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ABSTRACT. For a Lagrangian submanifold, we define a moduli space
of trees of holomorphic disk maps with Morse flow lines as edges, and
construct an ambient space around it which we call the quotient space
of disk trees. We show that this ambient space is an M-polyfold with
boundary and corners by combining the infinite dimensional analysis in
sc-Banach space with the finite dimensional analysis in Deligne-Mumford
space. We then show that the Cauchy-Riemann section is sc-Fredholm,
and by applying the polyfold perturbation we construct an A~ algebra
over Zs coefficients. Under certain assumptions, we prove the invariance
of this algebra with respect to choices of almost-complex structures.
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1. INTRODUCTION

This introduction gives an informal description of the main objects and
a quick survey of the main results. Let (M,w) be a symplectic manifold of
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dimension 2n with w|7r2( a) = 0, and L a Lagrangian submanifold of M. In
addition, we choose a compatible almost complex structure J on M, and a
Morse-Smale pair (f,g) on the Lagrangian L. We denote by D the closed
unit disk in C.

Let pk,...,p1,q be Morse critical points of f, u an integer, and v a non-
negative real number. The moduli space of holomorphic disk trees
M([pr®- - -®p1, q; 1], v) consists of equivalence classes of the form [T, ~, z, u].
Here T is an ordered tree with edges E and vertices V. Since the tree is
ordered, each edge has a direction. Hence we view E as a subset of (VX V)\A,
and each edge is of the form e = (v—,v"). Furthermore, the set of vertices
V is partitioned into main vertices and critical vertices V = V™ LI V°.
The set of critical vertices V¢ contains k leaf vertices wyg,...,wy, and the
root vertex rt(T), which correspond to the critical points py,...,p1, and ¢,
respectively. The tuple v consists of generalized Morse trajectories 7, for
each edge e € E. (A generalized Morse trajectory can be a series of broken
Morse flow lines. See [20] for a thorough exposition and Section 2.2 for
a brief description.) The tuple (z,u) consists of boundary marked points
and J-holomorphic disk maps (z,,uy) for each main vertex v.€ V™. More
precisely, z, = {zy € 0D |e adjacent to v} is an ordered set of boundary
marked points, aligned counter-clockwise on 9D, and we require the map
uy to satisfy the Lagrangian boundary condition u,(0D) C L.

Furthermore, the tree of disk maps and generalized Morse trajectories
satisfies the following additional conditions. We call v € V™ a ghost ver-
tex if ([uy]m,, [w]m2) = 0. (Since wy is J-holomorphic, ([uy]m,, [w]q2) is
the same as the energy of u,, and 0 energy implies u, is constant, hence
the name ghost vertex.) We require the coincidence condition (i.e., the
value of the disk map at each marked point matches the value of the corre-
sponding generalized Morse trajectory as in equation (2.9)), the stability
condition (i.e., a ghost vertex is associated with at least three edges as in
equation (2.8)), and the topology condition (i.e., the Maslov indices of
disk maps sum up to u, and the pairings of disk maps with the symplectic
form ([uy]m,, [w]g2) sum up to v as in equation (2.10)).

Lastly, the aforementioned equivalence relation is given as follows. We
say (T,~,z,u) is equivalent to (T’,7/,2',u') if there is an ordered tree
isomorphism ¢ : T — T’ and a tuple of conformal disk automorphisms
Y= (¢v)v€\/m such that

e ( relabels the Morse trajectories 7 = 1; ., and
e ¢ push forward the marked points and map to the marked points
and map relabeled by (,

(Pe(zy)yuy 0 ) = (2, uy)-
In this case, we write (,9)(T,v,z,u) = (T',7/,2',2/).
One hopes to derive an algebra by counting the virtual dimension 0 part
of such a moduli space, but it is not necessarily a smooth manifold without

perturbations. Similar spaces and various perturbation schemes have been
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considered by Cornea and Lalonde [3], Charest [1], [2], Fukaya, Oh, and Ono
[5]. Here we tackle the problem by constructing an ambient space around
the moduli space 9 and give the ambient space an M-polyfold structure,
which is a powerful analytical tool invented by Hofer, Wysocki, and Zehnder
[7] to deal with transversality problems in J-holomorphic curves. They have
applied the polyfold theory to the construction of Gromov-Witten invariants
of arbitrary genus [8] and are dealing with the transversality problem in
symplectic field theory [6].

In our setting, the moduli space of disk trees M([pr @ - - - Rp1, ¢; p|, v) lies
naturally in an ambient space X([py ® --- ® p1,¢; p},v), which we call the
quotient space of disk trees. It is the same as the moduli space 91 except
that each disk map u, is not necessarily J-holomorphic, but has H3° regu-
larity (Definition 3.12), which roughly speaking, has Sobolev H3-regularity
away from the marked points z,, and H3-regularity with d-exponential de-
cay towards the marked points. We denote X to be the union over all
Pr @ @p1, q, 4, and v

X = U%([pk ® - @ p1,q; ), V).

One of the main results of this thesis is that the quotient space of disk
trees can be given the structure of an M-polyfold with boundary and corners
(Theorem 6.13).

Theorem 1.1. The quotient space of disk trees X is an M-polyfold with
boundary and corners.

One can think of an M-polyfold as an infinite dimensional manifold with
certain new local models (see [7] and Definition 6.3). In other problems, e.g.,
symplectic field theory, the ambient space is given a structure of a polyfold,
which is a generalization of an infinite dimensional orbifold. The reason why
we can have an M-polyfold instead of polyfold is because of the following
proposition (Proposition 2.5).

Proposition 1.2. Suppose we have (¢,¥)(T,~,z,u) = (T,v,z,u). Then ¢
is the identity tree isomorphism, and v are identity disk automorphisms.

The goal of the thesis is to construct an M-polyfold strong bundle (see
[7]) 7 : QY — X, where each fiber consists of complex anti-linear sections, and
show that the Cauchy-Riemann section ; : X — Q) is sc-Fredholm (see [7]).
Note that the moduli space of disk trees 9 lies in the ambient space X as the
solution set of the d; section. By general polyfold theory ([9]), there exists
a perturbation section s so that the solution set (9; + s)~1(0) is a compact
finite dimensional smooth manifold with boundary and corners. Using these
perturbed moduli spaces, we will construct a Zs-coefficient A, algebra, as
opposed to one with rational coefficients, due to the trivial isotropy group
as in Proposition 1.2.

We now elaborate on the topology defined on X in Theorem 1.1, as it sheds
some light on the process of deriving an A, algebra. Let 7 := (T,’y,i, )
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be a disk tree representative. Denote by E"d the set of nodal edges, whose
Morse trajectories 4. have length 0; we introduce a gluing parameter
re € (—¢€,€) to each nodal edge. Note that for each nodal edge é = (Vv=,v") €
E"d the coincidence condition implies that - (g- &) = Ugt (Z¢+ ), hence
giving rise to a nodal map. We define the e-neighborhood U.(7) to consist of
(T, 7.z, u), where each v, is e-close to §, (in the metric given by (2.3)) while

keeping the length of v, zero for nodal edges é € E" | and each (zq,uq) is
e-close to (&, us) (in the sense that (zg,us) € Us(Zg,Us) as in Definition
4.1), with coincidence condition (2.9) Satlsﬁed. Then we define the gluing
map as follows

(1.1) #]: (—e,0)™ X U(F) = X
(fv (Tv 17 z, Q)) = [#K(T)v #ﬁ(l)? #ﬁ(g)v #E&(g)]

For each nodal edge é = (v~,V1) € £ with gluing parameter rs > 0, we
identify ¥~ and ¥T to a single vertex in the glued tree #ﬁ(T). Take an
re-dependent strip near zy- o in the disk D¢~ and an re-dependent strip
near Ty+ 4 in the disk Dg+, glue the strips together to get a glued disk, and
then discard Ty- s and x4+ 4 in the glued boundary marked points #,(x);
moreover, we mterpolate the nodal map (u¢+,uq-) on the glued strip to
define a map on the glued disk (see (4.14)). On the other hand, for each
edge ¢ = (V7,V1) € E with 75 < 0, we displace the u;— part of the nodal
map (ug+, ug— ) along the Morse flow so that u¢+ and ug- become separated
(see (4.15)). This gives rise to the tuple of maps # ,(u), and the new Morse
flow between the pair is the displaced Morse trajectory #,(7v) (see (4.8)).

Now imagine the gluing parameter rs decreases from positive to negative,
this curve in X does not stop at the bubbling at r; = 0 when a map becomes
nodal, but it continues displacing along the Morse flow when r; becomes
negative. In this way, disk bubbling is an interior point in X; the boundary
and corners structure of X comes from that of the Morse trajectory space.
Later on we shall use this fact to prove that the A, algebra we construct
indeed satisfies the A, equation.

Let k be the equivalence class [7]. We denote the image of [#] in (1.1)
by U.(k;7). This collection of neighborhoods arsing from gluing defines a
Hausdorff topology (Theorem 4.6).

Theorem 1.3. The collection {{.(k;7) |k € X} forms a basis in X and
defines a Hausdorff topology.

We now briefly describe the M-polyfold with boundary and corners atlas
(see [7]) for X the quotient space of disk trees. We shall construct a chart

around a disk tree k by using a variation of the gluing map [#] : (—¢, 5)E"d X

U-(7) — X in (1.1). Note that the gluing map [#] itself is not a chart. It

is not injective due to (1) the conformal disk automorphism action on each

disk, and (2) the interpolation on the glued strip used in the gluing. We deal
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with problem (1) by restricting the domain to a “slice” of the neighborhood
U-(7), and handle problem (2) by further restricting to a subset of maps
called the “splicing core”. Hofer, Wysocki, and Zehnder built M-polyfold
theory with problem (2) in mind, adopting splicing cores as local models of
the M-polyfold (see [7]). This collection of charts forms an atlas (Theorem
6.12).

Theorem 1.4. The quotient space of disk trees X has an M-polyfold with
boundary and corners atlas.

With some additional minor topological properties of X, Theorem 1.3 and
Theorem 1.4 essentially constitutes Theorem 1.1.

In order to prove the above results on the topology and the atlas of the
quotient space of disk trees, we study the Deligne-Mumford space D9, a
finite dimensional analog of X. We refer the readers to [19], [18], [16], [14],
and [10] for studies of other cases of the Deligne-Mumford space.

The Deligne-Mumford space with &k incoming critical vertices D9M(k)
consists of equivalence classes of the form [T, ¢, z, O]. Here T is an ordered
tree with a partition into main vertices and critical vertices V. = V™ LI V€,
with critical vertices consisting of k leaves and the root rt(T). The tuple
¢ consists of edge lengths ¢, € [0, 1] for each edge e € E. The tuple (z,0)
consists of boundary marked points and interior marked points (z,,, Oy ) for
each main vertex v € V™, where each O, is unordered. Furthermore, the
tree of marked points and edge lengths satisfies the stability condition
(i.e., each main vertex v with no interior marked points O, = () is associated
with at least three edges as in equation (5.1)).

Lastly, the aforementioned equivalence relation is given as follows. We
say (T,£,x,0) is equivalent to (T’,¢',2’,0') if there is an ordered tree iso-
morphism ¢ : T — T’ and a tuple of conformal disk automorphisms ¢ =
(1y )yeym such that

e ( relabels the edge lengths £, = £/,, and
e ¢ push forward the marked points to the marked points relabeled

by ¢,
(¢v(£v)7 T;Z)V(Ov)) = (£:1/7 O(//)

In this case, we write ({,¢)(T,v,z,u) = (T',7/,2/,4).

We use gluing to construct a topology and an atlas on the Deligne-
Mumford space D91 in an analogous way to X. Let i := (T,é, z, Q) be
a representative. Denote by E"d the set of nodal edges, whose edge lengths
Eé are 0; we introduce a gluing parameter r; € (—¢,¢) to each nodal edge.
We define the e-neighborhood U (1) and the gluing map in a similar way as
in the quotient space of disk trees

(1.2) [#] : (—e, )" x Uo(i) — DM
(fv (Ta £7 Z, Q)) = [#K(T)v #£(£)7 #£(£)7 #LE(Q)]
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We displace the edge lengths #,(¢) in an analogous way as we displace
Morse trajectories #,(7), keep the glued boundary marked points #,(z) as
before, and define the glued interior marked points #, ,(O) to be the union
of interior marked points on the glued disk.

The Deligne-Mumford space has the structure of a manifold with bound-
ary and corners (Theorem 5.18). Much like the boundary of quotient space
of disk trees is given by elements with broken Morse flow lines, the boundary
of the Deligne-Mumford space is given by elements with unit edge lengths.

Theorem 1.5. The Deligne-Mumford space DM is a manifold with bound-
ary and corners.

While the above result does not directly prove Theorem 1.3 and 1.4, the
tools we develop along the way are instrumental to proving the M-polyfold
structure of X. Here we roughly sketch this idea. For a disk representative
(T, v,z,u), we can construct a set of codimension 2 sub-manifolds of M that
are transversal to the disk maps u. We call them transversal constraints.

We then locally define a stabilization map which takes (T,v,z,u) to

(T, L, z,0), where each ¢; is the renormalized length of the Morse trajectories
7, (see (2.2)), and each Oy is the pre-image of the transversal constraints

under the map wug. The stabilization (T,ﬁ, z,0) is a representative of an
element in the Deligne-Mumford space. Suppose we have equivalence of
gluing

(€)@, (T, z,w))) = #(, (T2, 2, o)),
where # is the gluing in (1.1) before taking the equivalence class. Then the
same ((, 1) gives equivalence to their stabilizations

(GO F#(r, (T,4,2,0)) = #(/, (T, 0,2, 0)).
Thus understanding how (¢, ) depends on the gluing parameters r and the
stabilization (T,¢,z,0) help us understand the gluing map (11.19), which
help us prove the topology and the atlas of X. We refer the readers to
Proposition 5.23 and 8.11 for further details.

We now work towards constructing an A, algebra. Firstly, let 7:9) — X
be the bundle of complex anti-linear sections, where ) consists of
equivalence classes of the form [T,~,z,u,\]. The fiber consists of tuples
A = (Ay)vevm such that for each main vertex v € V" and point z € D,

Av(2) (T2 Dyi) = (T, () M, J(uy(2)))

is a complex anti-linear map. Moreover, we require each Ay to have H 2,
regularity. We define the Cauchy-Riemann section J; : X — 2) by

1
05(uy) = E(asuv + J(uy) Opuy).

We give the bundle the structure of an M-polyfold strong bundle (Proposi-
tion 9.5), and show that the d; section is sc-Fredholm (Theorem 9.10).
7



Theorem 1.6. The bundle of complex anti-linear sections m : Y — X is
an M-polyfold strong bundle, and the section J; : X — Q) is sc-smooth and
sc-Fredholm.

We are now in the right position to construct an A, algebra from the
quotient space of disk trees. For each disk tree z = [T,v,z,u] € X([pr ®
C - ®@p1,q; p],v), we call [pp ® -+ ®p1,q; pu| the type of z. Suppose two disk
trees 2V € X([pr @ - @ p1,q; u],v) and 2V € X([r; ® --- ® r1,8;0],0) are
such that ¢ = r;. Then we can concatenate the Morse trajectory in zV which
flows into ¢ with the Morse trajectory in z% which flows out of r; and obtain
a concatenated disk tree. In general, for a tree of disk trees such that all
edges e = (v, w) satisfy the above coincidence condition at critical points,
then we define their concatenation similarly as before (see Definition 11.9
for details). We denote the concatenation operation by o, and note that a
concatenated disk tree lies on the boundary of X because it has at least one
broken Morse flow line.

One can find a sct perturbation (see Section 1.4 of [7]) of d; which is
compatible with the concatenation o, and the perturbed solution set has a
compact manifold structure (Theorem 11.15 and Theorem 10.9).

Theorem 1.7. There exists a o-compatible sc™ section s : X — ) such
that for all types Z and v > 0, the solution set of the perturbed section
(05 +s5)"H0)NX(Z,v) is a compact manifold with boundary and corners.

In order to define the desired A, we shall focus on those disk trees with
Fredholm index 0. By an index calculation, all disk trees z of a fixed type
Z = [pr ® -+ ®p1,q; u| have the same 9; Fredholm index

k
(13)  indy,(2) = indy,(2) =D Ipil = lal + 1= (k= 1)(n —1) — 1.
1=1

We construct the disk tree Ao, algebra over Zs as follows, using the
Novikov ring

A= {Zcie”i\ci € Zo,v; € [0,00)}.

Here e is the quantum variable. In the sum, there are finitely many non-zero
¢; with v; < N for any N. Let C be the complex generated by Morse critical

points
C= > Alp).

pEcrit(L)
The total complex C = Do ®" C has an obvious bilinear form

(3PP Y NpP) =3 ApXp € A,

where we sum over pure tensors P = p;®- - -®py with p; € crit(L). For each
k > 0, define the k-th multiplication mk ®k C — C as follows. Given

a pure tensor of critical points R = r; ® --- ® 71 and a critical point s, we
8



denote by p* the integer such that indg ([R, s; *]) = 0, which we calculate
from (1.3). We denote the perturbed section f := d; + s, with perturbation
given by Theorem 1.7. Hence the solution set f~1(0) N X([R, s;u*],v) is a
compact 0-dimensional manifold. We define the coefficient (mF(R),s) by
taking the Zs count of the above solution set

(1.4) (mF(R), s) := anz (£7H0) N X([R, 53 4%, v)) €”.

v>0

Naturally, we have m*(R) = > secrit(D) (m*(R),s)s. We then extend the

multiplications to 7 : C — C in the standard way ([13]) as follows. Given
a pure tensor P = p; ® - - - ® p1, we denote its length by |P| = k. We define

(15) @m(P)= > Pem”l(P)e P, (P||P| potentialy 0)
P=P®P'®P

and then extend A-linearly to combinations of pure tensors. The extension
m satisfies the Ao, algebra equation

(1.6) mom =0

since the boundary of a 1-dimensional solution set is precisely given by disk
trees with once broken Morse flow lines, which are the concatenations of two
index 0 solutions. Thus (C,m) is a curved Ao algebra (curved means
m? does not necessarily vanish).

Thus we finish constructing an A, algebra (5 ,m) by choosing any com-
patible almost-complex structure J and some scT perturbation s. In order
for (C,m) to be a symplectic invariant, we would like to show that the A
algebra is independent of the choice of pairs (J,s). More precisely, given
two such pairs (J_1,s_1) and (Ji, s1) and let (C,m_1) and (C, ;) be their
respective Ao, algebra, we need to construct an A, isomorphism between
(C,ﬁl_l) and (C,ﬁll)

To prove the above result, we first find a smooth 1-parameter family
of almost-complex structures (J;);c(—1,1) between J_; and J;. We can do
this since the space of almost-complex structures compatible with w is con-
nected. The difficult part is finding a 1-parameter family of o-compatible
perturbations (s;);e[—1,1) so that the family of sections

F:[-1,1] xX =9, (t,z)— (0, +s:)(x)

achieves a certain special transversality condition. The transversality prob-
lem is complicated by the presence of index -1 solutions at certain irregular
t € (—1,1): index -1 solutions can potentially concatenate with itself for
arbitrarily many times and the results are still index -1 solutions. In this
thesis, we deal with a special case when F' is assumed to be o-transverse,
which limits the number of ways an index -1 can concatenate with itself
(Theorem 1.8).
9



Theorem 1.8. Suppose there exists a I-parameter family of o-compatible
sct perturbations so that the family F(t,z) = (9, + s¢)(x) is o-transverse,
then there exists an As isomorphism ¢ : (C,m_1) — (C,my).

