,(Y), G) = {p € Hom(m (%), G) | p(dms(Y, X)) = {1} }.

So Ly obtains the structure of a GLP(X)-bundle over the g-fold product
M=Gx---xG=Hom(m((Y),G),

gjp(Z) — Ly 2 Hom(m(Y), G).
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Proof: Firstly, £y C A" (%) follows from the fact that weak flatness is an
LP-closed condition for p > 2. The holonomy p, : AZ%(X) — G x --- x G
is continuous with respect to the LP-topology. Thus for every A € Ly the
holonomy vanishes on those loops in ¥ that are contractible in Y. On the
other hand, in view of theorem 3.1, every A € A" (¥) whose holonomy
descends to Hom(7(Y), G) can be written as A = u*A, where u € GHP(X)
and the holonomy of A € Agat(2) also vanishes along the loops that are
contractible in V. Thus A can be extended to a flat connection on Y and
smooth approximation of u proves that A € Ly. This proves the alternative
definitions of Ly in (iv) and (i). Then (iii) is a consequence of (i).

To prove the second assertion in (iv) we explicitly construct local sections
of Ly . Let the loops oy, b1, ..., a4, B, C X represent the standard generators
of m1(X) such that oy, ..., o, generate m (YY) and such that the only nonzero
intersections are o; N B3;. ! Now fix A € Ly. In order to change its holon-
omy along «; by some g € G close to 1, one gauge transforms A in a small
neighbourhood of 3; in ¥ with a smooth gauge transformation that equals 1
and g respectively near the two boundary components of that ring about 3;.
That way one obtains a smooth local section ¢ : V' — Ly defined on a neigh-
bourhood V' C g9 of 0, such that ¢(0) = A and p, 0 ¢ : V — Hom(m (YY), G)
is a bijection onto a neighbourhood of p,(A). This leads to a bundle chart

. gzl’p(Z) xV — ,Cy
o (wy) = w(v),

Note that for smooth A € £y N A(X) the local section ¢ constructed above
in fact is a section in the smooth part Ly N .A(X) of the Lagrangian. Us-
ing these bundle charts one also checks that £y C A%P(X) is indeed a Ba-
nach submanifold. A submanifold chart near ¥(u,v) € A%?(X) is given by
(&, w) — Y(exp(§u,v + w) + *T( ¥ ({, w). As in lemma 4.1 one checks
that this is a local diffeomorphism.

To verify the Lagrangian condition it suffices to consider w on T 4.A%?(%)
for smooth A € Ly. This is because both w and Ly are invariant under
the gauge action. So pick some A € Ly N A(X) and find A € Aga(Y) such
that A = fl\g. Let «, 3 € Ty4Ly, then by the characterization of Ly in (i)
we find &,¢ € W'(X,g) and paths A* A : [-1,1] — Agy(Y) such that

v

171() is the quotient of the free group generated by elements a1, f1, ..., oy, 3, by the
relation alﬁlal_lﬁl_l e agﬁgag_lﬁg_l = 1, whereas 71 (Y) is the free group generated by
Qq,y...,04.
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A*(0) = A%(0) = A and

a = dal+ 2| A%s)lx, B = daC+ 2| A%s)s.

s=

Now firstly Stokes’ theorem on ¥ with 0¥ = () proves
w(da§, daC) = lim /<dA§” Ada¢”) = lim /d<§” Adac”) = 0.
V—00 » V—00 b))

Here we have used smooth W 'P-approximations £” and ¢* of € and ( respec-
tively.

Similarly, one obtains w(da&, %Aﬁ‘g) =0 and w(%fl‘ﬂg, da() = 0 since
dA(%flﬂg) = %FAQ‘E = 0. Finally, Stokes’ theorem with 0Y = 3 yields

due to Fja(,) =0 for all s
v, 0) = [(EANsn g W) = [ a(gden g20)
> Y
= /<%Fga/\%flﬁ>—/<%flmiﬂw> = 0.
Y Y

This proves that w|r, ., = 0 and recalling (4.2) one moreover sees that T 4Ly
and *T 4Ly are L?-orthogonal. In fact, we even have the topological decom-
position LP(X, T*Y ® g) = TaLy ® «xT4Ly, and this proves the Lagrangian
property of Ly. To see that this direct sum indeed exhausts the whole space
consider the Hodge type decomposition as in the proof of lemma 4.1,

LP(E, TS ®g) = dAWIP(2, g) ® +d WP (2, g) @ ha.

Here we have dimhy = 2¢ - dim G, and we have already seen that Ly is
a GIP(¥)-bundle over the (g - dim G)-dimensional manifold Hom(m(Y), G).
So d4sW}P(X,g) C TaLy is the tangent space to the fibre through A, and
then for dimensional reasons T4Ly @ *T 4Ly also exhausts h4 and thus all
of (X, T*Y® g). O



Chapter 5

Cauchy-Riemann equations in
Banach spaces

In this chapter we give a general regularity result for Cauchy-Riemann equa-
tions in complex Banach spaces with totally real boundary conditions. One
component of the boundary value problem (1.2) will take this form, and the
regularity result for this component will be the key point of the proof of
theorems A and B.

So consider a Banach space X with a complex structure J € End X, i.e.
such that J? = —1. Let £ C X be a totally real submanifold, i.e. a Banach
submanifold such that X =T, L& JT,L for all x € L.

Example 5.1 In our application the Banach space will be A% (X)) with the
complex structure given by the Hodge operator J = % on 1-forms for any
metric on X. Then J is compatible with the symplectic structure w on
A%P(X) given by (4.1), since w(-, J-) is an L% inner product on the 1-forms.
Hence any Lagrangian submanifold £ C A%?(X) is totally real.

Recall that the gauge invariant Lagrangian submanifolds £ C AJ” (%)
in the previous chapter were modelled on W!P(3, g) & R™. We will use a
similar assumption for the general totally real submanifolds £ C X.

Assumption: Throughout this chapter we suppose that the totally real
submanifold £ C X is — as a Banach manifold — modelled on a closed sub-
space Y C Z of an LP-space Z = LP(M,R™) for some p > 1, m € N, and a
closed manifold M.

47
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Example 5.2

(i) Every finite dimensional space R™ is isometric to the subspace of con-
stants in LP(M,R™) for Vol M = 1.

(ii) The Sobolev space W4P(M) (and thus every closed subspace thereof)
is bounded isomorphic to a closed subspace of L?(M,R™).

To see this, choose vector fields X7, ..., X, € I'(TM) that span T, M
for all z € M. Then the map u — (u,Vx,u,..., V5 u) running
through all derivatives of u up to order ¢ gives a bounded isomor-
phism between W%P(M) and a closed subspace of LP(M,R™) =: Z for
m =1+k+ ...+ k'’ Estimates in Z then also yield W*P-estimates
since the norms are equivalent.

(iii) Finite products of closed subspaces in LP(M;, R™) are isometric to a
closed subspace of LP(|J M;, Rmaximat),

Now let H be the half space
H:={(s,t) e R? | t > 0}.

Let 2 C H be a compact 2-dimensional submanifold, i.e. €2 has smooth
boundary that might intersect OH = {t = 0}. We consider a map u : 2 — X
that solves the following boundary value problem:
Osu + Js 0 = G, (5.1)
u(s,0) € L ¥(s,0) € 0. '

Here J : Q — End X will be a suitably regular family of complex structures
on X. Now assume that u, G € W*4(Q, X) for some k € N and

_Jp k=2
=V 2p k=1

In both cases the following theorem then gives W+ P-regularity for u. Here
and throughout the interior of € is defined with respect to the topology of
H, so int §2 still contains 02 N OH.
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Theorem 5.3 Fiz 1 < p < oo and a compact subset K C int{). Let
ug € C®(Q, X) be such that ug(s,0) € L for all (s,0) € 0%, and let Jy €
C>(2,End X)) be a smooth family of complex structures on X. Then there
exists a constant 6, > 0 and for all k € N there exist constants do > 0 and C
such that the following holds:

Let J € C*Y(Q,End X) be a family of complex structures on X . Suppose
that u,G € W"1(Q, X) (with q as above) solve (5.1) and that

||“ B UOHL“’(Q,X) < 01, HJ - JOHC’““(Q,EndX) < 0.
Then u € WELP(K,| X)) and

|u — uollwr+re(rx) < C(l + |G llwra@x) + llu— UOHWk»q(Q,X))-

Note that the ug in this theorem is not a solution of the equation. It
only satisfies the boundary condition and will be required for the choice of
coordinates near £ in the proof.

Theorem 5.3 will be essential for the nonlinear regularity and compact-
ness results in chapter 6. For the Fredholm theory in chapter 7 we will
moreover need the following regularity and estimate for the linearization of
the boundary value problem (5.1). In order to state the corresponding weak
equation we introduce the dual operator J* € End X* of the complex struc-
ture J € End X, where X* denotes the dual space of X.

Theorem 5.4 Fiz 1 < p < oo and a compact subset K C intQ). Fix a
path x € C*(R, L) in L and let J € C>*(Q, End X) be a family of complex
structures on X . Then there is a constant C' such that the following holds:

Suppose that u € LP(Q, X)) and that there exists a constant ¢, such that
for all ¢ € C*(Q, X*) with supp ¢ C int Q and ¢(s,0) € (J(s,0) Ty L)*" for
all (s,0) € 09

/Q (u, 0b + 0 (T))| < callllo xo

Then u € W'?(K, X) and

ullwre,x) < Ccu + lull e, x))-

Corollary 5.5 Under the assumptions of theorem 5.4 there exists a con-
stant C' such that the following holds: Suppose that u € WP(Q, X) satisfies
u(s,0) € Ty L for all (s,0) € 0N, then

lullwir,x) < C([|0su + JOul|ro,x) + Jullr@,x))-



50 CHAPTER 5. CAUCHY-RIEMANN EQUATIONS

Proof of corollary 5.5:

Let u € WhP(Q, X) and ¢ € C®(2, X*) such that supp¢ C intQ and with
the boundary conditions u(s,0) € Ty L and ¢(s,0) € (J(s,0)Tys L)+ for
all (s,0) € 0Q2. Then one obtains the weak estimate, where the boundary
term vanishes,

/Q(u,ﬁsij@t(J*@b))': /Q<05u+J8tu,¢)—/amaH<Ju,w)'

< |10su + JOwu| Lo, x) |10l Lo* (0, x4

This holds for all ¥ as above, so the estimate follows from theorem 5.4. O

Remark 5.6 Theorem 5.4 and corollary 5.5 also hold when one considers
compact domains K C int 2 C S* x [0,00) in the half cylinder and a loop
r e C>(SL).

To see this, identify S' = R/Z, identify K with a compact subset K’ C H
in [0, 1] x [0, 00), and periodically extend = and u for s € [—1,2]. Then u is
defined and satisfies the weak equation on some open domain €2 C H such
that K’ C int €Y', so the results for H apply.

Recall that the totally real submanifold £ is modelled on the Banach
space Y. The idea for the proof of theorem 5.3 is to straighten out the
boundary condition by going to local coordinates in Y X Y near uy € X such
that Y x {0} corresponds to the submanifold £ and the complex structure
becomes standard along Y x {0}. For theorem 5.4 one chooses R-dependent
coordinates for X that identify Y x {0} with Ty, L along the pathz : R — L.

Then the boundary value problem (5.1) yields Dirichlet and Neumann
boundary conditions for the two components and one can use regularity re-
sults for the Laplace equation with such boundary conditions. However, there
are two difficulties. Firstly, by straightening out the totally real submanifold,
the complex structure J becomes explicitly dependent on u, so one has to
deal carfully with nonlinearities in the equation. Secondly, this approach re-
quires a Caldéron-Zygmund inequality for functions with values in a Banach
space. In general, the Caldéron-Zygmund inequality is only true for values in
Hilbert spaces. In our case we only need the LP-inequality for functions with
values in IP-Sobolev spaces. In that case, the Caldéron-Zygmund inequality
holds, as can be seen by integrating over the real valued inequality. This will
be made precise in the following lemma. We abbreviate A := d*d, denote by
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Z* the dual space of any Banach space Z and by (-, -) the pairing of Z and
Z*. The Sobolev spaces of Banach space valued functions considered below
are all defined as completions of the smooth functions with respect to the
respective Sobolev norm. Moreover, we use the notation

C5o(Q,27) ={v € C*(Q, Z%) | ¢]oa = 0},
Co(Q, 27) == { € C™(Q, 2) | 24|, = 0}.

Lemma 5.7 Let Q2 be a compact Riemannian manifold with boundary, let
l<p<ooandk eN. Let Z = LP(M) for some closed manifold M. Then
there exists a constant C' such that the following holds.

(i) Let f € Wr=LP(Q, Z) and suppose that u € W*P(Q, Z) solves
Jwose)= [(r0) wecrz)
Q Q
Then u € WELP(Q, Z) and ||u||wes1o < O f|wr-1.

(i) Let f € Wk=Lr(Q, Z), g € WFP(Q, Z), and suppose thatu € WHP(Q, Z)
solves

AY) = A4 C (0, Z7).
Jtwany= [+ [ (g.0) wecrz)
Then u € WETLP(Q, Z) and

lullwrrrr < C (I fllwerr + lglwes + llullze).

(11i) Suppose that w € LP(S), Z) and there exists a constant ¢, such that

/ u - AQ¢‘ S Cun”Wl,p*(ng*) VQ/J c CgO(Q X M)
Qx M

Then v € WHP(Q, Z) and ||ullwrr,z) < Cey.

(iv) Suppose that u € LP(Q, Z) and there exists a constant ¢, such that

/ u-AQw\ < bl s V€ CEQ x M),
Qx M
Then uw € W'P(Q, Z) and

lullwir@,z) < Ccu + [Jullr@,z))-

If moreover [,u =0 then in fact ||lul|wir,z) < Cey.
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The key to the proof of (i) and (ii) is the fact that the functions f and g
can be approximated not only by smooth functions with values in the Banach
space LP(M), but by smooth functions on © x M.

Lemma 5.8 Let 2 be a compact manifold (possibly with boundary), let M
be a closed manifold, let 1 < p,q < oo, and k,{ € Ng. Then C>®(Q x M) is
dense in Wr4(Q, WhP(M)).

Remark 5.9

(i) A function u € Wr4(Q, W4P(M)) with zero boundary values u|sq = 0
can be approximated by u” € C®(Q2 x M) with u”|saxr = 0.

This can be seen by first approximating in C>(Q, W4?(M)) with zero
boundary values and then mollifying on M as in lemma 5.8. In case
k = 0 the boundary condition is meaningless, but the approximation
with zero boundary values can be done elementary by cutting off in
small neighbourhoods of the boundary. For k > 1 consider a local chart
of Qin [0, 1] xR such that {¢ = 0} corresponds to the boundary, where
t denotes the [0, 1]-coordinate. Let f € W4([0,1] x R, Z) for any vec-
tor space Z with f|,—o = 0 and compact support. Let 0. be mollifiers
on R™ as in the proof of lemma 5.8 below, then f.(t,-) := o. % f(¢,-)
defines f. € C®(R", W*4([0,1],Z)) for all € > 0. One checks that
Ife = fllwraqoajxrny — 0 as e — 0. We choose the o. with compact
support, then the f. are also compactly supported and hence have fi-
nite W*4([0, 1], W%4(R™))-norm for any ¢ € N. Moreover, note that still
felt=o = 0. In order to approximate f. with zero boundary values one
chooses ¢ = k, then lemma 5.8 gives a smooth approxnnatlon g¥ — O f.
in the W*=14([0, 1], W*4(R"))-norm. Now f¥(¢,z) fo (1, z)dT de-
fines functions in C*([0, 1] x R™, Z) that vanish at t = 0 and approxi-
mate f. in the W*4([0, 1], Wk’q(R"))—norm, which is even stronger than
the W*4-norm on [0, 1] x R".

(ii) If fp > dim M and z € M, then a function u € Wk4(Q, W4P(M)) with

u(-,2) = 0 € Wk4(Q) can be approximated by u” € C®(2 x M) with
u’(+,z) = 0.
Indeed choose an approximation by u” € C*(Q2 x M), then u”(-,z) — 0
in W"4(Q) since the evaluation at z is a continuous map W*?(M) — R.
Now u” —u” (-, 2) € C®(Qx M) still converges to u in W*4(Q, W4 (M))
but it vanishes at z.
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Proof of lemma 5.8:
By definition C*°(Q, WP(M)) is dense in WH9(Q, WEP(M)), so it suffices to
fix g € C>(Q, W5P(M)) and show that in every W*4(Q, W4P(M))-neighbour-
hood of g one can find a § € C*(2 x M). Firstly, we prove this in the case
k = 0 for closed manifolds M as well as in the following case (that will be
needed for the proof in the case k > 1): M = R", g is supported in 2 x V
and g is required to have support in €2 x U for some open bounded domains
V,U C R" such that V C U.

Fix 6 > 0. Since () is compact one finds a finite covering {2 = Uf\il U; by
neighbourhoods U; of x; € ) such that

lg(x) = g(@i)lwewar) < % Vo € U;.

Next, choose g; € C*(M) such that |lg; — g(z;)|lwerary < 2. In the case
M = R"™ one has supp g(x;) C V and hence can choose g; such that it is
supported in U (e.g. using mollifiers with compact support). Then choose a
partition of unity Zf\il ¢; = 1 by ¢; € C>(£,[0,1]) with supp ¢; C U;. Now
one can define g € C*(Q2 x M) by

g(z,2) = i(bi(x)gi(Z) VeeQ,ze M.
i=1
In the case M = R" this satisfies supp g C 2 x U as required. Moreover,
15 venany = | I 0100 = ) o
< [ (X o supeer

3/5‘1 = 07Vol (.
Q

9i — g(ff)HWe,p(M))q

Thus we have proven the lemma in the case K = 0. For £ > 1 this method
does not work since one picks up derivatives of the cutoff functions ¢;. In-
stead, one has to use mollifiers and the result for kK =0 on M = R".

So we assume k > 1, fix g € C>°(Q, W*P(M)) and pick some § > 0. Let
M = Ufil ®,(U;) be an atlas with bounded open domains U; C R™ and charts
®,: U; — M. Let V; C V; C U; be open sets such that still M = UZN:1 o, (V;).
Then there exists a partition of unity S~ ;00! = 1 by 1; € C=(R", [0, 1])
such that suppvy; C V;. Now g = vazl gio(idg x ®;1) with

gi(z,y) = vi(y) - g(x, Pi(y)) Ve € Qy el
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Here g; € C>®(Q, W5P(R")) is extended by 0 outside of suppg; C Q x V;,
and it suffices to prove that each of these functions can be approximated in
Wha(Q, WE(R™)) by g; € C*(2 x R™) with supp g; C Q x U;. So drop the
subscript i and consider g € C®(Q, W*P(R")) that is supported in Q x V,
where V,U C R" are open bounded domains such that V C U.

Let o.(y) = e "o (y/e) be a family of compactly supported mollifiers for
e >0, ie o€ C®R"[0,00)) such that suppo C B;(0) and [ o = 1. Then
for all € > 0 define g. € C*(2 x R™) by

Ge(z,y) == [o.xg(x,)](y)  VreQyeR"

Firstly, supp 0. C B:(0), so for sufficiently small € > 0 the support of g. lies
within  x U. Secondly, we abbreviate for 7 < k, m </

fim = VoVig € C®(Q, LP(R™)),

which are supported in 2 x V. Then

19 — 9”qu WEp(RR)) Z/ij o * g(x )HWlpRn

i<k

< (L+1)r ZZ/HUs*fym ) = fim(x HLP(R”'

i<k m<¢

Now use the result for £ =0 on M = R" (with values in a vector bundle) to
find f;,, € C>(2 x R™) supported in €2 x U such that

| fjm = Frmll o po@ny < 6.

Then for all x € €2 and sufficiently small € > 0 the functions o, * fjm(x, -) are
supported in some fixed bounded domain U’ C R™ containing U. Moreover,
the f; ., are Lipschitz continuous, hence one finds a constant C' (depending
on the f;,, i.e. on g and J) such that for all x € Q

Haf*fjvm( : me HLP R")

:/, /Rn Ua(y,_y)(fj,m(l',y/) ~ Fomly))dy
< //</Rn o(y —y) sup |fj,m($,y') _ fym(a?,yﬂ dny/)pd"y

ly—y'|<e

p
d"y

< VolU'(Ce)P.



25

Now use the fact that the convolution with o, is continuous with respect to
the LP-norm, ||o. * f|l, < || fll, (see e.g. [Ad, Lemma 2.18]) to estimate

/Hae*fym ’ me HLP(Rn)

< [ (o G5 = s Wl + i = i e

o # B = Fon ) )

<23 fm = Frmll 2 pogeny + 37 Vol (VolU) 7 (Ce)? < 3-3%°.

Here we have chosen 0 < ¢ < C_I(VOIQ)_%(VOI U)_% 0. Thus we obtain

N 1 1
ng — g”Wk,q(Q’Wl,p(Rn)) S 3(£ -+ 1)7’ (3(]{? + 1)<£ + 1))‘1 (5
This proves the lemma. O

In the case ¢ = p this lemma provides the continuous inclusion
WHEP(Q, WP (M) C WEP (M, WHP(Q))

since the norms on these spaces are identical. ' Moreover, for p = ¢ and
k = ¢ = 0 the lemma identifies LP(2, LP(M)) = LP(2 x X) as the closure of
C>®(Q2 x M) under the LP-norm.

Proof of lemma 5.7 (i) and (ii) :

We first give the proof of the regularity for the inhomogenous Neumann
problem (ii) in full detail; (i) is proven in complete analogy — using the reg-
ularity theory for the Laplace equation on R-valued functions with Dirichlet
boundary condition instead of the Neumann condition.

So let f € WkLp(Q, Z), g € WEP(Q,Z), and choose approximating
sequences fi g' € C®(Q x M) given by lemma 5.8. Note that testing the
weak equation with ¢ = « for all o € Z* yields the identity fQ f+ faQ g =0.
Thus h' == [, '+ [,q9' — 0in Z as i — oo, so one can replace the f* by

' — h'/VolQ € C*(£, Z) to achieve

/fi(-,y)Jr/ g(hy)=0 VyeM,icN.
Q o0

IThe spaces are actually equal. The proof requires an extension of the approximation
argument to manifolds with boundary. We do not carry this out here because we will only
need this one inclusion.
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Now for each y € M there exist unique solutions u‘(-,y) € C*(2) of

'AUZ(W y) = fl(v y),
%ul(‘/fy> 0 9'(y)

fQ ul('> y) =0.
For each of these Laplace equations with Neumann boundary conditions one
obtains an LP-estimate for the solution, see proposition 3.5 and e.g. [We,
Theorem 3.1] for the existence. The constant can be chosen independently
of y € M since it varies continuously with y and M is compact. Then
integration of those estimates yields (with different constants C')

o’

L L [T

S/CWWWMQ+WmeP
M

< C(I f llwr-rw,2) + ||gi||Wk’P(Q,Z))p-

Here one uses the crucial fact that LP (€, LP(M)) C LP(M, LP(2)) with iden-
tical norms. (Note that this is not the case if the integrability indices over €2
and M are different.) Similarly, one obtains for all i, 7 € N

lu" = wllwesro,zy) < O(ILF* = Fllwe-rs@,2) + 19" = @ llweso,2))-

So u® is a Cauchy sequence and hence converges to some @ € W*+HLP(Q, 7).
Now suppose that u € W*P(€2, Z) solves the weak Neumann equation for f
and g, then we claim that in fact u = @ + ¢ € W*LP(Q, Z), where ¢ € 7 is

given by .
) = g [ () —it) Ve

In order to see that indeed ¢ € LP(M) = Z and that for some constant C'
one has ||c||zr(ar) < C([JullLr,2) + @l Lr(,2)) note that lemma 5.8 yields the
continuous inclusion W*?(Q, LP(M)) C LP(M,W"*P(Q)) C LP(M,L*(Q)).
To establish the identity u = @+ ¢, we first note that for all ¢ € C*(M) C Z*

/Q<ﬂ+c—u,¢> = /M¢-<V01Q~c—/ﬂ(u—il)> ~ 0.