2. QUOTIENT SPACE OF DiSK TREES

Let (M,w) be a symplectic manifold of dimension 2n with w|,a = 0,
and L a Lagrangian submanifold of M. In addition, we choose a compatible
almost complex structure J on M, and a Morse-Smale pair (f,g) on the
Lagrangian L.

In this section, we define the quotient space of disk trees

X([pr ® - @p1,q; 4], v).

We first go over the standard notions of an ordered tree and a Morse tra-
jectory space.

2.1. Ordered Tree.

A tree T is a connected graph with no cycle. Let us denote by V the
set of vertices, and by E the set of edges. A rooted tree is a tree with a
designated root vertex rt(T) € V. Let the edges be oriented towards the
root. The orientation on the edges induces a partial ordering on V, known
as the tree order, where the root rt(T) is the maximal element. This allows
us to think of E as a subset of (V x V) \ A. More precisely, for two adjacent
vertices v and w with v < w, we denote by (v,w) the edge going from v to
w; we call v a child of w, and w a parent of v.

With respect to a given vertex v, there are two types of edges: the set of
incoming edges and outgoing edges of v are given by

(2.1) E"(v) :={(w,v) € E}, E°(v):={(v,w) € E},

respectively. The set of all edges of v is given by E(v) := E®(v) U E°"(v).
A vertex v is called a leaf if E(v) = (). We note that E°"(v) is empty if v
is the root, and has a single element otherwise. We define the valency of a
vertex v to be the cardinality of E(v), denoted as |v]|.

If T is a rooted tree and each set E™(v) has an order, then T is called an
ordered tree. Then we can order the set E(v) as

(2.2) E(v) = {eo(v), o ,e\v\—l(v)} :

For v # 1t(T), we choose e’(v) to be the outgoing edge of v. This order
induces an ordering of all children {w € V | (w,v) € E®(v)}. Combining
this order with the tree order induced by the orientation of the edges, we
get a lexicographical ordering on the set of all vertices. ( : T — T is a
an ordered tree isomorphism if it is a bijection between V and V' which
preserves the lexicographical ordering, and induces a bijection between E
and E’.

It is straightforward to verify the following uniqueness result for ordered
tree isomorphism.

10



Proposition 2.1. If ¢ : T — T’ and ¢ : T — T are both ordered tree
isomorphisms, then ( = (.

2.2. Morse Trajectory Space.

Another essential element of the quotient space of disk trees is the com-
pactified Morse moduli spaces. Here we give a short introduction. For more
details, we refer the readers to [20]. Let (f,g) be a Morse-Smale pair on
Lagrangian L. For p € crit(L), we denote by |p| the Morse index of p.

For p~ # pt € crit(L), we define the space of Morse flow lines from p~
to p™ modulo the R-shift action as

Mp~,p")={y:R=L|4=-Vf(7), lim y(s)=p"}/R.

s—+oo

For p~ = p*, we set M(p~,p*) = 0. We recall from Morse theory that
M(p~,pT) = 0 if |p7| < |pT|. Now we define the space of half-infinite
Morse flow lines.

M@~ L) =1y : (00,0l = L [§==V[(7), lim ~(s)=p"},

M(L,p") = {y:[0,00) = L | ¥ = =Vf(y), lim 7(s) =p"}.
Lastly, the space of finite Morse flow lines is
M(L,L):=={y:[0,a] = L]a>0,y=-Vf(y)}

The above spaces of Morse flow lines admit a compactification by adding
the “broken Morse flow lines”. To be precise, let UT be either L or a single
critical point, then we define the Morse trajectory space as

MU, UT) = U MU, p1) x M(p1,pa) x -+ x M(pg, UT).

k€N, |p1|>->|pk|

An element v = (70,71, .-..,7) is called a generalized trajectory, which
represents a broken flow line when k& > 1. The Morse trajectory space
M(U=,U") can be given the smooth structure of a compact smooth mani-
fold with boundary and corners.

To specify the topology of M(U~,U™"), we define the following length.

Definition 2.2. We define the renormalized length /(v) of a generalized
trajectory v by,

e ify=17:[0,a = L,
1 if v is broken, or unbroken but infinite or half-infinite.

l(y) =

Note that the renormalized length can distinguish trajectories in M(L, L)
with image being a single critical point p and broken trajectories in M (L, p) X

M(p, L) with the same image. We now give M(U~,U™) the topology in-
duced by the following metric.

(23) dﬂ(l; ﬂ) = dHausdorH(@a @) + \5(1) - e(ﬂ)‘?
11



where @ = imygU- - -Uimyy. We recall the definition of Hausdorff distance
in the appendix (Definition 13.5).

For a broken flow line 4 = (50,%1,-..,%) and small € > 0, there is a
diffeomorphism (onto its image) called Morse gluing map (see [20])

(2.4) B.(%) % [0,€) x B(41) x -+ x [0,€) X B:(5%) = M
(Y0, 71,715 -+ -5 TRy V) > B (),

where r = (r1,...,rg) are the gluing parameters. The trivially glued Morse

trajectory fig(7) is equal to v, and if all r; are positive, the glued Morse tra-

jectory #,(v) is unbroken. Moreover, for trajectories y = (1 Yy 2) and pa-

rameters r = (r',7/,72), we have associativity fy(y) = f(r1 (1 tr (1), 72)
This map later plays a crucial role in our Ay algebra

Definition 2.3. We define the evaluation map on these Morse trajectory
spaces as follows.
e Define ev™ xevt : M(p~,pT) = {p~} x {p™} by ev"(y) =p~, and
evt(3) = - .
e Defineev™ xevt : M(L,p*) — Lx{pT} byev (70,...,7) = 70(0),
and evt(y) =p™.
e Define ev™ x evt : M(p~,L) = {p~} x L by ev_(y) = p~, and
eV (90, -+, k) = 1(0).
e Defineev™ xevt : M(L,L) — Lx Lbyev™(y0,---,7) = 70(0), and
v (y0, .+ 7k) = Yk(0) for k > 1 or evT(qp : [O,CL] L) = v(a).

The evaluation map ev™ X ev' is smooth.

2.3. The Quotient Space of Disk Trees.

We now define the quotient space of disk trees as a set. Let pg,...,p1,q
be critical points, p an integer, and v a non-negative real number. The
quotient space of disk trees with incoming critical points pg,...,p1,
outgoing critical point ¢, and p € Z,v > 0 is denoted by

(25) X([pe @+~ @p1,qp),v) = {(T,7,2,u) | (1) — (4) satisfied}/~ ;.-
We define conditions (1) — (4) and the equivalence relation ~py,0) as follows.

(1) T is an ordered tree with the following requirements.

e The root rt(T) has a single edge, i.e., |rt(T)| = 1.

e The tree T is equipped with a choice of a partition V*UV® =V, into
the set of main vertices V™, and the set of critical vertices V¢,
such that rt(T) € V¢, and V¢ \ {rt(T)} consists of exactly k leaves
(same k as in (2.5)).

(2)y=(v )eeE is a tuple of generalized Morse trajectories with the following
requlrements
For each critical vertex v € V¢ we assign p, € critf in the following
way. The set of critical leaves V¢ \ {rt(T)} has exactly k elements, with an
12



order induced from the lexicographical order of T. Hence V¢ \ {rt(T)} =
{Wk,...,w1}. We define

Pwi -=DPi, DPri(T) ‘= @)

where p;’s and ¢ are the Morse critical points given in (2.5). For an edge
e = (v7,vT), the generalized Morse trajectories 7, are required to have ends
on these critical points as follows.

M(py—,py+), for v, vt e Ve,

M(py-,L), forv- e Ve vtevm,
L M(L,py+), forv- e Vm vt eve

M(L, L), for v—,vt e v,

(3) (z,u) = (z,,uy)veym is a tuple of boundary marked points and disk
maps with the following requirements.

e For each main vertex v € V™ and each edge e € E(v), we asso-
ciate a boundary marked point z,. € 0D. Furthermore, these
marked points xy . are distinct, with Ty O(v)s -+ s Ty elvl-1(y) POSi-
tioned counter-clockwise on 0D (see the labeling in (2.2)). We denote
this ordered set of boundary marked points by

z, ={zye € 0D|e € E(v)}.

e For each main vertex v € V™, the disk map w, has regularity
H3*%((D,z,), M). (Roughly speaking, u, has three weak derivatives
and ¢ exponential decay near the marked points x,,. See Section 3.3
for the precise definition.) Moreover, u, satisfies the Lagrangian
boundary condition,

uy(0D) C L.

Then it follows that u, represents a relative homology class in Ha (M, L).
We define w(uy) to be the coupling

(2.6) w(uy) = ([uv]my, [Wlg2),
and we require w(uy) > 0.
It is sometimes more convenient to use an alternative way to index boundary

marked points and disk maps by edges e = (v, v*):

(2.7) zt = Tyt o, uF = ugs.

(4) The tuple (T,~, (z,u)) satisfies the following additional requirements.

e A main vertex v € V™ is a ghost vertex if w(uy,) = 0. We impose
the stability condition, that is,

(2.8) for a ghost vertex v, we have |v| > 3.
13



e For each edge e = (v7,v") € E, we impose the coincidence con-
dition defined by the evaluation map (Definition 2.3),

(2.9) ut(zE) = evi(yo) if vE € vm,

e Denote the Maslov index of u, with respect to L by pu(uy) € Z.
(See Appendix C.3 of [15] for a complete exposition of boundary
Maslov index.) For p € Z and v > 0 in (2.5), we impose the topol-
ogy condition

(2.10) Z p(uy) = u, Z w(uy) = v.
vevm vevm
Lastly, we define the equivalence relation ~yye).

Definition 2.4. We say (T,v,z,u) is equivalent to (T',+,2/,u/) via a
biholomorphism if there exists a tree isomorphism ¢ : T — T and a tuple
of disk automorphisms 1) = (y)yeym (see Section 13.1) such that
ey =17, forevery e € E and ¢’ = ((e),
o Yy(Tye) =2, o for every v € Ve € E(v) and v/ = ((v),e’ = ((e),
o u,otp, !t =/, for every v € V™ and v/ = ((v).
In short, we write ({,¥)(T,v,z,u) = (T',7/,2',u). Moreover, we write an
equivalence class under the relation ~pino as

[T, ~,z,u].
Finally, we define the quotient space of disk trees by taking the union

(2.11) X=| |X(pe®- ®@p1,q: 4, v)

over all k € Ny, all critical points p; and ¢, and all 4 € Z and v > 0.
The following result shows that each element (T, v, z,u) has trivial isotropy

group.

Proposition 2.5. Suppose there are two biholomorphisms (C,y) and (C, ﬁ)
which satisfy

(¢ )Ty, z,u) = (G, 9)(T, 7, 2, w).
Then we have (¢, ) = (¢, ).

We shall prove this result later by using a transversal constraint to pass
onto the Deligne-Mumford space. Most importantly, we shall give X an
M-polyfold structure.

3. POLYFOLD SMOOTHNESS AND H3% MAPS

As we shall see later, an M-polyfold is locally modeled on certain subsets of
sc-Banach spaces, a type of Banach space with an infinite nested sequence of
Banach spaces with certain properties. In [7], Hofer, Wysocki, and Zehnder
define a smooth structure on sc-Banach spaces. In this section, we define
the topology of the space of boundary marked points and disk maps using
sc-Banach spaces.

14



3.1. Sc-Banach Spaces.

We first define the notion of an sc-Banach space, which provides a foun-
dation for the polyfold smooth structure. We refer the readers to [7] for an
in-depth introduction.

Definition 3.1. An sc-structure on a Banach space E consists of a nested
sequence of Banach spaces (Ep,)men, wWith Ey = E, and each E,, 11 is a linear
subspace of E,, but with possibly different norms. Moreover, this sequence
of Banach spaces must satisfy the following two conditions.

(1) The inclusion maps E,,+1 — E,, are compact operators.

(2) The space Ex := (,,en, Em is dense in every Ep,.
A Banach space F equipped with an sc-structure is called an sc-Banach
space.

Here we present two examples of sc-Banach spaces which are crucial to
the quotient space of disk maps: one for the regularity of a disk map away
from the marked points, and another for the regularity near the marked
points under certain strip coordinates.

Example 3.2. Let V C RF be a bounded domain with Lipshitz bound-
ary in the Euclidean space, and H"(V,C™) the Sobolev-m function space.
The space £ = H3(V,C") is a sc-Banach space with sc-structure E,, =
H3+™(V,C"). Indeed, it follows from the compact embedding theorem that
the inclusion E,,11 — E,, is compact. Lastly, we have E,, = C*°(V,C")
and the space of smooth functions is dense in every E,,.

The reason for choosing H?® space as the 0-level sc-structure is that the
Sobolev embedding theorem guarantees H? < C', and later on we shall use
the first derivative of disk maps in our construction.

The following example describes the sc-structure of maps on the infinite
strip that take value in C™ with boundary condition on R". This is a local
version of the Lagrangian boundary condition.

Example 3.3. We define the weighted Sobolev space
H™%(R x [0,7],C";R")

as follows. Let f be a function whose weak derivative 9% f is locally repre-
sented by an L? function, where the multi-index « is of order || less than
m. Then the norm || f|| gm.s is defined by

(3.1) 11 ms = 3 / 107 £ (s, £) P2 dsdt.

|a|<m Rx[0,7]

The space H™9(R x [0, 7], C"; R") consists of all functions f whose norm

| £l grm.s is finite with each f(s,0), f(s,m) € R™. We refer to  as the weight.

Let E be H*%(R x [0, 7], C"; R") with dy > 0. Given a strictly increasing

sequence of weights J,, with dyp < J; < ---, the nested sequence (E,,) with

E,, = H3™9(R x [0,7],C" R") is an sc-Banach structure. Indeed, one
15



can use the compact embedding for bounded domains and the increasing
weights to show that the embedding F,,+1 — FE,, is compact. Lastly, the
FE space is the set of smooth functions with the proper decay; it is dense
in every E,, because the space of compactly support smooth functions is
dense.

As a variation of the weighted Sobolev space, we define the weighted
Sobolev space with limits

H™ (R x [0,7],C"%R")

to consist of functions f with limits ¢ € R™ such that f — ¢ lies in H™%(R x
[0, 7], C™;R™). We define the norm

Hﬂ@¢w=kp+ﬂf—d@m&
m

Let E be Hgﬁo (R x [0,7],C™;R™) with dp > 0. With strictly increasing
weights dg < 41 < - - -, the sequence E,, = Hﬁ;m’ém (R x [0, 7], C™;R™) is an
sc-Banach structure.

We now introduce the concepts of sc-operator and partial quadrant.

Definition 3.4. Let E and F be sc-Banach spaces. A linearmap T : E — F
is an sc-operator if we have T'(E,,) C F,, for all m € Ny and the restrictions
T : E,, — F,, are continuous. An sc-operator is an sc-isomorphism if its
inverse is also an sc-operator. Lastly, a subset C C F is called a partial
quadrant if after applying an sc-isomorphism it is of the form [0, 00)* x W
for some sc-Banach space W.

Going beyond linear maps, we now discuss the notions of continuity and
differentiability in sc-Banach spaces. Let U and V be open subsets of partial
quadrants C' and D in sc-Banach space E and F, respectively. We denote
their m-level by U,, :==UNE,, and V,,, :=V N F,,.

Definition 3.5. A map f : U — V is sc® if we have f(U,,) C V,, for all
m € Ny and the restrictions f : U,, — V,, are continuous.

We denote by U k the k-level set Uj, with sc-structure Ufjb := Ukm. Define
the tangent space TU by

TU :=U"' x E.

Definition 3.6. An sc” map f : U — V is said to be sc! if for every
x € U' there exists a bounded linear operator Df(z) : Eg — Fp such that
the following holds.

(1) For h € Ey with z + h € C, we have the limit

li !
im —
=0 |hl1

[f(z+h) = f(z) = Df(x)hlo = 0.
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(2) The tangent map T f : TU — TV defined by
(@, h) = (f(z), D f(x)h)

is sc.

We say f is sc? if the tangent map T'f is sc'. Inductively, this defines the
notion of sc*. We say f is sc-smooth (or sc¢™) if f is sc* for all k.

One key distinction between sc-differentiability and classical differentia-
bility is that the continuity of (z,h) — Df(x)h as in sc' is weaker than
the continuity of  + D f(z) in operator norm as in C''; Proposition 4.2 of
[7] shows that the reparametrization action on a cylinder is sc-smooth but
not classically smooth. We refer the readers to Proposition 1.9 and 1.10 of
[7] for a thorough study of the relationship between the sc and classical dif-
ferentiability. Furthermore, Theorem 1.11 of [7] shows that this generalized
smooth structure has a chain rule. Lastly, an M-polyfold is locally mod-
eled on certain subsets of sc-Banach spaces called sc-retracts (Section 6.1).
These subsets are the images of certain sc-smooth retractions, and they are
not generally open in their ambient sc-Banach spaces.

3.2. Boundary Marked Points and Strip Coordinates.

As we shall see in the Section 4, we define the topology of the quotient
space of disk trees X using gluing. The construction of a glued disk map
involves viewing neighborhoods of marked points in the disk as half infinite
strips, truncating them to certain lengths, gluing them pair-wise, and inter-
polating the maps on these glued strips. In this section, we define the space
of boundary marked points and the strip coordinates near them.

We denote the space of boundary marked points by

(32) MP(OD):= {g c dD ‘ z = (w0, ..., 2) for k > 0, } .

distinct and ordered counter-clockwise

The underline in M P(0D) emphasizes that the boundary marked points are
ordered. This space has a metric

('),
('),
where n(z) denotes the cardinality of . We denote the e-neighborhood of
Z in MP(0D) by

n
n

d(z x’) _jmax daD(xi,a:;) if n(z) =
70100 if n(z) #

U:(2).

We now introduce the notion of strip coordinates near a boundary marked
point. Let us denote the half-infinite intervals by

Rt :=[0,00), R~ :=(—00,0].
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Definition 3.7. Let = be a boundary marked point. A biholomorphism
into a closed neighborhood N(x) C D of z

Rt :RT x [0,7] = N(x)\ {z}
(or A7 : R™ x [0,71] = N(z)\ {z})
is called positive (or negative) strip coordinates near x if it is of the
form
B = fopt,
where
e p¥ : R* x [0,7] = {0 < |2] < 1,Imz > 0} are given by

z

p(2) = —e7F, p(2) =6,
e f is a Mobius transformation that maps the extended upper half
plane {Imz > 0} U {oc} to the disk D with f(0) = z.
The closed neighborhood N (z) is called a strip neighborhood of x.

We also consider a family of such strip coordinates.

Definition 3.8. Let & be a boundary marked point. Suppose there is a
smooth family of Mo6bius transformations f, for € U.(£) such that
e cach f, maps the extended upper half plane {Imz > 0} U{oc} to the
disk D, and
e f,(0) =z and f,(oc0) is independent of x (i.e., fy(00) = fz(00)).
Then we call h*(z,-) = f, o p™ a family of strip coordinates near Z.
For each = € U.(&), we have strip neighborhood N(x).

Note that the limit of a family of strip coordinates is the same as the
boundary point x
lim h*(z,z2) =z
z—Fo0

For R > 0, we denote the shrunk strip neighborhood by

. _ = U™ (a,[R, 00) x [0,7]),
(3.3) Nw; —R) = {{x} Uh™(z,(—oc0, —R] x [0,7]).

Note that N(x;0) = N(z) and N(x; —R) shrinks to the marked point {z}
as R — oo.

Remark 3.9. If h*(z,-) is a family of strip coordinates near # and ¢ is a
disk automorphism, then k*(z,-) := ¢ o h*(1y"!(x),-) is a family of strip
coordinates near ¥ (z).

Remark 3.10. Recall from (2.2), for a main vertex v € V™, e’(v) is the out-
going edge, and e'(v),...,e"(v) are incoming edges. For boundary marked
points = (xo,..., %), we assign negative strip coordinates h; near the
outgoing marked point xg, and for each i > 1 we assign positive strip co-
ordinates hj near the incoming marked point x;. Thus we have a tuple of
strip coordinates h = (hg ,hi,..., h,j) near x.
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In our topology of the quotient space of disk trees, we allow the bound-
ary marked points to vary while fix the complex structure on D to be the
standard complex structure. However, in the polyfold theory for Gromov-
Witten in [8], the marked points are fixed, whereas the domain complex
structure can vary. These two approaches are equivalent. In the following
lemma, we explicitly constructs a family of diffeomorphisms v, : D — D
defined for each x € U.(Z). It maps the fixed marked points & on the disk
(D, v} i) with varying complex structure to the varying marked points z on
the standard disk (D, ). We shall use this family of diffeomorphisms in the
construction for the topology of the space of boundary marked points and
H3% disk maps in Section 3.3.

Fix boundary marked points & = (Zo,...,2Zx), and let B(#;) C D be
mutually disjoint open subsets of D containing ;. Let

h = (hy (w0, "), hi (x1,-), ... b} (g, 7))

be a tuple of families of strip coordinates near . Choose £ > 0 small enough
so that for all x € U.(Z), each strip neighborhood N(z;) is contained in
B().
Lemma 3.11. There exists a smooth family of diffeomorphisms v, : D — D
defined for each x € U.(Z) with the following properties.

o vo(2) = 2 for = ¢ |l B(&:).

o If x is such that x; = Z; for some i, then vy(2) = z for z € B(&;).

o y(2) = fu 0 f{il(z) for z € N(z;), where f,, is the Mdbius trans-

formation in Definition 3.8.

In particular, we have vz = Id. Moreover, vy(Z;) = z;, and v, maps the
strip neighborhood N (&;) biholomorphically to N(z;). It also transports strip
coordinates in the sense that v, o hi (i;,-) = hi (x4, ")

We can construct such a family of diffeomorphisms via integrating vector
fields. In the fixed marked points and varying complex structure model,
the last property translates to saying the complex structure (D, v} i) is the
standard ¢ near the fixed marked points Z. As we shall see, the last property
is crucial in the topology of the space of boundary marked points and H?3:%
disk maps.

3.3. W the Space of Boundary Marked Points and H>% Maps.

In the description of the quotient space of disk trees, the space of boundary
marked points and disk maps plays an important role. In this section, we
define a topology on this space.

Recall that L is the given Lagrangian submanifold of the symplectic man-
ifold M.

Fix m > 3 and weight ¢ € (0,1). Let z = (zo,...,2x) € MP(OD) be
boundary marked points.

Definition 3.12. Choose open neighborhoods U; of u(x;) in M, along with
C charts ; : U; — B1(0) C C™ with ¢;(u(z;)) =0 and ¢;(LNU;) = R™N
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B1(0). Also choose strip coordinates h;-t such that the strip neighborhoods
N (x;) satisfies u(N(x;)) C U;. We define Map™?((D, z), M; L) the space of
H™9% maps with marked points  and boundary condition L to be
the set of u : D — M with the following properties.
e The restriction u|p\| n(z;—1) belongs to H™(D \ ||, N(z;;—1)),
where each N(x;;—1) is the shrunk strip neighborhood (see (3.3)).
e On the strip neighborhood N (z;), the local expression in strip coor-
dinates ¢; ouohi belongs to H™(R* x [0, 7], C"*; R") (see Example
3.3).
e u(z) € L for z € 9D.

One can show that the above space is well-defined, i.e., independent of
choices of charts ¢ and strip coordinates h. It is independent of choices
of charts by Proposition 13.18. Moreover, suppose we have two strip coor-
dinates A" and h/*. By Lemma 13.17, the map (h;")~! o h/* satisfies the
conditions in Proposition 13.16. Then it follows from Proposition 13.16 that
u o hif belongs to H™? if and only if u o B/ = (uo h) o ((hi)~! o A/F)
belongs to H™?. Thus the above space is independent of choices of strip
coordinates.

Remark 3.13. We choose Map®>® to be our base regularity. To give the
readers an idea of the smoothness of maps u € Map?%, the Sobolev em-
bedding theorem guarantees that u is C'! away from the marked points z.
However, one can show that the weight dy < 1 is not large enough to grant
C! regularity at z, but it does guarantee C°. In our future construction, we
shall take advantage of the first derivative in the interior of the disk.

Remark 3.14. Here we highlight a small difference in convention with the
work of Hofer, Wysocki, and Zehnder. In our Definition 3.7, coordinates p*
are defined on half-infinite strips R* x [0, 7] by

pH(s+it) = —e T p(s+it) = T
In the setup under Theorem 2.1 of [8] however, coordinates p* are defined
on half-infinite cylinders R* x S with S! := [0,1]/9~1, and they are given
by
p+(s + ’Lt) — _6—27r(s+it)’ p+(8 + ’Lt) — €2W(S+it).
The factor of 27w scales the weight § accordingly. In particular, the sc-

smoothness result in Theorem 2.7 of [7] requires the weight 6 < 27. Here
we require § < 1.

As we have seen in Section 2.3, the space of boundary marked points and
H3% disk maps plays an essential role in the quotient space of disk trees.
We now define this space and give it a topology later on.

Definition 3.15. We define W the space of boundary marked points
and H3% maps by
W = {(z,u) |z € MP(8D),u € Map>*((D,z), M; L)}.
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In order to define a topology on W, we first consider the space of sections
at a given disk map.

Fix m > 3 and weight § € (0,1), and fix boundary marked points
z = (z0,...,2,) € MP(OD) and disk map u € Map™°((D,z), M;L). Let
uw*TM — D be the pullback bundle. We now define the Banach space of
H™?9 sections of the pullback bundle.

Definition 3.16. Choose C* charts ¢ and strip coordinates h as in Defini-
tion 3.12. We define Sec™°((D, z),u*TM;TL) the Banach space of H™9
sections of u*T'M with marked points £ and boundary condition
TL to be the set of £ : D — w*T'M with the following properties.

e The restriction {|p\|| N(z;;—1) Pelongs to H™(D \ |]; N(z;;—1)),
where each N(z;; —1) is the shrunk strip neighborhood.

e On the strip neighborhood N(z;), the local expression in strip coor-
dinates

+
(3-4) €7 (2) = Depi(u(hf (2)) (€ (A (2))
on R* x [0,7] belongs to the weighted Sobolev space with limits
flhi € Hgbn’f(Ri x [0, 7], C";R™) (see Example 3.3).

e {(2) € Tu(z)L for z € OD.

Choose a Riemannian metric g on M, we now define a norm

k
(3.5) €17 = ll€l s, w0 llm + D2 1E (g
1=0

where the norm H£ | D\, N(wi;—l)H ym 18 defined using the metric g and its
covariant derivative in the standard way.

Similar to Definition 3.12, one can show that the above space is well-
defined, i.e., independent of choices of charts ¢ and strip coordinates h.
Moreover, different choices of metric g, charts, and strip coordinates give
equivalent norms (3.5).

Remark 3.17. Suppose disk map u lies in Map®*™9 (D, z), M; L) for all
m > 0, with strictly increasing sequence of weights dyp < 01 < --- < 1. The
nested sequence

By, = Sec®™™0m (D, z),u*TM;TL)

defines an sc-structure on Sec®%((D, z),u*TM;TL). We shall use this sc-
Banach space to construct an M-polyfold atlas in Section 6. Note that such
sc-structure is not defined for general disk map u € Map>% because local
expression in (3.4) involves u as well.

We now proceed to define a topology on W by defining a neighborhood
basis around each (Z,4) € W. Firstly, by Lemma 4.3.3 of [15], there is a
metric on M such that L is totally geodesic.
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Lemma 3.18. There exists a Riemannian metric g on M such that the
Lagrangian L becomes totally geodesic, i.e., every geodesic of the submanifold
L is a geodesic of the ambient manifold M.

Choose such a metric g. For a section ¢ € Sec>®((D, &), w*TM;TL), we
use the exponential map of (M, g) to define a disk map exp, o0& : D — M

(3.6) expy 0§(2) = expy()(§(2))-

The map exp, o & belongs to Map®® ((D, &), M; L). Indeed, using standard
analysis of Sobolev spaces and the smoothness of the exponential map, one
can verify the first two properties of Definition 3.12. Moreover, for a bound-
ary point z € 9D we have exp; 0{(z) € L, since {(z) € Ty, L and L is
totally geodesic.

Using the family of marked points varying diffeomorphisms v, in Lemma
3.11, we define an e-neighborhood of (z, )

¢e sec?’véo((D,@,a*TM;TL),}
T €UA(), [I€ll <e

One can verify exp ooyt € Map3’50((D, x), M; L) by using the property
that the diffeomorphism V; maps each strip neighborhood N (Z;) to N(x;)
biholomorphically (see Lemma 3.11).

This collection of neighborhoods defines a topology on W.

(3.7) U(&,a):= {(z, expy o€ oy )

Proposition 3.19. The collection
{U.(2,40)| (&,4) € W,e > 0}
forms a basis in W.

Similar to showing that Definition 3.12 is well-defined, the above result
follows from Lemma 13.17 and Proposition 13.16. We equip W with this
topology. As we shall see in Proposition 6.5, the space W can be given the
structure of an M-polyfold without boundary and the disk automorphism
action

Aut(D) x W =W, (¢, (z,u) = (V(x),uop™)

is sc-smooth.

4. GLUING AND THE TOPOLOGY OF THE QUOTIENT SPACE OF DISK
TREES

In this section, we construct a neighborhood basis for the quotient space
of disk trees X (see (2.11)) around any element x. Fix a representative
7= (T, 4,2, 4) of k. In the following text, we shall define this neighborhood
basis by constructing the gluing map

(4'1) [#] : UE(Q) XU(T) = X
(L (Tv 17 Z, Q)) = [#K(T)v #ﬁ(l)? #ﬁ(g)v #E&(g)]
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Firstly, we denote the set of nodal edges of 7 by
(4.2) EM = {e € B|((4,) = 0}.

Note that for each edge é € E™, we have a nodal map (ﬁe_,zl:), ie.,

iz (57) = i (30).

Definition 4.1. For € > 0, define U.(7) the e-neighborhood of 7 to be
the set of (T,v,z,u) that satisfy the following conditions.

e For each edge é € E, 7, lies in Beﬂ@é), the e-neighborhood of 4, in
the Morse trajectory space M (see (2.3)). Moreover, we fix £(y,) =0
for all nodal edges é € End.A

e For each main vertex v € V™, (z¢,u¢) lies in Uz (¢, ug) C W (see

(3.7)).

e The coincidence condition (2.9) is satisfied.

In order to construct the gluing map [#], we first fix the following smooth
cut-off function 5 : R — [0, 1] such that
e 3(s)=1for s <—1and (s) =0 for s > 1,
e §'(s) <0forse(—1,1),
e 3(s) + f(—s) =1 for all s.
As we shall see, we will use 8 to carry out interpolation on strips. In addition,
we choose a smooth increasing function ¢ : (—o0, 0] — (—o0, 0] such that

e W (0)=0for all k>0,

o limy, o t(s) = —00.
As we shall see, we will use ¢ to adjust the speed of the Morse flow dis-
placement. Later on, this adjustment will be essential in proving the sc-
smoothness of the transition maps of our M-polyfold charts and proving the
sc-smoothness of the 0 section.

Remark 4.2. We proceed to make the following preparatory choices.

(1) Choose a continuous decreasing function called a gluing profile R :
(0,1] — [0, 00) such that lim,_,o R(r) = oo. ((1) is a universal choice,
independent of the element x € X around which the neighborhood
is based.)

(2) For each nodal edge é € E" choose an open neighborhood U of
d (&) = 4 (21) in M, along with a C chart ¢s : Us — B1(0) C
C™ such that pa(t; (27 )) = 0 and @e(L N Us) = R™ N By(0).

(3) For each main vertex ¥ € V™ and edge é € E(v), choose an open
neighborhood B(Z;¢) C D of & ¢ and a family of strip coordinates
hgt near ;s (as in Remark 3.10) such that

e for each vertex v, the open neighborhoods B(#¢ ) are mutually
disjoint and contain the strip neighborhoods N (&) C B(#¢.4),

e for each nodal edge é, we have ﬂf (B(:i?ic)) C gpgl(Bl/g(O)).
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We now specify how small e should be for the neighborhood U, (7). Firstly,
let

(4.3) c:RxL—1L

be the flow of the Morse-Smale pair (f,g). In other words, the curve s —
o%(p) is an unbroken Morse flow.

Remark 4.3. In order for the gluing construction [#] to make sense, we
need to choose a positive number & = £(7) such that

(1) for each main vertex v € V™, edge & € B(v), and (z¢, u¢) € Us=(Z¢, 15 ),
we have N(zgs) C B(#¢¢) and for nodal edge é € E'! we have
u (B(ﬁ:;t)) C gpé_l(Bl/2(0)) (see Remark 4.2 (3)),

e

(2) for r € (—€,0] and p € @5 (By2(0)), we have |25 (0" (p)) — s ()| <

1/2, and -
(3) for each non-nodal edge & ¢ E"! and 7, € BM (4,), we have £(v,) #
0.

From here on, we always assume € < &(f1).

Given a tuple of real numbers 7 = (7) we denote its e-neighborhood

achnd>
Z/{E(f) = HéEE“d (’f'é —&,7s + 6).

Now let 0 be the zero tuple (zero for each nodal edge é € End). We introduce

a tuple of gluing parameters r € U.(0). Now for (r, (T, v, z,u)) € U-(0) x
U-(7), we construct the gluing

(4'4) #(L (Ta 17 Z, Q)) = (#K(T)v #ﬁ(l)? #ﬁ(g)v #E&(g))

as follows.

(1) The glued tree #,(T).
We define the set of gluing edges to be

(4.5) ES = {e € E™|rs > 0}.

We now define an equivalence relation ~, on the set of vertices V: we say
¥ ~, W if ¥ and W can be connected by a sequence of gluing edges in Ef.
Define the set of glued vertices by

#:(V):=V/~,,

and define the root by rt(#,(T)) := [rt(T)],. Moreover, we define the set of
glued edges by

#:(E) = {([#]e: [¥]r) € #:(V) x #,:(V) | (9, %) € E, [¥], # [#].}.

Clearly, there is an edge identification map

(4.6) E\Ef = #.(E)



Let #E(T) have the order induced from T. Lastly, we define the set of
critical vertices by #,(V)® == {[¢], € #.(V)|¥ € V°}. Note that for an
edge é = (¥, 91), if either ¥~ or ¥ is a critical vertex of T, then 04,) =1
by the definition of renormalized length. This shows that a critical vertex
is not glued with other vertices. Hence #, (V)C ~ Ve,

One can check that all requirements described in Section 2.3 are satisfied.
This finishes the construction of the glued tree #, (T).

(2) The displaced Morse trajectories #.(7).

Using the edge identification map (4.6), for each non-gluing edge é € E\E%
we denote by e € #K(E) its corresponding glued edge. Hence it suffices to
define #, (7). for all non-gluing edges é € E\ E£. Note that the set B\ E£
can be decomposed into E\ ES = (E\ E") U (E™ \ E$), ie., the set of
non-nodal edges and the set of non-gluing nodal edges.

For é € B \ B we keep the Morse trajectory as it is

(4.7) #r(YVe =7,

For & € End \ E%, we have r; < 0 and By Definition 4.1 the generalized
Morse trajectory 7, is a finite constant Morse flow line. Recall the flow
Y :Rx L — L from (4.3). We define #;(7)e to be the finite Morse flow line

(4.8) #r(V)e : [t(re),0] = L, s 0°(7(0)).

(3) The glued boundary marked points and the glued disk maps

(#r(z), #r.z(w)). .
First of all, we study the glued tree #,(T) more closely.

Definition 4.4. For each vertex v € #,(V), we denote by V& C V the set
of representatives of v under the relation ~,.. Let E% C E be the set of edges
between vertices in V% We call V% and E% the gluing vertices of v and
the gluing edges of v, respectively. Moreover, they form a subtree T% and

we call it the gluing tree of v.

We observe that the set of all vertices can be written as V = L, V&, and
the set of all gluing edges can be written as 1:3% =L, ES. Lastly, the order
of T induces an order on the gluing tree T%. Hence the maximal element of
V# is naturally the root rt(T%).

For each main vertex v € #z(\?), we now construct a Riemann surface
#, 2(D)v by gluing disks with standard complex structures Dy for all v € VE.

For each gluing edge & € B8, the quantity R(rs) (see Remark 4.2 (1)) is called
the gluing length, which we abbreviate as Rs. Let us denote by Lg, the
left translation in the s coordinate by Rg,

(4.9) Lg, : [0,Re] x [0,7] = [—Rs,0] x [0,7], (s,t) — (s — Ra,1t).
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We can use the map Lp, to glue the truncated strips [0, Rz] x [0, 7] and
[—Rs, 0] x [0, 7] together. More precisely, the glued strip is the quotient
space

(4.10) ([0, Re] > [0, 7]) U ([=Re, 0] X [0,7])/ L, -

Clearly, the glued strip has a complex structure induced from that of [0, Rs] x
[0,7] and [—Rs, 0] x [0, 7], and it is biholomorphic to [0, Rs] x [0, 7].

Let 6 = (v7,v1) € E% be an arbitrary gluing edge. By abuse of notation,
we identify (Re, 00)x [0, 7] and [0, Ra] x [0, 7] with their image under A} (27, -)
in Dg+, and identify (—oo, —Rg) X [0, 1] and [—Rg, 0] x [0, 7] with their image
under h; (z,-) in Dg-. We now define the glued disk #, (D) to be the
quotient space
(4.11)

Uews i\ Upege ((Bev00) x [0.7] U {aid ) U ({7} U (o0, ~Re) x [0,7))
(LRa : [07Ré] X [077T] — [_Ré70] X [O’W])TSEE% ‘

The standard complex structures on each disk naturally give rise to a com-
plex structure on the glued disk. We now define the set of glued boundary
marked points by

(4.12) #,(2)ye := T for vE Ve and e ¢ 8,

where the glued edge e corresponds to the non-gluing edge é by map (4.6).
The Riemann surface #, (D), has an orientation, and we order #,(z),
counter-clockwise.

We now define the glued disk map #, z(u)y. Our first step is to define

A

it on the glued strips. For each gluing edge é € E$, we denote the local
expressions in strip coordinates by
(4.13) ul’ = s 0 uf ohf(xF,"), ul :=psoug ohg(z7,").

e & e

Since uF (N(zF)) C gpé_l(Bl/2(0)) (by the choice in Remark 4.3 (1)), the

é é
above local expressions are well-defined. Note that the functions ugﬁ 110, Re] x[0,7]
and ugi\[_ Re,0)x[0,x] 8ive rise to functions on the glued strip. Now viewing
both of them as functions on [0, Rs] x [0, 7], they are given by
+ - __
ul” (s,t), ul (-— Re)(s,t) =1 (s — Re,t).