Next, for any ¢ € C*(2 x M) let

1 )
¢0::VOIQ/Q¢ e C (M)
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Then one finds ¢ € C2°(Q2 x M) such that ¢ = Agp+¢@o. (There exist unique
solutions (-, y) of the Neumann problem for ¢(-, y) —¢o(y), and these depend
smoothly on y € M.) So we find that for all ¢ € C>(2 x M), abbreviating
Ag =A

/Q<u—ﬁ—c,qb):/Q<u,A@/))—/Q(ﬁ+c,A@/))+/Q(u—ﬁ—c,qbo)
= [towre [ gy [, av)

:iliI?o(/§2<f—Aui’¢>+/f)Q<g—%—f, >) = 0.

This proves u = @ + ¢ € WkP(Q, Z) and the estimate for u’ yields in the
limit

N 1
[ullwesrn,z) < llllwerng,z) + (VoLQ)? |lel| Loy

< C(Ifllwe-rr@.2) + llgllwrrio,z) + llulle.z) -

This finishes the proof of (ii), and analogously of (i). O

Proof of lemma 5.7 (iii) and (iv) :

Let u € LP(Q2, Z) be as supposed in (iii) or (iv), where Z = LP(M) and thus
Z* = I[P (M). Then we have u € LP(Q x M) and the task is to prove that
dou also is of class L? on  x M. So we have to consider [, , u-dg7 for
T € C°(2 x M, T*Q) (which are dense in LF" (Q x M, T*Q)). In the case (iii)
one finds for any such smooth family 7 of 1-forms on 2 a smooth function
Y € C3°(2 x M) such that d;7 = Agqey. Then there is a constant C' such
that for all y € M (see proposition 3.5)

[0l < CllAUC Y[y < ClTCEY)llpe-

In the case (iv) one similarly finds ¢ € C°(€2x M) such that dim = Age and
|0, y) |l < C7(-,y)||p+ for all y € M and some constant C'. (Note that
J, o7 = 0 since 7 vanishes on 9Q x M and we have used e.g. [We, Theorems
2.2,2.3’].) In both cases we can thus estimate for all 7 € C°(2 x M, T*Q2)
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using the assumption

/ w-dyT
QxM

1

[ wsw| <ol 10w)

L
>

Ceu ([ 1710y < Cnlrllrenn

Now in both cases the Riesz representation theorem (e.g. [Ad, Theorem 2.33])
asserts that [, , u-dyT = [, ,,f -7 for all 7 with some f € LP(Q x M).
This proves the LP-regularity of dgu and yields the estimate

IN

||dQu||Lp(Q><M) < Ce,.

In the case (iii), one can moreover deduce ulgg = 0. Indeed, partial integra-
tion in the weak equation gives for all ¢ € C3°(Q2 x M)

/ w2 :/ w- Aot —/ <dgu,dgw>‘
XM QxM QxM

< (cu + lldaullzo@xan) ¥ llws @xary:

For any given g € C* (9 x M) one now finds ¢ € C>®(Q2 x M) with ¢|sq =0
and g—f = ¢, and these can be chosen such that ||| 1.+ becomes arbitrarily
small. Then one obtains fBQx vy ug = 0 and thus u|po = 0. Thus in the
case (iii) one finds a constant C’ such that

liny = [ Nilfay < [ Idaullg = Cldaulyg.a

which finishes the proof of (iii).
In the case (iv) with [,u = 0 one also has a constant C’ such that
u(-, y) lwre@) < C'||dou(-, y)|| L) for all y € M and thus

ullwir,z) < C/HdQUHLp(QXM) < (C'Ce,.
In the general case (iv) one similarly has

||u||€V1»P(QZ ||dQu||LP Qx M) + ||u||LP (Qx M) < (CCu + ”u”LP(Q,Z))p'
O
The proof of theorem 5.3 will moreover use the following quantitative
version of the implicit function theorem. This is proven e.g. in [MS2, Propo-

sition A.3.4] by a Newton-Picard method. (Here we only need the special
case rg = 1 = 0.)
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Proposition 5.10 Let X andY be Banach spaces and let U C'Y be a neigh-
bourhood of 0. Suppose that f : U — X s continuously differentiable map
such that dof 'Y — X is bijective. Then choose constants ¢ > ||(dof)™?|
and 6 > 0 such that Bs(0) C U and

ldyf —dofll <5 Vye B50).

Now if || f(0)|| < £ then there ezists a unique solution y € Bs(0) of f(y) = 0.
Moreover, this solution satisfies

[yl < 2¢]| £ (0)]

Proof of theorem 5.3 :

For every (sp,0) € € one finds a Banach manifold chart ¢ : V — L from
a neighbourhood V' C Y of 0 to a neighbourhood of ¢(0) = ug(so,0) =: zo.
Choose a complex structure J € End X, then one obtains a Banach subman-
ifold chart of £ C X from a neighbourhood W C Y x Y of zero to a ball
B.(xy) C X around xo,

W ;> BE(ZL'Q)

O (wv) — S0n) + T d(vn).

To see that this is indeed a diffeomorphism for sufficiently small W and
e > 0 note that D := d(,0)© = do¢p ® Jdo¢. Here dop : ¥ — T, L is an
isomorphism and so is the map T, L x T, L — X given by the splitting
X=T,LBJT,L.

Now let the complex structure J vary in a sufficiently small neighbour-
hood of Jy(sp,0) € End X such that ||D7!|| < ¢ with a uniform (i.e. J-
independent) constant c. Since ¢ is smooth one then also finds a uniform
constant § > 0 such that ||d,© — D|| < &= for all v = (v1,v2) € Bs(0) and
Bs(0) € W. So one can apply the quantitative implicit function proposi-
tion 5.10 to the maps f = © —x for varying J and x € X if ||z —xo|| = || f(0)]|
is sufficiently small. This yields uniform constants €, > 0 and C' such that
©~!: B.(xy) — Bs(0,0) C Y x Y is uniquely defined for all complex struc-
tures J in the neighbourhood of Jy(sp,0), and moreover

||@_1(ZL')||Z><Z < C||$ — ZL‘QHX Vo € Ba(ZL'Q). (52)
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(Recall that Y is a closed subspace of the Banach space Z, so the norm on
Y is induced by the norm on Z.) In particular, the uniform estimate (5.2)
holds for all J = J,; if (s,t) € U for a neighbourhood U C € of (s0,0) and
provided that J € C**1(Q, End X) satisfies the assumption ||.J — Jo||cr+1 < J2
for sufficiently small d, > 0. Thus one obtains a C¥*'-family of chart maps
for (s,t) € U,

Our 1 Y XY DW,; — B.(x0).

Next, choose U even smaller such that ug(s,t) € Bz (z0) for all (s,t) € U and
let &, = 5. Then every u € WH(Q, X) that satisfies ||u — ug| L@ x) < 01
can be expressed in local coordinates,

u(s,t) = 0,,(u(s,t))  Y(s,t) €U,

where v € Wk4(U, Z x Z). This follows from the fact that the composition
of the C**t-map ©~! with a W*%map u is again W*4-regular if kg > 2 (see
e.g. [We, Lemma B.8|). Moreover, v actually takes values in W C Y x Y.
Integration of (5.2) together with the fact that all derivatives of @' up to
order k are bounded yields the estimate

HUHWIW(U,ZXZ) < CHU_UOHW’W(U,X) < Cd;. (5.3)

Here and in the following C' denotes any constant that is independent of the
specific choices of J and u in the fixed neighbourhoods of Jy and uy.
In these coordinates, the boundary value problem (5.1) now becomes

{ 0sv + 10w = f, (5.4)

v9(s,0) =0 Vs eR.

with v = (v, v2) and

(d,©) (G = 8,0(v) — JO,O(v)) € WHI(U,Y xY),

f
I=(d,0)"Jd,0 € WU, End(Y x Y)).

Note the following difficulty: The complex structure I now explicitly depends
on the solution v of the equation (5.4) and thus is only W#4-regular. This
cannot be avoided when straightening out the Lagrangian boundary condi-
tion. However, one obtains one more simplification of the boundary value
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problem: © was constructed such that one obtains the standard complex
structure along £. Indeed, for all (s,0) € U using that J? = —1

1(5,0) = (A, 0)0) " d(1y ) = (duy & ® Jdyy0) ™ T (duy 6 B Jd,, &)
0 —1
(0 =
Moreover, one has the following estimates on U:

[ [wea < C,
£ llwea < C(IGwra + llu = ollwra)-

So for every boundary point (sg,0) € QNOH we have rewritten the boundary
value problem (5.1) over some neighbourhood U C Q. Now for the compact
set K C (2 one finds a covering K C V U Uf\il U; by finitely many such
neighbourhoods U; at the boundary and a compact domain V' C Q\ 09 away
from the boundary. Note that the U; can be replaced by interior domains
U; (that intersect OU; only on OH) that together with V still cover K. We
will establish the regularity and estimate for « on all domains U; near the
boundary and on the remaining domain V separately. So firstly consider
a domain U; near the boundary and drop the subscript i. After possibly
replacing U by a slightly smaller domain one can assume that U is a manifold
with smooth boundary and still U N AU C OH. The task is now to prove the

regularity and estimate for « = © o v on U from (5.4).

Since O,; : Y x Y — X are smooth maps depending smoothly on
(s,t) € U, it suffices to prove that v € W*LP(U, Z x Z) with the according
estimate. (One already knows that v takes values — almost everywhere — in
Y x Y, so one automatically also obtains v € W t5P(U,Y x Y).) For that
purpose fix a cutoff function h € C*(H, [0,1]) with » = 1 on U and h = 0
on H\ U. Moreover, this function can be chosen such that 0,h|;—g = 0. Note
that h = 0 on OU \ OH, so hv, satisfies the Dirichlet boundary condition
on U. Indeed, we will see that hvy, € W*P(U, Z) solves a weak Dirichlet
problem.

In the following Y* denotes the dual space of Y and (-,-) denotes the

pairing between Y and Y* as well as the pairing between ¥ x Y and Y* x Y™*.
Let I* € W*4(Q, End(Y* x Y*)) be the pointwise dual operator of I. Then
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one has A = —(0s + 0, I*)(0s — 1*0;) + (0,1%)0s — (0s17)0; and thus for all
®EC®(Q,Y* XY™
hA¢ = —(0s + 0, 17)(0s — I70;) (hd) — (Ah)p + 2(0sh)0sd + 2(0h) 0y
+ (0 I")0s(hop) — (0s17)0(ho).

Hence partial integration (using smooth approximations of v, f, and I) yields
due to (5.4)

/UUw, Ag)
_ / (O + 10w, (9, — I°0;)(ho) )
U

< (Ah)v 4 2(9sh)0sv + 2(0;h)0yv + h(01)0sv — h(0sI)Owv , @)

+ (Iv, (0s — I"0y)(ho) ) + (h(0sI)v — 2(0h)v, ¢)

oUNOH
/ —O0sf + 10, f + (O ) f — (0,1)0sv + (0s1)0yv)
— (Ah)v — 2(0sh)0sv — 2(0ih)0wv , @)
)+

/ (h-1f, ¢ (v, 0(he)) + (Tv, Du(ho))
OUNOH OUNOH
/ (F.o)+ / (H.¢)+ /aUnaHm,at<h¢1>+as<h¢2>>. (5.5)

Here we used the notation ¢ = (¢1, ¢2), the boundary condition wvs|,—g = 0,
and the fact that I|,—g = I5. One reads off F = (I}, Fy) € WFIP(UY x Y),
H = (Hy, Hy) € WFP(U,Y x Y), and that for some finite constants C

1 lwrro + [1H lwer < O llwsa + [ llwrall fllwsa + 11 [lweallollwna)
< C(IGwra + lu = uollwra)-

We point out that the crucial terms here are (0s/)0w and (09;1)0sv. In the
case k > 3 the estimate holds with ¢ = p due to the Sobolev embedding
Wh=Lp . yyk=1p < Wk=1P 1In the case k = 1 one only has L% - L2’ «— [P
and hence one needs ¢ = 2p in the above estimate. In the case k£ = 2 the
Sobolev embedding WP . WP < WP requires p > 2. Let us make this
assumption for the moment and finish the proof of this theorem under the
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additional assumption p > 2 in case k = 2. Then after that we will show
how an iteration of the & = 1-case of the theorem will give the required
WhP_regularity of (9,1)0,v and (9,1)0sv also in case 1 < p < 2. (Note that
this would follow from W2 -regularity of u for any p’ > 2.)

Now in order to obtain a weak Laplace equation for vy we test the weak
equation (5.5) with ¢ = (¢1,¢2) = (0,7 o @) for ¢ € C3°(U, Z*) and where
m: Z* — Y* is the canonical embedding. In that case, both boundary terms
vanish and one obtains for all ¢ € C3°(U, Z*)

[t sy = [ (R2ow).

By lemma 5.7 (i) this weak equation for hv, € W*P(U, Z) now implies that
hvy € WHLP(U, Z) and thus vy € WHTLP(U, Z). Moreover, one obtains the
estimate

CllFa|lwe-10w,2)
C([IGlwra,x) + lu — uollwra@,x))-

||U2||Wk+1,p(U,Z) < ||hU2||Wk+1»p(U,Z) <
<

To obtain a weak Laplace equation for v; we have to test the weak equa-
tion (5.5) with ¢ = (¢1,¢2) = (7 0 1,0), where v € C*(U, Z*) such that
Oy]i=0 = 0 in order to make the second boundary term vanish. One obtains
for all ¥ € C(U, Z*)

Jmnawy= [mLoy+ [ )

So we have established a weak Laplace equation with Neumann boundary
condition for hv;. Now lemma 5.7 (i) implies that hv, € W*t'2(U, Z), hence
v, € WFLP(U, Z). Moreover, one obtains the estimate

||U1||Wk+1’P(U,Z) < ||hU||Wk+1»p(U,Z)
< C(HFlHWk*LP(U,Z) + | Hillwrrw,z) + ||hvl||kaP(U,Z))
< C([|Gllwra@,x) + llu — uollwra@,x))-

This now provides the regularity and the estimate for v = © o v on U as
follows. We have established that v : U — Z x Z is a W*+P-map that takes
values in W C Y x Y. All derivatives of © : Q x W — X are uniformly
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bounded on . Hence u € WF2(U, X) and

||u — u0||Wk+1,p(U’X) < C(l + HUHW’V“’P(U,X))
< C(1+[|Gllwra,x) + llu — uollwrag,x))-

For the regularity of v on the domain V' C Q\ 92 away from the boundary
one does not need any special coordinates. As for U, one replaces (2 by a
possibly smaller domain with smooth boundary. Moreover, one chooses a
cutoff function h € C*(H, [0, 1]) such that h|y = 1 and that vanishes outside
of @ C H and in a neighbourhood of 0€2. Then in the same way as for (5.5)
one obtains a weak Dirichlet equation. For all ¢ € C°(€2, X*)

/Q< hu, A¢) = /Q< h(=0,G + JO,G + (0, )G — (8¢ )Osu + (D) Opu)
— (Ah)u — 2(0sh)0su — 2(0sh)Oyu , ¢).

Note that X 2 Y xY C Z x Z also is bounded isomorphic to a closed
subspace of an LP-space. So by lemma 5.7 this weak equation implies that
hu € WkLr(Q, X), and thus u € W*T1P(V, X) with the estimate

||u||Wk+1vP(V,X) < C(HGHW]WI(Q,X) + [lu — u0||kaq(Q,X))-

Thus we have proven the regularity and estimates of u on all parts of the
finite covering K C VU Uf\il U;. This finishes the proof of the theorem under
the additional assumption p > 2 in case k = 2.

Finally, let u € W?P(Q2,X) and G € W?P(Q, X) be as supposed for
1 < p < 2. Then the task is to establish W2? -regularity and -estimates for
some p’ > 2. This follows from the following iteration.

One starts with W2P0(Qq)-regularity and -estimates for py = p € (1,2)
on Qp = Q. (In case p = 2 one chooses a smaller value for p.) Now as long

as p; < % < 2 and €; C H is compact one has the Sobolev embeddings
p; 2p;

W2P(Q) — Wz (Q;) and W2Pi(€;) — L7 (€;). So choose a compact

submanifold €2;,; C H such that K C int€2;,; and ;1 C int ;. Then the
theorem in case k = 1 with p replaced by 2{—; gives regularity and estimates
in W2Pi1(Q,,4) for piyq = zf—;i. One sees that the sequence (p;) grows at a

rate of at least 2%]3 > 1 until it reaches py > ;Tpp after finitely many steps.

A further step of the iteration with py = ;‘Tpp then gives W?2PN+1_regularity

and -estimates with pyy1 = ;‘Tp > 2 on Quyy1 = K. This is exactly the

regularity for u that still was to be established. O
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Proof of theorem 5.4 :
The Banach manifold charts near the path x : R — £ give rise to a smooth
path of isomorphisms ¢, : ¥ = Ty L for all s € R. Together with the
family of complex structures J € C*°(£2, End X) these give rise to a smooth
family © € C*(2, Hom(Y x Y, X)) of bounded isomorphisms
Yy xy = X
(Zla 22) — ¢s(zl) + Js,t¢s(z2)-
The inverses of the dual operators of ©;; give a smooth family of bounded
isomorphisms ©" € C*(§2, Hom(Y™* x Y*, X*)) ,

O, :=(0,)": Y xY" = X"
One checks that for all (s,t) € Q

0;17.0.; = (50 = Iy € End(Y xY).

®s,t .

Next, after possibly replacing €2 by a slightly smaller domain that still con-
tains K in its interior, one can assume that €2 is a manifold with smooth
boundary. Then fix a cutoff function h € C*(H, [0, 1]) such that hlx =1
and supp h C €, i.e. h = 0 near 09 \ OH. Now let u € LP(2, X) be given as
in the theorem and express it in the above coordinates as u = © o v, where
v e LP(Q,Y xY). We will show that v satisfies a weak Laplace equation.
For all ¢ € C®(Q,Y* x Y*) we introduce ¢ := ©'((9s + I,0;)¢) € C=(Q, X*).
Then

Os(h)) + O (J*hp) = hO'((0s 4 150,)(0s + 100y)¢)
+ (0,h)0 + Oy(h ) + (0,0 + J 9,60 ().

So if ¢(s,0) € (J(s,0)TyL)*" for all (s,0) € 9Q N OH, then hy is an
admissible test function in the given weak estimate for u in the theorem and
we obtain, denoting all constants by C' and using ©*0’ = id,

/Q (hv, Ag) / (O(0) , hO (=0, + D) (D + D)) )

[t 0.0 + 01070 >\

+

[, @+ @y + 100 + 70008 (0) >\

< (cu+ Cllull o) 191l o 0, %)
< C(Cu + ||U||LP(07X)) ||¢||W1’P*(Q,Y*><Y*)~
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Here we used the fact that J* and © as well as their first derivatives and in-
verses are bounded linear operators between Y *x Y™ and X*. This inequality
then holds for all ¢ = (¢1, ¢2) with ¢ € C2°(2,Y™) and ¢y € C3°(€2, Y*) since
in that case 1 is admissible. Indeed, ¢|;—g = ©'(0s¢1 — D1¢2,0) € (JTL)*
due to ©'(Y* x {0}) = ©'(Iy(Y x {0}))* = (JT.L)*.

Recall that Y C Z is a closed subset of the Banach space Z with the
induced norm. So one also has v € LP(Q, Z x Z). Let m : Z* — Y* be the
natural embedding, then above inequality holds with ¢ = (7w 0 ¢y, w0 1)y) for
all ¥ € C(Q, Z*) and 19 € C°(§2, Z*). Since ||mo;|ly+ < |||z« one then
obtains for all such ¥ = (¢1,15) € C®(Q, Z* x Z*)

[0, 40| < e+ lullra) ¥l .2

Now lemma 5.7 (iii) and (iv) asserts the W!?-regularity of hv and hence one
obtains v € W'P(Q, Z x Z) with the estimate

|v[lwirk,zxz) < ||hollwir,zxz)y < C(Cu+ |w|| e, x) + ||U||LP(Q,ZxZ))-

For the first factor of Z x Z, this follows from lemma 5.7 (iv), in the second
factor one uses (iii). Since it was already known that v takes values in Y x Y
(almost everywhere), one in fact has v € W'P(Q,Y x Y) with the same
estimate as above. Finally, recall that u = © o v and use the fact that all
derivatives of © and ©~! are bounded to obtain v € W'?(K, X) with the
claimed estimate (using again [We, Lemma B.8])

||UHW1»P(K,X) < CHUHWLP(K,ZxZ) < C(Cu+||u||LP(Q,X))-



Chapter 6

Regularity and compactness

This chapter is devoted to the proofs of theorems A and B, restated below as
theorems 6.1 and 6.2. Let (X, 7) be a 4-manifold with boundary space-time
splitting. So X is oriented and

X =Jx

keN

where all X}, are compact submanifolds and deformation retracts of X such
that X C int X3, for all £ € N. Here the interior of a submanifold X’ C
X is to be understood with respect to the relative topology, i.e. we define
int X’ = X \ (X \ X’). Moreover,

OSXZ

where each ¥; is a Riemann surface, each §; is either an open interval in
R or is equal to S' = R/Z, and the embeddings 7; : S; x ¥; — X have
disjoint images. We then consider the trivial G-bundle over X, where G is a
compact Lie group with Lie algebra g. For i =1,...,n let £; C A*?(Z;) be
a Lagrangian submanifold as described in chapter 4, i.e. suppose that

L;C AY (%)  and  GYP(%)°L; C L.

Furthermore, let X be equipped with a metric g that is compatible with
the space-time splitting 7. This means that for each + = 1,...,n the map

67
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S x[0,00) x X; = X, (5,1,2) — 7(s,2)(t) given by the normal geodesics (s )
starting at (s .)(0) = 7;(s, 2) restricts to an embedding 7; : U; x ¥; — X for
some neighbourhood U; C S; x [0, 00) of S; x {0}. Now consider the following
boundary value problem for connections A € A P(X),
{*FA+FA:0, (6.1)

Ti*A|{s}><Ei € 'Cz Vs 687;, 1= ]_,...,TL. '

The anti-self-duality equation is welldefined for A € A P(X) with any p > 1,
but in order to be able to state the boundary condition correctly we have
to assume p > 2. Then the trace theorem for Sobolev spaces (e.g. [Ad,
Theorem 6.2]) ensures that 7,7 Al (515, € A*P(%;) for all s € S;.