€

The gluing is simply an interpolation of these two functions using the cut-off
function 8 before Remark 4.2: define the gluing of uéﬁ and uéf with gluing
parameter rs to be a map from [0, Rg] x [0, 7] to C™,

(4.14) @y (ul" ul7) = B (- = Re/2)ul” + (1= B (- — Re/2))ul (- — Rs).

Now we have a glued function ©,, (uéﬁ,u}{) on the glued strip, with its
image contained in B1(0) C C™. By the choice of charts (see Remark 4.2
(3)), <pé_1 o @y, (u§+,u27) is a map from the glued strip to M, with the
Lagrangian boundary condition satisfied on [0, Rg] x {0, 7}.
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Let f be the outgoing edge of the root of the gluing tree T%. Thus we have
r; < 0. Our second step is to define the glued disk map on N (:Ef_ ). Define
a” := f(-+1). Note that a=(s) =1 for s < —2 and a~(s) = 0 for s > 0.
Recall the flow 1) : R x L — L from (4.3). By the choice of ¢ (Remark 4.3
(2)), the function
(4.15) ul + o - (00 (ur (5) — p(um (@)
is well-defined on {xf_ JUR™ x [0,7] @ N (mf_), with its image contained
in B1(0) € C™. Moreover, the choice of charts (Remark 4.2 (3)) ensures
that Lagrangian boundary condition is satisfied. Note that its value at xf_
is UL(Tf)(uf_ (mf_)) =ev (#.(7)r) by (4.8), where ev™ is the evaluation map
on the Morse trajectory space. This guarantees the coincidence condition
(2.9).

In summary, the glued disk map #;, ;(u)y on #; z(D)y is defined by
(4.16)

U, for v € \7%,
on Dy \AuéeE%u{f} N(zg0);
®r, (u§+,u§7), for & € E,

on ([OvRé] X [077T]) U ([_Révo] X [077T])/LR6;
ul” + a7 [0 (g (27)))
—gpf(uf_(:nf_))], on {:Ef_} UR™ x [0, 7] ~ N(xf_)

Remark 4.5. Here the terminology “gluing” corresponds to “pre-gluing” in
the classical approach to moduli space of J-holomorphic curves. To glue two
J-holomorphic maps (rather than H3% maps as in this paper), one need to
first perform the interpolation known as “pre-gluing”, and then apply the
implicit function theorem to get a nearby J-holomorphic map.

One can verify that all of the requirements in Section 2.3 are satisfied

for the element [#](r, (T,y,z,u)) = [#:(T), #.(7), #:(z), #r2(w)]. This
defines the gluing map (4.1).
We define an e-neighborhood of k by

(4.17) Ue(k; 73 R) = [#] (U=(0) x Ue(T))
where 7 is the representative of . Later in the paper, we shall prove that
this collection of neighborhoods defines a Hausdorff and second-countable
topology.
Theorem 4.6. For each gluing profile R, the collection

{Ue(k; T3 R) |k EX, 0<e<E(T)}
forms a basis in X and defines a Hausdorff topology, and the topology is
independent of the gluing profile R.

We shall prove Theorem 4.6 in Section 8.
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Example 4.7. Let us consider the following simple case. Let x be an
element of the ‘quotient space of disk trees and a representative 7, with the
set of vertices V = {¥7,¢F, rt} and the set of edges E = {(¥~,¢1), (¥7,1t)}.
We denote é := (v~ ,V+). Furthermore, let v~ and ¥ be main vertices, with
£(%,) = 0. Now consider a curve r — [#](r ,(T,’y (Z,a))) with r € (—¢,¢).
For r < 0, we have a pair of maps (#r,fﬂf (ay ), ) with the Morse trajectory

#r(5)e between them. At r = 0, we get a nodal map (4, @7 ). Asr increases
further two maps “merged” into a single glued map #, ; (@), with v~ and

T glued to one vertex v. Curves of this forms are continuous in the topology
of the quotient space of disk trees. Thus the “disk bubbling” lies in the
interior of the quotient space of disk trees, and only the “breaking of the
Morse flow line” lies on the boundary.

5. TRANSVERSAL CONSTRAINT, DELIGNE-MUMFORD SPACE, AND
STABILIZATION

In order to prove the collection of neighborhoods {{.(x;7)} in (4.17) de-
fines a topology and then construct an atlas on the quotient space of disk
trees, we study a finite dimensional manifold called the Deligne-Mumford
space. As we shall see, understanding the topology and the atlas of the
Deligne-Mumford space provides essential tools to aid the study of the quo-
tient space of disk trees.

5.1. Transversal Constraint.

Transversal constraints help us set up the M-polyfold atlas for the quotient
space of disk trees. With transversal constraints, we obtain a local map
which takes the infinite dimensional quotient space of disk trees to the finite
dimensional Deligne-Mumford space.

We first define the notion of transversal constraint for a single disk map.

Definition 5.1. Given a disk map v € Map>%((D,z), M; L) (Definition
3.12), suppose there is an interior point o € D° such that the derivative
Du(o) is injective. A codimension 2 submanifold ¥ of M is an transversal
constraint at o if we have

1m(Du(o)) &) Tu(O)E = Tu(o)M

For a disk tree, one can construct a transversal constraint for each non-
ghost vertex.

Lemma 5.2. Let 7 = (T,v,z,u) be a representative of a disk tree.

(1) For each non-ghost vertex v (see (2.8)), there exists an interior point
oy € D° such that the derivative Duy(oy) is injective.

(2) Given a Riemannian metric g on M, for each point o, € D° where
the derivative Duy(oy) is injective, there exists a transversal con-
straint Xy at oy that is totally geodesic, i.e., every geodesic of X is
a geodesic of M.
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Proof. For a non-ghost vertex v, the derivative Du, must be injective some-
where in D° because otherwise [, uw = w(uy) = 0.

Let o, be a point where the derivative Duy(0y) is injective. We choose a
codimension 2 linear subspace X, (o, of the tangent space Ty, (o,)M which
is transversal to the image im(Duy(0y)). Now define

EV = {expuV(Ov)(g) ’g € XUV(OV)’ ’6‘ < 0-}.

For o small enough, X, is a totally geodesic submanifold. O
We now introduce a more global version of the transversal constraint.

Definition 5.3. Let 7 = (T,v,z,u) be a representative of a disk tree. A
(potentially disconnected) codimension 2 submanifold 3 of M is an every-
where transversal constraint for 7 if

e for each main vertex v € V™, the submanifold ¥ is transversal to
Uy, with each pre-image u; !(X) being a finite subset of D°, and

e for each non-ghost vertex v (see (2.8)), the pre-image u;!(X) is non-
empty.

We now prove that there exists an everywhere transversal constraint
simultaneously for two disk tree representatives, and we can make ¥ con-
tained in an arbitrarily small neighborhood around finitely many intersec-
tion points. Later on we shall use this result to prove trivial isotropy result
(Proposition 2.5) and the Hausdorff property (Theorem 4.6).

Proposition 5.4. Let 7 = (T,v,z,u) and 7" = (T',+',2',4") be represen-
tatives of two disk trees. There is a finite set of intersection points Q C M
such that

e for each main vertex v.€ V2 and v/ € V'™, we have u;'(Q) C D°
and u/;*(Q) C D°, and
o for every open set U containing the finite set Q, there exists an
everywhere transversal constraint ¥ C U for both T and 7', and for
each main verter v € VI and v/ € V'™, we have uy*(Q) = uy1(X)
—1 -1
and u, (Q) = uy, (X).
Proof. We claim that there is a finite set Q C M such that
e for each main vertex v € V™, the derivative Du, is injective at
ug 1 (Q) with uy1(Q) a finite subset of D°, and for each main vertex
v/ € V'™ the same is true for «,, and
e for each non-ghost vertex v, the pre-image u; (@) is non-empty, and
for each non-ghost vertex v’ the same is true for u,.
We choose the set of intersection points @ as follows. For any main vertex
v € V™, the curve uy|gp is continuous and piece-wise C! by H 3.9 regularity
(see Remark 3.13), so uy(0D) has Hausdorff dimension at most one. The
same is true for any main vertex v/ € V™. Denote

B = (Usevn 5(@D)) U (Uyreym (D)
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Moreover, let A, be the set of points in D° where the derivative Du, fails
to be injective. Since uy|pe is C1, it follows from Sard’s theorem ([17]) that
the two dimensional Hausdorff measure (defined in [17]) of uy(Ay) is 0. We
define A/, C D° similarly, and the same is true for u/,(A!,). Denote

0 1= (Uyevm 1(40) U (Uyevrm 1 (4]))

The set BU C C M has two dimensional Hausdorff measure 0, and we will
avoid this set when we pick the set of intersection points Q).

Fix a non-ghost vertex v. The derivative Du, must be injective some-
where in D° because otherwise [, u}w = w(uy) = 0. Hence the two dimen-
sional Hausdorff measure of u, (D) is positive, which implies u (D) \ (BUC)
is non-empty. By construction, any ¢ € uy(D) \ (B U C) satisfies that

e for all main vertices w € V™, the derivative Duy, is injective at
uyt(g) C D°, and for all main vertices w' € V'™ the same is true for
ul,, and

e u;!(q) is non-empty.

We prove that each ug'(q) is finite: otherwise uy!(q) must cluster at some
z € Dy,. By continuity, we have z € u,!(q). Since Duy(z) is injective, the
map Uy is locally injective near z, which contradicts with the assumption
that z is a cluster point.

Similarly for a fixed non-ghost vertex v/, any ¢’ € u!,(D)\ (BUC) satisfies
similar conditions as above with u'VTl(q’ ) being non-empty. Now by taking
the union of ¢ and ¢’ for all non-ghost vertices, we get the desired finite set
QC M.

Let U be an open set containing the set of intersection points Q. We
now set up an everywhere transversal constraint in U. For each ¢ € @), we
choose a codimension 2 linear subspace X, of T; M, which is transversal to
all im(Duy(z)) for main vertices v and z € uy'(g), and transversal to all
im(Du!,(2)) for main vertices v/ and z € u/,'(¢g). Choose a Riemannian
metric g on M and define

Y= {equ(g) 1€ e X, €] <o}

For o small enough, ¥, is a submanifold contained in the neighborhood U
and we have u;'(3,) = uy!(q) and uLTl(Eq) = u'v71(q). One can choose
such ¥, for every ¢ € Q. The submanifold ¥ := quQ >4 is our desired
everywhere transversal constraint. O

Let 7 = (T,v,z,u) be a representative of a disk tree, and let ¥ be
an everywhere transversal constraint for 7. We can then define a tuple
(T,4,z,0), where each (. := £(y ) is the renormalized length in (2.2) and
each O, := u; (X)) is the pre-image. In the next section, we shall study the
space of all such tuples (T, £, z,O).

5.2. Deligne-Mumford Space.
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The Deligne-Mumford space provides essential tools for examining the
topology and the atlas of the quotient space of disk trees. We refer the
readers to [19], [18], [16], [14], and [10] for studies of other cases of the
Deligne-Mumford space.

The Deligne-Mumford space with k incoming critical vertices is de-
noted by

Qfm(k) = {(T=£7 z,0) ’ (1) - (4) Sa‘tiSﬁed}/Nbihol'
We specify condition (1) — (4) as follows and the equivalence relation ~po)

as follows.

(1) T is an ordered tree satisfying the same requirement as in (1) of Section
2.3, with critical vertices V¢ consisting of k leaves and the root rt(T).

(2) £ = (o)eek is a tuple of edge lengths with ¢, € [0,1]. Moreover, for an
edge e = (v—,v") with either v~ or v being a critical vertex, we require
le = 1.

(3) (z,0) = (z,,Oy)veym is a tuple of boundary marked points and interior
marked points, where z, is ordered and Oy is unordered.

(4) The tuple (T, £, z, O) satisfies the stability condition, that is,

(5.1) for a main vertex v € V" with O, = ), we have |v| > 3.

Lastly, we define the equivalence relation ~pino similarly to Definition
2.4.
Definition 5.5. We say (T,£,z,0) is equivalent to (T’,¢,2/,0’) via a
biholomorphism if there exists a tree isomorphism ¢ : T — T/ and a tuple
of disk automorphisms ¢ = (1y)veym such that
o (. =/, for every e € E and ¢ = ((e),
o Yy(zye) =2l o for every v € Ve € E(v) and v/ = ((v), e’ = ((e),
e ¢, (Oy) = O, for every v € V™ and v/ = ((v).
In short, we write (¢,¥)(T,£,z,0) = (T',£,2/,0"). Moreover, we write an
equivalence class under the relation ~p;no as
[T7 g? z? Q] *
Finally, we define the Deligne-Mumford space by taking the union
DM = | | DM(K).
keNg
The following result shows that each element (T, ¢, z, O) has trivial isotropy

group, and as a result, the Deligne-Mumford space has the structure of a
manifold with boundary (Theorem 5.17) instead of an orbifold.

Proposition 5.6. Suppose there are two biholomorphisms (¢,1) and («, é)
which satisfy

(¢ )T, £2,0) = (¢, ¥)(T, Lz, 0).
Then we have (¢, 1) = (¢, ).
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Proof. Tt suffices to show that if we have (¢,¥)(T, £, z,0) = (T, £, z,0), then
(¢, %) is the identity biholomorphism. Since ¢ : T — T is an ordered tree
automorphism, Lemma 2.1 shows that ¢ is the identity map. Furthermore
the stability condition (5.1) and Lemma 13.1 imply that each v is the
identity map. O

We now use the above result and the existence of everywhere transversal
constraint to prove that the quotient space of disk trees has trivial isotropy
group (Proposition 2.5).

Proof of Proposition 2.5. It suffices to show that if we have equivalence
(&) (T, y,z,u) = (T,v,z,u), then ({,v) is the identity biholomorphism.
By Proposition 5.4, there exists an everywhere transversal constraint 3 for
(T,~,z,u). We define a tuple (T,¢,z,0), where each ¢, := K(ve) is the
renormalized length in (2.2) and each Oy := u;!(X) is the pre-image. Note
that (T, £, z, O) satisfies the stability condition (5.1) by the definition of ev-
erywhere transversal constraint (Definition 5.3) and the disk tree stability
condition (2.8). Moreover, we have (¢,%)(T,¢,z,0) = (T, ¢, z,0). Proposi-
tion 5.6 implies that (¢, ) is the identity biholomorphism. O

Remark 5.7. The main difference between the Deligne-Mumford space of
marked points trees and a classical Deligne-Mumford space is the extra
data of edge lengths £. Classically, = are called boundary marked points if
e ¢ End, and nodal points if e € End; in our paper, we refer to both these
cases as boundary marked points. In addition, a minor difference is that
classically, an edge between a critical vertex and a main vertex would be
represented by a half infinite edge (see [14]); in our paper, we require those
edges have length 1.

5.3. Gluing and the Topology of the Deligne-Mumford Space.
Given an element o of DM, we fix a representative i = (T,Z, z, Q) of o.
We now proceed to construct a neighborhood basis 4. (o; i) for the topology
of DM by gluing around /i, in an analogous way as in Section 4.
We first define the space of (unordered) interior marked points by

(5.2) MP(D®) := {0 C D°|n(0) < co},

where n(Z) denotes the cardinality of Z.
First of all, the space of unordered interior marked points M P(D°®) has a

metric defined by the Hausdorff distance (see Definition 13.5),
/ : _ /

d(O, O/) _ dHausdorff(O7 ) ) lf n(O) = n(Ol),

100 if n(O) # n(0").

This gives the product metric on the space of boundary marked points (3.2)
and interior marked points M P(0D) x M P(D°),

d((z,0),(z/,0")) = max{d(z, ), d(0,0")},
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and we denote the e-neighborhood of (z,0) in MP(dD) x MP(D°) by

U:(2,0).
We now construct the following gluing map analogous to (4.1)
(5.3) [#] : U:(0) x U:(1) — DM

(L (Ta £7 z, Q)) = [#K(T)v #ﬁ(@? #ﬁ(z)v #LQ(Q)]
Firstly, we denote the set of nodal edges of /i analogous to (4.2)
(5.4) EM .= {e e B[/l =0}

Definition 5.8. For ¢ > 0, we define U.(j1) the e-neighborhood of i to
be the set of (T, £,z,0) that satisfy the following conditions.

e For each & € E, £ lies in ({3 —¢, £s+¢)N]0, 1]. Moreover, we fix £ = 0
for all nodal edges é € E™, and fix ¢; = 1 for edges & = (¥—,%1)
with either ¥~ or ¥ being a critical vertex.

e For each main vertex ¥ € V™, (z, O¢) lies in U.(&, O¢).

Remark 5.9. Similar to Remark 4.2, before constructing the map [#] in
(5.3) we make the following preparatory choices.

(1) Choose a gluing profile R : (0, 1] — [0, 00), i.e., a continuous decreas-
ing function such that lim,_,o R(r) = oo ((1) is a universal choice,
independent of o € ®M around which the neighborhood is based).

(2) For each main vertex v € V™ and edge é € E(\?), choose an open
neighborhood B(Z;¢) C D of & ¢ and a family of strip coordinates
héc near Z; ¢ (as in Remark 3.10) such that for fixed vertex ¥, the
open neighborhoods B(Z¢) are mutually disjoint and also disjoint
from the interior marked points OA\A,, and they contain the strip neigh-
borhoods N(Zy¢) C B(Zve)-

Remark 5.10. Similar to Remark 4.3, we choose a positive number ¢ = &(f1)
such that

(1) for each main vertex v € V™, edge & € E(¥), and (z,,0;) €
Us(i4,04), we have Og N B(ige) = 0 and N(z¢e) C B(dge) (see
Remark 5.9 (2)), and

(2) for each non-nodal edge é ¢ E* and each l; € (fs — &, 05 + €), we
have £ # 0.

From here on, we always assume ¢ < &(f1).

Similar to Section 4, let 0 be the zero tuple (zero for each nodal edge
e € End). We introduce a tuple of gluing parameters r € U:(0). Now for
(r,(T,4,z,0)) € U(0) x U-(f2), we construct the gluing

(5.5) #(r, (T,4,2,0)) = (#(T), #:(0), #,(2), #1.2(0))

as follows.
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(1) The glued tree #z(T) is defined by collapsing the gluing edges E% =
{6 € EM|rs > 0} as in Section 4.

(2) The displaced edge lengths #,(¢).

Using the edge identification map (4.6), for each non-gluing edge é € E\E%
we denote by e € #z(E) its corresponding glued edge. Moreover, we have
decomposition E \ E§ = (E\ E") U (E" \ E%) into non-nodal edges and
non-gluing nodal edges.

For é € B \ B we keep the edge length as it is

(5'6) #z(ﬁ)o = L,
For é € E™ \ E2, we define
—(rs)
. r(£)e = )
(5 7) #_(—) 1 _ L(Té)
where ¢ : (—00,0] — (—00,0] is the smooth function chosen before Remark

4.2. Note that this definition is consistent with the renormalized length
(Definition 2.2) of the Morse trajectory (4.8).

(3) The glued boundary and interior marked points (#,(z), #, 2(0)).
For each main vertex v € #,(V), recall from (4.12) that the glued
boundary marked points are given by

(5.8) #,(2)ye = Tgp for ¥ € V8 and & ¢ E8,
where the edge e corresponds to the non-gluing edge é by map (4.6). They
are defined on the glued disk #;, ;(D)y, which we constructed by taking
the union of disks Dy for all ¥ € V& and then discarding parts of the strip
neighborhoods of 3 for gluing edges é € E2 (see (4.11)).

Furthermore, we define the glued interior marked points by taking

the union of the interior marked points Oy, which are disjoint from strip
neighborhoods by Remark 5.10 (1).