The aim of this chapter is to prove the following two theorems.

Theorem 6.1 Let p > 2. Then for every solution A € AP(X) of (6.1)

there exists a gauge transformation u € GoP(X) such that u*A € A(X) is a
smooth solution.

Theorem 6.2 Let p > 2 and let g¥ be a sequence of metrics compatible with
T that uniformly converges with all derivatives to a smooth metric. Suppose
that A¥ € ALP(X) is a sequence of solutions of (6.1) with respect to the
metrics g” such that for every compact subset K C X there is a uniform
bound on || Fav| e (x)-

Then there exists a subsequence (again denoted A¥) and a sequence of
gauge transformations v’ € GEP(X) such that u”*A” converges uniformly
with all derivatives on every compact set to a connection A € A(X).

Both theorems are dealing with the noncompact base manifold X. How-
ever, we shall use an extension argument by Donaldson and Kronheimer [DK,
Lemma 4.4.5] to reduce the problem to compact base manifolds. For the fol-
lowing special version of this argument a detailed proof can be found in [We,
Propositions 8.6,10.8]. At this point, the assumption that the exhausting
compact submanifolds X}, are deformation retracts of X comes in crucially.
It ensures that every gauge transformation on X can be extended to X,
which is a central point in the argument of Donaldson and Kronheimer that
proves the following proposition.
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Proposition 6.3 Let the 4-manifold M = Uren My be exhausted by compact
submanifolds My C int My, that are deformation retracts of M, and let
p > 2.

(i) Let A € ./4110’75( ) and suppose that for each k € N there exists a gauge
transformation wy, € G*P(My,) such that uj Al is smooth. Then there

exists a gauge transformation u € GZP(M) such that u* A is smooth.

(ii) Let a sequence of connections (A”),en C AP (M) be given and suppose
that the following holds:

For every k € N and every subsequence of (A”),en there exist a further
subsequence (Vg;)ien and gauge transformations u* € G*P(My) such
that

sup “uk’i*A”k’l < 0 V¢ e N.
ieN

WP (My)

Then there exists a subsequence (v;)ien and a sequence of gauge trans-
formations u* € G2 (M) such that

W) < VE e N, /e N.

sup Hui*A”i
ieN
So in order to prove theorem 6.1 it suffices to find smoothing gauge trans-
formations on the compact submanifolds X} in view of proposition 6.3 (i).
For that purpose we shall use the so-called local slice theorem. The follow-
ing version is proven e.g. in [We, Theorem 9.1]. Note that we are dealing
with trivial bundles, so we will be using the product connection as reference
connection in the definition of the Sobolev norms of connections.

Proposition 6.4 (Local Slice Theorem)
Let M be a compact 4-manifold, let p > 2, and let ¢ > 4 be such that % > %—i

(or ¢ = 00 in case p > 4). Fix A € AY(M) and let a constant co > 0 be

given. Then there exist constants € > 0 and Coe such that the following
holds. For every A € AV (M) with

JA—All,<e  and  ||A—Awir < co
there exists a gauge transformation u € G*P(M) such that

d5(wA—A) =0, and A= All, < CeollA— A,
(u*A— Ao = 0, |u*A — Allwie < Cogl|A — Allyrs.
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Remark 6.5

(i) If the boundary value problem in proposition 6.4 is satisfied one says
that u*A is in Coulomb gauge relative to A. This is equivalent to v A
being in Coulomb gauge relative to A for v = u™!, i.e. the boundary
value problem can be replaced by

d5(v*A— A) =0,
*(U*A — A)|3M = 0.

(ii) The assumptions in proposition 6.4 on p and ¢ guarantee that one has
a compact Sobolev embedding

WYP(M) — LY(M).

(iii) One can find uniform constants for varying metrics in the following
sense. Fix a metric g on M. Then there exist constants £, > 0, and
Coq such that the assertion of proposition 6.4 holds for all metrics ¢’
with [[g — ¢'[ler < 6.

In the following we shall briefly outline the proof of theorem 6.1. Given
a solution A € AP(X) of (6.1) one fixes k € N and proves the assumption
of proposition 6.3 (i) as follows. One finds some sufficiently large compact
submanifold M C X with X, C M. Then one chooses a smooth connection
Ay € A(M) sufficiently W'P-close to A and applies the local slice theorem
with the reference connection A = A to find a gauge tranformation that
puts Ag into relative Coulomb gauge with respect to A. This is equivalent
to finding a gauge transformation that puts A into relative Coulomb gauge
with respect to Ag. We denote this gauge transformed connection again by

A e AYP(M). Tt satisfies the following boundary value problem:

*AO(A_AO) :0,

xFp+ Faq =0,

*(A—A0)|3M :0,
Ti*A|{s}><Zi - ﬁz \V/S - SZ', Z = 1, oy n.

(6.2)

More precisely, the Lagrangian boundary condition only holds for those
se€ S, and i € {1,...n} for which 7;({s} x ¥;) is entirely contained in OM.
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If M was chosen large enough, then the regularity theorem 6.8 below will
assert the smoothness of A on X k-

The proof outline of the proof of theorem 6.2 goes along similar lines. We
will use proposition 6.3 (ii) to reduce the problem to compact base manifolds.
On these, we shall use the following weak Uhlenbeck compactness theorem
(see [Ul], [We, Theorem 8.1]) to find a subsequence of gauge equivalent
connections that converges W P-weakly.

Proposition 6.6 (Weak Uhlenbeck Compactness)

Let M be a compact 4-manifold and let p > 2. Suppose that the sequence
of connections A¥ € AYP(M) is such that ||Favl|, is uniformly bounded.
Then there exists a subsequence (again denoted (A"),en) and a sequence

u’ € G*P(M) of gauge transformations such that u”*A" weakly converges
in ABP(M).

The limit Ay of the convergent subsequence then serves as reference con-
nection A in the local slice theorem, proposition 6.4, and this way one obtains
a W'P-bounded sequence of connections A” that solve the boundary value
problem (6.2). This makes crucial use of the compact Sobolev embedding
WP — L9 on compact 4-manifolds (with ¢ from the local slice theorem).
The estimates in the subsequent theorem 6.8 then provide the higher W»-
bounds on the connections that will imply the compactness. One difficulty
in the proof of this regularity theorem is that due to the global nature of
the boundary conditions one has to consider the -components of the con-
nections near the boundary as maps into the Banach space A%P(X) that
solve a Cauchy-Riemann equation with Lagrangian boundary conditions. In
order to prove a regularity result for such maps one has to straighten out
the Lagrangian submanifold by using coordinates in A%?(X). This was done
in theorem 5.3 above. Thus on domains U x Y at the boundary a crucial
assumption is that the X-components of the connections all lie in one such
coordinate chart, that is one needs the connections to converge strongly in
the L>(U, LP(X))-norm. In the case p > 4 this is ensured by the compact
embedding WP <« L[> on U x ¥. To treat the case 2 < p < 4 we shall
make use of the following special Sobolev embedding. The proof mainly uses
techniques from [Ad].

Lemma 6.7 Let M, N be compact manifolds and let p > m = dim M and
p>n=dim N. Then the following embedding is compact,

W'P(M x N) < L>®(M, L’(N)).
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Proof of lemma 6.7:

Since M is compact it suffices to prove the embedding in (finitely many) co-
ordinate charts. These can be chosen as either balls By C R™ in the interior
or half balls Dy = By NH™ in the half space H”™ = {z € R™ ‘ x1 > 0} at the
boundary of M. We can choose both of radius 2 but cover M by balls and half
balls of radius 1. So it suffices to consider a bounded set X C W'?(By x N)
and prove that it restricts to a precompact set in L*>°(By, LP(N)), and simi-
larly with the half balls. Here we use the Euclidean metric on R, which is
equivalent to the metric induced from M.

For a bounded subset K C WY (D, x N) over the half ball define
the subset K' C WP(By x N) by extending all u € K to By \ H™ by
w(xy, oy ooy Ty) = u(—2x1, Ta, ..., xy) for x; < 0. The thus extended func-
tion is still W1P-regular with twice the norm of u. So K’ also is a bounded
subset, and if this restricts to a precompact set in L*(By, L’(N)), then also
K C L*(D;y,LP(N)) is compact. Hence it suffices to consider the interior
case of the full ball.

The claimed embedding is continuos by the standard Sobolev estimates —
check for example in [Ad] that the estimates generalize directly to functions
with values in a Banach space. In fact, one obtains an embedding

WP(By x N) C WYP(By, LP(N)) < C°*(By, LF(N))

into some Holder space with A = 1 — % > (. One can also use this Sobolev
estimate for W1P(N) with N = 1 — = > 0 combined with the inclusion
LP — L' on B, to obtain a continuous embedding

WP (By x N) C LP(By, WYP(N)) < LP(By,C%" (N)) C L*(By,C%" (N)).

Now consider a bounded subset KX C W?(B, x N). The first embedding
ensures that the functions u € K, u : By — LP(N) are equicontinuous. For
some constant C

|u(z) = u(y)|| vy < Cla — y|)‘ Va,y € By,u € K. (6.3)

The second embedding asserts that for some constant C’
Lz ||u||co,)\’(N) S Cl \V/u e IC (64)

In order to prove that K C L*°(Bj, LP(N)) is precompact we now fix any
e > 0 and show that IC can be covered by finitely many e-balls.
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Let J € C*(R™,[0,00)) be such that suppJ C By and [ J = 1. Then
Js(z) := 6™ J(x/d) are mollifiers for § > 0 with supp Js C Bs and [ J; = 1.
Let § < 1, then Js x u|p, € C>®°(By, LP(N)) is welldefined. Moreover, choose
0 > 0 sufficiently small such that for all u € K

500l iy = 500 | [0 =) =i,
< sup / Js(y) Clyd™y
z€B1 J Bs
<06 < le

Now it suffices to prove the precompactness of s := {Js *x u ‘ u € K}, then
this set can be covered by %5—balls around Jsxu; with u; € Cfori=1,...,1
I and above estimate shows that K is covered by the e-balls around the wu;.
Indeed, for each v € K one has || J5 * u — J5 * ws|| oo (B, o (v)) < § for some
t=1,...,1 and thus

lu—wil] < |lu—Js*ull +||Js*u— Js*u|| + || Js *u; —wi]] < e.

The precompactness of K5 C L>(By, LP(N)) will follow from the Arzéla-
Ascoli theorem (see e.g. [L, IX §4]). Firstly, the smoothened functions Js * u
are still equicontinuous on B;. For all u € K and z,y € B; use (6.3) to
obtain

15 w) (@) = (S5 w) (@) oy < / Js(2) [Ju(z = 2) = uly = 2)|| Loy d™2

Bs

S/ Js(2) Clz —y|*d™z = Clz —y|.
Bs

Secondly, the L°-norm of the smoothened functions is bounded by the L!-
norm of the original ones, so for fixed § > 0 one obtains a uniform bound
from (6.4) : For all u € K and =z € By

1(Js * w) (@)l oy < /B Js(x = y) [lul®)llconny d™y

< C'[[Jslloo-

f a subset K C (X, d) of a metric space is precompact, then for fixed € > 0 one firstly
finds v1,...,v; € X such that for each 2 € K one has d(z,v;) < ¢ for some v;. For each
v; choose one such z; € K, or simply drop v; if this does not exist. Then K is covered
by 2e-balls around the z;: For each « € K one has d(z,z;) < d(z,v;) + d(v;, x;) for some
i=1,...,1.
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Now the embedding C°* (N) < LP(N) is a standard compact Sobolev em-
bedding, so this shows that the subset {(Js * u)(z) | u € K} C LP(N) is
precompact for all x € B;. Thus the Arzéla-Ascoli theorem asserts that
Ks C L>*(By, LP(N)) is compact, and this finishes the proof of the lemma.

O

In the proof of theorem 6.2, the weak Uhlenbeck compactness together
with the local slice theorem and this lemma will put us in the position to
apply the following crucial regularity theorem that also is the crucial point
in the proof of theorem 6.1. Here (X, 7) is a 4-manifold with a boundary
space-time splitting as described in definition 1.1 and in the beginning of this
chapter.

Theorem 6.8 For every compact subset K C X there exists a compact sub-
manifold M C X such that K C M and the following holds for all p > 2.

(i) Suppose that A € AYP(M) solves the boundary value problem (6.2).
Then Al € A(K) is smooth.

(ii) Fix a metric go that is compatible with T and a smooth connection
Ay € A(M) such that 7} Aolsyxs, € Li for alls € S; andi=1,...,n.
Moreover, fix a compact neighbourhood V = J;_, To.;(Ui xE;) of KNOX.
(Here Ty,; denotes the extension of T; given by the geodesics of go.) Then
for every given constant Cy there exist constants o > 0, o, > 0, and Cj,
for all k > 2 such that the following holds:

Fix k > 2 and let g be a metric that is compatible with T and satisfies
|9 — goller+2(ary < Ok Suppose that A € AYP(M) solves the boundary
value problem (6.2) with respect to the metric g and satisfies

A — Aollwrrary < Ch,
1704 (A = Aol | Lo @i aormyy <6 Vi=1,...,n.

Then Alk € A(K) is smooth by (i) and

A = Aollwrexy < Ck.

We first give some preliminary results for the proof of theorem 6.8. The
interior regularity as well as the regularity of the i;-components on a neigh-
bourhood U; x ¥; of a boundary component S; x ¥; will be a consequence



75

of the following regularity result for Yang-Mills connections. The proof is
similar to lemma 3.3 and can be found in detail in [We, Proposition 10.5].
Here M is a compact Riemannian manifold with boundary OM and outer
unit normal v. One then deals with two different spaces of test functions,
Cs°(M,g) and C*(M,g) as in lemma 3.3.

Proposition 6.9 Let (M,qg) be a compact Riemannian 4-manifold. Fiz a
smooth reference connection Ay € A(M). Let X € I'(TM) be a smooth
vector field that is either perpendicular to the boundary, i.e. Xl|oy = h-v
for some h € C>(0OM), or is tangential, i.e. X|gp € T'(TOM). In the first
case let T = Cg°(M,g), in the latter case let T = C;°(M,g). Moreover,
let N C OM be an open subset such that X wvanishes in a neighbourhood of
OM\N CM. Let 1 <p< oo and k € N be such that either kp > 4 or k =1
and 2 < p < 4. In the first case let q :== p, in the latter case let q := 84%’17.
Then there exists a constant C' such that the following holds.
Let A= Ay +a € A¥P(M) be a connection. Suppose that it satisfies

dy a =0,
{ *a\aoM =0 onN COM, (6.5)

and that for all 1-forms 3= ¢ -1xg with ¢ € T

[ (Ea ) =0 (6.6)
M
Then o(X) € W*L4(M g) and

la(X) wrsra < C (1 + [ledllwns + llerlfns) -

Moreover, the constant C' can be chosen such that it depends continuously on
the metric g and the vector field X with respect to the C**'-topology.

Remark 6.10 In the case £ = 1 and 2 < p < 4 the iteration of propo-
sition 6.9 also allows to obtain W?P-regularity and -estimates from initial
WlP_regularity and -estimates.
Indeed, the Sobolev embedding W24 < W' holds with p’ = ;L since
g < 4. Now as long as p’ < 4 one can iterate the proposition and Sobolev
embedding to obtain regularity and estimates in WP with py = p and
4q; 2p;
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Since 0 := 4% > 1 this sequence terminates after finitely many steps at some
p

pn > 4. Now in case py > 4 the proposition even yields W2PN-regularity

and -estimates. In case py = 4 one only uses WP~ for some smaller py > %

in order to conclude W?Pv+1-regularity and -estimates for p'y >4
Similarly, in case k = 1 and p = 4 one only needs two steps to reach W?2#'
for some p’ > 4.

The above proposition and remark can be used on all components of the
connections in theorem 6.8 except for the -components in small neighbour-
hoods U x ¥ of boundary components S x . For the regularity of their
higher derivatives in Y-direction we shall use the following lemma. The cru-
cial regularity of the derivatives in direction of U of the X-components will
then follow from chapter 5.

Lemma 6.11 Let k € Ny and 1 < p < oo. Let Q) be a compact manifold,
let ¥ be a Riemann surface, and equip ) X ¥ with a product metric go @ g,
where g = (gz)zeq 1S a smooth family of metrics on ¥. Then there ezists a
constant C' such that the following holds:

Suppose that a« € WrP(Q x ¥, T*X) such that both dsa and dsa are
of class W*P on Q x X. Then Vsa also is of class W*P and one has the
following estimate on €2 X X

IVsalwrs < C(lldsallwes + [dsallwes + [lallwes).

Here Vy, denotes the family of Levi-Clivita connections on 3 that is given
by the family of metrics g. Moreover, for every fized family of metrics g
one finds a C*-neighbourhood of metrics for which this estimate holds with a
uniform constant C'.

Proof of lemma 6.11:

We first prove this for k£ = 0, i.e. suppose that a € LP(Q2 x X, T*Y) and that
dsa, dfa (defined as weak derivatives) are also of class LP. We introduce the
following functions

f=dia € LP(Qx ), g:=—xydga € LP(Q x ),

and choose sequences f¥, g € C*(QxX), and o € C*(Qx X, T*Y) that con-
verge to f, g, and o respectively in the LP-norm. Note that [, f = [,9=0
in LP(X), so the f” and ¢” can be chosen such that their mean value over (2
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also vanishes for all z € ¥. Then fix z € ¥ and find £¥, (¥ € C*(£2 x X)) such

that
Axg” = 17, As¢” =yg",
(x,2) =0 VreQ, "(x,2) =0 Vre.

These solutions are uniquely determined since Ay, : WIT2P(32) — WiP(3) is
a bounded isomorphism for every j € Ny depending smoothly on the metric,
ie. on x € Q. Here W7P(X) denotes the space of W7P-functions with mean
value zero and W7 12P(X) consists of those functions that vanish at z € 3.
Furthermore, let 7, : Q1(3) — h'(X, g,) be the projection of the smooth
1-forms to the harmonic part h'(X) = ker Ay = ker dsNker d§ with respect to
the metric g, on 3. Then 7 is a family of bounded operators from LP(%, T*X)
to W7P(3, T*Y) for any j € Ny, and it depends smoothly on z € . So the
harmonic part of @” is also smooth, moa&” € C>*(Q2 x ¥, T*X). Now consider

o’ =dgl” 4+ *xds (" + 1m0 d” € CF(Q x X, T™Y).

We will show that the sequence o of 1-forms converges to a in the LP-norm
and that moreover VyaV is an LP-Cauchy sequence. For that purpose we will
use the following estimate. For all 1-forms 8 € W1P(X, T*Y) abbreviating
dy =d

1Blwrey < C(1d*Blley + 1Bl o) + |7 (B) [lwirs))
< C([|d*Bllrezy + 1Bl ey + 18]l sy - (6.7)

Here and in the following C' denotes any finite constant that is uniform for
all metrics g, on ¥ in a family of metrics that lies in a sufficiently small
CF-neighbourhood of a fixed family of metrics. To prove (6.7) we use the
Hodge decomposition f = d¢ + *d( + w(5). (See e.g. [Wa, Theorem 6.8]
and recall that one can identify 2-forms on ¥ with functions via the Hodge
* operator.) Here one chooses &, € W2P(X) such that they solve A¢ = d*
and A( = *df respectively and concludes from proposition 3.5 for some
uniform constant C'

|d¢[[wrrs) < [[Ellwers) < Clld* Bl r)
[*d¢[lwrrsy < [Cllwers) < ClldB||Lrs).

The second step in (6.7) moreover uses the fact that the projection to the
harmonic part is bounded as map 7 : LP(X, T*Y) — WhP(3, T*Y).
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Now consider v — a” € LP(Q x ¥, T*Y). For almost all x € Q we have
alz,) —a’(x,-) € LP(X, T*Y) as well as xdx(a(z, ) —a¥(z,-)) € LP(X) and
di(a(x, ) —a¥(z,-)) € LP(X). Then for these z € 2 one concludes from the
Hodge decomposition that in fact a(z,-) — o”(z,-) € WP(X, T*Y). So we
can apply (6.7) and integrate over z €  to obtaln for all v € N

H -G HLP(QXE)

/ (e 2 s

<C/ [d5s(a = @”)[Fp ) + llds(a = a”) [, + I7(a = &) i)
< C ||f fVHLP axy) T lg—g ||LP axy) T e — &”|[7, sz))

In the last step we again used the continuity of 7. This proves the convergence
o” — « in the LP-norm, and hence Vya” — Vs« in the distributional sense.
Next, we use (6.7) to estimate for all v € N

V50 W = [ 19507 Mg

<c / 150”12y + ldsa? o) + o lee)”
< C HdEO‘VHLp(QxE + ||d20//||Lp axy) T HO‘VHLP QxY) )

Here one deals with LP-convergent sequences di,a” = Aypé” = f¥ — f = dj«
—xdga” = Ag(¥ = ¢¥ — g = — xdga, and ¥ — a. So (Vga”),en is uni-
formly bounded in LP(Q2 x ¥) and hence contains a weakly LP-convergent
subsequence. The limit is Vya since this already is the limit in the distri-
butional sense. Thus we have proven the LP-regularity of Vya on €2 x X
and moreover above estimate is preserved under the limit, which proves the
lemma in the case k = 0,

Vol zroxs) < hVH_l)glf Vo’ raxs)
< it €050 e+ 450 i + )
= C([ldsallzr@xs) + [ldsallr@xs) + ol roxs))-

In the case £ > 1 one can now use the previous result to prove the lemma.
Let o € WFP(Q2 x 33, T*X) and suppose that dga, dia are of class W*P. We
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denote by V the covariant derivative on {2 x ¥. Then we have to show that
V*Vsa is of class LP. So let X, ..., X} be smooth vector fields on ) x ¥
and introduce

a:=Vyx,...Vx,a € LP(Qx X, T'Y).
Both dya and di& are of class LP since

dg@ = [dg,le .. .ka]oz + le .. .VXkdga,
Ed = [d*E,VXl .. .VXk]Oé +Vx, . VXk *ZCE.

So the result for £ = 0 implies that Vxa is of class LP, hence V¥Vxa also is
of class L since for all smooth vector fields

VXl ... VXnga = [V2>VX1 ... ka]a + Vsa.

With the same argument — using coordinate vector fields X; and cutting
them off — one obtains the estimate

IVEVsal|pr@xsy < C(IVFdsalloxs) + 1VEdsall wr@xs) + [[allwrs@xs))-
Now this proves the lemma,

HVZOKHWW(sz) < HVEOéHkalm(sz) + ||VkVEOé||LP(Qx2)

< C(ldsallwrr@xsy + ldsellwrr@xs) + lallwrr@xs))-

O

Proof of theorem 6.8 :

Recall that a neighbourhood of the boundary 0.X is covered by embeddings
Tou - Uy x X — X such that 75,90 = ds* + dt* + go.sr. (In the case (i) we
put go := g.) Since K C X is compact one can cover it by a compact subset
Kine C int X and Kpay := U, T0,i(Lo; % [0, 0] x X;) for some oy > 0 and
Iy; C S; that are either compact intervals in R or equal to S'. Moreover, one
can ensure that Kyq, C intV lies in the interior of the fixed neighbourhood
of KNOX. Since X is exhausted by the compact submanifolds X}, one then
finds M := X, C X such that both K4y and Kj,; are contained in the inte-
rior of M (and thus also K C M). Now let A € A (M) be a solution of the
boundary value problem (6.2) with respect to a metric g that is compatible
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with 7. Then we will prove its regularity and the corresponding estimates in
the interior case on Kj, and in the boundary case on Kyq, separately.

Interior case :

Firstly, since Ky C int M and K, C int X = X \ 0X we find a sequence
of compact submanifolds M} C int X such that K, C My, Cint My C M
for all k € N. We will prove inductively A|y, € A*P(My) for all k € N and
thus A|k,, € A(Kin) is smooth. Moreover, we inductively find constants
Ck, 0 > 0 such that the additional assumptions of (ii) in the theorem imply

|A = Aollwrrar) < Ch. (6.8)

Here we use the fixed smooth metric gg to define the Sobolev norms — for a
sufficiently small C¥-neighbourhood of metrics, the Sobolev norms are equiv-
alent with a uniform constant independent of the metric. Moreover, recall
that the reference connection Ag is smooth.

To start the induction we observe that this regularity and estimate are
satisfied for £k = 1 by assumption. For the induction step assume this regu-
larity and estimate to hold for some k& € N. Then we will use proposition 6.9
on Al € A*P(M;) to deduce the regularity and estimate on My .

Every coordinate vector field on M;; can be extended to a vector field
X on M, that vanishes near the boundary dM;. So it suffices to consider
such vector fields, i.e. use N = () in the proposition. Then a := A — A,
satisfies the assumption (6.5). For the weak equation (6.6) we calculate for
all B=¢-1xg with ¢ € T = C5°(My, g)

_/Mk<FA,dA6> = /M.<dA(¢-LXg)/\FA> = /aMk<¢'LX‘q/\FA> —

We have used Stokes’ theorem while approximating A by smooth connections
A, for which the Bianchi identity d /'3 = 0 holds. Now proposition 6.9
and remark 6.10 imply that A|y,,, € A"P(Mj11). In the case (i) of the
theorem the proposition moreover provides dx,; > 0 and a uniform constant
C for all metrics g with ||g — gollct+1(ar,) < Or41 such that the following holds:
If (6.8) holds for some constant C, then

A = Aollwrrrwar,,) < C (1 + | A = Aollwrrag) + [|A — AOH%Vk,p(Mk))
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Here we have used the fact that the Sobolev norm of a 1-form is equivalent to
an expression in terms of the Sobolev norms of its components in the coordi-
nate charts. In case k = 1 and p < 4, this uniform bound is not found directly
but after finitely many iterations of proposition 6.9 that give estimates on
manifolds Ny = M; and My C N;y; C int N;. In each step one chooses a
smaller o > 0 and a bigger C'5. This iteration uses the same Sobolev embed-
dings as remark 6.10. This proves the induction step on the interior part K.

Boundary case :

It remains to prove the regularity and estimates on Kj,qy near the boundary.
So consider a single boundary component K’ := 7y(Iy x [0,dp] x X). We
identify Iy = S* = R/Z or shift the compact interval such that Iy = [—rg, rg]
and hence K’ = 7y([—70, 0] X [0,00] x X) for some ry > 0. Since Kyq, (and
thus also K’) lies in the interior of M as well as V), one then finds Ry > rg
and Ay > &y such that 7o([—Ro, Ro] x [0,A¢] x ¥) C M NV. Here 7 is the
embedding that brings the metric gy into the standard form ds? 4+ dt* + go.s ;-
A different metric g compatible with 7 defines a different embedding 7 such
that 7*g = ds? + dt* + g,;. However, if g is sufficiently C'-close to go, then
the geodesics are C%-close and hence 7 is C%-close to 7. (These embeddings
are fixed for ¢t = 0, and for ¢ > 0 given by the normal geodesics.) Thus for a
sufficiently small choice of 5 > 0 one finds R > r > 0 and A > § > 0 such
that for all 7-compatible metrics g in the d,-ball around gq

K C7(l=rr] x[0,] x%) and  7F([~R.R] x[0,A] x £) ¢ MAV.

(In the case (i) this holds with rq, dg, Ro, and Aq for the fixed metric g = go.)
We will prove the regularity and estimates for 7*A on [—r, r| x [0, §] x X. This
suffices because for C¥*2-close metrics the embedding 7 will be C**'-close to
the fixed 7y, so that one obtains uniform constants in the estimates between
the W*P-norms of A and 7*A. Furthermore, the families gs of metrics on ¥
will be C*-close to go.s; for (s,t) € [=R, R] x [0, A] if & is chosen sufficiently
small. Now choose compact submanifolds Q; C H := {(s,t) € R? } t > 0}
such that for all k € N

[—r,7] % [0,0] C Q1 C intQy C [—R, R] x [0,A].

We will prove the theorem by establishing the regularity and estimates for
7*A on the € x ¥ in Sobolev spaces of increasing differentiability. We
distinguish the cases p > 4 and 4 > p > 2. In case p > 4 one uses the
following induction.
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I) Let p > 2 and suppose that A € AY?P(M) solves (6.2). Then we will
prove inductively that 7 Alg, xx € A%(Qy X X) for all k € N and with ¢ = p
or q = 2p according to whether k > 2 or k = 1. Moreover, we will find a
constant 6 > 0 and constants Cy, 0 > 0 for all k > 2 such that the following
holds:

If in addition ||g — goller+2(ar) < Ok and

|A = Agllwreeary < Ch,
176 (A = Ao) s Loe @00 (s)) <0,

then for all k € N
177(A = Ao)l[wra@pxs) < Ch.

This is sufficient to conclude the theorem in case p > 4 as follows. One
uses I) with p replaced by %p to obtain regularity and estimates of A — Ag
in APy x ), A%2(Qy x ¥), and A*2(Q x ¥) for all & > 3. Recall
that the component K’ of Kyqy is contained in each 7(£2; x X). In addition,
one has the Sobolev embeddings W t15 — Wk» — CF1 on the compact
4-manifolds Qg1 x 3), c.f. [Ad, Theorem 5.4]. So this proves the regularity
and estimates on Ki,qy.

In the case 4 > p > 2 a preliminary iteration is required in order to
achieve the regularity and estimates that are assumed in I). In contrast to I)
the iteration is in p instead of k.

IT) Let 4 > p > 2 and suppose that A € A"P(M) solves (6.2). Then we
will prove inductively that 7* Alq, xx € AP (Q; x X) for a sequence (p;) with
p1=p andpj1 = 0(pj)-pj, whered : (2,4] — (1, }—g] is monotonely increasing
and thus the sequence terminates with py > 4 for some N € N.

Moreover, we will find constants 6 > 0 and constants Cj,01,; > 0 for
j=2,...,N such that the following holds:

If for some j =1,..., N in addition ||g — gol|cscary < 61,5 and
A = Aollwrrary < Ch,
175 (A = Ao)[2ll Lo @ aor () <0,

then
177 (A = Ao)l[yrrs @, xx) < Cly-
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Assuming I) and II) we first prove the theorem for the case 4 > p > 2.
After finitely many steps the iteration of II) gives regularity and estimates in
ALPN(Qy x B) with py > 4 and under the assumption ||g — gollc3(ary < d1n
on the metric. Now if necessary decrease py slightly such that 2p > py > 4,
then one still has A'P~-regularity and estimates on all components of Kjqy
as well as on K, (from the previous argument on the interior). Thus the
assumptions of 1) are satisfied with p replaced by %pN and C replaced by
a combination of C} y and a constant from the interior iteration (both of
which only depend on C}). One just has to choose d2 < d; y and choose
the § > 0 in I) smaller than the § > 0 from II). Then the iteration in I)
gives regularity and estimates of A — A, in A*2PN (Q x X) for all k& > 2.
This proves the theorem in case 2 < p < 4 due to the Sobolev embeddings
Whtlary ke < Ck=2 So it remains to establish I) and II).

Proof of I):

The start of the induction k = 1 is true by assumption (after replacing C;
by a larger constant to make up for the effect of 7). For the induction step
assume that the claimed regularity and estimates hold for some k£ € N and
consider the following decomposition of the connection A and its curvature:

T*A=®ds + ¥dt + B,
T'Fy=Fp+ (dg® — 0;B) ANds + (dp¥V — 0, B) A dt (6.9)
+ (0¥ — 0,® + [@, U]) ds A dt.

Here ®, ¥ € W*4(Q), x 3, g), and B € Wh4(Q, x X, T*Y®g) is a 2-parameter
family of 1-forms on 3. Choose a further compact submanifold 2 C int €2
such that Q1 C int Q2. Now we shall use proposition 6.9 to deduce the
higher regularity of ® and ¥ on €2 x . For this purpose one has to extend
the vector fields 0, and 9, on €2 x ¥ to different vector fields on €2, x 3, both
denoted by X, and verify the assumptions (6.5) and (6.6) of proposition 6.9.
These extensions will be chosen such that they vanish in a neighbourhood of
(092 \ OH) x ¥. Then a := 7"(A — Ap) satisfies (6.5) on M = 7(2; x X)
with N = 7((0Q N OH) x X).

Choose a cutoff function h € C>(Q, [0,1]) that equals 1 on © and van-
ishes in a neighbourhood of 9 \ OH. Then firstly, X := h0, is a vector field
as required that is perpendicular to the boundary 02 x ¥. For this type of
vector field we have to check the assumption (6.6) for all § = ¢h - dt with
¢ € C°(Q x X,g). Note that 7.0 = (¢ - h) o 771 - 1(7,9, g can be trivially
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extended to M and then vanishes when restricted to 0M. So we can use
partial integration as in the interior case to obtain

/Qk@(F;*A,df*Aﬁ) = /M<FA,dA7_'*ﬂ) _ _/ (FBNFL) = 0.

oM

Secondly, X := h0s also vanishes in a neighbourhood of (92 \ OH) x ¥ and
is tangential to the boundary 0§, x ¥X. So we have to verify (6.6) for all
B = ¢h-ds with ¢ € T = C°(2 x X, g). Again, 7.3 extends trivially to M.
Then the partial integration yields

/QkXE<FT*AadT*Aﬁ>:_/ (BAT Fa)

7=1(0M)
:_/ (¢h-ds A Fg) = 0.
(QkﬂaH)XE

The last step uses the fact that B(s,0) = T*Alyxs € £ C Ay2(%), and
hence Fp vanishes on 0H x . However, we have to approximate A by
smooth connections in order that Stokes’ theorem holds and F'g is well de-
fined. So this calculation crucially uses the fact that a W P-connection with
boundary values in the Lagrangian submanifold £ can be WP-approximated
by smooth connections with boundary values in £LN.A(X). This was proven in
corollary 4.2. So we have verified the assumptions of proposition 6.9 for both
d = 7*A(0,) and ¥ = 7*A(9;) and thus can deduce ®, ¥ € WHL1(Q x ¥).
Moreover, under the additional assumptions of (ii) in the theorem we have
the estimates

| P — (I)OHWHM(QxE) < s (1 + Cr + C}z) =: Oy,
H\I’ — \I’0||Wk+1,q(g><2) < Ct (1 + Ck + C}z) = Cli—i-l' (610)

The constants Cy and C, are uniform for all metrics in some small C*+1-
neighbourhood of gg.s+, so by a possibly smaller choice of d;4; > 0 they
become independent of gs,. Note that in the above estimates we also have
decomposed the reference connection in the tubular neighbourhood coordi-
nates, 7 Ay = ®ods + ¥y dt + By.

It remains to consider the -component B in the tubular neighbourhood.
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The boundary value problem (6.2) becomes in the coordinates (6.9)

d, (B — Bo) = Vs(® — ®g) + V(¥ — Vo),
+Fy = 0,0 — 0,0 + [, D),
0sB + %0, B = dg® + xdpV,
B(s,0) € L V(s,0) € 0.

(6.11)

Here dp is the exterior derivative on > that is associated with the con-
nection B, dj, is the coderivative associated with By, * is the Hodge op-
erator on X with respect to the metric gs¢, and V@ = 0,® + [®g, ],
Vi@ = 0, + [Vo,P]. We rewrite the first two equations in (6.11) as a
system of differential equations for o := B — By on X. For each (s,t) €

dSa(s, t) = £(s, 1), dsa(s,t) = x((s,t). (6.12)
Here we have abbreviated

5 = *[BQ N *(B — Bo)] + VS((I) - CDQ) + Vt(\lf - \IJQ),
(= —+dsBy— #[BAB| + 8,0 — 8,0 + [T, ).

These are both functions in W*4(Q x ¥, g) due to the smoothness of 4y and
the previously established regularity of ® and W. (This uses the Sobolev
embedding W*4 . Wk — Wk4 due to W7 — L*®.) So lemma 6.11 asserts
that V(B — By) is of class W*4 on  x ¥, and under the assumptions of
(ii) in the theorem we obtain the estimate

V(B — Bo)|lwka@xs)
< C(€llwra + lIClwea + | B = Bollwe.a)
< C(L+ B = Bollwra + [|[® = Pollwrra + [ ¥ — Wollwnria
+|B = Bolliyra + 1€ = Bollweal[¥ — Wollyye.a)
<CA+Cr+Ciy+Cry +CF) = Cppy. (6.13)

Here C' denotes any constant that is uniform for all metrics in a CF*l-
neighbourhood of the fixed go.s ¢, so this might again require a smaller choice
of 0g+1 > 0 in order that the constant C7,; becomes independent of the
metric g ;.

Now we have established the regularity and estimate for all derivatives
of B of order k 4 1 containing at least one derivative in ¥-direction. (Note
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that in the case k = 1 we even have L9-regularity with ¢ = 2p where only
LP-regularity was claimed. This additional regularity will be essential for the
following argument.) It remains to consider the pure s- and t- derivatives
of B and establish the LP-regularity and -estimate for V%“B on gy X X,
where Vy is the standard covariant derivative on H with respect to the metric
ds? + dt?. The reason for this regularity, as we shall show, is the fact that
B € Wh4(Q, A% (X)) satisfies a Cauchy-Riemann equation with Lagrangian
boundary conditions,

(6.14)

0sB + x0,B = G,
B(s,0) € L V(s,0) € 09.

The inhomogeneous term is
G :=dp® + xdgl € WHI(Q, A (X)).

Here one uses the fact that W54(Q x ¥, T*Y ® g) € W*4(Q, A°P(X)) since
by lemma 5.8 the smooth 1-forms are dense in both spaces and the norm
on the second space is weaker than the W*%norm on Q x ¥. Now one has
to apply the regularity theorem 5.3 for the Cauchy-Riemann equation on
the complex Banach space (A%P(X),.Jy). As complex structure Jy we use
the Hodge operator * on ¥ with respect to the fixed family of metrics go.s+
on ¥ (that varies smoothly with (s,¢) € Q). The Lagrangian and hence
totally real submanifold £ C A%(X) is modelled on Z = WH?(%, g) & R™
(see lemma 4.1 (iii)), which is bounded isomorphic to a closed subspace of
LP(3,R"™) for some n € N. In the case (ii) of the theorem moreover a family
of connections By € C*(£,A(X)) is given such that By(s,0) € L for all
(s,0) € 02 and B satisfies

||B - BoHLoo(Q,AO»p(z)) = ||7*(A - AO)\EHLM(Q,AO’P(E))
< CO||75(A = Ao)lsll @ a00s)y < C6.

Here one uses the fact that 7(Q2 x ¥) C 7o(U4 x X) lies in a component of
the fixed neighbourhood V of K N 9dX. The assumption of closeness to Ag
in A%?(3) was formulated for 75(A — Ap)|s. However, for a metric g in a
sufficiently small C?-neighbourhood of the fixed metric gy the extensions 7
and 7, are C'-close and one obtains the above estimate with a constant C
independent of the metric. So B € WH4(Q, A%P(Y))) satisfies the assumptions
of theorem 5.3 if § > 0 is chosen sufficiently small. (Note that this choice is
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independent of k£ € N.) In the case (i) of the theorem one can also choose such
a smooth By sufficiently close to B in the L*°(€2, LP(X))-norm. In order to do
this smooth approximation with boundary values in the Lagrangian, one uses
the Banach submanifold coordinates in lemma 4.1 (iii) as in corollary 4.2.

Now theorem 5.3 asserts B € W*+1p(Q, ., A%P(X)). By lemma 5.8 this
also proves VAN B € LP(Qyy1, A%P(8)) = LP(Qq x ¥, T*E @ g), and this
finishes the induction step 7*A|q,,,xx € AMLP(Qu iy x B) for the regularity
near the boundary. The induction step for the estimate in case (ii) of the
theorem now follows from the estimate from theorem 5.3,

||V§H+1(B - B0)||Lp(9k+1><2)

< [|B = Bollwr+1a@yy, 400 ()

< C(1+ ||Gllwra@,a00(s)) + 1B = Bollwra@,a0(s))

<O+ Ci+Ci+Ciy+Chyy) = Oy (6.15)

Here the constant from theorem 5.3 is uniform for a sufficiently small C¥+1-
neighbourhood of complex structures. In this case, these are the families of
Hodge operators on ¥ that depend on the metric gy,. Thus for sufficiently
small §x1 > 0 that constant (and also the further Sobolev constants that
come into the estimate) becomes independent of the metric. The final con-
stant C' 1 then results from all the separate estimates, see the decomposition
(6.9) and the estimates in (6.10), (6.13), and (6.15),

||7t*(A - Ao)”wkﬂ,p(gkﬂ x¥) < Ck + Cli+1 + Cli+1 + Ckz+1 + CEIH-

Proof of II):

Except for the higher differentiability of B in direction of H this iteration
works by the same decomposition and equations as in I). The start of the
induction k£ = 1 is given by assumption. For the induction step assume that
the claimed W 1Pr-regularity and -estimates hold for some k € N with p;, < 4.
Then proposition 6.9 gives ®, ¥ € W29 () x XJ) with corresponding estimates
and

e if p < 4,

8—py
k. =
(In the case p, = 4 one applies the proposition only assuming W' »k-regularity
for pl, = % < 4, then one obtains W%%-regularity with ¢z = 3.) Now the
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right hand sides in (6.12) lie in Wh%(Q x X), so lemma 6.11 gives W1
regularity and -estimates for VB on Q x ¥. Next, B € WP+(Q, A%(%))
satisfies the Cauchy-Riemann equation (6.14) with the inhomogenous term
G e Wha(Q x 33, T*(Q x ) ® g). Now we shall use the Sobolev embedding
Whik(Q x 3) < L™(Q x X)) with

2pk
Agi o if pp, < 4,

’r’k g g
4= 12

Note that r,, > pr > p due to pp > 2, so that we have G € L™(Q, A°P(X)).
We cannot apply theorem 5.3 directly because that would require the initial
regularity B € WhH?(Q, A°?(X)) for some p > 2. However, we still proceed as
in its proof and introduce the coordinates from lemma 4.1 (iii) that straighten
out the Lagrangian submanifold,

@s,t : Ws,t — AO,p(Z).

Here W,; C Y x Y is a neighbourhood of zero, Y is a closed subspace of
LP(X,R™) for some m € N, O is in C*"l-dependence on (s,t) in a neigh-
bourhood U C €2 of some (sg,0) € QN JH and it maps diffeomorphically to
a neighbourhood of the smooth connection ©(0) = By(sg,0). Thus one can
write

B(s,t) = O,4(v(s,1)) V(s,t) e U

with v = (v1,v2) € WYPk(UY x Y). Moreover, we have already seen that
both B and VB are Whi-regular on U x X, so we have the regularity
B € Wha (U, Ab (%)) € Whar(U, A% (X)) with corresponding estimates.
Here we have used the Sobolev embedding Wik () «— L% (X)), see [Ad,
Theorem 5.4], for

29 __ _4py ; 8

i = S UPE <3

_ 44p;,—80 . 8
Sk = 8—pr 1fpk Z 3
8 if pp = 4.

(Here we have chosen suitable values of s, for later calculations in case py > %
and thus gy > 2.) The special structure of the coordinates © in lemma 4.1 (iii)
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(it also is a local diffeomorphism between A%**(¥) and a closed subset of
L% (3, R?™) since s, > p, > 2) implies that v € Whak(U, L*+(X, R*™)),
which will be important later on.

The Cauchy-Riemann equation (6.14) now becomes

83114—1@1) = f,
vs(5,0)=0 Vs € R.

Here I = (d,0)7! % (d,0) € W'%(U, End(Y x Y)) and
f = (d,0)"1G - 9,0(v) —*x0,0(v)) € L™(U,Y xY).
We now approximate f in L™ (U, Y x Y) by smooth functions that vanish on

OU, then partial integration in (5.5) yields for all ¢ € C*°(U,Y* x Y*) and a
smooth cutoff function as in the proof of theorem 5.3

/U<hv,A¢>=/U<f,as<h¢>—at<h-f*¢>> +/U<F,¢>>
"‘/8(] 8H<U1, 8t(hd>1) +8s(h¢2)> (616)

Here F' = (AR)v + 2(8,h)05v + 2(0,h) 0w + h(0,1)d5v — h(d,1)d,v contains
the crucial terms (9,1)(d,v) and (8,1)(dyv) and thus lies in L2Px(U,Y x Y).
This is a weak Laplace equation with Dirichlet boundary conditions for hv,,

Neumann boundary conditions for hvy, and with the inhomogenous term in
W=t (U, Y x Y). The latter is the dual space of W' (U, Y* x Y*) with

i + 2 = 1. (The inclusion L2P+(U) — WL (U) is continuous as can
k
be seen via the dual embedding that is due to 1 — 5 > —1 + ﬁ) Recall
k

that Y C LP(X,R™) is a closed subspace. Since 1, > p the special regu-
larity theorem 5.7 for the Laplace equation with values in a Banach space
cannot be applied to deduce hv € W™ (U, Y x Y). However, the general
regularity theory for the Laplace equation extends to functions with values
in a Hilbert space (c.f. [We]). So we use the embedding LF(X) — L*(X).
Then (6.16) is a weak Laplace equation with the inhomogenous term in
W=Lm (U, L2(X,R*™)) and enables us to deduce hv € W (U, L*(3, R*™))
and thus v € WU (U, L2(3,R?™)) with the corresponding estimates for
some smaller domain U (a finite union of these still covers a neighbourhood
of QN OH). Furthermore, recall that v € Whir(U, L (3, R*")). Now we
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claim that the following inclusion with the corresponding estimates holds for
some suitable pj 1

W (U, LA(2)) N Whe(U, L*()) ¢ WP (U, LP+(2)).  (6.17)

To show (6.17) it suffices to estimate the LP+1 (U x ¥)-norm of a smooth
function by its L™ (U, L*(¥))- and L% (U, L*(X))-norms. Let o > 2 and
t € [1,2), then the Holder inequality gives for all f € C*(U x %, R*™)

5y = [, 1111617

< [ 1871
U L

2%(2)

t a—t
< f] r(U,LZ(E))Hf| L (0,025 (»))

< Wz @ 22y + ”f”z#iif (0,025 (x))

Here we abbreviated r := r, > pi, > 2. Now we want

ri(a —t) 2(a—1t)
_ = 7 6.18
qr — and Sk - ( )

Indeed, in the case pi, = 4 our choices ¢ = 3, r, = 12, and s = % together

with ¢t := g and o := % solve these equations. So we obtain pyy 1 = a = %pk.
In case py < 4 the first equation gives

4+t
a= D (6.19)

8 — D
If moreover p; > %, then we choose t := g to obtain a = ﬁpk > %pk.
This also solves (6.18) with our choice s = %, so we obtain py 1 = %pk.