(5.9) #raz(O)v = U{,g\?% Os.
One can verify that all of the requirements in Section 5.2 are satisfied

for the element [#](r, (T, £ z,0)) = #.(T), #,(0), #:(2), #r(0)]. This
defines the gluing map (5.3).
We now define an e-neighborhood of ¢ by

(5.10) Ue (o5 15 R) = [#] (U(0) X U= (1))
where [i is the representative of o. In Section 7, we prove that this collection

of neighborhoods defines a Hausdorff topology.

Theorem 5.11. For each gluing profile R, the collection
{Ue(o; 1, R) [0 € DM, 0 < e < (1)}
forms a basis in DM and defines a Hausdorff topology, and it is independent
of the gluing profile R.
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5.4. The Atlas of the Deligne-Mumford space.

In this section, we give the Deligne-Mumford space D91 a manifold with
boundary structure. Given an element o of D91, we fix a representative
o= (T,é, z, Q) of . We now construct a smooth chart around ¢ by using
a variation of the gluing map [#] : U:(0) X U(2) — DM in (5.3). More
precisely, we use the same map [#] but restrict the domain to a subset of
U:(0) x U (f1).

In order to have the Euclidean space as the chart domain, we must con-
sider the space of ordered interior marked points.

We define the space of (ordered) interior marked points by
MP(D°) :={oC D°|o=(01,...,0) for k >0, o; distinct}.

Note that the underline in M P(D°) indicates that the interior marked
points are ordered, as opposed to the unordered version MP(D°) in (5.2).
This space has a metric

ouol) = J X d(oj,0%), if n(a) = n(d),
4,0 {1007 if n(0) # n(d),

where n(0) denotes the cardinality of 0. Similar to Section 5.3, this gives the
product metric on the space of boundary marked points (3.2) and interior
marked points M P(0D) x M P(D°),

d((z,0), (2',0")) = max{d(z, 2), d(0, o)},
and we denote the e-neighborhood of (z,6) in M P(0D) x M P(D°) by
U=(Z,0).

For the representative [i = (T, /, (z, Q)), we pick an arbitrary ordering of
the interior marked points. More precisely, for each main vertex v € V™,
we fix a set of ordered interior marked points 6, € M P(D°) with

(5.11) {6} = Os.
By abuse of notation, we denote the representative with ordering
o= (T,0,%,0).

We now define a subset of the marked points (Z,0) which parametrizes
the disk automorphism group Aut(D).

Definition 5.12. For each main vertex v € Vm, we choose an index set of
boundary marked points and interior marked points

Ay CE@) UL, n(d)}
such that each index set Ay is either of the form

o Ay = {&,7} with 1 < j < n(é;), or
o A; = {éiO,éh’éiz}.
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We can indeed make such a choice due to the stability condition (5.1). We
call such an index set A = (AV)GGVI" an automorphism index set. For

marked points (z,0) € U:(&,0), we define its automorphism components
by

(2, 0) = ((T9,6)ee A, (09,7)jeAs)geqm -

Remark 5.13. We call them automorphism components because by Propo-
sition 13.8 they parametrize the disk automorphism group. More precisely,
we can denote by ¢ra(y o ) the unique disk automorphism with

(5.12) wwa@{,,g\;)(ﬂ'a(@{zvéf/)) = (24, 04)-

Proposition 13.8 implies that wﬂa@wgo) parametrizes the disk automorphism
group for all possible 7(z, 0;).

EAVS I A1

We now define the neighborhood slice of i by fixing the automorphism
components of elements of neighborhood U, (/1) (see Definition 5.8).

Definition 5.14. Let o1 = (T,é,@,é) be an arbitrary representative, and fix
an automorphism index set A. Define U5°(f1) the e-neighborhood slice
of fi to be the subset of U.(j1) consisting of (T, £, z,0) such that

m(z,0) = (&, 0).

Similarly, we denote U2!°(z, 6) to be the subset of U.(&, 6) consisting of (z, 0)
that satisfies the above condition.

Remark 5.15. Note that any marked points (z¢, 0;) € U (&, 0;) are equiv-
alent to the marked points %:al(w OA)(:EA 0;) that lies in a neighborhood

=N LN

slice USI(2¢,0;). On the other hand, if marked points (zg,0;), (25, 0}) €

L Y
Z/{SIC(Q% 0,) are equivalent via a disk automorphism ), then we have

V(1 (&, 0¢)) = (&5, 05),
and thus v = Id. Hence restricting to the neighborhood slice in effect
quotients out the Aut(D) action.

We now define the chart of D9 by restricting the gluing map [#] (5.3)
to a neighborhood slice.

(5.13) 0 : U.(0) x U(1) — DM
(r, 1) = [#](r, p).

Remark 5.16. By construction 45'°(f1) can be given the structure of an
open subset of [0,00)". Indeed, the neighborhood slice 25(f1) is the product
of
e intervals (/s —e, lz+¢£)N10, 1] for non-nodal edges é = (v~,vT) ¢ End
with both ¥~ and ¥+ being main vertices, and
o US(%,, 65) for main vertices ¥ € V™,
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In particular, for each non-automorphism component of the boundary marked
points, the neighborhood B2P (i) can be parametrized as {e™ |n € () —
e,n+e)}

Note that by the choice in Remark 5.10 (2), the aforementioned interval
(ls — e, 05 4+ €) N[0,1] is either of the form (fz —e,0s 4+ €) or ({g —&,1] (but
never [O,Eé + €)), and the latter gives the neighborhood of the boundary
strata of DM.

The following result shows that the collection of 6’s forms an atlas with
the exponential gluing profile. We shall prove this result in Section 7.

Theorem 5.17. Let the gluing profile R be given by the exponential gluing

profile p(r) = er —e. Then the collection of charts 0 : U-(0) xUS (1) — DM
forms a smooth manifold with boundary and corners atlas.

The next result is simply a consequence of the Hausdorff topology (The-
orem 5.11) and Theorem 5.17.

Theorem 5.18. The Deligne-Mumford space DM is a manifold with bound-
ary and corners.

5.5. Stabilization.

Ultimately, we study the finite dimensional Deligne-Mumford space be-
cause it facilitates the study of the infinite dimensional quotient space of
disk trees. We now introduce the bridge that connects the two spaces. We
define the stabilization on a neighborhood of a representative of a disk tree,
which adds extra interior marked points on the domain, thus obtaining a
stable element in the Deligne-Mumford space.

Let 7 = (T,j, Z,u) be a representative of a disk tree. Choose a set
of interior marked points 6 = (6;,7]-)\76\71,1 at which each derivative D1y is
injective, such that the cardinality has n(d;) > 1 for all non-ghost vertices
V. Also choose a transversal constraint ¥y ; at 0¢ ; as guaranteed by Lemma
5.2. Then Proposition 13.13 shows that there is € > 0 and a neighborhood
B(06y,;) such that for each (z4,u¢) € Ue(Zg,7s), there exists precisely one
point o(ug); in B(6g ;) with
(5.14) ug(o(ug);) € Ts,;-

A

Definition 5.19. For each tuple (T,~,z,u) in the neighborhood U (7), we
define its stabilization induced by X near 6 as

St(T7 7Ly Q) = (T, £7 Z, Q)a

where each (s := {(7,) is the renormalized length in (2.2), and we define
05,j = o(ug); as in (5.14).

Note that by construction each stabilization st(7) satisfies the stability
condition (5.1) in the Deligne-Mumford space. Hence st(7) is a representa-
tive of an element of M.

We now show that the stabilization defines a continuous map from a

neighborhood of 7 to a neighborhood of st(7).
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Lemma 5.20. There are € > 0,0 > 0 such that the stabilization st defines
a continuous map

st Us(T) — Uy (st(T)).

The above result follows from Proposition 13.13 and the continuity of the
renormalized length ¢ on the space of Morse trajectory space.

We shall use stabilization when constructing the M-polyfold chart of the
quotient space of disk trees. Similarly, an everywhere transversal constraint
(Definition 5.3) defines an everywhere stabilization. We shall use the ev-
erywhere stabilization when proving the Hausdorff property of the quotient
space of disk trees.

Let 7 = (T,’Ay,@,@) be a representative of a disk tree, and choose an
everywhere transversal constraint ¥ for 7.

Definition 5.21. For each tuple (T,v,z,u) in the neighborhood U.(7), we
define its everywhere stabilization induced by X as

st(T, 7, z,u) = (T, £,2,0),
where each /s := ¢(v.) is the renormalized length in (2.2) and each Oy :=

L&

ug () is the pre-image.

Similar to Lemma 5.20, the everywhere stabilization defines a continuous
map.

Lemma 5.22. There are € > 0,0 > 0 such that the everywhere stabilization
st defines a continuous map

st Us(T) — Uy (st(T)).

As in Lemma 5.20, the continuity result follows from Proposition 13.13
and the continuity of the renormalized length £.

We now show that there exists an everywhere transversal constraint whose
corresponding everywhere stabilization map behave well with nearby equiv-
alence. Later on we shall use this result to prove the Hausdorff property of
the quotient space of disk trees.

Proposition 5.23. Let 7 and 7' be representatives of two disk trees. There
exists an everywhere transversal constraint X for 7 and 7', with induced
everywhere stabilization maps

st Uz(7) — Up(st(7)), st’: U«(F") — Uy (st' (7))
such that if there are (r,7) € Uz(0) x Us(7) and (', 7') € Uz (0) X Uz (7")
and a biholomorphism (¢, ) with
(€ ) FE(r, 7)) = #(0',7'),
then the same biholomorphism yields equivalence

(G ) (F#(x,st(7)) = #(/,st'(7)).
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Proof. Recall from Remark 4.2 (2), for each nodal edge é € E* we chose
an open neighborhood Ug around the image 4} (£7) = 4  (2;) in M, and
similarly for each nodal edge & € E™ we chose an open nelghborhood Ul,.
On the other hand, by Proposition 5.4 we choose a finite set of intersec-
tion points @ C M. For main vertices v € V™ and ¢/ € V™ we have
437 1(Q) € D° and 4%, ' (Q) C D°. Because these pre-images are contained in
the interior of dlsks, the set @ does not intersect @ (2) or ﬁ'i( ”i) Thus
we can choose an open set U containing ) which does not intersect open
neighborhoods Us or U/,. Then Proposition 5.4 shows that there exists an
everywhere transversal constraint ¥ C U for 7 and 7.

Thus we find an everywhere transversal constraint ¥ for 7 and 7’ which
avoids all neighborhoods U and U/, for nodal edges é € Erd and & e B,
Now let 7,7 be as given in Lemma 5.22. Choose € to be the minimum of
the ¢ in Lemma 5.22 and the £(7) in Remark 4.3, and choose € similarly.

Recall from the gluing construction that the plus gluing (4.14) and the
map displacement (4.15) occur within such neighborhoods U and U/,. There-
fore #, (u)7 *(2) lies outside of the glued strips of the domain #; x( )v; fur-
thermore, the pre-image of the glued map #, ,(u); 1(Z‘,) is equal to the glued
pre-images #, 5 (11 (X))y. Also we have #, (W) (Z) = #p o (W 7HE))y-

Now assume we have ((,¢)(#(r,7)) = #(r’,7'). Then for main glued

)

vertices v € #,(V) and v/ € #,.(V') with (v
#raz(u) OT/JV_l = #r’m’( ,) r

Hence we have equality of pre-images 1y (#, 2(w)7 (X)) = # o (W) (D),

and the above analysis establishes the equivalence of interior marked points

(5.15) wV(#z,z(ﬂ_l(z))V) = #r o (El_l(z))v“

Lastly, for corresponding edges e and ¢ with ((e) = €/, we have equality

of displaced Morse trajectories #,(7)e = #. (v "Yer. Then it follows from

the construction in (5.6) and (5.7) that we have equality of the displaced
renormalized lengths

(5.16) #r(U(1)e = #(L(Y))er-
By Definition 5.21, (5.15), and (5.16), we have equivalence

(€ W) (F#(r,st(7)) = #(',st'(77)).

= v/, we have

6. THE ATLAS OF THE QUOTIENT SPACE OF DISK TREES

In this section, we give the quotient space of disk trees X an M-polyfold
with boundary and corners structure, which we shall define in Section 6.1.
Given an element k of X, we fix a representative 7 = (T,’y,az ). We now
construct a chart around k by using a variation of the gluing map [#] :
U-(0) x U(T) — X in (4.1). Note that the gluing map [#] itself is not
a chart. It is not injective due to (1) the Aut(D) action on each disk,
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and (2) the interpolation used in the gluing (4.14). We deal with problem
(1) by restricting to a neighborhood slice (see Section 5.4 and especially
Remark 5.15), and problem (2) by restricting to a subset of maps called
“splicing core” (see Section 6.2). Hofer, Wysocki, and Zehnder built M-
polyfold theory with problem (2) in mind, adopting splicing cores as local
models of the M-polyfold.

6.1. M-Polyfold Local Models and Splicing.

We now give a brief introduction to the local models of M-polyfold, and we
refer the readers to Section 3.1 for the preliminary concepts of sc-structure
and Section 2.2 of [7] for a complete exposition on the local models.

Definition 6.1. Let U be an open subset of partial quadrant C of an sc-
Banach space E. An sc® map r: U — U is an sc-smooth retraction if r
satisfies r o = 7, and we call its image O = r(U) an sc-smooth retract.

We define the tangent space of O by TO := Tr(TU), where TU is
the tangent space of U and T'r is the tangent map. (See Definition 3.6.)
Lemma 1.14 of [7] shows that the notion of tangent space is well-defined,
i.e., if we have another sc-smooth retraction s : V' — V with the same image
s(V) = O, then they produce the same tangent space Tr(TU) = Ts(TV).

We shall use sc-smooth retracts as local models for M-polyfold. Hence we
specify the notion of sc-smooth map between retracts.

Definition 6.2. Let O C E and O’ C E’ be sc-smooth retracts in sc-Banach
spaces I/ and E’, respectively. A map f : O — O’ between two sc-smooth
retracts is sc! if the composite for is sc', where U is an open subset of the
sc-Banach space E and r : U — U is an sc-smooth retraction onto r(U) = O.

Lemma 1.16 of [7] shows that this notion is well-defined, i.e., it is inde-
pendent of the choice of the retraction r. Similarly to Section 3.1, we can
define the notion of sc-smoothness for maps between retracts. Moreover,
Theorem 1.17 of [7] proves the chain rule for such maps.

We now introduce the local degeneracy index, which describes the bound-
ary and corners structure. Let C be a partial quadrant in an sc-Banach space
E. After applying an sc-isomorphism we can assume C' = [0, 00)F x W for
some sc-Banach space W (see Definition 3.4). We then define the local
degeneracy index d¢ : C — Ny as the cardinality of the set

(6.1) de(ar, ... ag,w) :=n({ie{l,...,k}|a; = 0}).
We say x lies in the interior of C' if d¢(x) = 0, and lies on the boundary of
Cifdo(x) > 1.

A local M-polyfold model is an sc-retract that behaves well with the local
degeneracy index.

Definition 6.3. A local M-polyfold model is a triple (O, C, E), where
O is an sc-smooth retract of a partial quadrant C in an sc-Banach space F
with the following conditions.
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(1) There is an open subset U of the partial quadrant C' and an sc-
smooth retraction r : U — U with O = r(U).

(2) For each smooth point z € Oy, the kernel of the map Id — Dr(x)
has an sc-complement contained in C'.

(3) For each = € O, there exists a sequence of smooth points x,, € O
converging to x with do(zy,) = do(z).

We now define an M-polyfold with boundary and corners.

Definition 6.4. X is an M-polyfold with boundary and corners if
X is a metrizable topological space with maximal atlas {(¢, 4, (O,C, E)},
where each 4 C X is an open subset and ¢ : O — i is a homeomorphism;
moreover, if two charts ¢ : O — { and ¢’ : O’ — ' have a non-empty target
intersection 4 N4 # (), then the transition map ¢t o ¢ : ¢~ (UNY) —
¢ NY) is an sc-diffeomorphism.

We now give an example of an M-polyfold without boundary, WV the space
of boundary marked points and H3% maps given in Definition 3.15. This
is a simple M-polyfold whose local models are not only sc-smooth retracts,
but open subsets of sc-Banach spaces. Furthermore, we explore the sc-
smoothness of the action by disk automorphisms Aut(D) (see Section 13.1).

Proposition 6.5. W the space of boundary marked points and H>% maps
1s an M-polyfold without boundary. For each disk map u belonging to the
space Map>t™9m ((D, &), M; L) for all m > 0, the chart on the neighborhood
U(Z,1) (see (3.7)) is given by

o U:(2) x B-(0) = Us(&,0), (2,8 — (z,expzofor,').
Here B.(0) C Sec®®((D,&),a*TM;TL) is the e-neighborhood of the zero
section. Moreover, the action
Aut(D) x W =W, (¥, (z,u)) = (Y(z),uctp™)
18 sc-smooth.

Proof. Suppose there is another chart
o 1 UE) x Bo(0) = U (&, 0)), (2, €)= (2, expg o€ ov/t)

with families of strip coordinates b’ near &', and we assume there is non-
empty intersection U (2, %) NU(2',4') # 0. The transition map o/~' o« is
of the form

O‘_l(ue(i’ 22) N us’(i/, @,)) - O‘,_l(us(i, ﬂ) N us’(ila 'EL/))

(z,€) — (z,expy' oexpgofor, !t ou)).

Recall from Definition 3.16 that the space of H*% sections are defined over

two regions: the H? space on the region outside of strip neighborhoods, and

the H3% space on strip neighborhoods. The above map is sc-smooth for the

H? space on the region outside of strip neighborhoods due to Proposition

13.14 and Proposition 13.15. In order to verify that it is sc-smooth on the
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H3:% space on strip neighborhoods, we express the above map in each strip
coordinates h/* (%, -)
exp;,1 oexp; o0& o 1/&_1 oV o nE(# )
(6.2) = expg,1 oexp, o0& o hii(:ii, ) o hfc(xi, )7 to h;i(a:,-, ).
The above equality follows Lemma 3.11, which implies
Vg o i (&4,) = hif (25,7), Vo hiF(&i,-) = W™ (xi,).

Thus the map from (z, & o h"(2;,-)) to the expression in (6.2) is sc-smooth
due to Lemma 13.17, Proposition 13.16, and Proposition 13.18.

We prove the sc-smoothness of the Aut(D) action similarly. Let U2 (1))
be a neighborhood of a disk automorphism 1[1, and let b’ be families of strip
coordinates near marked points 1&@) The disk automorphism action

Us() X Ue(2,0) = U (D(2), 0007, (1, (2,u) = ((z),uoy™)

in local charts is given by

(. (2.) = ($(@)exp;, oexpgoors 0w o b))
As before, the above map is sc-smooth for the H?3 space on the region outside
of strip neighborhoods due to Proposition 13.14 and Proposition 13.15. We

express this map in each strip coordinates h/* (¢ (), -)
exp;t,oexpgofors o o o HE((E). )
= exp_ 5, 0expg 0§ o A (&i,e) o hif(wi, )T o™ o B ((wi), ).
The map from (¢, (z, £ o hi (i, -))) to the above expression is sc-smooth due
to Lemma 13.17, Proposition 13.16, and Proposition 13.18. ([

As we shall see in the next section, the following type of retraction de-
scribes the local model near a strip nodal map.