Finally, in case § > p;, > 2 one obtains from (6.18)

_ P
—p2 + Tpr — 8

€ [1,2).

Inserting this in (6.19) yields oo = 0(py,) - pr With

3pk—4

0 = :
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One then checks that 6(2) = 1 and ¢'(p) > 0 for p > 2, thus 6(p) > 1 for

p > 2. Moreover, 0(8) = 2, s0 6(p/) = 1 for some p' € (2,%). Now for
p > p’ we extend the function constantly to obtain a monotonely increasing
function 6 : (2,4] — (1,1f]. With this modified function we finally choose

Pre1 = O0(py) - pr. for all 2 < p, < 4. This finishes the proof of (6.17) and thus
shows that v € WiPs1 (U, LPr+1(X)).

In addition, note that our choice of pi 1 < a will always satisfy pry1 < 7p.
In case p = 4 see the actual numbers, in case p, < 4 this is due to (6.19),
t <2, and p, > 2,

6 < 2
St T A
Now we again use the special structure of the coordinates © in lemma 4.1 (iii)
to deduce that B = © o v € WhPk1 (U, A%P++1(X)) with the correspond-
ing estimates. Above, we already established the W1~ and thus W1Pr+1-
regularity and -estimates for ® and W as well as B € LPs+1 (U, AbPr+1(X)).
(Recall the Sobolev embedding W14 « L™ and that p, > q and rj, > pry1,
so we have L™ (U, L' (X))-regularity of B as well as VyB.) Putting all this
together we have established the W!Pr+iregularity and -estimates for 7*A
over U; X Y., where the U; cover a neighbourhood of Q.1 NOH. The interior
regularity again follows directly from proposition 6.9.

This iteration gives a sequence (px) with prr1 = 0(px) - pr = 0(p) - pr. So
this sequence grows at a rate greater or equal to 6(p) > 0(2) = 1 and hence
reaches py > 4 after finitely many steps. This finishes the proof of II) and
the theorem. O

a < Pr = Tk

Proof of theorem 6.1 :

Fix a solution A € AP(X) of (6.1) with p > 2. We have to find a gauge
transformation u € GoP(X) such that u*A € A(X) is smooth. Recall that the
manifold X = (J,n X is exhausted by compact submanifolds X meeting
the assumptions of proposition 6.3. So it suffices to prove for every k € N
that there exists a gauge transformation u € G*P(X}) such that u*A|x, is
smooth.

For that purpose fix £ € N and choose a compact submanifold M C X
that is large enough such that theorem 6.8 applies to the compact subset
K = X, € M. Next, choose Ay € A(M) such that ||[A — Aollwrr(ur)
and ||A — Ao||ra(ar) are sufficiently small for the local slice theorem, propo-

sition 6.4, to apply to A with the reference connection A = A. Here due
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to p > 2 one can choose ¢ > 4 in the local slice theorem such that the
Sobolev embedding W'?(M) — L?(M) holds. Then by proposition 6.4 and
remark 6.5 (i) one obtains a gauge transformation u € G*P(M) such that u*A
is in relative Coulomb gauge with respect to Ag. Moreover, u*A also solves
(6.1) since both the anti-self-duality equation and the Lagrangian submani-
folds L; are gauge invariant. The latter is due to the fact that u restricts to a
gauge transformation in G'?(¥;) on each boundary slice 7;({s} x %;) due to
the Sobolev embedding G2 (U; x X) C WP (U;, G1P(5;)) — CO(U;, GHP(3)).
So u*A € A (M) is a solution of (6.2) and theorem 6.8 (i) asserts that
u*A|x, € A(Xy) is indeed smooth.

Such a gauge transformation u € G*?(X}) can be found for every k € N,
hence proposition 6.3 (i) asserts that there exists a gauge transformation
u € GZP(X) on the full noncompact manifold such that u*A € A(X) is
smooth as claimed. O

Proof of theorem 6.2 :

Fix a smoothly convergent sequence of metrics g¥ — ¢ that are compatible
to 7 and let A” € A;P(X) be a sequence of solutions of (6.1) with respect
to the metrics ¢g”. Recall that the manifold X = (J,.y Xi is exhausted
by compact submanifolds X; meeting the assumptions of proposition 6.3.
We will find a subsequence (again denoted A”) and a sequence of gauge
transformations u” € Go(X) such that the sequence u”*A” is bounded in
the W%P-norm on Xj, for all / € N and k£ € N. Then due to the compact
Sobolev embeddings W*P(X},) — C*“2(X}) one finds a further (diagonal)
subsequence that converges uniformly with all derivatives on every compact
subset of X.

By proposition 6.3 (ii) it suffices to construct the gauge transformations
and establish the claimed uniform bounds over X for all £ € N and for
any subsequence of the connections (again denoted A”). So fix £ € N and
choose a compact submanifold M C X such that theorem 6.8 holds with
K = X, € M. Choose a further compact submanifold M’ C X such that
theorem 6.8 holds with K’ = M C M’. Then by assumption of the theo-
rem || Fav||Le(ary is uniformly bounded. So the weak Uhlenbeck compactness
theorem, proposition 6.6, provides a subsequence (still denoted A”), a limit
connection Ay € AYP(M’), and gauge transformations u” € G*P(M’) such
that u**A¥ — Aj in the weak W'P-topology. The limit A, then satisfies
the boundary value problem (6.1) with respect to the limit metric g. So as
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in the proof of theorem 6.1 one finds a gauge transformation ug € G*P(M)
such that uiAy € A(M) is smooth. Now replace Ay by uiAy and u” by
u"ug € G*P(M), then one still has a W'P-bound, ||u”*A" — Ao||lwrer) < co
for some constant ¢y, see lemma A.5.

Due to p > 2 one can now choose ¢ > 4 in the local slice theorem such that
the Sobolev embedding W1?(M) — L?(M) is compact. Hence for a further
subsequence of the connections u”*AY — Ag in the L9%-norm. Let ¢ > 0
be the constant from proposition 6.4 for the reference connection A = A,
then one finds a further subsequence such that ||u”*A” — Agl|ze(ar) < € for
all v € N. So the local slice theorem provides further gauge transformations
u” € G*P(M) such that the @” * A" are in relative Coulomb gauge with respect
to Ap. The gauge transformed connections still solve (6.1), hence the @” *A”
are solutions of (6.2). Moreover, we have ||a” * A" —Apl|, < Ceoallu” *AY—Ag||4,
hence u” *A” — Ay in the L%-norm, and

12" A4 = Ag|| 1) < Ceator

wbp(M

The higher W*P?-bounds will now follow from theorem 6.8, so we first have to
verify its assumptions. Fix the metric g9 := g and a compact neighbourhood
V =U", 70U x3;) of KNOX. Then the o (W *AY — Ag)|s, are uniformly
Wtr_bounded and converge to zero in the L%norm on U; x S; as seen above.
Now the embedding

WP (U x £, TS, @ g) — L= (U;, AP (5;))

is compact by lemma 6.7. Thus one finds a subsequence such that the
75 (0* AY)|g, converge in L>®(U;, A®P(%;)). The limit can only be 75, Aols,
since this already is the L?limit. Now in theorem 6.8 (ii) choose the constant
C1 = Cegeg and let 0 > 0 be the constant determined from C;. Then one
can take a subsequence such that

||77'S7Z-(2~LV AV — Ao)zi ||Loo(ui7_A0,p(Ei)) S ) Vi = 1, ce ,n,VI/.

Now theorem 6.8 (ii) provides the claimed uniform bounds as follows. Fix

¢ €N, then ||g" — gllcer2(ary < 6 for all v > v, with some v, € N, and thus
Hﬂu *AI/ o

AOHWZ’P(Xk) S Cg Y Z Vy.

This finally implies the uniform bound for this subsequence,

< 00.

SggHaV *AVHWAP(X,C)
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Here the gauge transformations @” € G??(X}) still depend on k € N and are
only defined on Xj. But now proposition 6.3 (ii) provides a subsequence of
(A”) and gauge transformations u” € G(X) defined on the full noncom-
pact manifold such that u”*A" is uniformly bounded in every W*P-norm on
every compact submanifold X;. Now one can iteratively use the compact
Sobolev embeddings W*2P(X,) — C*(X,) for each £ € N to find a further
subsequence of the connections that converges in C*(X,). If in each step one
fixes one further element of the sequence, then this iteration finally yields
a sequence of connections that converges uniformly with all derivatives on
every compact subset of X to a smooth connection A € A(X). a



Chapter 7

Fredholm theory

This chapter concerns the linearization of the boundary value problem (1.2)
in the special case of a compact 4-manifold of the form X = S x Y, where
Y is a compact orientable 3-manifold whose boundary 0Y = ¥ is a disjoint
union of connected Riemann surfaces. The aim of this chapter is to prove
theorem C. The parts (i), (ii), and (iii) of theorem C are restated and proven
below as theorem 7.1, lemma 7.2, and lemma 7.3.

So we equip S! x Y with a product metric § = ds? + g, (where g, is
an S'-family of metrics on V') and assume that this is compatible with the
natural space-time splitting of the boundary X = S! x 3. This means that
for some A > 0 there exists an embedding

7:S8' % [0,A) x ¥ — S' xY

preserving the boundary, 7(s,0,z) = (s,2) for all s € S* and 2z € X, such
that
75 =ds® + dt* + g..

Here g,,; is a smooth family of metrics on ¥. This assumption on the
metric implies that the normal geodesics are independent of s € S! in
a neighbourhood of the boundary. So in fact, the embedding is given by
T(s,t,2) = (8,7.(t)), where 7 is the normal geodesic starting at z € ¥. This
seems like a very restrictive assumption, but it suffices for our application
to Riemannian 4-manifolds with a boundary space-time splitting. Indeed,
the neighbourhoods of the compact boundary components are isometric to
St x Y with Y =[0,A] x ¥ and a metric ds? + dt* + g ;.

Now fix p > 2 and let £ C Ag’aﬁ(Z) be a gauge invariant Lagrangian
submanifold of A%?(X) as in chapter 4. Then for A € A"(S' x Y) we

95
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consider the boundary value problem

{*FA‘I'FA:O,

A\{s}xay eL VseSt. (7.1)

Fix a smooth connection A € A(S' x Y) with Lagrangian boundary val-
ues (but not necessarily a solution of this boundary value problem). It
can be decomposed as A = A + ®ds with ® € C>®(S' x Y,g) and with
A€ C>®(St x Y, TY ® g) satisfying A, := A(s)|sy € L for all s € St. Sim-
ilarly, a tangent vector & to AP(S* x Y') decomposes as & = a + ¢ds with
o € WP(St x Y, g) and « € W'P(S! x YV, T*Y ® g). With respect to this
splitting the linearization of the Lagrangian boundary condition in (7.1) at
Ais a(s)|gy € TaL for all s € S'. Moreover, the linearization of the
anti-self-duality equation Fg = %(F i+ xF;) =0 at A can be expressed as

dta = 2% (Via —dap + xdaa) — 3(Vea — dap + xdga) Ads = 0.

Here d 4 denotes the exterior derivative corresponding to the connection A(s)
on Y for all s € S, x denotes the Hodge operator on Y with respect to the
s-dependent metric gs on Y, and we use the notation Vo := 0sa + [P, .
Now the linearized operator for the boundary value problem (7.1) has to be
augmented with the local slice condition at A, i.e. the condition that the
tangent vectors & to the space of connections at A lie in a complement of
the gauge orbit through A. This complement is fixed by the Coulomb gauge
conditions

dja = =Vo+dja =0 and * Qlgivgy = —*algy Ads = 0.

Now let EL” € WP(S' x Y, T*Y ® g) be the subspace of S'-families of 1-
forms « that satisfy the above boundary conditions from the linearization of
(7.1) and the Coulomb gauge,

xa(s)]gy =0 and a(s)|lgy € T4, L  foralls € S

Then the linearized operator for the study of the moduli space of gauge
equivalence classes of solutions of (7.1) is

Diaa) : B x W' (S' x Y, g) — LP(S* x Y, T'Y ® g) x LP(S' x Y, g)
given by
Doy, p) = (Vi —dap + *daa, Vip — djja).
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Our main result, theorem C (i), is the following.

Theorem 7.1 Let p > 2 and assume that A+ ®ds € A(S' xY) satisfies the
boundary condition A(s)|ay € L for all s € S*'. Then D(ae) is a Fredholm
operator.

We now give an outline of the proof of this theorem. The first crucial
point of this Fredholm theory is the following estimate, theorem C (ii), which
ensures that D4 ¢) has a closed image and a finite dimensional kernel.

Lemma 7.2 There is a constant C such that for all &@ € WH (X, T*X ® g)
satisfying

*alox =0 and &lsyxoy € Ta, L Vs e St
one has the estimate
[allwrr < ClldEall, + [|d5all, + llal,)-

Postponing the proof we first note that by the above calculations the
estimate in this lemma is equivalent to the following estimate for all @ € E}P
and p € WhP(S! x Y, g)

I, @) lwre = lledlwre + [l@llwe
< C(IVaer = dag + xdaall, + [|Vap — diall, + [lal, + [lell,)

= C (D) (a; 9)llp + 1 ©)ll)-

The second part of the proof of theorem 7.1 is the identification of the
cokernel of the operator with the kernel of a slightly modified linearized
operator, which will be used to prove that the cokernel is finite dimensional.
To be more precise let o : ST x Y — S! x Y denote the reflection given by
o(s,y) == (—s,y), where S = R/Z. Then we will establish the following
duality:

(674—) S (imD(A,d)))l — (500—74-0 U) € ker Do*(A,‘I))v

where D+ (4,¢) is the linearized operator at the connection o*A = Aoog—Poc
with respect to the metric 0*§ on S x Y. Once we know that im Dae) is
closed, this gives an isomorphism between (coker D(4.¢))* = (im D4 ¢))" and
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ker Dy«(4,9). Here Z* denotes the dual space of a Banach space Z, and for
a subspace Y C Z we denote by Y+ C Z* the space of linear functionals
that vanish on Y. Now the estimate in lemma 7.2 will also apply to Dy« 4),
and this implies that its kernel — and hence the cokernel of D4 ¢) — is of
finite dimension. The main difficulty in establishing the above duality is
the following regularity result, theorem C (iii). As before we shall use the
notation % + z% = 1.

Lemma 7.3 Let q > p* such that ¢ # 2. Let 3 € LI(S' x Y, T*Y @ g),
¢ € LY(S' x Y,g), and suppose that there exists a constant C such that for
all a € B and ¢ € WHP(S! x Y, g)

q*:

[ (Pusfas). (5.0)] < Clliewy)
Then 8 € WH(S' x YV, T*Y ®g) and ¢ € WH(S' x Y, g) .

This regularity as well as the estimate in lemma 7.2 will be proven anal-
ogously to the nonlinear regularity and estimates in chapter 6. Again, the
interior regularity and estimate is standard elliptic theory, and one has to
use a splitting near the boundary. We shall show that the S!- and the nor-
mal component both satisfy a Laplace equation with Neumann and Dirichlet
boundary conditions respectively. The Y-component will again gives rise to
a (weak) Cauchy-Riemann equation in a Banach space, only this time the
boundary values will lie in the tangent space of the Lagrangian. In contrast
to the required LP-estimates we shall first show that the L2-estimate for LP-
regular 1-forms can be obtained by more elementary methods. These were
already outlined in [Sal] as a first indication for the Fredholm property of
the boundary value problem (7.1).

Let & € WIP(X, T*X ® g) be as supposed for some p > 2. From the first
boundary condition *&|sx = 0 one obtains

Va3 = lldal3 + Id*allz - /aX 9(Ys, Vyzv).

Here one has [, §(Ya, Vy,v) > —C’||6z||%2(ax) since the vector field Yj is
given by ty.g = &. In this last term one uses the following estimate for
general 1 < p < oc.
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Let 7: [0, A) x0X — X be a diffeomorphism to a tubular neighbourhood
of 0X in X. Then for all § > 0 one finds a constant Cs such that for all
fewhr(X)

T

-/ / (s = Dl fr(s, 2)P) ds a2

1 Pdsds ! (s )P sz 3,
S/ax/o [F(r(s,2))f dsd +/8X/0 plf(r(s,2)) 710 f (7(s,2))] ds d
< CUIF oy + 1o IV Fll o)

< (5||f||W17P(X) + Csll fll o x)) " (7.2)

This uses the fact that for all z,y > 0 and 6 > 0

oPyP cp < St 1
-1 < ) ) = ) < 5 5 =) p.
' {5_%# o>ty [T Oy +0777)

So we obtain

ladlwrz < C(lldgall2 + [|d5all2 + [|all2). (7.3)

In fact, the analogous W !'P-estimates hold true for general p, as is proven e.g.
in [We, Theorem 6.1]. However, in the case p = 2 one can calculate further
for all 6 > 0

||d,4d||§=/X<dAa, 2d;d>—/X<dAaAdAd>

—2djals— [ (anirnal)— [ (andga)

< 2||d}d||§+Ca||d||§+5||d||%vl,2. (7.4)

Here the boundary term above is estimated as follows. We use the universal
covering of S = R/Z to integrate over [0, 1] x Y instead of 9X = S! x 9Y".
Introduce A := (Ag)sest, which is a smooth path in £. Then using the
splitting alpx = a4+ pds with o : ST x ¥ - T*S ®gand ¢ : St x ¥ — g
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one obtains
—/ <5zAdA54>
aX
1 1
:—/ /(go,dAa>dvolg/\ds—//(a/\(dAap—Vsa))/\ds
0o Jx 0o Jo

:/01/Z<oz/\vsoz)/\ds

< 8[|alfizx) + CallalZaix)-

Firstly, we have used the fact that daals = 0 since a(s) € T4 L C kerdy,
for all s € S'. Secondly, we have also used that both o and d ¢ lie in T4 L,
hence the symplectic form f2< a A dap) vanishes for all s € St. This is not
strictly true since & only restricts to an LP-regular 1-form on 0X. However,
as 1-form on [0, 1] X Y it can be approximated as follows by smooth 1-forms
that meet the Lagrangian boundary condition on [0, 1] x 3.

We use the linearization of the coordinates in lemma 4.1 (iii) at A; for all
s € [0,1]. Since the path s — A, € LN A(X) is smooth, this gives a smooth
path of diffeomorphisms O, for any ¢ > 2,

Ix7 — LI, T"S ® g)
(&0, Cw) — da &+ 200 viyi(s) +xda, O+ D00 whrvi(s),

where Z := WH(32 g) x R™ and the v; € C®([0,1] x X, T*Y ® g) satisfy
vi(s) € Ta,L for all s € [0,1]. We perform above estimate on [0,1] x Y
since we can not necessarily achieve v;(0) = 7;(1). In these coordinates, we
mollify to obtain the required smooth approximations of & near the bound-
ary. Furthermore, we use these coordinates for ¢ = 3 to write the smooth
approximations on the boundary as a(s) = da,&(s) + > v, v'(s)vi(s) with
1£(s) [lwrssy + [v(s)| < Clla(s)]|z3(s)- Then for all s € [0, 1]

O, :

/E (a(s) A Vaals) ) = / (oA (A0 + 3 000 7))
+ /E(a A ([@,a] + [0:A,8 + D0 v' - 0,yi) )

< Clla(s) |2 lles)] acs-

Here the crucial point is that d 40,£ and 9,v'-v; are tangent to the Lagrangian,
hence the first term vanishes. Now one uses (7.2) for p = 2 and the Sobolev
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trace theorem (the restriction W?(X) — L3(9X) is continuous by e.g. [Ad,
Theorem 6.2] ) to obtain the estimate,

1
/ /(a AN Vsa) Ads < Cllal|p2ox) llall s ox)
0 Jx

||d||12/V1’2(X) + Csllal| 2 xy |l @l wrex)

s
2
dlléllyrecx) + Collallza ) -

This proves (7.4). Now § > 0 can be chosen arbitrarily small, so the term
||&||w1.2 can be absorbed into the left hand side of (7.3), and thus one obtains
the claimed estimate

lallwre < C(ld%alle + d5all + [|all2).

Proof of lemma 7.2 :

We will use lemma 3.3 for the manifold M := S! x Y in several different
cases to obtain the estimate for different components of &. The first weak
equation in lemma 3.3 is the same in all cases. For all n € C*(M;g)

/<5z,dn>=/<d*&,n>+/ (n, xa)
M M oM
— [(darstdnsan) = [ (70,
M M
Here one uses the fact that xa|gpy =0 . Then f € LP(M,g) and
1£llp < lId5ély + 2l Alloo |l (7.5)

For the second weak equation lemma 3.3 we obtain for all A € Q'(M; g)

‘/<&,dHA)::/<&,dHA+wF*dA) (7.6)

:/Q7¢m>—/‘ <aAMu>—/‘ (& AdA),
M S1xoy S1xoy
where v = dd + *dd@ = 2d%ta — 2[AAd]* € LP(M, A*T*M ® g) and

I7llp < 2lld%Gll, + 41l AllocllGil- (7.7)

Now recall that there is an embedding 7 : S' X [0,A) X ¥ «— ST XY to a
tubular neighbourhood of S* x 9Y" such that 7*g = ds*+dt?+ g, for a family
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gs, of metrics on ¥. One can then cover M = S' x Y with 7(S' x [0, 2] x X)
and a compact subset V. C M \ OM.

For the claimed estimate of & over V' it suffices to use lemma 3.3 for vector
fields X € I'(TM) that equal to coordinate vector fields on V' and vanish on
OM. So one has to consider (7.6) for A = ¢ - 1xg with ¢ € C5°(M,g). Then
both boundary terms vanish and hence lemma 3.3 directly asserts, with some
constants C' and Cly, that

allwirory < C(Ifllrany + IVIzr@n + @l ean)
< C’V(HdJA?@HLp(M) + |56l ocany + Nl o)) -

So it remains to prove the estimate for & near the boundary OM = S! x X.
For that purpose we can use the decomposition 7*& = pds + 1dt 4+ a;, where
o, € WP(St x [0,A) x &, g) and « € WHP(S? x [0, A) x X, T*E ® g). Let
Q:= 5" x[0,2A] and let K := S' x [0, 2]. Then we will prove the estimate
for ¢ and 1 on €2 x ¥ and for a on K x 3.

Firstly, note that ¥ = &(7.0;) o 7, where —7,0;|sps = v is the outer unit
normal to M. So one can cut off 7.0; outside of 7(£2 x ) to obtain a
vector field X € T'(TM) that satisfies the assumption of lemma 3.3, that is
X|onm = —v is perpendicular to the boundary. Then one has to test (7.6)
with A = ¢ - 1xg for all ¢ € C3°(M,g). Again both boundary terms vanish.
Indeed, on S' x 9Y we have ¢ = 0 and tx§ = 7.dt, hence d)\|rxsy = 0
and *d\|rxgy = —% % T, (dt A dt) = 0. Thus lemma 3.3 yields the following
estimate.

[]lwrr@xsy < Clla(X)lwiearn
< C(Ifllzoary + IVl oary + @l zoan)
< Cy(ldfall e + I d5al ey + @l e any)-

Here C denotes any finite constant and the bounds on the derivatives of 7
enter into the constant C}.

Next, for the regularity of ¢ = @(Js) o 7 one can apply lemma 3.3 with
the tangential vector field X = 0,. Recall that 7 preserves the S!-coordinate.
One has to verify the second weak equation for all ¢ € C2°(M, g), i.e. consider
(7.6) for A = ¢-1xg = ¢-ds. The first boundary term vanishes since one has
*d\|g1xoy = —% dvolgy = 0. For the second term one can choose any § > 0
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and then finds a constant Cj such that for all ¢ € C°(M, g)

/ (aNndX) '
Slxoy

/51/ (s,0) Ads(¢poT)(s,0)) Ads

/ (& N[A ¢]) Ads
SixoYy

< [1allze @) [ Alloo |0l 2 oar)
< (dll&llwrrary + Csllalloan ) 1llwo ary

This uses the fact that «(s,0) and da,(¢ o 7)|s,0xx both lie in the tangent

space T4, L to the Lagrangian, on which the symplectic form vanishes, that is

Js{aAda(¢poT)) = 0. Moreover, we have used the trace theorem for Sobolev

spaces, in particular the estimate (7.2). Now lemma 3.3 and remark 3.4 yield

zVith> a = Ifllp, 2 = [[Vllzeary + ollallwrrary + Csll @l Loary, and using (7.5),
7.7

H90||W1m(9xz)
< C(I1f lzoan + c2 + 8l o)
< 8ll@llwron + Cs(@) (|5l woan + 1456 oy + @] moan).

Here again 6 > 0 can be chosen arbitrarily small and the constant Cy(9)
depends on this choice.

It remains to establish the estimate for the Y-component a near the
boundary. In the coordinates 7 on {2 X X, the forms d%& and dJAfd become

T'd5a = =0y — Opp + dga — T (*[A A xd]),
T*dJAC = 1(—(0sx 4 #50,) A ds + #5(0sx 4 #50,) A dt)
+ L (dsa + (xsdsa)ds Adt) + 75 ([A A a] ).

So one obtains the following bounds: The components in the mixed direction
of 2 and ¥ of the second equation yields for some constant C

|0scx + #5.0r|| Lraxs) < HT*dE~ ([AAa]

aHLP QxY)
< O (I dEa ] oary + IIaIILp<M>)-

)HLP(QXE)

Similarly, a combination of the first equation and the ¥-component of the
second equation can be used for every § > 0 to find a constant Cy(J) such
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that

[dsallr@xs) + [[dsef r@xs)
< C([|dtall oo + Il d5all zoan + (16 ooy
+ lellwro@xs) + [¢llwir@oxs))
< dllallwrron + Ca(8) (Id5al oany + 1 A5G Loary + l|éllan)-

Now firstly, lemma 6.11 provides an LP-estimate for the derivatives of « in
Y-direction,

||V204||LP(Qx2)
< C(ldsellzrxs) + lldsallr@xs) + llallr@xs)
< dllallwrran + Co(d) (1@l woan + |5l Lo@n + 1@ o),

where again Cx(0) depends on the choice of 6 > 0. For the derivatives
in s- and t-direction, we will now apply theorem 5.4 on the Banach space
X = LP(X, T*Y¥ ®g) with the complex structure #,, determined by the metric
gs: on X and hence depending smoothly on (s,t) € Q. The Lagrangian
and hence totally real submanifold £ C X is modelled on a Banach space
Z = WhP(3, g) ®R™ as seen in lemma 4.1, and this is bounded isomorphic to
a closed subspace of LP(X, R™). Now o € W1P(Q, X) satisfies the Lagrangian
boundary condition a(s,0) € T4, L for all s € S, where s — A, is a smooth
loop in £. Thus corollary 5.5 yields a constant C' such that the following
estimate holds,

Vool ek xs) < lleflwirax)
< C(||88a + *50i|| Lo, x) + ||Oz||Lp(Q,X))
< CK(||d£d||Lp(M) + |l &l Le(any ) -
Here C'k also includes the above constant C;. Now adding up all the esti-
mates for the different components of & gives for all § > 0
l&llwir < (Cv + Cy + Cs(8) + Cx(8) + Cr) (ld5allp + Il + llall,)
+ 20||&||we-

Finally, choose § = 1, then the term ||G||y1» can be absorbed into the left
hand side and this finishes the proof of the lemma. O
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Proof of lemma 7.3 :

Let B € LY(S' x Y, T*Y ® g) and ¢ € LI(S! x Y,g) be as supposed in
the lemma. Then there exists a constant C' such that for all @ € E}” and
p e WP(St x Y, g)

/ / sa—dA<P+*dAOé > +/ /<V880_d2a>C>
St St Jy

/Sl Y<D(A<I>( ©), (B, C)>‘
< Cll(a,0)lq= (7.8)

The higher regularity of  is most easily seen if we go back to the notation
a = a+ pds with Daey(a, ) = (27, —d5a) for dja = *y —y Ads .
Abbreviate M := S' X Y, then we have for all @ € C>®°(M, T*M ® g) with
#@|orr = 0 and @gsyxoy € Ta, L for all s € S*

'/M(degd,ﬁ/\ds)%—/M(d}d,()'_

Now use the embedding 7 : S' x [0, A) x ¥ < M to construct a connection
A € A(M) such that 7 A(s, t, z) = A,(z) near the boundary (this can be cut
off and then extends trivially to all of M). Then & := d ;¢ satisfies the above
boundary conditions for all ¢ € C°(M, g) since d 3¢(v) = %2 + [A(v), 6] =0
and d;¢|(spxoy = da,@ € Ty, L for all s € S!. Thus we obtain for all
¢ € CX(M,g) in view of Agp = d*(a — [A, ¢]), denoting all constants by C,

[ (a0.0)

=| [ (dya++[AAxa] — d*[4, 4], ¢)
i \

swwmﬂéf4@%¢amm
< Yl

+‘/A/I<*[AA*dA¢]—d*[A,¢]> ¢)

The regularity theory for the Neumann problem, e.g. proposition 3.5, then
asserts that ¢ € WhHe(M).
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To deduce the higher regularity of § we will mainly use lemma 3.3. The
first weak equation in the lemma is given by choosing ov = 0 in (7.8). For all

n € C®(M,g)
Lhéuadm—pamﬂ

TRERTIE
[ fmeom|+| [ [apnearn)

For the second weak equation let ¢ = 0 and a = *d\ — O\ for A = ¢ - 1xg
with ¢ € 7 in the function space C5°(M,g) or C°(M,g) corresponding to
the vector field X € C®(M,TY). If the boundary conditions for a € E}”
are satisfied, then we obtain with d = dy

‘/L<ﬁ,deMA>

_ /Slfy(ﬁ,*d*d)\—af)\—*(@*)@s)\))

= / /(ﬁ, *dAOé—*[A/\*d)\]—i-*dA&s)\
St Jy

+ Vs — [@,0,A] — Vg x dX — %(0gx) O\ >‘

g0||x|ywl,q*+‘LIA<g,d;a> + /Sl/yw,*dAas)\—Vs*dM‘
< Cf@lwrar-

Here we have used the identity

kA 0\ — Vg x d\ = *[A N OA] — [, xdA] — (O )dA.

Moreover, we have used partial integration with vanishing boundary term
xa|gy = 0 to obtain

/S/ ¢, dya) /S/ daC, *dh — 9N ).

Now let X € C>°(M, TY) be perpendicular to the boundary OM = S! x 9Y’,
then for all ¢ € C5 (M) the boundary conditions for av = *d\ — 9\ € Elp
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are satisfied. Indeed, on the boundary OM = S! x 9Y the 1-form A = ¢-1x§
vanishes, we have txg = h - 7,dt for some smooth function h, and moreover
do = —% - 1.dt. Hence

*Oz|ay = d)\‘ay — *as)\|ay = 0,
aloy = *dX|ay — O\ oy = —92h x (1,dt A T,.dt) = 0.

Thus for all vector fields X € C*(M,TY) that are perpendicular to the
boundary, lemma 3.3 asserts that 8(X) € W14(M,g). In particular, this
implies W19-regularity of 3 on all compact subsets K C int M. So it re-
mains to prove the regularity on the neighbourhood 7(S! x [0, 2) x X) of the
boundary M. In these coordinates we decompose

6 = &dt + 6.

Now firstly, lemma 3.3 applies as described above to assert the regularity
£ =pB(rd)or € WH(Q x X, g) on Q:= S x [0,3A). Here a vector field
X that is perpendicular to the boundary is constructed by cutting off 7,0,
outside of 7(£2 x X).

So it remains to consider § € LI(Q x X, T*Y ® g) and establish its W
regularity. In order to derive a weak inequality for 3 on  x ¥ from (7.8) we
use & = T(pds + ¢dt + &) with ¢ € C5°(2 x X, g), ¥ € C5°(Q2 x 3, g), and
&€ WHP(Q x B, T*S ® g) such that (s, 3A,-) = 0 and &(s,0,-) € Ty, L for
all s € S'. This & satisfies the boundary conditions for (7.8) and it can be
extended trivially to a W!'P-regular 1-form on all of M. Thus we obtain

[ (Vi 9iadap v, B>’
Ox2

<

/ <—vsw+vtso—*dm,£>+/ (Vo + Vit — dia, ¢)
QOxX

Qx>

Here we have introduced the decomposition 7*A = ®ds + Udt + A, where
AeC®(OQx 3, T*Y ®g) with A(s,0) = A, € L for all s € S1. We have also
used the notation Vo = 0,p + [V, ¢], and moreover dy and * denote the
differential and Hodge operator on . Now firstly put & = 0, then we obtain
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for all p, 1 € C°(2 x X, g) by partial integration

|t B>' < (C +1V3€ = Volllieresy) [€le ceny.

/Q e, B>' < (C + V6 + Vil 10 o sy

This shows that the weak derivatives d3; ﬁ and dy, ﬁ are of class L? on € x X.
So we have verified the assumptions of lemma 6.11 for 3 and conclude that
Vs also is of class LY. So it remains to deduce the Li-regularity of 9,3 and
9,8 on S x [0, %] x Y from the above inequality for ¢ = ¢ = 0, namely from

/ (Vsa +*V,a, m‘ < (C + [1da¢ + *da&ll Loxsy) 1l o sy (79)
QxS

This holds for all & € W'?(Q x £, T*Y ® g) such that a(s,2A,-) = 0 and
a(s,0,-) € Ty, L for all s € S'. We now have to employ different arguments
according to whether ¢ > 2 or g < 2.

Caseq>2:

In this case the regularity of 3 and 8,3 will follow from theorem 5.4 on the
Banach space X = L(X, T*Y ® g) with the complex structure given by the
Hodge operator on ¥ with respect to the metric gs;. From (7.9) one obtains
the following estimate for some constant C' and all & as above:

/Q / (5. 0.6+ 0,(xa))| < Clla o xe (7.10)

Note that this extends to the W4 (Q, L7 (¥))-closure of the admissible &
from above. In particular the estimate above holds for all & € Wh9(Q, X)
that are supported in Q and satisfy a(s,0,) € Ty L for all s € St. To
see that these can be approximated by smooth & with Lagrangian bound-
ary conditions one uses the Banach submanifold coordinates for £ given by
lemma 4.1 as before. Here the Lagrangian £ C X is the L%restriction
or -completion of the original Lagrangian in A%P(¥). It is modelled on
Wha(3, g) x R™ as seen in chapter 4. However, in order to be able to apply
theorem 5.4 (i), we need to extend this estimate to all & € C*(Q2, X*) with
suppa C Q and a(s,0) € (xT4,L)* for all s € S*. This is possible since
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any such & can be approximated in W14 (€, X*) by &; € C®(12, X) that are
compactly supported in €2 and satisfy the above stronger boundary condition
@;(s,0) € Ta L for all s € S*.

Indeed, lemma 5.8 provides such an approximating sequence «; without
the Lagrangian boundary conditions. From the proof via mollifiers one sees
that the approximating sequence can be chosen with compact support in €.
Now for all s € S* one has the topological splitting X = T4 L @& T4, L
and thus X* = (T4 L)t @& (*T4 L)*. Since ¢ > 2 the embedding X —
X* iThens continuous. This identification uses the L% inner product on X
which equals the metric w(-, *-) given by the symplectic form w and the
complex structure *. So due to the Lagrangian condition this embedding
maps Ty L — (*T4, L)' and *T4 L — (T4, L)+, We write & = v+ § and
a; = 7; + 0; according to these splittings to obtain v,d € C*(Q, X*) and
¥i, 0; € C®(Q, X) such that *ToL >~ — v € (T4L) and TyL > §; — 6 €
(*T4L)*+ with convergence in W14 (Q, X*). The boundary condition on &
gives v|i—o = 0. Moreover, 9y is uniformly bounded in X*, so one can find
a constant C' such that ||y(s,t)||x- < Ct for all ¢ € [0,2A] and hence for
sufficiently small ¢ > 0

14+
||7||Lq*(slx[0,e],x*) < %5 T
Now let § > 0 be given and choose 1 > ¢ > 0 such that ||| o (51x[0,¢,x+) < €0
and [|7[|yw1.e* (s1x]0,¢],x+) < 0. Next, choose i € N sufficiently large such that
17 = Ylwrar ,x < €6, and let h € C>([0,2A],[0,1]) be a cutoff function
with h(0) = 0, hl;>c = 0, and |W'| < 2. Then & = hy; 4+ 0; € C*(Q, X)
satisfies the Lagrangian boundary condition &;(s,0) € T4, £ and approxi-
mates & in view of the following estimate,

& — OA‘HWL‘Z*(Q,X*) < |[[h(vi = V)HWM*(Q,X*) + [|(1 - h)’V”WLq*(Q,X*)
< i = Alwra @, x) + 2% = Y e @,x)

+ 1Yllwre st x 0., x) + 2171 Lar (51 ¢ [0, 379
< 6.

This approximation shows that (7.10) holds indeed true for all & € C*(§2, X*)
with suppa C Q and «a(s,0) € (T4, L) for all s € S'. Thus theorem 5.4
asserts that 8 € Wh4(K, X) for K := S x [0, %], and hence 0,0 and 0, are
of class L? on S x [0, £] x ¥ as claimed.
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Case q<2:

In this case we cover S' by two intervals, S' = I; U I, such that there are
isometric embeddings (0,1) < S* identifying (4, 2] with [; and I, respec-
tively. Abbreviate K := [1,%] x [0,£] and let €' C (0,1) x [0, 3A] be a
compact submanifold of the half space H such that K C intQ’. Then for
each of the above identifications S' \ {pt} = (0,1) one has LI-regularity of
Bon QY x¥ by assumption and of *d € + d4( from above. Now the task is
to establish in both cases the L%-regularity of ds3 and 8,8 on K x ¥ using
(7.9). For that purpose choose a cutoff function h € C*°(H, [0, 1]) supported
in € such that h|x = 1. Then it suffices to find a constant C' such that for

all v € Cg°(§Y x X, T*¥ ® g) (these are compactly supported in int(€2') x )

/Mw,hm'_

This gives Li-regularity of the weak derivative d,(h3) and hence of 9,3 on
K x ¥. For the regularity of 9,0 one has to replace 0s7v by 0yy, then the
argument is the same as the following argument for O 3.

We linearize the submanifold chart maps along (As)sec1) € £ N A(E)
given by lemma 4.1 (iii) for the Lagrangian £ C A% (X). Note that this
uses the L7 -completion of the actual Lagrangian in A%(X). Abbreviate
7 = Wht'(3,g) x R™ and let x,; denote the Hodge operator on X with
respect to the metric ¢g,;. Then one obtains a smooth family of bounded
isomorphisms

Oui: ZxZ 5L (5, T'E®g) = X
defined for all (s,t) € ' by

®s,t(£7 v, C, w) = dg, &+ Z?; Ui%’(5> + *gda, ¢+ ZZZI w’ *gt %’(S).

Here v; € C*((0,1) x X, T*Y ® g) with v;(s) € T4 L for all s € (0,1).
Abbreviate Z* := C*(X,g) x R™ C Z, then ©,,; maps Z*° x Z* into the
set of smooth 1-forms Q'(3, g). So given any v € C°(Y x 3, T*Y ® g) we
have f:= 071 oy € C°(Y, Z> x Z*) and for some constant C

||f||Lq*(Q/,ZxZ) < C||’V||Lq*(9',X) = C||’V||Lq*(9'xz)~

Write f = (f1, f2) with f; € C5°(€', Z*) and note that [, s fi = 0 due to
the compact support. So one can solve Aq¢y = 0sf1 by ¢1 € C (Y, Z°)
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with [, ¢1 = 0 and Ag¢y = O, f2 by ¢2 € C*(V, Z%). (For the C*(X, g)-
component of Z> one has solutions of the Laplace equation on every Q' x {x}
that depend smoothly on x € ¥.) Now let ® := (¢1,¢9) € C®(Q,Z x Z)
and consider the 1-form

Gy = h-O(=0,® + Jy0,®) € C*(, X).
This extends to a 1-form on €2 x ¥ that is admissible in (7.9). Indeed, &,
vanishes for s close to 0 or 1 and thus trivially extends to s € S'. The
Lagrangian boundary condition is met since for all s € S*

G,(5,0) = h(s,0) - Og0(—0sp1 — Orpa, —O0sp2 + Opp1) € O50(Z,0) =Ty, L.

So (7.9) provides a constant C' such that for all &, of the above form

/ (B, Bud, + u(%6))| < Clldn e @ux)
Qx>

Moreover, one has for all v € C3°(Q' x 3, T*Y ® g) and the associated f, @
and ¢, and denoting all constants by C

||5‘v||Lq*(Q,X) < CH(I)HWl»q*(Q',ZxZ) < C||f||Lq*(Q/,ZxZ) < C”VHLq*(Q'xz)-

Here the second inequality follows from Ag/® = 0, f and lemma 5.7 (iii) and
(iv) as follows. In the R™-component of Z, this is the usual elliptic estimate
for the Dirichlet or Neumann problem; for the components in the infinite
dimensional part Y := W7 (3, g) of Z (still denoted by ¢; and f;) this uses
the following estimate. For all ¢ € Co°(€2,Y™*) in the case ¢ = 1 and for all
€ C3R (Y, Y™) in the case i = 2

ivA ! = Agy X = 83 ()

[t m\ [ (a0 ¢>' | o w>\

/ <fi,asw>' < 1l vy [ ooy
Qx>

Now a calculation shows that

Dsliy + 0y (46,) = h-O(AD) +0,(h-©) (=0, + Jo0,®) + 0y (h- ©) (0, — JoDs ).
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We then use AP = 0, f to obtain, denoting all constants by C,

[ tboom)
[ _thoneee) a0

<

/ (3, as@ﬁat(*am‘
Qx>

+ C|| Bl Lo x=) (|| — 0@ + JoOk®) || Lo (v, zx 2) + ||fHLq*(Q/,ZxZ))
< CH7|’L‘1*(Q’><Z)'

This proves the Li-regularity of 8,3 (and analogously of 8,3) on S x[0, %] XX
in the case ¢ < 2 and thus finishes the proof of the lemma. O

Proof of theorem 7.1 :
Lemma 7.2 and the subsequent remark imply that for some constant C' and
for all (o, ¢) in the domain of D4

(v, @)lwre < C([[Deasy(c ©)llp + I, )lp)-

Note that the embedding WP(X) — LP(X) is compact, so this estimate
asserts that ker D4 ¢ is finite dimensional and im D4 ¢ is closed (see e.g.
[Z, 3.12]). So it remains to consider the cokernel of D4 4). We abbreviate
Z = LP(S'" XY, TY ® g) x LP(S' x Y, g), then coker D(4¢) = Z/im D4 ¢)
is a Banach space since im D4 4) is closed. So it has the same dimension as
its dual space (Z/im Da.¢))* = (im Dia¢))". Now let 0: S' xY — St x Y
denote the reflection o(s,y) := (—s,y) on S = R/Z, then we claim that
there is an isomorphism

(lm D(Aﬂ;))l = ker Do‘* (A,®)

(6,0) = (oo, (o0).

Here Dy« (4,6) = D(a,7) is the linearized operator at the reflected connection
o*A = A'+d'ds with respect to the metric o*§ on X. Note that ker D+ (4,0 is
finite dimensional since the estimate in lemma 7.2 also holds for the operator
Dg«(a,9). So this would indeed prove that coker D ; is of finite dimension and
hence D j is a Fredholm operator.

(7.11)
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To establish the above isomorphism consider any (3,¢) € (im D4 )",
that is 3 € LP (S' x YV, T*Y ® g) and ¢ € LP (S' x Y, g) such that for all
o€ EYP and ¢ € WP(S' x Y, g)

/‘ (Diray (o) (5.€)) =
Sixy

Iteration of lemma 7.3 implies that 3 and ¢ are in fact W1P-regular: We start
with ¢ = p* < 2, then the lemma asserts W1* -regularity. Next, the Sobolev
embedding theorem gives L% -regularity for some q1 € ( ) With «@ > p*.
Indeed, the Sobolev embedding holds for any ¢; <

< 4 p*,
as p* < 7= holds due to p* > 1. So the lemma together Wlth the Sobolev
embeddlngs can be iterated to give L%+!-regularity for ¢;;1 = -
4> q; >2or 2> q > p*. This iteration yields ¢» € (2,4) and g3 > 4. Thus
another iteration of the lemma gives Wh4%- and thus also LP-regularity of 3
and (. Finally, since p > 2 the lemma applies again and asserts the claimed
Wltr_regularity of # and (. Now by partial integration

0= [ (Dusias). (5.0)

:/Sl/y<vsa—dAgo+*dAoz,ﬂ> +/Slfy<vs<p—d2a76>
:/Sl/y<a,—vsﬁ—dAC+*dAﬁ> +/51/Y<@’_v8<_d26>
_/Sl/EmAﬁ) —/SI/ZW,*@- (7.12)

Testing this with all o € C°(S* x Y, T*Y ® g) C E” and ¢ € C°(S' x Y, g)
implies —V 3 — da¢ + *dsf8 = 0 and —V( — d% S = 0. Then furthermore
we deduce *3(s)|sy = 0 for all s € St from testing with ¢ that run through
all of C*(S' x ¥, g) on the boundary. Finally, [, [o(a A 3) = 0 remains
from (7.12). Since both « and 3 restricted to S' x 3 are continuous paths
in A%(X), this implies that for all s € S! and every a € T4, L

0 = /E(a/\ﬁ(s)> = w(o, B(s)),

where w is the symplectic structure on A%P(X) from (4.1). Since Ty L is
a Lagrangian subspace, this proves ((s)|sy € T4, L for all s € S* and thus



114 CHAPTER 7. FREDHOLM THEORY

B € E,P, or equivalently 3o o € Eaos. So (f00,¢00) lies in the domain
of D,-(a,9). Now note that 0*A = A oo — (® o o)ds, thus one obtains
(Boo,{o0) € ker Dyx(a,0) since

Dya0)(Boo,(oo) = ((—Vsﬂ—dAC—i—*dAﬂ)oa, (—VSC—d*Aﬂ)og) = 0.