Definition 6.6. Let V be an open subset of a partial quadrant D in an
sc-Banach space W, and let E be another sc-Banach space. An sc-smooth
map 7 : VX F — F is called a splicing if w, : F' — F'is a family of linear sc-
projections, i.e., each 7, is an sc-operator (Definition 3.4) with 7, o m, = 7.
We call the set

K={(,f) eV x F|m,(f) = f}

the splicing core.

This defines a retraction (v, f) +— (v, m,(f)) with the splicing core K as
its image. In the next section, we shall see the case that V = (—¢,¢), each
v is a gluing parameter, and each f is a strip nodal map.
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6.2. Splicing Arising from Plus Gluing.

In order to construct an M-polyfold chart for the quotient space of disk
trees, one natural candidate is the gluing map [#] given in (4.1). However,
this map is not injective and one of the reasons is that the interpolation
in the plus gluing @, (4.14) is not injective. We resolve this problem by
restricting the domain of the plus gluing to a subspace, which is obtained
by effectively modding out the kernel of @,. This subspace is r dependent,
and we shall give it the structure of a splicing core.

We shall stay close to Section 1.3 of [7] in this section. The main differ-
ence in the cylinder gluing of [7] is the presence of an extra angle-twisting
parameter ¢

0,R] x S = [~R,0] x S, (s,¢) > (s — R,t — ),

as opposed to only having the translating parameter R in the strip gluing
(4.9). Other than that, these two settings share many analytical similarities.

As a reminder, we denote RT := [0,00) and R~ := (—o00,0]. We first
consider the domain of the plus gluing, the space of strip nodal maps which
consists of C"-valued function pairs on strips R* x [0,7] with boundary
condition on R™ and matching limits (see Example 3.3).

Definition 6.7. We define F™4 the space of strip nodal maps to be the
function space of pairs (§+, ¢7) such that each §i can be written as
& =n"+e
with nt € H3%(R* x[0, 7], C"; R") and ¢ € R™. Choose a strictly increasing
sequence of weights dp < §; < --- < 1, we give F™ an sc-structure
—\112 2 2 —2
1ET D == lel® + I 1 Fsmbm + 107 (s sm.m

with H3+79m norm defined by

”niH%[Ber,ém — Z /R ‘805 :I: S t)‘2 20ms |dsdt

|| <34+m =x[0,7]

Let R be an arbitrary gluing profile. We shall define a splicing (r,£1,£7) —

7 (EF,€7) for r € (—¢,¢) and (£F,67) € F™. Recall the smooth cut-off
function 5 : R — [0, 1] defined before Remark 4.2 with properties

e 3(s)=1for s < —1and B(s) =0 for s > 1,

e 3'(s) <0 forse(—1,1),

e 3(s)+ B(—s) =1 for all s.
We denote the shifted cut-off function by

Bso(s) = B(s = s0).

For r € (0,¢), we abbreviate R(r) as R. Recall from Section 4 that the plus
gluing is given by

(6.3) Or(€7,67) = Brp €& + (1= Brp) & (-~ R).
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Note that the glued map @,(£,£7) lies in the sc-Banach space
HP([0, B] x [0,7],C™;R™).
For a fixed r, the plus gluing map @, is not injective. Hence we define its

“complementary map” the minus gluing ©, and later on we shall show
that the combined map (®,, S, ) is an isomorphism.

(6.4) On(€1,67) = — (1= Brp2) (61— 3([€Frj2 + € ]=R2))
+ Bra (7 (= R) = ([ Rr2 + (€ ]=R/2))

where [£*]g/o and [£7]_p/o are the real parts of the integrals

(€*]ry2 == Re /0 E5(R/2,1)dt, [€7]_pys = Ro /O £ (= R/2,t)dt.

Note that ©,(£T,£7) has limit at positive infinity —c+3([£7]r/2+[€7]-r/2),
and limit at negative infinity c— 3 ([¢ 7] g/2+[¢ 7] - g/2), where ¢ is the common
limit of €1 and £~. Hence it lies in the space

H3% (R x [0,7],C%R™),

op-lim
the space of maps with opposite limits at positive and negative infinity. To
define this space precisely, fix a smooth cut-off function v with v(s) =1 for
s>1and y(s) = —1 for s < —1. We say ¢ belongs to the space of opposite
limits Hg’ﬁim(ﬂ% x [0, 7], C™; R™) if there is ¢ € R™ with ¢ — 7 - ¢ being in

H3% (R x [0,7],C";R"™). We give this space an sc-structure by defining
1¢I5 = e +1IC = - el Frasmaom -
Thus the total gluing [, = (&,,©,) maps from F" to the direct sum
G, := H3([0,R] x [0,7],C™; R™) @ H>® (R x [0,7],C";R™).

op-lim
The following result shows that the total gluing is a linear sc-isomorphism.
To achieve the injectivity of the plus gluing map @,, we restrict its domain

to a complementary subspace of ker(®,) in F™d,

Lemma 6.8. Let R be any gluing profile in Remark 4.2 (1). For r € (0,¢),
the total gluing O, : F™ — G, is a linear sc-isomorphism. In particular for
r > 0, we have the decomposition F*d = ker(©,) @ ker(®,), and hence the
restriction

®, : ker(e,) — H([0,R] x [0,7],C";R")
s a linear sc-isomorphism.

This result is analogous to Theorem 1.27 of [7]. To prove the total gluing
[l is a linear sc-isomorphism one simply need to solve a linear equation.
We shall prove this result in Section 8.1

Hence for r € (0,¢), we define 7, : F* — F™d to be the linear projection
onto ker(©,) along ker(&,). More precisely, we define

(6.5) m(E7,67) = (¢, ¢,
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with (¢t, (™) satisfying

@T(C+7 C_) = @T(§+7§_)7
er(¢h ) =0.

The following result shows that the family of projections m, extends
smoothly to r € (—¢,0] as the identity map.

Theorem 6.9. Let the gluing profile R be given by the exponential gluing
profile p(r) = er —e. Let 7y F* 5 P be the linear projection of F™4
onto ker(©,) defined in (6.5) forr € (0,¢), and 7w, = 1d for r € (—¢,0], then
the map (r,617,67) v m.(£7,€7) is an sc-smooth splicing.

This result is analogous to Theorem 1.28 of [7]. We shall prove this result
in Section 8.1.

Note that the above splicing core {(r,&T,&7) | m.(ET,67) = (€7,&7)} is
of the form

(6.6) K — <(_€70] » Fnd> U < U {r} x ker(@ﬁ).

re(0,e)

6.3. M-Polyfold Charts for the Quotient Space of Disk Trees.

Fix a strictly increasing sequence of weights dg < §; < --- < 1. Given
a disk tree K € ¥ whose disk maps are of H3T™9 for all m, we fix a
representative 7 = (T,’?,i, a). For each main vertex v € Vm, the space of

sections Sec®® ((D, ), utTM;TL) has an sc-structure (see Remark 3.17).
We shall use this sc-Banach space and the splicing arising from plus gluing
(Section 6.2) to construct an M-polyfold chart around .

Remark 6.10. We choose a set of structures which augment the choices
made in Remark 4.2.

(1) Choose a continuous decreasing function called a gluing profile
R : (0,1] — [0,00) such that lim,_,o R(r) = co. ((1) is a universal
choice.)

(2) Choose a metric g on M such that L is totally geodesic (Lemma
3.18), and moreover for each edge é = (v—,vF), if ¥ is a main
vertex, then the metric g is Euclidean around the image ﬂic(:ﬁic)

(3) For each edge & = (¥7,91) € E, if v* is a main vertex, we choose
an open neighborhood UgE of ﬂ;t(:%;t) in M, along with a C* chart
goéc : UgE — B1(0) C C™ such that

e the metric g|U6i is the pullback Euclidean metric (gpét)* JEucls
o o (aF(3F)) =0 and ¢ (LNUF) = R" N B;(0), and

(&
e for each nodal edge é € E™, we have the same open neighbor-
hoods Ug’ = U; and the same charts gog' = ¢, , and we denote
them by U and .
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(4) For each main vertex ¥ € V™ and edge é € E(v), choose an open
neighborhood B(Z¢3) C D of 234 and a family of strip coordinates
hgt near ;s (as in Remark 3.10) such that

e for each vertex ¥, the open neighborhoods B(Z ) are mutually
disjoint and contain the strip neighborhoods N (2 s) C B(Z¢z),
e for each edge é, we have ﬂ;t (B(:i?;t)) C (gogc)_l(Blp(O)).
Moreover for each main vertex v € V™, choose a family of marked
points varying diffeomorphism v, in Lemma 3.11.

(5) For each non-ghost vertex ¥ (see (2.8)), we choose an interior point
0y € D° with injective derivative D¢ (03), and a transversal con-
straint Xy at o¢ that is totally geodesic with respect to the metric g
(see Lemma 5.2).

(6) For each main vertex v € V™ choose an automorphism index set Ag
(see Definition 5.12) such that

e for each non-ghost vertex v we have Ay = {&,1} with edge
& € B(¥), (note that 6¢,1 is simply a formal way of indexing the
only interior marked point 63 ), and
e for each ghost vertex v we have Ay = {80,811 &2} c B(¥).
The locally Euclidean condition on the metric g guarantees that for an

edge & = (¥7,¥T), if ¥F is a main vertex, then for any point p € UF and
any tangent vector v € T),M, we have

(6.7) vz (exp,(v) = @3 (p) + D (p)(v)-
As we shall see, such linearity is important in the injectivity property of our
charts (Remark 6.14).

To construct a chart, we shall perturb the disk maps 4 in the direction
of sections £. Here we specify such space of admissible sections. We denote

the product Banach space of H3% sections (see Definition 3.16) by

(6.8) E:= [] Sec**((D,&,),a;TM;TL).

A
Since 4 is H3t™% for all m, by Remark 3.17 the space E is an sc-Banach
space. As in (3.4), we denote the local expression of sections £ € E in the
strip coordinates on N (&F) by -

(6.9) €7 (2) = DF (0 (hE (25, 2))) (65 (W (3, 2))).

Definition 6.11. We define F' the slice subspace of sections to be
the subspace of F consisting of sections £ € E that satisfy the following
conditions. B
(1) For each non-ghost vertex v € V™, we require §0(09) € Ty (o) X0
where X; is the transversal constraint at o; in Remark 6.10 (5).
(2) For each nodal edge é € Ed. we have (£§+,£§7) € ™, where the

space of strip nodal maps F™ is given in Definition 6.7.
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(3) For each non-nodal edge & = (v—,vT) € E\ E™, if ¥F is a main
vertex, then we have £§i € H3%(R* x [0,7],C"; R™).

We now specify the domain of the splicing, which parametrizes the family
of projections on the slice subspace of sections F'. Firstly, we denote a tuple
of generalized Morse trajectories

P = (Ve)eetfina>
forgetting every constant Morse trajectory of each nodal edge. We denote
U:(p) to be the e-neighborhood of p, which consists of tuples of Morse tra-

jectories p = (Bé)éeE\End with each p_ lies in the e-neighborhood BM (p,) in
the Morse trajectory space (see (2.3)).

Next we denote by U5'°(2) the e-neighborhood slice of Z. It consists of
boundary marked points z € U.(Z) with fixed automorphism components
m(x) = 7(2) (see Remark 6.10 (6) and Definition 5.12).

Now for (r,p,z) € U(0) X U:(p) x U(Z), we define a splicing T(r,p) :
F — F by -

(6.10) T(r,p.z) ) =¢

where for each nodal edge & € E", we define ((éh*,(éh’) = ﬂré(§£+,§£7)
with 7., being the splicing in Theorem 6.9, and define ¢ to be the same as
¢ outside of strip neighborhoods N (2F) of nodal edges.

We define K3¢(0, 7) the e-splicing core slice to be
(6.11)

K290, 7) := {(Lg@é) € U(0) X Us(p) X U(E) x F

T(r,p,z) (é) =¢, }

€Il < e

This splicing core slice shall be the domain of the M-polyfold charts. Note
that even thought the set U.(0) x U.(p) x U(Z) is not a open subset of a
partial quadrant in a sc-Banach space, it can be parametrized by an open
subset of a partial quadrant in a Euclidean space. More precisely, the neigh-
borhood U.(p) can be parametrized by the Morse gluing (2.4) and US'°(%)
can be parametrized as in Remark 5.16.

We now define the chart of the quotient space of disk trees X by the
following composition with the gluing map [#] in (4.1).

(6.12) 0 : K¥°(0,7) = X

and we define the tuple 7(p, z,§) := (T,v(p, ), z,u(p, z,§)) as follows.

(1) The tuple of Morse trajectories v(p,§).

For each non-nodal edge é € E \ E™, we define Y(p, e = py-
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For each nodal edge é € ™ we define 7(p,€)s to be the constant Morse
trajectory with value gpé_l(c(éé‘+,£§7)), where c({éﬁ,é’gf) is the common
limit of £§+, ¢4 as in Definition 6.7.

(2) The tuple of boundary marked points and disk maps (z, u(p, z,§)).
Let the boundary marked points z be as given.
In order to define disk maps u(p, z,§), we first define cut-off functions «

(6.13) a (s):=p(s+1), at(s):=a (-s),

where [ is chosen before Remark 4.2. Note that we have a~(s) = 0 for
s> 0and a (s) =1 for s < —2. Similarly we have o™ (s) =0 for s < 0 and
at(s) =1 for s > 2. We shall use these cut-off functions to construct the
maps u(p, z, &) by changing the limits of & on negative/positive infinite strips
in order for them to coincide with the ends of Morse trajectories ¥(p, ).

+

For each main vertex v € Vm, we define u(p, z, §)¢ outside of strip neigh-
borhoods by exponentiating along &; and pre-composing with the marked
points varying diffeomorphism v,_ chosen in Remark 6.10 (4)

(6.14) u(p, z, §)‘A’|D0\Llé N(zes) = &P, © & o yl_ol |DV\|_|5 N(zes)’
We now define the disk maps u(p,z,{) on each strip neighborhood N (zF).
Firstly denote the local expression of ﬁiﬁ in strip coordinates hF(2F,-) by

(6.15) Al = oF o i o BE(EE, ).

We specify the local expression of u(p, z, é);t in strip coordinates hgt(:ngt, )

(6.16) Wl = oF ou(p,, &)F o hE(aF,)

8 8
as follows.

For each non-nodal edge é = (¥7,%1) € B\ E™M, if v* is a main vertex,
then define the local expression ugi by adding the local expression §gi in
equation (6.9) and then change the limit
(6.17) ugi = ﬁgi + féli +at- goéc(evi(gé)),
where ev™ is the evaluation map on the Morse trajectory space (Definition
2.3).

For each nodal edge é € E", we define the local expression ugi by simply
adding the local expression £é‘i

(6.18) uh® = Al e

Note that in the above two local expressions, adding the section is the same
as exponentiating along the section due to the linearity in equation (6.7).
Hence the above construction on strip neighborhoods is compatible with
the construction outside of strip neighborhoods (6.14). This shows that
the marked points and disk map (z,,u(p,z,£)s) lies in the H3% space W
(Definition 3.15). -
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We now check the coincidence condition (2.9) for the tuple 7(p,z,§) =
(T, Y(p,€), z,ulp, z,§)). It suffices to verify the condition for each non-nodal
edge é = (v—,vT) € E\ E™, when ¥ is a main vertex. We have

. hE T ~hE hE + T (euE
i o) = Tim il () + €5 () + 0¥(2) - e (evE(p,)
= s (ev¥(p,)).

Furthermore, the tuple 7(p, z, ) lies in the neighborhood U (7) (see Def-
inition 4.1) since (z,u(p,§,z)) lies in the neighborhood of (z,4) in (3.7).
Hence we can apply the gluing map [#] on the tuple using the choices in
Remark 6.10. This finishes the construction of the chart © in (6.12).

The following result shows that the collection of @’s forms an atlas with
the exponential gluing profile. We shall prove this result in Section 7.

Theorem 6.12. Let the gluing profile R be given by the exponential gluing

profile p(r) = er —e. Then the collection of charts © : K8¢(0, %) — X forms
an M-polyfold with boundary and corners atlas.

The next result is a consequence of the Hausdorff topology (Theorem 4.6)
and Theorem 6.12, and other secondary topological properties.

Theorem 6.13. The quotient space of disk trees X is an M-polyfold with
boundary and corners.

In order to have a metrizable space as specified in the definition of M-
polyfolds (Definition 6.4), we also need the topology to be second countable
and paracompact (Theorem 2.55 of [9]), and those topological properties
can be proved similarly as Theorem 3.20 of [8].

Remark 6.14. The local expression of the glued map #;, .(u(p,z,§)) on
the glued strip of an gluing edge e € E% is given by
(6.19)
Br(ul ul ) =@ (@ +E A +E) = @ (@l )+ (€, E).
The first equality follows from (6.18), and the second equality from the
linearity of the plus gluing.

If two tuples (r, p, z,§), (r, p,2,§) € K¢(0, 7) give rise to the same glued
maps

Hra(ulp,z,8)) = #ra(ulp z,£)),

then for each gluing edge é € E£, (6.19) shows that we have @, (féﬁ,fér) =
Dre (§gh+,§éh7). It follows from the construction of the splicing core (Lemma
6.8) that we have (££7,¢07) = (¢/",¢/77). Also, one can follow through
the construction and show (£§+,£§7) = (%}ﬁ,ﬁgf) for other edges é, and
ultimately § = §’ . This gives the injectivity on the level of sections.

Remark 6.15. The above construction is valid even when the disk maps
@ do not have regularity H3t™% for all m. In that case, the space of
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sections F in (6.8) is a Banach space instead of an sc-Banach space (see
Remark 3.17). One can still define the map © : K¢(0,7) — X, except the
set IC?C(Q, 7) is not an sc-smooth splicing core and O is not an M-polyfold
chart.

Remark 6.16. The splicing (6.10) is a local M-polyfold model (Definition
6.3) since the boundary and corners structure arises from the Morse trajec-
tory space (Section 2.2) but the splicing is independent of Morse trajectories

p.

7. PROOF FOR THE TOPOLOGY AND THE ATLAS OF THE
DELIGNE-MUMFORD SPACE

7.1. Closedness of the Biholomorphic Equivalence in D91.

In this section we prove the Hausdorff property of the topology on ®Mt
in Theorem 5.11. More precisely, we show that for any distinct pair 0,0’ €
DM, there exist neighborhoods i (o; 1) and U (0’; i) defined in (5.10)
with empty intersection. We shall prove it by using the following result
regarding the closedness of the biholomorphic equivalence.

Proposition 7.1. Given (7, 1) € U.(0)xU(1) and (7', ') € U (0) xU (1),
assume there are sequences (r,,un) — (F,@), (rl,uh) — (7, @), and a
sequence of biholomorphisms (Cn,wn) with

(Cns ¥, ) F (T 1) = F (00 117)-
Then there exists a biholomorphism (C, é) with

(C V)G, 1) = #(T, 7).

Proposition 7.1 is a weaker version of Theorem 7.11. We now show the
Hausdorff property.

Proof of Hausdorff property. Suppose this topology is not Hausdorff. Then
there are distinct o, 0’ € D9 such that for all ,&’ > 0, their neighborhoods
$.(o; 1) and U (0; i) have non-empty intersection. In other words, there
exist sequences (r,,, un) — (0, 1) and (7, ) — (0,4'), and a sequence of
biholomorphisms (¢, ) such that (Cu, v )(#(ry, pn)) = # (15, k). Ap-

n —n
plying Proposition 7.1, we get a biholomorphism (, ) with (¢,¥)(i) = i'.
This contradicts with the assumption that o # o. O

Now it suffices to prove Proposition 7.1. We shall construct the desired
biholomorphism (¢,v) by using “standard models” on the domain and the
target glued disks.

7.1.1. Standard Models for the Glued Disk.

Fix a representative i = (T,Z, z, Q) of an element o of DM, and let
(r,u) € U-(0) X U:(fr) be arbitrarily given. We recall it has the form pu =
(T,ﬁ, z,0), whose underlying tree is the same as that of . For a main

vertex v € #E(V), recall that the glued disk #; (D) is constructed by
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[0, Rs] x [0, 7]

[—Rs, 0] x [0, 7]
Nz~ Ry) ‘
< ¢ (re, 2)

o (z,0)y v (z,0)y

LT \=) = r,z -

FIGURE 1. Shift map ¢°(re, z) applied to distinguished re-
gions (Lemma 7.3 (2) and (3)), and the standard models of
marked points on D+ and Dq-.

taking parts of disks D for all gluing vertices ¥ € V& and then identifying
the strips. The glued disk is a quotient space that is biholomorphic to every
standard disk Dy; in other words, each disk D; provides a “standard model”
for the glued disk. Instead of having a varying domain #, ;(D) as (r,z)
changes, we can use such a standard model to fix the domain and study its
marked points and maps.

In this section, we shall abbreviate the boundary and interior marked
points together as

(7.1) #rz(2,0)y = (#z@)w #LE(Q)V)

Definition 7.2. Given a gluing edge é = (¥~,¢1) € Ef with gluing param-
eter rs > 0, recall that Lp, : [0, Rs] x [0,7] — [—Rs,0] x [0, 7] is the left
translation on the truncated strips. This left translation extends to a shift
map from Dg+ to Dy- as follows,

¢°(re,x) = hy (x5 ,-) o L, o ht (vF, )™ : Dy — Dy,
where h; and hZ are strip coordinates (see Section 3.2).

As we shall see in Lemma, 7.3, the shift map ¢°(rs, z) is a disk automor-
phism (see Section 13.1 for disk automorphisms Aut(D)). We now study
the behavior of the shift map and its relationship with shrunk strip neigh-
borhoods (3.3).

Lemma 7.3. The shift map ¢¢(rs, ) is a disk automorphism which satisfies
the following properties.
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(1) Suppose the gluing profile R is the logarithm gluing profile given by
p(r) = —1In(r). Then the shift map is of the form

4 -1
(resz)(z) =f_ | e —=—
() e

where fx_, and f;+ are smooth families of Mdbius transformations

)

n Deﬁm’ctz'on 3.8.  For general gluing profile R, the map (rs, x) —
¢°(re, z) into Aut(D) is continuous/smooth if R is continuous/smooth.

(2) ¢%(re,z) (N(zF;—Re)) = Dy \ N(x7).
(3) ¢°(resz) (Dev \ N(33)) = N(as —Re).

Property (2) and (3) are illustrated in Figure 1.

Proof. For the logarithm gluing profile p, the formula of the shift map fol-
lows from a straightforward computation using the relation rs = e e This
formula along with properties of fx_, and f;; shows that ¢°(rs, z) is a disk

€

automorphism, and the map (rs,z) — ¢°(rs, z) is smooth. For a general
gluing profile R, the transition map p~! o R is continuous/smooth if R
is continuous/smooth. This shows (1). Furthermore, (2) and (3) follow

from the fact that ¢°(re, z) in strip coordinates is simply a translation from
[0, Rs] x [0, 7] to [—Rs,0] x [0, 7]. O

We now examine the following biholomorphism from the standard disk
Dy to the glued disk #, (D), which is the inclusion map outside of strip
neighborhoods of D;. This biholomorphism provides a standard way of
identifying each D; with the glued disk.

Lemma 7.4. Let v € #,(V) be a main glued vertex.

(1) For each vertex v € V%, there is a unique biholomorphic map
cIJX : Dy = #2,0(D)y

whose restriction to the subset Dq \ | Jscpe N(24,6) is the inclusion
map (see (4.11) for the construction of the glued disk).
(2) For each gluing edge & = (V=,v1) € ES, we have equality of maps
Dy+ — Dy-
(@) )o@y = ¢%(re,2).

Proof. The uniqueness of such ®Y follows from the uniqueness of analytic
continuation.

We first construct the biholomorphism while assuming that the set of
gluing vertices is given by VE = {37,¥T} and the set of gluing edges B8 =
{(#=,91)}. We define ®7" (2) to be

e 2 for z € Do+ \ N(z7),
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e [z] for z € [0, Rg] x [0, 7], where [z] is the equivalence class of z under
the identification z ~ Lp,(z), and
o ¢°(rs,z)(2) for z € N(xgr; —Rs).
This is a well-defined biholomorphic map. We define ® similarly and we
have (B9 ) Lo ®V" = ¢(rs, z).
In general, we can construct the biholomorphism ®¥ similarly by com-
posing shift map ¢°(rs, ) or its inverse for each gluing edge é € E8. This
proves the lemma. O

Definition 7.5. Let v € #E(V) be a main glued vertex. For each gluing

vertex ¥ € V&, we call the biholomorphism ®Y : Dy — #, ,(D), constructed
in Lemma 7.4 the standard pullback to D;. Moreover we define

(#Z(E)Va Z,g(Q)V) = Z,g(%Q)v = ((I)g)_l (#LQ(L Q)V)
to be the standard model of the glued marked points on D;.

Figure 1 illustrates the standard models of marked points on D¢+ and
D, in the case V& = {3+ v~ 1.

We now study the behavior of the standard model of marked points, and
their relation with gluing edges.

Lemma 7.6. For (r,p) € U-(0) x U-(j1), fix a main vertex v € #,(V).

(1) For each gluing vertex v € V& and each gluing edge & € D of v, the
standard model of marked points in the neighborhood B(Zyz) (see
Remark 5.9) is contained in the shrunk strip neighborhood

¥ 2(2,0)y N B(#:6) C N6 —Re).

(2) For each gluing vertex v € V& and each edge & of v, we have é ¢ D
iff the numbers of marked points satisfy

n (#g(g)v N B(:zq,é)> =1 and n ( ¢ 0N B(:zq,é)) —0.

Proof. The first statement follows from the definition of #z’ﬁ(g,Q)v and

Lemma 7.3. The second statement follows from the stability condition (5.1).
O

7.1.2. Convergence of Biholomorphisms.

We now prove Proposition 7.1, the convergence result of biholomorphisms.
Throughout this section, we fix representatives fi = (T,é, (z, Q)) and ji/ =
(T',2,(2',0")) of elements o and o’ of DM. For convenience, we abbreviate

Us(F, 1) == U(T) x U:(f2)
and let
(fv ﬂ) €U (Qv ﬂ)? (flv ﬂ,) € Uy (Qv ﬂ/)
be arbitrarily given.

We first study the relation between the glued trees #E(T) and #, (T) for

nearby gluing parameters r € Us(7).
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Lemma 7.7. There erists 6 = 6(F) > 0 such that for nearby gluing param-
eters r € Us(7),
(1) if a nodal edge é € End satisfies 75 > 0, then re > 0; if 7s < 0, then
re <0, and )
(2) if vertices Yo,V € V satisfy [Volr = [V]7, then we have [Yol, = [V],.

Proof. We choose § small enough so that § < |Fs| for all edges & € End
with 75 #£ 0. If 75 > 0, then s > 75 — d > 0. Similarly, if 75 < 0, then
re < 0. Hence statement (1) is true. Now if ¥¢ and ¥ satisfy [Volz = [V]z,
then by definition they are connected by a sequence of nodal edges, each
with 7, > 0. By the choice of §, those sequence of edges satisfy rs > 0. This
shows [Vg], = [¥], and the statement in (2) is true. O

From here on, we always assume § < §(7) and &' < &' (7).

Definition 7.8. For nearby gluing parameters r € Us(F), we define the
vertex quotient map

i #:(V) = #.(V)
to be the map which further collapses the glued vertices #E(V). More pre-
cisely, py (V) := [V], where ¥ is any gluing vertex in \7% Moreover, define the
set of additional gluing edges (with respect to gluing edges E%) by

E28 = {¢ € E™| 7 = 0,75 > 0}

Remark 7.9. Note that the map p, is well-defined due to Lemma 7.7 (2),
and it is clearly surjective. By definition of the vertex quotient map, we
have the following commutative diagram (similar to covering spaces).

v #:(V)
[-]rl .
#:(V)
Lemma 7.7 (1) implies inclusion of gluing edges
(7.2) ES CEBEC {6 B |7 >0}

and decomposition of gluing edges of r into gluing edges of 7 and additional
gluing edges

(7.3) EE = Bf LB,

In other words, we obtain #E(T) from #E(T) by further gluing Eig . Indeed,
each additional gluing edge (v, W) € Ezg corresponds to two adjacent vertices
[V]r and [W]7 in the glued tree ##(T), which get further collapsed to the same
vertex [V], = [W],. (See Figure 2 for an illustration of gluing edges E% and

additional gluing edges Egi)
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We now study an equivalent pair #(7, i) and # (7, ') and their nearby
points.

Definition 7.10. Assume there are nearby (r,u) € Us(7, i) and (1, ') €
Us (T', ii'), and biholomorphisms (¢ ,y) and (¢ ,g) with

(CO)GHE ) =#(T 1), (GY)F# (T, p) = #, 1)

We say ¢ covers ( if D, o ¢ = Cop,. In other words, the following diagram
commutes. -

(7.4) Hr (V) — = 0 (V)

”l < lp
#r(0) — (V')

We now define a distance between biholomorphisms é and 1. Suppose
¢ covers ¢. Given a main vertex v € #;(V), let ¥/ := ((¥), v := p.(¥),
and v/ := ((v) be the target vertices in each corner of commutative diagram
(7.4). Then for gluing vertices ¥ € V& and v’ € V;g,, we define a distance of

15 and ¥, in the standard model from Dy to D
A i MY A A v
(75) d* (T;Z)\_M Tzz)v) = dAut(D) (((I)\’/’) oy o o7, ((I)V,) oy o q)v),

where ® and ® are the standard pullbacks in Definition 7.5. More precisely,
®Y and Y, depend on (7,z) and (7, Z) respectively, and ®Y and ®Y, depend
on (r,z) and (r/,2') respectively.

With the above notions regarding biholomorphisms, we now state the
convergence result which implies the Hausdorff property. ([10] deals with an
analogous problem in surfaces without boundary and with arbitrary genus.)

Theorem 7.11. Assume there are sequences (r,,, pn) — (T, @), (), pl) —
(7', i), and a sequence of biholomorphisms (Cns2,) with

(Cns ¥, )) F (s 1)) = F#(1305 pi,)-
Then there exists a biholomorphism (C, y_) with

(G H(T ) = #(T, i)
and a subsequence of (Cn,gn) (also indexed by n) such that ¢ covers ¢, in
the sense that (7.4) commutes; moreover for every main vertex v € #;(V),
we denote V' := ((V) and vy, := p,_(V), then for all gluing vertices ¥ E Ve
and V' € V;g,, we have d*V (g, n, ) — 0 as defined in (7.5).

We shall prove this result in Section 7.1.3. Clearly the above theorem
implies Proposition 7.1, from which the Hausdorff property followed. Fur-
thermore, the above convergence result also implies the following estimate
on the biholomorphism between nearby glued pairs #(r, ) and #(r’, 1').
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n — o0

#(ﬁru u") —7L7 un /

FIGURE 2. (Cn,yn) converges to (C, 1/) in standard models
as in Theorem 7.11. Each dashed strip in #(7, i) corresponds
to a gluing edge in E§ Those dashed strips are carried over
in #(r,,, ), with each solid strip corresponding to an ad-
ditional gluing edge in E;f The additional gluing edge as
depicted comes from gluing vo with w. Similar symbols are

used in #(7, i) and #(r7,, ).

This estimate is useful in proving the injectivity of charts 6 constructed in
(5.13).

Theorem 7.12. Assume there is a biholomorphism (C, 1) with
(C V)G, 1) = #(T, 7).

Then given X\ > 0, there are 6,0’ > 0 such that if there are (r,u) € Us(T, 1)
and (r',p") € Us (7', ') and a biholomorphism (C,v) with

(€ ) (F#(@ m) = #(, 1),
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then ¢ covers  in the sense that (7.4) commutes; moreover for every main
vertez ¥ € #:(V), we denote ¥ := ((¥) and v := p,(¥), then for all gluing
vertices V € \7% and V' € V;g,, we have d°¥ (g, 1by) < X\ as defined in (7.5).

Proof. Assuming Theorem 7.11, we prove this theorem by contradiction.
Suppose there exists A > 0 such that for all small 6,6’ > 0, (¢,%) is not M-
close to ({, %) in all standard models. Then there are sequences (r,,, fin) —

(7, ) and (r}, ) — (7, 1'), and a sequence of biholomorphisms ({,, % )

In

with (G, %, )(# (1, 1tn)) = #(r0, p,) such that (¢n, 9 ) does not converge

[ —n
to (¢,%) in all standard models. But Theorem 7.11 extracts a subsequence

(Cn,9,) and some biholomorphism (f,é) with (f,@)(#(faﬂ)) = (', 1)
such that

e ( covers (y, and o
o (Cn, yn) converges to (¢,%) in all standard models in the sense that

d‘A”‘A”(zﬁv, Ynv, ) — 0 for all gluing vertices ¥ € Ve and ¥/ € \Af;g,

By assumption, we also have ({,)(#(7, 1)) = #(7, ii'). By the uniqueness
of the biholomorphism (Proposition 5.6), we have (¢, @) = (¢,v). Thus we
reached a contradiction, and this proves the desired properties. O

7.1.3. Proof of Theorem 7.11.
By picking a subsequence, we assume without loss of generality that gluing
parameters r, and 1/, give rise to fized gluing edges E%n = E®f and Ef, =

E’8 for all n. Thus we get fixed trees #p,(T) and #p, (T'); moreover the
sequence of tree isomorphisms ¢, is identically equal to a fixed ¢ due to the
uniqueness of the ordered tree isomorphism (Theorem 2.1). Consequently,
we have fixed vertex quotient maps (Definition 7.8) and we denote them by
Pt #2(V) = #5, (V) and 5, : #p: (V') = #pe (V7).

We now construct the biholomorphism (, é) iteratively over all vertices
of the main glued tree #E(T)m: in the base case, we construct the biholo-
morphism at the root of the main glued tree #E(T)m. Assuming there is a
biholomorphism at a vertex w in #i(\?)m, we then construct the biholomor-
phisms at all children of w (see Section 2.1). This iteration covers all main
vertices #7(V)™.

Later on, we apply the following claim to the root of the main glued tree

#7(T)™ to prove the base case.

A~

Claim 7.13. Let v € #p,(V) be a main vertex and v' := ((v) the cor-

responding vertex, and v and v’ the roots of the gluing trees T¢ and T:ﬁ,
respectively. Denoting v := [V]z and V' := [V']z, then there exists a biholo-

morphism Vg : #rz(D)v = # g (D)y with

Uy (#72(2,0)%) = #v.2 (@,0))v.
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Moreover, there is a subsequence (also indexed by n) such that for all gluing
vertices i € V§ and i € V;g, we have the distance convergence

dmﬁl (T;Z_)\_M ¢TL,V) — 0
Proof. We denote the biholomorphism v, , in the standard model on Dj
and D{,/ by
et = () o tny 0 By
Since the vertices v and v/ are fixed, we shall drop them in the subscripts.
It follows from the assumption (¢, % )(#(r,, tin)) = # (17, 4z, that we have

(7.6) SV o (20,0,)) = H#r (€, OL).

Tpsy, ThsTy,
We shall use Proposition 13.7 to extract a convergent subsequence, and
we first make sure its hypothesis is satisfied. Since v and ¥’ are the roots
of the gluing trees T% and T:,g,, their respective outgoing edges f and f’ are

not glued, ie., f ¢ B% and f' ¢ B/, Thus x . and x;_f, are the outgoing

)

boundary marked points in the glued marked points #, . (z,,0,) and

/ . — 1— . v .
H#Hr 2 (z},,0,,), respectively. Hence x ; corresponds to x p Via YpY in
- n, n,

equation (7.6)
(7.7) P () =al
We denote the rest of the glued marked points by
Wy = #] z, (@, Op) \ {x;f}, W, = #Z;,% (23, 0) \ {x;_’f,}

Ino

It follows from (7.6) and (7.7) that ¥y (W,) = W/. Moreover, Lemma
7.14 implies the convergence x;’f — I, and Wy, — #3 2(Z,0)v \ {a?f_} in
Hausdorff distance (see Definition 13.5), and we have similar convergence
for the prime counterpart.

Now apply Proposition 13.7. Then there is a subsequence of TZJZ’QI that
converges to a disk automorphism 5‘7"7/ and it satisfies

&V (#:@.0)5) = #5 p@ . O

Define 1y := ®¥,0£%" o (<I>§)‘1, by construction we have 15 (#7z(Z,0)v) =
H#m z (T, Q/)\—,/ and the distance convergence d‘A]’GI(TZJ{,,T/JnN) — 0. We apply
Lemma 7.15 to conclude d%% (Y3, ¥ny) — 0 for all gluing vertices 4 € V%
and 1’ € \A/:_,g, This proves the claim. O

We now establish the iterative process. As a visual guide to the follow-
ing iterative step, we refer the readers to Figure 2, where we assume the
biholomorphism 1 and the convergence to it, and we construct the biholo-
morphisms 93, and v, and conclude the convergence to them.

Iteration hypothesis. Let w € #E(V) be a main vertex and we assigned a

target vertex ((W) = W', such that by denoting the vertices w := Ppe (W) and
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w o= ﬁ%lg (w'), we have {(w) = w'. Moreover, there is a biholomorphism

Vs : #rz(D)w — o 2 (D)wr with
(7.8) Ve (#i@@, Q)v‘v) = #¢ 3 (E/ag/)w'-

Furthermore, for all gluing vertices w € \7{% and W' € V:_f,, we have the
distance convergence

dVAV7\7V/ (TZJ\XH wn,w) — 0.

Iteration conclusion. For each edge € = (V,w), let € = (V/,W') be the
edge given by the one-to-one correspondence of all boundary marked points
Va(#:(Z)ws) = #v (T ) o as a part of equation (7.8). We denote the
vertices v := Ppe (V) and v/ := pp,, (V). For each pair ¥ and ' as above, we
have ((v) = v'. Moreover, there exists a biholomorphism ¥y : #5z(D)y —
#i .z (D)v with

- — A _ =~/

Py (#f@(&; Q)v) = #i’,@’ (EI,Q )\7'-
Furthermore, there is a subsequence (also indexed by n) such that for all
gluing vertices ¥ € V& and V' € Vi_,g,, we have the distance convergence

d:{f/ (7/;\77 wn,v) — 0.
Lastly, we have equality in displaced edge lengths

#i@)é = #f’ (Z)é’-

Later on we shall show that the iteration conclusion can be derived from
the iteration hypothesis. First assume this, we now construct the biholo-
morphism (C,¢)) iteratively over all main glued vertices #z(V)™.

We first handle the base case. Let vertices v and ¥/ be the roots of the
main glued trees #E(T)m and # (T/ )™, respectively. Also, let v be the root
of the main glued tree #, (T)™, and then the vertex v/ := ¢(v) is the root of
the main glued tree #E,g(T’ )™, Then v,v/, ¥/, and ¥ satisfy the hypothesis
in Claim 7.13. Thus we get a biholomorphism zﬁv : #Z,E(Q)V — Hp g (D)
with ¥y (#f@@, Q)v) = #m 3 (T, Q,)\—,/. We also get a subsequence with the
distance convergence d% (&vﬂ/’mv) — 0 for all gluing vertices 0 € V% and
W' € V% We then define ((¥) := ¥, and it follows from ((v) = v/ that ¢
covers ¢ at v. This finishes the construction for the base case; the vertices
v and V' satisfy the iteration hypothesis.