This proves that the map in (7.11) indeed maps into ker Dy«(44). To see
the surjectivity of this map consider any (3,() € ker Dy«(a.4). Then the
same partial integration as in (7.12) shows that (8o 0,(o0) € (im Dae))*,
and thus ((,() is the image of this element under the map (7.11). So this

establishes the isomorphism (7.11) and thus shows that D4 ¢) is Fredholm.
]



Chapter 8
Bubbling

In this chapter we discuss the possible bubbling phenomena for sequences of
anti-self-dual instantons with Lagrangian boundary conditions and bounded
Yang-Mills energy. So as in chapter 6 let (X, 7, g) be a Riemannian 4-manifold
with a boundary space-time splitting and consider a G-bundle over X for a
compact Lie group G. Let (A”),en C A(X) be a sequence of solutions of

{ xFp+ Fqa =0,

i Ay, €L Vs €S i=1,....n. (8:1)

Suppose that this sequence has bounded Yang-Mills energy,
E(AY) = / Ful2 < E <00 WeN.
b's

This means that the curvature of the connections is globally L?-bounded.
If the curvature was in fact locally LP-bounded for some p > 2, then the
compactness theorem B would imply that modulo gauge there exists a Cp5-
convergent subsequence of the connections. So in order to compactify the
moduli space of solutions of (8.1) with bounded energy, it remains to analyse
the possible local blow-up of the curvature. We first discuss the standard
approach of local rescaling at a point € X where the curvature blows up.
This is the situation of the following lemma, in which we use a local trivi-
alization and geodesic normal coordinates near x — either in R* if € int X
orin H* = {y € R* } yo > 0} if z € 0X. In the latter case due to the
compatibility of the metric with the space-time splitting the coordinates can
be chosen such that the slices {yg = 0,y; = ¢} correspond to the time-slices
of the boundary 0X.
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Lemma 8.1 Let x € X such that sup,cy||Far

CHAPTER 8. BUBBLING

Lo (Ba(ay) = P for all € > 0.

Then there exists a subsequence (again denoted (AY)), a sequence x* — x,
and sequences 0 < ¥ — 0, R — oo such that e R¥ — oo and

|Fav(2¥)| = (R")?, sup | Fav(y)| < 4(R")*.

yEBEV(xV)

(i) If x € int X or x € 0X and limsup,_,  R'zf = oo, then there ezists

(i)

a subsequence (again denoted (A”)) and possibly smaller 0 < € < zf
such that still r¥ = "R — oo. Define a sequence of embeddings
¢y : Byw — X in the coordinates near © by ¢,(y) :== 2 + 4-y. Then
the rescaled connections AY := ¢3A” € A(B,) are anti-self-dual with
respect to the metrics §* := (R*)"2¢%g. Now for a further subsequence
there ezist gauge transformations u” € G(B,v) such that

uV*AI/ — A% € A(R4)

converges uniformly with all derivatives on every compact set. The
limit A € A(R%) is a nontrivial anti-self-dual instanton on R* of
finite energy E(A>®) < E, hence
lim £(AY|p, @) = lim E(AY) = E(A®) > 8r°

If x € X and limsup,_,. R'zf = A < oo, then there exists a sub-
sequence (again denoted (AY)) such that the € can be replaced by

(e”)? — (x§)? > 0 and still r¥ := "R — oo. Define the embed-
dings ¢, : D" := B N H* — X, metrics, and rescaled connections
A¥ € A(D¥) as in (i) with the exception that [¢,(y)]o = p-yo. Fiz
p > 4, then for a further subsequence there exists a sequence of gauge
transformations u* € G¥P(D") such that

u’rAY A% € ACP(HY)

converges WP-weakly on every compact subset. Moreover, the con-
vergence is uniformly with all derivatives on every interior compact
subset of HY. The limit A= € AP(HY) N A(int HY) is an anti-self-dual
instanton of finite energy E(A>®) < E and with weakly flat boundary
conditions on each time-slice {yo = 0,y1 = c¢}. In case A > 0 it is
necessarily nontrivial. Moreover,

limsup £(A”|p., @) = limsup E(AY) > E(A®).

V—00 V—00
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Before we give the proof let us point out the significance of this lemma.
In case (i) the rescaled and gauge transformed connections converge to a
connection that extends to an anti-self-dual instanton on S* = R* N {oo}.
One then says that ’an instanton on S* bubbles off at 2. Note that this
can happen in the interior as well as on the boundary of X. If case (ii) was
ruled out by some reason, then this would show that a minimum energy of
872 concentrates at every blow-up point of the curvature. Hence for a suit-
able subsequence of the connections this bubbling off only happens at finitely
many points. On the complement of these points, the curvature is locally
L>*-bounded. Now theorem B applies on this complement (in the case of
bubbling at the boundary, one has to take away the full time-slice in which
the bubbling point lies). It asserts that a further subsequence of the connec-
tions converges modulo gauge with all derivatives on every compact subset
of this complement of the bubbling points. At the interior bubbling points,
Uhlenbeck’s removable singularity theorem, proposition 8.3, below asserts
that the limit connection extends over the bubbling point — to a connection
on a different bundle. (The gauge transformation in the proposition can be
seen as transition function between the trivialization of the original bundle
on a punctured neighbourhood of the bubbling point and the trivialization
of the new bundle on the full neighbourhood.) So if there was only interior
bubbling, then this would provide the desired compactification of the moduli
spaces of solutions of (8.1) of bounded energy. However, the bubbling at the
boundary poses two difficulties.

Firstly, in the case of instantons on S* bubbling off at the boundary
one needs a generalization of Uhlenbeck’s removable singularity theorem to
points at the boundary.

Secondly, if case (ii) in lemma 8.1 occurs, then one does not even have a
minimum energy concentrating at the blow-up point of the curvature. This is
due to substantial flaws of the local rescaling: By cutting out only small balls
in each time-slice of the boundary one loses the global Lagrangian information
in the boundary condition. The slicewise flatness at the boundary does not
suffice to make the boundary value problem elliptic and hence obtain higher
regularity at the boundary. In the case A > 0 one still obtains a nontrivial
instanton in the limit due to the C*°-convergence in the interior of the half
space. For such instantons Salamon conjectured in [Sal, Conjecture 3.2] a
quantization of the energy that would imply that this instanton on the half
space bubbles off with a minimum energy of 872. In case A = 0, however, one
does not have C%-convergence of the curvature at the rescaled blow-up points,
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so the limit connection might be trivial and thus have no energy although
some energy bubbles off very close to the boundary’.

So the results of the standard bubbling analysis in lemma 8.1 are far
from a complete understanding of the possible bubbling phenomena for the
boundary value problem (8.1). We still indicate its proof in the following
and give a further discussion of the bubbling at the boundary in a subsec-
tion below. Lemma 8.1 uses Hofer’s trick, [HZ, Ch.6,Lemma 5], as well as
Uhlenbeck’s removable singularity theorem, [U1l, Theorem 4.1] (which holds
for Yang-Mills connections as well as for anti-self-dual connections).

Lemma 8.2 (Hofer’s trick)

Let f: X — [0,00) be a continuous function on a complete metric space X .
Assume that xo € X and g9 > 0 are given. Then there exists © € Bas,(xg)
and € € (0, 9] such that

ef(x) Zz eof(xo)  and sup f(y) < 2f(x).

yEBe ()

Proposition 8.3 (Uhlenbeck’s removable singularity theorem)

Let A € A(B*\{0}) be an anti-self-dual connection over the punctured 4-ball.
If E(A) < oo then there exists a gauge transformation u € G(B*\ {0}) such
that u* A extends to a smooth anti-self-dual connection over B*.

Proof of lemma 8.1 :

Fix sequences 0 < g5 — 0 and R — oo such that e R — oo. By assumption
one finds a subsequence (again denoted (A")) and zg € B.y(x) such that
|Fav(z8)] > (R¥)% Now apply Hofer’s trick to the function y/|Fav| on X
for each v € N to obtain the required 2" € Bay(zg), € € (0,¢5], and
RY = \/|Fav(z¥)|.

Next, note that the metrics g smoothly converge to the Euclidean metric
on R* since we used normal geodesic coordinates centered at = lim 2. For
the rescaled connections one obtains F4, (y) = (R")"2Fav (2" + 2y). Hence
for the norms with respect to the metrics g” one has

|Fi.(0)] =1, | Fz

Leo(pv) S 4

(In the rescaling of case (ii) only the first identity has to be replaced by
‘F ' (t"RY, 0,0, O)} = 1.) The energy, however, is preserved by this rescaling,

E(A") = E(A B (ar)-
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Now in case (i) the domains of A" can be chosen as balls that exhaust R*. So
the strong Uhlenbeck compactness theorem for noncompact manifolds with-
out boundary (see e.g. [We, Theorem 11.3] or its generalization, theorem B)
applies and proves the convergence claimed in (i). The nontriviality of the
limit connection is due to

Fas(0)] = lim |(u")" Faee(0)] = 1.
Next, R? is conformally equivalent to S*\ {pt}, so A can be seen as anti-
self-dual connection on the punctured S* with finite energy. Uhlenbeck’s
removable singularity theorem, proposition 8.3, then asserts that A> extends
to an anti-self-dual connection A on a bundle P — S*. Hence its energy is
a multiple of the second Chern number of the bundle P over S*,

E(A>®) = /S4<FAOO/\*FAOO> = —/ (Fiee N Flioo ) = 87T202(P).

S4

Finally, this energy is at least 872 since the Chern number is integral and
the limit connection A* is nontrivial, so £(A>) > 0.

In case (i) the weak W!'P-convergence is due to the weak Uhlenbeck
compactness theorem for noncompact manifolds, see e.g. [We, Theorem 8.5].
This weak convergence preserves the anti-self-duality equation as well as
the slicewise weak flatness at the boundary, and it gives the bound on the
energy of the limit connection. The interior C*°-convergence again follows
from the strong Uhlenbeck compactness theorem. In case A > 0 this interior
convergence implies the nontriviality of the instanton since

|Fae(A,0,0,0)] = lim |Fyae(t'R”,0,0,0)] = 1.

V—00

Bubbling at the boundary

For the discussion of the possible bubbling phenomena at the boundary we
restrict our attention to the possible blow-up of the curvature at one space-
time slice 7({pt} x X) of the boundary. We use the decomposition induced
by the extended space-time splitting 7 : U x ¥ — X. Here one can choose
UCH={(s,t) € R? ‘ t > 0} as a neighbourhood of 0 and then examine the
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possible blow-up of the curvature at {0} x X. So instead of the A” above we
consider a sequence of connections

Pvds + W7dt + A” € AU x X)

with &, 0% € C®(U x 3, g), and A¥ € C®(U x B, T*Y @ g) for all v € N.
The boundary value problem (8.1) then becomes

BY + B! =0,
80" — 9,0 + [T, §Y] = «F 4o,
AV|(S70)XE eL V(S,O) eEU.

Here we have introduced the following notation for the components of the
curvature (dropping the superscript v):

Bs = 85A — dA(b, Bt = GtA — dAlI]
The Bianchi identity then takes the form

VsFy = daB;, ViFy = dabB;,
V.B, — VB, = du(9® — 0,0 + [W, B]).

Moreover, the bound on the energy becomes
V(2 2 1
sup/|BS| + | Fav]” < 5E < 0.
veN

Note that | Bs| = |B;| and |Fa| = [0, — 0¥+ [V, ®]|. Now a first observation
is that | F4| cannot blow up faster that | B, in particular if BY is LP-bounded
near {0} x ¥ for p > 4, then there is no bubbling at all. This is made precise
by the following lemma.

Lemma 8.4 Let 2¥ — (0,2) € U x X be such that
|[Far (2")] = (R")? — oo.

Then for all p > 4 and 0 < ¥ — 0 with e"R¥ — oo there exists a constant
¢ > 0 such that

HBZHLP(BEV(:BV)) > C(Ru)2pg4.
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Proof: Let zj, Rjj, and € be as supposed. Assume in contradiction that for
some subsequence and ¢ — 0

2p—4

1BS | oy (ay) < 07 (BG) 7

Use Hofer’s lemma 8.2 for the functions /|Fa4v| to obtain z¥ € Bgag(xg),
e € (0, 3¢¢], and R” := /|Fv(2)| such that r” :=e”R” — oo,

|Fav(2¥)| = (R")?, | Fav || oo (B (avy) < 4(RY)?,
and one still has
v v poy 22 v poy 22
| B e (B (@vy) < 0Y(Rg) # < 6"(RY) » .

Then one can pullback the connections and rescale the metrics as in lemma 8.1
to obtain ®”ds + dt + A” € A(D¥) with D¥ = B,. or D” = B, NH* if
limsup t*R” < oo. Then ||Fj. || is bounded and BY converges to zero in
the LP-norm on every compact set. (Here one writes z¥ = (s”,t”,2") and
uses local coordinates for ¥ € ¥, so H* = {(s,t,2) € R* } t > 0}.) Now
Uhlenbeck’s weak compactness theorem on noncompact manifolds (e.g. [We,
Theorem 8.5]) gives a subsequence of gauge equivalent connections that con-
verge W'P-weakly on all compact subsets. The limit ®ds + Udt + A is a
connection on R* (if limsup t“R” = oo) or on H*. The convergence is ac-
tually in C* on every compact subset of the interior by Uhlenbeck’s strong
compactness theorem for anti-self-dual instantons (e.g. [We, Theorem 11.3]).
Furthermore, the proof of theorem B also provides a W!'P-bound on the Fy.
(The proof only breaks down at the higher estimates in theorem 6.8 for the
s- and t-derivatives of the A”, which require the Lagrangian boundary condi-
tion.) So for a further subsequence, the curvature converges locally in C°, and
hence the limit connection is nontrivial, [F4(0)] = 0 or |F4(0,A,0,0)| =1 if
limt” R = A < oo. The limit connection moreover satisfies

0;A—ds® =0,
8tA - dA\I] == 0,
D — O,V + [, B = +F.

Here one can choose a gauge in which ¥ = 0, then A is ¢-independent and
hence |[F4(0,¢,0,0)] = 1 for all ¢ > 0 in contradiction to the finite energy.
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Indeed, an a priori estimate for Yang-Mills connections with small energy
asserts that the curvature must decay as t — oo, see [Ul, Theorem 3.5] . O

Now let us assume that ||BY(s,t)|r»x) blows up at (s,t) = 0 for some
p > 4. By Hofer’s lemma 8.2 one finds (s,t”) — 0 and 0 < ¢ — 0 such
that r” := " R” — oo and

1Y ) sy = B =00, swp [BY(s, Dl SAR".  (8:2)

(Svt)EBZEV (SV 7tu)

1
Here we apply the Hofer trick to the functions || B{||7,,, so we in fact even

have e“v/ R — oo. Then as a direct consequence of the above lemma one
has a bound on the rate at which F4» can blow up.

Corollary 8.5 Suppose that (s¥,t") — 0, R¥ — oo, and 0 < ¥ — 0 such
that r¥ :=e"R" — oo and (8.2). Then

__2p
(RV) 2p—4 ||FAV HLOO(Bs” (s ,tV)x %) ,:O 0.

Proof: Assume in contradiction that (for a subsequence) there exist § > 0
and x¥ € B.v(s”,1") x X such that |Fyv (") > (5R”)2§—€4. Since ¥ is compact
one finds a further subsequence such that ¥ — (0,z) for some z € X.
Then lemma 8.4 applies with R” replaced by R” := (5R”)2Pp*4. (Note that

eVR” > e”\/dRY for sufficiently large v, and thus converges to 00.) Thus one
obtains for some constant ¢ > 0 the following contradiction:

2p—4

SR = (R < B iy < ARVOI(Byur (7, 1))7.

==

|

Let us try a 2-dimensional rescaling only in the (s,t)-variables. Define
embeddings ¢, : DV x X — U x ¥ for DY := [—r”,r¥] X [ min(r”, t"R"), r"|
by ¢,(0,7,2) == (s" + g70,t" + 757, 2). (In the case limsupt”R” — oo this
will have to be adapted by replacing t¥ + %7’ with %T.) Then define the
rescaled metrics g¥ := g(s” + %O’, v+ %7‘, z) on D¥ x ¥ and the following
connections in A(DY x X):

OVds + Prdt + A” := ¢ (PVds + P dt + A”)
= (3 ®"ds + 5 Udt + A”) 0 ¢, (8.3)
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These now satisfy the boundary value problem *
aSAV - dfl"(i)u =% (at/iu — dAu{I}V)>
9 — 0,0+ (18] = () P
AV‘(S,—t”R”)XE el Vs € [—TV,TV]_

Moreover, one has [|(9,4" — dAV(i)”)(O,O)HLp(g) = 1 for all v € N and the
following estimates for some ¢ — 0

2p
1F 50 || e (pv oy < 0%(RY)%3
1054 = d g ®¥[| Lo (pv Lo (my) < 4, (8.4)
§ ° oA . N
||8tq>'/ _85\11'/—}— [\IIV,(I)V]||L°°(DV7LP(E)) < (SV(RV)QP*‘l 2 _ (SV(RV) =3

Note that due to p > 4 the last norm converges to 0 as ¥ — oco. This hints
at a holomorphic curve in the space of connections as limit object. If the
connections would converge in some gauge, then in the limit one could find
a gauge such that ® and ¥ vanish simultaneously, and thus be left with
d,A + %9,A = 0. This should yield a nontrivial finite energy holomorphic
curve in the complex Hilbert space (A%?(X),*). If limsup,_  t*R” = oo,
this plane should extend to a holomorphic sphere by a removable singu-
larity theorem. Otherwise one would obtain holomorphic halfplanes with
Lagrangian boundary conditions that should extend to a holomorphic disc
with Lagrangian boundary conditions. There are two indications that this
might be the right approach to the bubbling phenomena at the boundary.
Firstly, one expects for general reasons that there should not be any
holomorphic spheres bubbling off. All spheres in the space of connections
are contractible, so any holomorphic sphere u : S? — A%*(¥) (extending
to u : B> — A%*(X)) has zero energy [g, |0sul* = [o, uw'w = [5, @*dw = 0.
Moreover, if the bubbling off of holomorphic spheres was possible, then this
should also happen at interior Y-slices, where so far all blowing up of the
curvature has been explained as bubbling off of instantons on S*. In fact,
the 2-dimensional rescaling does not lead to holomorphic spheres (t” R is
always bounded) if one excludes the cases where instantons on S* bubble off
at the same boundary slice (or similarly at the same interior slice), as will

IThis can be seen as anti-self-duality equation, where the metric on ¥ is conformally
rescaled by the factor (R¥)2. An analogous equation without boundary conditions was
studied in [DS2, (3.5)], where the roles of A and ®ds + ¥dt are interchanged.
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be shown in the subsequent lemma 8.6. Secondly, the convergence of the
rescaled connections to a holomorphic curve in the space of connections can
be made rigorous if one assumes an L*°-bound on F4. near the boundary,
see lemma 8.8 below.

So firstly, assume that there is no instanton on S* bubbling off at {0} x X
(as described in lemma 8.1 (i)). This is equivalent to the assumption that for
all subsequences of the connections (still denoted (A¥)) and all (s”,t") — 0
there is a bound

v\2 v [ 2%
ilég () H(FA” + By A ds)(s it )HLOO(B%t,,(s”,tV)XZ) < .

Under this assumption the following lemma proves that in the above 2-
dimensional rescaling one always finds lim sup tR¥ < oo, which would give
rise to a holomorphic disc with Lagrangian boundary conditions — not a holo-
morphic sphere. (In fact, this lemma also holds if (s”,¢") converges to some
interior point (s, ¢) with ¢ > 0, and that shows that there are no holomorphic
spheres bubbling off in the interior.)

Lemma 8.6 Let (s”,t") — 0 and suppose that

Sup (ty>2||FAVHLOO(BltU(SD,tV)XE) < Q.
veEN 2

Then there exists a constant C' such that for allv € N
)N BL (8", ") || Lo (sy < C.

Proof: In a sufficiently small neighbourhood of (0, 0) one can assume that the
metric on ¥ is independent of (s,t). (One only gets small additional terms
below that can be absorbed into others.) Then use the Bianchi identities
and the anti-self-duality equation to calculate (dropping the superscript v)
VB + VB, = — xdy * F4 and thus

(V24 VB, =V, (=V,B, — %ds * Fa) + V,(V,B, — da * Fa)
= (ViV, = V,V)) By — %(Voda — daVy) % Fg — «dg % V,Fy
— (Vida — daVy) * Fa — da x Vi Fy
= [«Fa, By]| — #[Bs, xFa] — *d g x dy By — [By, xFa] — da x daB;
= —ApB; — 3% [Bs, *F}y].
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Fix any z € ¥ and abbreviate u” := |BY|?. This satisfies on B%tu(s”,t”,z)
with some constant C'
Au” = |Vu’|? 4+ 2( By, (V2 + Vi + A4)B,)
= |Vu’|> +6([Bs A By], Fa)
> —CO(t") 2.

Hence the a priori estimate in lemma 8.7 implies

u(s,t,2) < B(2C7+ 16)(15")_4/ u’ < C'(t")'E.
Bltl,(sl’,tl’,z)
2
This proves the lemma since the constant C” is independent of z € X. O

Here we have used the following a priori estimate which is an adaptation
of [DS2, Lemma 7.3] to 4 dimensions.

Lemma 8.7 Let u:R* D B, — [0,00) be a C*-function such that for some
constant ¢ > 0
Au > —cu.
Then
g—; u(0) < (g A+ 7’_4) / u.

Proof: The general case r > 0 of this lemma can be reduced to r = 1 by

rescaling, so it suffices to prove the lemma for » = 1. Consider the following
function f:[0,1] — R,

flp) = (1= p)"supu.

Choose p* € [0,1) at which f attains its maximum, let § := (1 — p*), and
choose w* € B« such that supp . u = u(w*) =: ¢*. Then for all w € By-y;
one has u(w) < 16¢* since

75(1=p") uw) < (1=(p"+0))" sup u = f(p"+9) < f(p") = (1=p")'c"

p*+d

Now @(w) = u(w) + 2cc*|w — w*|?
hence for all 0 < p <9

* ~ ok 2 ~ 4 . % 2 2
¢ = aw') < = U = 3cc’p” + —— u.
TP" JBy(w*) TP JB,(w*)

is a subharmonic function on Bs(w*),
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In case 3cc*6? > 1 choose p? = 2¢7! < 62 to obtain

3
2 128 ¢2
u(O)Sc*§24/ u < g/u
TP J By (w*) 91 Jp,

choose p = ¢ to find that

In case %cc*éz < %

) = f(0) < f(p") = 168 < 2 [

2
T JBy(w*)

=
==}

Putting this together yields the claim for r =1,

240) < (2 +1) / "
By
O

Now assume that no instantons on S* bubble off at the boundary slice
{0} x X, then we have shown above that only holomorphic discs can re-
sult from the 2-dimensional rescaling. Under the additional assumption of
a bound on Fly» near the boundary we now show that in fact one obtains
a holomorphic halfplane with Lagrangian boudary conditions. Its finite en-
ergy should allow for a removal of the singularity at infinity, giving rise to
a holomorphic disc. However, it is not yet clear whether this limit object
is necessarily nontrivial — this would require a stronger convergence in the
following lemma. 2

Lemma 8.8 Suppose that p > 4, (s*,t") — 0, and 0 < ¥ — 0 such that

s\S Lr(x) = — 00, sup s\S:0)|lLe(z) =
1B (s", )] R 1B (s, t)] < 4R
(Svt)EBZEV(SuvtV)

with r¥ == e"R" — oo and tYR¥ — A < oco. Moreover, assume that for all
T > 0 there exists a constant Ct such that

sup ||FAV(5,t>||LP(E) < Cr Vv € N.

|8—8V‘,t§%

Let DY := [—r¥, "] x[0,7"] and define the rescaled metrics g* and connections
dYds+ U dt+ A” on D" x X as in (8.3) with t” + 47 replaced by 77. Then

2More precisely, one needs the convergence of BY in CY(H, LP(X)). This might follow
from an analogon of the curvature estimates in [DS2, Theorem 7.1].
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one finds a subsequence and a gauge such that ® — 0 and ¥ — 0 converge
WP weakly on every compact subset of H := {(s,t) € R* |t > 0}, and
AY — A € WY (H, A%(X)). The limit A is a holomorphic curve in A%?(X)
with Lagrangian boundary conditions and finite energy,

DA+ %0, A =0, -
: [ 1A < E.
Alsoxs € L Vs €R, H

Proof: Except for a shift in the ¢-variable, this rescaling is the same as in
(8.3). One then has [|(9,A” — d 5, ®")(0,#"R")||zo(x) = 1 for all v € N, and
the additional assumption on Fy» yields the following estimates instead of
(8.4): Forall T >0

1 Fz || oo (= 11% 10,7, L2(5)) < Crs
1054 — d 4o || oo (-1 1) x[0,7],10(5)) < 4,
18:9" — D0 + [W", @] || oo 17 x[0,177,10(2) < Cr(RY) ™2 — 0.

Now Uhlenbeck’s weak compactness theorem on noncompact manifolds (e.g.
[We, Theorem 8.5]) applies and yields a subsequence and gauges such that
those connections converge in the weak W1'P-topology and the strong L°°-
topology on every compact subset of H x ¥. The limit ®ds + Udt + A €
ALP(H x X)) satisfies the following boundary value problem:

loc
0,A—d; 0 = —x (A - d;0),
,® — 0,V + [U, ] = 0,
Alsoxz €L VseR.
One finds a further gauge transformation in WLe (H, W'?(3,G)) that makes

® and ¥ vanish and preserves the convergence of ®”, ¥”. This gauge more-
over transforms A into a connection A € WLP(H, A%"(X)) that is holomor-
phic with Lagrangian boundary conditions as claimed. However, the con-
vergence of A¥ only is locally in the weak W'?(H, L”(X))- and the strong
L*>(H, LP(X))-topology. Moreover, this rescaling and gauging preserves the

energy bound

/H 10,4255 < limsup /H 10,4 — d g, 8|2,

V—00

< limsup/ |8sf~1” — d;‘yfi)’jﬁ < F.
Boww (s¥ 1Y) xS

V—00
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Appendix A

Gauge theory

In order to set up notation and state some general facts that are used in this
thesis we give a short introduction to connections and curvature on principal
bundles.

We consider a principal G-bundle 7 : P — M, that is a manifold P
with a free right action P x G — P, (p,g) — pg of a Lie group G such that
the orbits of this action are the fibres P, = 77(z) & G of a locally trivial
fibre bundle 7 : P — M. So M is a smooth manifold, the G-action preserves
the fibres, 7(pg) = 7(p), and there exists a bundle atlas M = J, .4 Ua with
equivariant local trivializations

oYU, — Uy, x G
Cop — (m(p), Palp))

More precisely, the ®, are diffeomorphisms and their second component is

equivariant, ¢,(pg) = ¢a(p)g.

This atlas gives rise to transition functions ¢, : U, NUs — G defined
by ®q 0 P51 (2, g) = (2, Pap(w)g) for x € Uy NUp, i.e. dap(r) = da(p)ps(p) "
for all p € 7= 1(x).

Now for any other manifold F' with a representation o : G — Diff(F))
the associated bundle P x, F is the set of equivalence classes |p, f] in
P x F, where the equivalence is given by o, ie. |p, f| ~ |pg,o(g7!)f]
for all g € G. (Here we write |-, -] for the equivalence classes in order to
distinguish this notation from the Lie bracket [-,-].) With the projection
7|p,g] = m(p) this is a principal bundle over M with fibre F. A local
trivialization ®, : 7~ 4(U,) — U, x G of P naturally induces the following

129



130 APPENDIX A. GAUGE THEORY

local trivialization of P x, F"

5 . T U) — U, x F
o fl = (wp).o(dalp))f)

We will, for example, encounter the associated bundle where F'is the group
G itself and the representation is the conjugation ¢ : G — Aut(G) given by

cg(h) = ghg™ Vg,heG.

Another example is gp := P xxq g. Here g = T{G is the Lie algebra of G
and Ad : G — End g, g — Ad, = dy¢, is the adjoint representation of G on
its Lie algebra g,

Ady(¢) ==g€g™" VEeg geq.

This uses the following notation: For £ € g and g € G

g€ = diLy(§) = %}tzogexp(tf) € T,G.

Here L, denotes left multiplication by g and exp : g — G is the usual
exponential map (with respect to any metric on G). The notation £g is
defined analogously by right multiplication. This makes particular sense
when G C C™ " is a matrix group since then g€ can be understood as matrix
multiplication.

Moreover, the adjoint representation of g on g is given by the Lie bracket
of vector fields as follows. We identify the Lie algebra elements £ € g with
left invariant vector fields g — g€ on G, then for £, € g

ade(C) == iAd(§) ¢ = g, exp(t&)Cexp(t)™ = LeC(1) = [€,¢].

In the case of a matrix group note that the Lie bracket is given by the

commutator [, (] = &¢ — (€.
Coming back to the principal bundle let © : G — Diff(P), g — O, denote

the action of G on P. Then for v € T, P, g € G we write
vg = d,0,(v).
Moreover, the infinitesimal action is defined for £ € g and p € P by

pé = iOE)p = &|,_ pexp(ts).
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Furthermore, a G-bundle isomorphism is a bundle isomorphism that pre-
serves the action of the Lie group G, and such isomorphic bundles are usually
identified. So when studying a fixed bundle we also have to consider its G-
bundle automorphisms, i.e. diffeomorphisms v : P — P such that mo¢ =
and that are equivariant, ¥(pg) = ¥(p)g for all p € P, g € G. Every such au-
tomorphism is given by 1 (p) = pu(p), where the smooth map v : P — Gisa
unique element of the gauge group G(P). This means that u is equivariant,

u(pg) = g tu(p)yg VpeP, geC.

Obviously, composition 1 o 1y of G-bundle isomorphisms corresponds to
group multiplication ujus of the corresponding gauge transformations. More-
over, the gauge group is isomorphic to the group of sections of the associated
bundle Px.G. Let u € G(P), then the corresponding section o : M — Px .G
is given by

u(r(p)) = [p,ulp)]  Vpe Pl

In the local trivialization a gauge transformation u € G(P) is represented by
Uy = Qo0 U : M — G and acts by (z,9) — (7,guq(z)) on U, x G. Here
ba(|ps9]) = da(p) g da(p)~! is the second component of the trivialization ®,,
of P x.G. Thus uy(x) = ¢do(p)u(p)da(p)~" for all p € 7~'(x), and hence on
U, NUs one has the transition identity

-1
uﬁ = ¢aﬁua¢aﬁ'

Finally, to introduce connections we first note that the G-bundle P has a
canonical vertical subbundle V' C TP given as follows. For every p € P
the vertical space V,, = ker(d,m) C T,P is composed of all tangencies p¢,
§ € g to the orbits of G through p. Every complement of V), is isomorphic
to im(dpm) = Tr@) M, but there is no canonical choice of this horizontal
space in T, P. Now a connection of P defines such an equivariant horizontal
distribution H C TP as follows.

A connection on P is an equivariant g-valued 1-form with fixed values
in the vertical direction, i.e. A € Q'(P;g) satisfies

Apy(vg) =g 'A,(v)g Yo eT,P, ge€QG,
Ap(p€) = ¢ VpeP {cag.
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We denote the set of smooth connections by A(P). Now every connection
A € A(P) corresponds to a splitting TP = V @& H, where the horizontal
distribution H is defined by H, = ker A,

Again, this can be formulated equivalently in terms of an associated bun-
dle. If we fix one connection A € A(P) then the space of connections is the
affine space A(P) = A + QL4(P;g). Here Q% (P;g) denotes the space of
equivariant horizontal k-forms, i.e. 7 € QF(P; g) that satisfy

@;T =g 1¢ VgeQG,
LpeTp = 0 Vpe P, £ cg.

Now this space is isomorphic to the space Q¥(M;gp) of k-forms on M with
values in the associated bundle gp = P X q g. Indeed, for 7 € Q% ,(P; g) the
corresponding 7 € QF(M; gp) is uniquely defined by

s (Y, - V)] = Trgpy (dp (Y1), - .. dpm(Yi)) VYi,...Y, € T,P.

Consequently, in the local trivialization every 7 € Ok ((P; g) is represented
by To = ¢pa 0 T € QF(Uy; g). Here ¢o([p,€]) = ¢a(p) € du(p)~! is the second
component of the associated trivialization of gp. On the intersection U, NUp
of two charts these k-forms satisfy

Tﬁ = ¢;ﬁl Ta ¢a6- (Al)

In the case of connections this local representation depends on the chosen
connection A and there is no canonical choice for this reference connection.
However, locally on 7'(U,) a natural choice of the reference connection
is A, = ¢ 'd¢, . This corresponds to the pullback of the splitting under
®, : P — U, x G. The local representative A, € Q'(U,;g) of A € A(P) is
then given by

Aa(dpm(Y)) = da(p) AY) 6a(p) ™" = dpda(Y) @alp)™ VY € T,P.

Note that the transition between different coordinate charts is different from
(A.1) since the reference connection is not globally defined. On U, N Up one
has

Aﬁ = ¢;51Aa¢aﬁ + ¢;1d¢aﬁ~

One can think of this as the effect of a local gauge transformation. So next,
we discuss the action of the gauge group. Consider a gauge transformation
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u € G(P) and the corresponding G-bundle automorphism % : p — pu(p).
Their action on a connection A € A(P) is given by

wA = YA = v Au+uldu.

This is the connection on ¢* P = P that corresponds to the connection A on
P. Hence u*A and A are viewed as equivalent connections — they are gauge
equivalent. Finally, the local formula for the gauge action is

(U A)q = u Agig + uy  dug.

This shows that locally a gauge transformation can also be thought of as a
change of the trivialization.

Connections also induce covariant derivatives on associated vector bun-
dles. In particular, a connection A € A(P) defines the following covariant
derivative on gp :

: I'(gp) — I(T"M ®gp)

Va s —  ds+ A, 5]

Here and throughout, I'(-) denotes the set of smooth sections of a bundle.
For X € T,M with Y € T, P such that d,7(Y) = X this evaluates as

Vas(X) = |p, dps(Y) + [A(Y),s(p)] ] € (gp)a,

where on the right hand side s € I'(gp) is understood as map from P to g.
By a standard construction this covariant derivative can then be extended
to Va : D(@*T*M @ gp) — I'(QT*M ® gp) for all k € N as follows. Let
V be the Levi-Civita connection on M, then for a € T'(®*T*M ® gp) and
Xo, ..., Xp € '(TM)

Vaa(Xo,. .., Xp) = Va(a(Xy,. .., Xp)) (Xo) — a(Vx, X1, Xo, ..., Xp)
—...—a(Xl,...,Xk_l,VXOXk). (AQ)

But the covariant derivative on gp can also be understood as the special case
k = 0 of the exterior derivative

C QRa(Prg) — QL' (Pig)

da T — dT +[AAT].
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Here [AA 7] denotes the wedge product of the two forms with the Lie bracket
used to combine the values in g. For example, for A, B € Q) (P;g) and
X, Y eT,P

[ANBJ(X,Y) = [AX), BY)] = [A(Y), B(X)].

Now d4? does not vanish in general, but we obtain d d,7 = [F4 A 7] for all
T € Qk ,(P; g), with the curvature

Fy = dA+1ANA] € 0y(P;g).
The curvature satisfies the Bianchi identity (see e.g. [KN, II,Theorem 5.4])
daF4=0.
Locally, the exterior derivative d4 on 7 € Q% ,(P;g) is represented by
(daT)e = d7e + [Aa A Ta)-

Thus for the curvature in terms of the local representatives A, of the con-
nection we obtain the same formula as globally,

(Fa)o = dAa + LAa A Adl.

In coordinates (z!,...,2%) of U, and dropping the subscript « one has the
following formula for the components Fj; := Fa( 8‘2“ %) of the curvature,
Fij = 50 — %ot + A Ay

A change of the trivialization has the effect that on U, N Uz the local repre-
sentatives of the curvature satisfy (F4)z = qﬁ;ﬁl(F 4)a®as. Analogously, gauge
transformations act on the curvature by the adjoint action,

Fpn=u'Fau VA€ AP),ueG(P).

A connection A € A(P) is called flat if its curvature vanishes, F)y = 0. This
is equivalent to d4 o d4 = 0, and moreover one has the following characteri-
zation, see e.g. [DK, Section 2.2].

Theorem A.1 A connection A € A(P) is flat if and only if the associated
horizontal distribution H = kerA C TP is locally integrable. That is given
a fixed trivialization over a simply connected domain U, C M there exists a
local gauge transformation u € G(P|y,) such that (u*A), = 0, or equivalently
if one changes the trivialization by u,, then H = TU, x {0}.
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Every connection A € A(P) also defines parallel transport in P. Along a
path v : [0,1] — M the parallel transport

IL + Pyo) = Py

is given by s(0) +— s(1), where s : [0,1] — P is a horizontal lift of ~, i.e.
mos =, such that §(t) € Hyy for all t € [0,1]. The parallel transport is
equivariant in the sense that IL,(pg) = II,(p)g, so IL, is determined by its
value on one fixed p € P, (. For loops v starting at a fixed x and with fixed
p € P,, the parallel transport can be identified with group elements h, via
IL,(p) = ph,. However, if p is allowed to vary, then h, is welldefined only up
to conjugation.

If the connection is flat, i.e. H is locally integrable, then the parallel trans-
port is invariant under homotopies of the path with fixed endpoints. Thus
for fixed z € M and p € P, every flat connection determines a representation
of m (M, x) in G, the holonomy based at z,

m(M,x) — G

pm,p(A) : v s h—y-

Variation of z in a connected component or another choice of p results in a
conjugation of p,,. In the case of a trivial bundle P = M x G, there is a
natural choice p = (z, 1) which leads to a natural welldefined based holonomy

. A(P) — Hom(m(M,x),G)
A — pe(A).

If M is connected then the conjugacy class of p := p,, is welldefined inde-
pendently of the choice of x and p. Moreover, gauge transformations also act
on the holonomy by conjugation,

px,p(U*A) = u(p)_lp:c,p(A) u(p)

One even finds that two flat connections are gauge equivalent if and only
if their holonomies are conjugate. Conversely, given a representation of the
fundamental group in G one can construct a G-bundle and a connection on
it that has this holonomy map. So denote the space of flat connections on
a G-bundle over a fixed base manifold M by Ag..(M), the group of gauge
transformations on such bundles by G(M), and the conjugacy equivalence
relation by ~, then this leads to the following observation (see e.g. [DK,
Proposition 2.2.3]).



136 APPENDIX A. GAUGE THEORY

Theorem A.2 Let M be connected, then the holonomy induces a natural
bijection of sets

Agar (M) /G(M) = Hom(my (M), G)/ ~ .

Next, one would like to have a gauge invariant quantity measuring the
nonflatness of a connection. Note that the norm of the curvature is indeed
gauge invariant if g is equipped with an inner product that is invariant under
the adjoint action of G. So from now on we restrict ourselves to compact Lie
groups G because of the following proposition. Its proof can be found in [K,
Proposition 4.24].

Proposition A.3 Let G be a compact Lie group and let g be its Lie algebra.
Then there exists an inner product (-,-) on g that is invariant under the
adjoint action of the Lie group,

(997 9Co7 ") =(&,¢) VY CeggeG. (A.3)
Remark A.4
(i) The G-invariant inner product on g moreover satisfies for all £,(,n € g

([&nl, ) = (& . <]

(ii) The G-invariant inner product on g induces a metric on G by
(X,Y)e:=(g7'X, g7 'V) VXY eT,G.

In this metric the left and right multiplications are isometries of G.
Denote by exp, the exponential map with base point g € G and set
exp := expq, then for all ¢ e gand g € G

expy(g§) = gexp(§), exp(g™'€g) = g~  exp(€)g.

Moreover, the geodesics are the flow lines of the left invariant vector
fields, hence they are 1-parameter subgroups: For all s,t € Rand £ € g

exp((s + 1)) = exp(s§) exp(t§).
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Here (i) follows from differentiating (A.3) with ¢ = exp(¢n). In (ii) one has
used that for all { € g and g € G both ¢ — exp,(tg{) and t — gexp(t§) are
geodesics with identical initial values. The same holds for ¢ — exp(tg~—1&g)
and t — g lexp(tf)g.

A flow line v(t) satisfies 4(t) = v(t)¢ for some £ € g. One checks the
geodesic equation V4 = 0 with Z(t) = v(t)n for all n € g,

9(Vs3,2) = Ly 9(,) — 5Lz 9(3.7) — 9(3. [, 1))
=L4(&, n) = 3L2(&, &) — (&, [&n]) = 0.

Throughout this thesis every compact Lie group G is equipped with the
metric from proposition A.3 and remark A.4. Furthermore, fix a metric
on M. This defines a volume element dvol,; and the Hodge operator x on
differential forms. Together with the inner product of g this moreover defines
an inner product on the fibres of ®*T*M @ gp for all k € Ny as follows. In
the first component of the fibre, ®*T* M, use the standard inner product on
T*M in each factor. On (gp). = {|p,¢] }p € 7 (x),€ € g} the G-invariant
inner product of g induces the welldefined

(lp.&)s [P ¢ )er = (€, C)-

For o,7 € Q¥(M; gp) this pointwise inner product equals the inner product
of the local representatives o,, 7, in every trivialization over U, C M,

(0, T)arTsMogy = *(OA*T)g, = #(0a A*Ta)g = (Oa, Ta )AFT* Mag-

In the second and third expression the values of the differential forms are
paired by the inner product idicated by the subscript. For example, for
g-valued 1-forms o = odz! + 09d2z? and 7 = 7y dz! + md2? on R? one has

(o AT)g= (01,72 ) — (02,71 )g)da" A dz?.

Usually the inner product is clear from the context, so we drop all subscripts.
Furthermore, * denotes the obvious Hodge operator on gp- or g-valued dif-
ferential forms. (When written in local coordinates as a sum of products
of sections (or g-valued functions) and differential forms dx;, A ...dx;_ the
Hodge operator only operates on the differential form.)

Now the curvature F4 can be viewed as a section of ®>T*M ® gp, so the
norm induced by above inner product defines a function |F4|: M — R that
can be integrated to give the Yang-Mills energy

YM(A) :/ |Fal” dvoly,.
M
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Due to the invariance of the metric (A.3) this functional on A(P) is gauge
invariant,

IM(u*A) =YM(A)  YueG(P).

Its extrema solve the weak Yang-Mills equation

/M<FA,dA6>=0 v € Q' (M: gp). (A1)

Here Q!(-) denotes the smooth 1-forms. When the base manifold M is com-
pact and has no boundary then for smooth connections (A.4) is equivalent
to the usual Yang-Mills equation d*% F4 = 0. If the base manifold is allowed
to have boundary then (A.4) for smooth connections is equivalent to the
following boundary value problem:

A"\ Fy =0, (A5)
*FA‘aM = 0

Here the operator d* : Q¥(M;gp) — QF1(M;gp) is the formally adjoint
differential operator of d4 : Q¥ 1(M;gp) — QF(M;gp) defined in the usual
sense: For w € QF(M;gp) and all 3 € QF1(M; gp) compactly supported in

the interior of M
[ @w.s)= [ (o aim.
M M

From this one sees that d% = —(=1)""®&=1 x d,x on QF(M;gp), where
n = dim M, and locally for all w € Q*(M; gp)

(d*w)a = d*we — (=)™ PED 4 (4 A xw,]. (A.6)

The weak and strong Yang-Mills equation are preserved under gauge transfor-
mations. For the weak equation this is obvious from the gauge invariance of
the Yang-Mills functional — the extrema come in gauge orbits. For the strong
(i.e. pointwise) equation (A.5) one can check that df. 4 Fy«a = u= ' (d% Fa)u.

So far this is all well defined since we only considered smooth connections.
The Yang-Mills energy might however be infinite if the base manifold M
is not compact. In that case there also are no natural Sobolev spaces of
connections. So for the rest of this appendix we assume both M and G to
be compact and explain how above concepts generalize to the appropriate
Sobolev spaces.
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Firstly, for 1 < p < oo and k € N the Sobolev space of connections
ARP(P) = A+ WEP(M, T*M @ gp),

is independent of the choice of a smooth reference connection A € A(P).
Only the corresponding Sobolev norm ||-||yyx» on W*?(M, T* M®gp) depends
on A unless k = 0. This norm is defined as usual — using the Levi-Civita
connection on M and the above norm on ®‘T*M ® gp. The Sobolev space
then is the completion of the space of smooth connections with respect to
this norm. In a local trivialization over U C M the connections in A"7(P)
are represented by 1-forms in

AYP(U) = W (U, T*U @ g),

and the corresponding Sobolev norm is the usual WP-norm on this space.
The gauge action can also be defined for a suitable Sobolev space of gauge
transformations for kp > n. (The definition of this Sobolev space requires
the choice of an atlas for G, but for kp > n it is independent of this choice.)

GEP(P) := WhP(M, P x,. G).

This space consist of all those gauge transformations u = s - exp(§), where
s € G(P) is smooth and & € W*P(M, gp) is understood as equivariant map
¢ : P — g. In a trivialization over U C M gauge transformations in G*?(P|)
are represented by maps u € GFP(U), ie. u = s-exp(§) : U — G with
s € C*®(U,G) and ¢ € WFP(U, g). For more details on these Sobolev spaces
see e.g. [We, Appendix B].

These sets are Banach manifolds in the topological space of continuous
gauge transformations and they are actual groups with continuous group
operations. A proof of the following lemma can for example be found in [We,
Appendix A].

Lemma A.5 Let k € N and 1 < p < oo be such that kp > n. Then group
multiplication and inversion are continuous maps on G*P(P), and the gauge
action s a continuous map

GFP(P) x AF=MP(P) — A*P(P)
(u, A) — u*A.

If the base manifold M is noncompact, then one considers the Sobolev
spaces APP(P) and GFP(P) of locally W*P-regular connections and gauge
transformations respectively — these are required to be of class W*® on every

compact subset of M.
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