Now suppose the vertices w and W’ satisfy the iteration hypothesis and
in the previous iteration step we defined {(W) = w’. Then the iteration
conclusion shows that each pair v and v/ satisfy the iteration hypothesis.
We then define {(¥) := ¥, and it follows from ((v) = v’ that { covers (
at v. This finishes the iterative construction of the biholomorphism ((, é)
and the proof of (¢, ¥)(#(7, 1)) = #(7, '), the covering property, and the
convergence. Since at each iteration step the vertex v and v/ are in one-to-

one correspondence, the map ( is indeed a tree isomorphism.
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Proof of iteration conclusion. Assume the iteration hypothesis. Via the edge
identifying map (4.6), each pair of glued edges € = (v,w) and & = (¥v/, &)
are identified with & = (¥, %) € E\ Ef and & = (¥/,%') € E' \ E, respec-

tively. And by definition of glued marked points, we have #7(Z)w,c = ZTw,s
and #5(Z')w & = Tw . Thus by the iteration hypothesis we have

(79) ’l[)w(fiw’é) = .ﬁi':;vl’é/.

For each pair é = (¥,W) and & = (¥/,w), we denote the biholomorphism
Yn,w in the standard model on Dy and Dy by

PNy 7 —1 N

Yy = ((I)x,w’) © tnw o @X,W'
Since the vertices w and w’ are fixed, we shall drop them in the subscripts.
Similarly, denote ¢ in the standard model on Dy, and Dy by

PV = (i)gj)_l 0 thg 0 BV,
It follows from the assumption (¢, gn)(#(zn, tn)) = #(r), 1h,) that we have

(7.10) I B (@0, 0,)) = # L (@, O).

By the distance convergence assumption, we have }/JTVLV v 1/?WW/ uni-
formly as disk maps. Moreover, by (7.9) we have ™% (Z40) = 7 o
Lastly, recall that B(iw.s) and B(i%, ) are open neighborhoods of #y ¢
and &, ., in Dy, and Dy, respectively. Lemma 7.14 implies the conver-

gence #ann (2,,0,) N B(Zgzs) = Zw,zs, and similar convergence holds for
the prime counterpart. Combining these observations we conclude that for
n large enough, we have

(7.11) o™ (#) o, (@0, 0,) N Bdw0)) = #3120, 00) N B(#50e0).

Then the criterion in Lemma 7.6 (2) shows that the edges é = (¥,W) and
& = (V/, W) satisfy either
(1) é ¢ B8 and & ¢ E’%, i.e., the glued vertices satisfy v # w and v/ # w’,
or
(2) é € B8 and & € E%, i.e., the glued vertices satisfy v = w and v/ = w’.
This dichotomy and the assumption {(w) = w’ imply that {(v) = v’ for all
pairs v and v’ as above.

Now fix a pair of edges é = (v,w) and & = (¥/,W'). Suppose this pair
is in case (1), then ¥ and ¥’ are the respective roots of the gluing trees
T% and T/Vg,. Since ((v) = v/ as shown above, we apply Claim 7.13 to get
the biholomorphism ¢y and a subsequence wiPh the distang:e convergence
do’ (Y3, ¥nv) — 0 for all gluing vertices it € V& and 1’ € V/Vg,. Lastly, we
denote the edges e = (v,w) and ¢ = (v/,w’). The convergence assump-
tions (r,,, un) — (7, 1) and (1, uh,) — (7, ') imply that the displaced edge
lengths #, (£,)e and #y (L) converge to #5(De and #y:(Z)e, respec-
tively. It follows from the assumption (C, ¥ )(#(rp, tin)) = #£(17,, k17,) that
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we have #, (€,)e = #/ (£;,)er. Therefore we have the desired equality in
displaced edge lengths #7(0)s = # (£ )e .

It suffices to prove the result for & = (¥,%) and & = (¥, %) in case (2)
when v = w and v/ = w'. First of all, since we have & € E2 \ E& and

€ Es \ E,,, both & and & are additional gluing edges. Hence we have
Te = 0 and 7, = 0, and it follows #5(£ )0—0—#r( )er -

We now construct the biholomorphism 1y and show the desired conver-
gence. Similar as before, we denote the biholomorphism v, ,, in the standard

model on Dy and Dy by
U = (@5 ) T ot 0 B,

We shall use Proposition 13.7 to extract a convergent subsequence of

we Applying Lemma 7.6 (1) to equation (7.11), we get a correspondence
of glued marked points in the shrunk strip neighborhoods
(7.12)

OV (#2200 N (2] s —Rue)) = #r 4y (20, O0) NN (@i =Ry o).

—n 1=

Lemma 7.4 (2) implies that wnw " and Q/JZ’V/ are related by the shift maps

(7.13) = 6% (r e zh) o 0 ¢ (rne ).
Moreover, Lemma 7.3 (2) shows ¢C(rn76,gn)(N(x:’é; —Rps)) = Di \ N(z,, ;)

and there is a similar relation for the prime counterpart. Combining (7.12)
and (7.13) we conclude
(#rn,m ( Lns n) \N(x;é)) = #X;,x ( ;L’Q;L) \ N(:E;L_,é’)
Apply Lemma 7.6 (1) again we have
(7.14) W (# o, @0, 0,) \ B(#7)) = #) o0 (1,,01) \ B(2}).

LR

We now denote the glued marked points outside of B(#; ) and B(&}, ) by
W i=#y o (@0, 0,) \ B(E7), Wy = # o (2,,01) \ B(&).

Hence (7.14) shows Has (Wn) =W,.

In order to apply Proposition 13.7, we still need to establish the con-
vergence of W, and W/, and that of a pair of boundary marked points.
Lemma 7.14 shows Hausdorﬁ convergence W, — #5 :(z,0) \ B(i;) =

ﬁi(g, 0)\ {z; }, and similar convergence holds for the prime counterpart.

Now let f and ' be the outgoing edges of the roots of the gluing trees T8

and T:}gj, respectively. Then a;; ; and a:;_f, are the outgoing boundary marked

points in the glued marked points #, . (z,,0,) and #,/ o (z},,07,), re-
spectively. Thus in the standard model on Dy and Dys, we have

(0507 6)) = (@5) @),
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Furthermore, it follows from Lemma 7.14 that we have (CID)A’W)_I(x ) —

n,f
(i)g)_l(i"%_ ) and similar convergence holds for the prime counterpart.
We now apply Proposition 13.7 to conclude that there is a subsequence

of 1[);;7\7/ that converges to a disk automorphism %% and it satisfies
—& ol N = ] =/
Y (#1.2(Z0)v) = #p (T, 0 )er.

Define ¢y = i)gj 0o (<I>§)‘1, by construction we have 1) (#f@@, Q)\—,) =
H#m 3 (T, Q/)\—,/ and the distance convergence dV' (T/;vﬂ/%v) — 0. We apply
Lemma 7.15 to conclude d®¥ (Y3, ¥ny) — 0 for all gluing vertices @ € V%
and U € V;g, This proves the iteration conclusion. O

This finishes the proof of the main theorem, and we now prove the sup-
porting lemmas used in the above proof.

Lemma 7.14. For every gluing vertex v € V%, we have convergence in
Hausdorff distance
v (£n7Qn)V — #g,z(z7 Q)\_/

Ty

Proof. Fix a gluing vertex v € V% We now show the convergence in Haus-
dorff distance. Note that every boundary marked point in #, . (z,,0,)v
is of the form

Ty i for vertex w € \75 and edge f ¢ E%

Fix such a vertex w and an edge f. In the gluing tree T%, there is a unique
sequence of distinct vertices v = Vg, V1,...,Vr = W such that each consec-
utive pair is adjacent. We denote the glued vertex of w by w := [W], and
discuss the following two cases regarding glued vertices: v = W or v # w.
(As a visual aid, see #(r,,, i) and #(r, p) in Figure 2.)

Suppose we have v = w. Then the marked point T, o in the standard
model on Dy is given by
(7.15) (®5,) o dY, (2, 4 1)-
By Lemma 7.4 (2), the disk automorphism (@f’hv)_l o @Y can be written
as composition of shift maps ¢% (rng;,Z,) or their inverse, where each edge
é; is formed by vertices ¥;_1 and ¥;. Moreover we have r, ¢, — 7,, and the
assumption on glued vertices v = w implies that the gluing parameter 75, > 0
for each i. Hence shift map converges ¢%(rp,,z,) — ¢%(7s,,Z). Then it
follows the continuity in Lemma 7.3 (1) that we have disk automorphism
convergence

(7.16) (®F,) o d¥, — (BY) o Y.

In particular, the sequence converges uniformly on the disk (see Lemma

13.3). By assumption, we have the convergence of the boundary marked
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point x, o ¢ — T ;. Therefore the sequence of marked point in (7.15) con-
verges to (tfg)_lo oY (Ew’f), which is a marked point in #%g@, O)s.
Suppose we have v # w. Then in the sequence of vertices Vg, V1, ..., Vg,

there is a consecutive pair ¥/ and W' such that

o [V']z =V and [W']z # v, and

e ¢/ and W’ form a gluing edge é € E8.
In this case, the marked point T, in the standard model on Dy is given
by

(7.17) (@) oY

Since we have [¥']z = ¥, by the same argument as the first case, the sequence
(@5 .) 1 <I>flzv converges to (®Y) o &Y uniformly on the disk. On the other
hand, Lemma 7.6 (1) implies that the marked point ((ID;A’LZV)_IO (IJ‘;XV (@, 41)
in the standard model on Dy is contained in the shrunk strip neighborhood
N (2 85 —Rne). Hence it converges to Ty . Combining the above observa-
tions, the sequence of marked point in (7.15) converges to (<I>g) -1 <I>§’ (T 8),
which is a marked point in #7 ;(Z, O)s.

This proves that the boundary marked points #! . (z,,0,,)v have the
desired convergence. By the same argument, the ‘interior marked points
converge as well (to interior marked points in the first case, and to boundary

marked points in the second). This proves the desired convergence. O

A

Lemma 7.15. Let v € #4,(V) be a main vertex, and v' := ((v) the cor-
responding verter. Suppose there are vertices Vv € ﬁ}é_gl(v) and V' € ﬁggl(v’)
and a bitholomorphism g : #5z(D)y — #w 3 (D)w. If there is one pair
of gluing vertices vy € \7% and V|, € \Afi_,g, with the distance convergence
d‘A’O"A’()(Q,E\—,,Q/)n,V) — 0, then for every pair of gluing vertices ¥ € \7% and
v e V;g, we have the distance convergence d*¥' (Y3, ¥ny) — 0.

Proof. Fix a pair of gluing vertices v € V% and V' € V;g, Then the bi-
holomorphism 1), in the standard model from D; to D¢ can be written
as

((pz”w)—lo wn,v S (I)Z,v
(7.18)
= ((@}) o), ) o ((@Z’?V/)_lo Y o @fffv) o ((@fn) o wl,).

We first analyze the last factor. There is a unique sequence of distinct

vertices Vg, V1, ...,V = v such that each consecutive pair is adjacent.
. . o \—1 o . o
The disk automorphism (@;‘3\,) o ®7 ., can be written as composition

of shift maps ¢% (rne;»x,) or their inverse, where each edge ¢; is formed by
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vertices V;_1 and ¥;. Since both Vg and v are glued to v, similar to the proof
of Lemma 7.14 we have disk automorphism convergence

(CI)Z?V)_IO (IDX’V — (Ci)go)_lo @g
By the same argument, the first factor in (7.18) has ((IDZ:V,)_IO CIDZ‘I)V, —

((i)g;)_lo @29. Combining with the convergence assumption in the standard
model on Dy, and Dy, we have

(@Zl,v')_lo Yn,v 0 (I)X,v — ((i)g:)_lo g o (T)g'
Thus we have distance convergence d‘A”‘A’/(zﬁv, Yny) — 0. O

7.1.4. Additional Gluing Edges C'Orrespondence.
Let (7,f1) € U:(0, /1) and (7', ") € U(0, (') be an equivalent pair, i.e.,
there is a biholomorphism (¢, ) w1th

() H#(T,m) = #(T 1)

In this section, we study nearby pairs (r, 1) and (1, /) whose glued pairs are
equivalent via a biholomorphism. We shall show that this biholomorphism
yields a correspondence between additional gluing edges on both sides, and
moreover under this correspondence, the biholomorphism maps a uniform
portion of the glued strip into another. We shall use this result in proving
the topology and atlas of the quotient space of disk trees, by applying the
splicing core analysis on the said glued strips.

Firstly, the ordered tree isomorphism ¢ : #7(T) — #f(T’ ) induces a
bijection of non-gluing edges

(7.19) X:E\EE = B\ ES

by composing with the edge identifying maps (4.6) with the induced bijection
of glued edges ( : #E(E) = F (E’)

We now show that the bijection y gives a one-to-one correspondence be-
tween edges with vanishing gluing parameters.

Lemma 7.16. We have x({é € Fnd |7e =0}) ={& € /nd |7, = 0}.

Proof. Let & € E" be a nodal edge with gluing parameter 75 = 0. We
denote its corresponding edge by & := x(é), and we shall show that & is a
nodal edge with gluing parameter 7, = 0. Denote the targets of é and &
via map (4.6) by & € #7(E) and @ € #EI(E’). By construction (5.7) we have
#:({)s = 0. Since #:({)s = # (0)e, we have #i/(f)ér =0. If & is not a
nodal edge, then by construction # (Z)@ = Z’é,, which is not zero by the
choice of & in Remark 5.9 (2). Thus we have & € E™. By (5.7) again, we
have 7, = 0. The implication the other way works similarly. This proves

the result. O
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We state the following relation (without proof) between the tree isomor-
phism of nearby glued trees and their additional gluing edges.

Lemma 7.17. For nearby gluing parameters r € Us(T) and v’ € Uy (7'),
we have X(Er®) = Ef}g if and only there exists an ordered tree isomorphism

¢: #z(T) — #EI(T’) such that ¢ covers ¢ in the sense that diagram (7.4)
commutes.

In Figure 2, each solid strip corresponds to an additional gluing edge in
Egi and ESg , note that there is a bijection between additional gluing edges.

The folfgwing proposition shows that for a nearby equivalent pair, the
image of an additional glued strip under the biholomorphism contains a
uniform portion of the corresponding glued strip. Thus in the quotient
space of disk trees, we can apply the splicing core analysis on these glued
strips.

Proposition 7.18. There exist small 5,8 > 0 and a large k¥’ > 0 such that
if there is a pair (r,p) € Us(7, 1) and (r', 1) € Us/ (7', ') and a biholomor-
phism (¢, 1)) with

(Cy%)(#(f) :u)) = #(flv //)’
then each additional gluing edge & = (V=,v7) in Ezg bijectively corresponds
.. . A (nl— A L =(A\ . Tnlag
to an additional gluing edge & = (¥V'=,¥'7) := x(&) in L. Moreover, we
have inclusion of the glued strips of edges é and &

¥y ([0, Rs] x [0,7]) D [k, Ry — k'] x [0, 7]

with v := V7], = [¥T],. On the other hand, each edge é = (Y~,V") with
Ta = 0 and s < 0 bijectively corresponds to an edge & = (¥~ ,¥'1) := x(é)
with 7, = 0 and 1, < 0. Moreover, we have inclusion of shrunk strip

neighborhoods of edges & and &
Yo (N(27)) D N(ags k')

with v* := [¥F],.

Here [0, Rs] x [0, 7] is the strip obtained by gluing hZ (z7, [0, Rs] x [0, 7])
with hg (x5 ,[—Re,0] % [0,7]), and [0, R%,/] x [0, 7] is obtained similarly. Also
see (3.3) for shrunk strip neighborhoods.

Proof. 1t follows from Theorem 7.12 that for f, 4§ small enough the tree
isomorphism { covers (. Then by Lemma 7.17, we have y(E}®) = E/%8.

Thus for each additional gluing edge é € Egg, its corresponding edge y(é) is
an additional gluing edge. On the other hand, it follows from Lemma 7.16
that for an edge é with 7z = 0 and r; < 0, its corresponding edge ¢ = (&)
has 7, = 0 and 7%, < 0.
We shall prove the first inclusion by contradiction. Suppose there does
not exist such 0,8 and k’. Then there are sequences (r,,,in) — (T, ),
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(rh, uh) — (7', fi'), and k!, — oo such that we get fixed gluing edges Ef = F#
and E/Tg, — B8 and moreover, there are

e an additional gluing edge é € E% with corresponding additional
gluing edge & = x(¢) € B8, and
e a sequence of points z, in the glued disk #;, . (D), which lies
outside of the glued strip [0, Ry s] x [0,7] with image ¢y, v(zn) €
[k By o — K] < [0, ).
The above additional gluing edges are of the form é = (¥~,¥v") and & =
(v/7,¥'1), which descend to edges (v7,v") := (V7 ]z [¥7]z) and (v/7,¥/T) :=
(71w, [V"T]); the vertices v~ and v are glued to the same vertex v in
the tree #p, (T), and ¥/~ and ¥+ are glued to v/ in HFive (T").

Since the point z, lies outside of the glued strip [0, Ry, 3] x [0, 7], it either
(1) lies outside of the strip neighborhood N(z,, ;) in the standard model on
Dy, or (2) lies outside of the strip neighborhood N (a::LFC) in the standard
model on D¢+ (see Figure 1). Thus there exists a subsequence with either

(1) ((I)Z:v)_l(zn) € Dy~ \N(m;;é’)7 or
(2) (@5)7 () € Do \ N(a/F,)).

Suppose we have a subsequence in case (1). We denote the biholomorphism
Yn,v in the standard model on Dy- and Dy— by

YT = (@7 ) T oy 0 DY
The image ¥ v(2,) lies in [ky,, R), o — k7] % [0, 7], so in the standard model

on Dy the image ¥y 2 ((@X;)_l(zn)) lies in the shrunk neighborhood

N (:E;L_Cu—krg) Because we have convergence of boundary marked point

/— —/— /
T, o — Ty and kj, — 0o, we have

(7.20) U (@) (z) = T
On the other hand, we denote the biholomorphism v,— in the standard
model on Dy and Dy~ by
B = (@) oy 0 Y.
By assumption, we have ¢y— (#73(Z,0)¢-) = #v g (z',0')er-. Tt follows

(7.21) P (30) = T

[¢]

Moreover by Theorem 7.12, we have a subsequence (also indexed by n) with
convergence d° ' (5—,n.y) — 0. Therefore the following automorphisms
converge uniformly on the disk

(7.22) RS
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Thus by (7.22), (7.20), and (7.21), the sequence (®}, ,)~!(z,) must converge
to 7. However, this contradicts with condition (1 ), which implies the se-
quence is bounded away from 7 .

Suppose we have a sequence in case (2), we derive a contradiction simi-
larly. This proves that there exists §,6" and &’ that give the first inclusion.
We can prove the second inclusion by a similar argument by contradic-
tion. (]

7.2. Openness of the Biholomorphic Equivalence in D91.

In this section, we show that the collection of neighborhoods . (o; fi; R)
n (5.10) forms a basis for the Deligne-Mumford space ®9Mt. Combining
it with the Hausdorff property in Section 7.1 we prove Theorem 5.11. In
addition, we also prove Theorem 5.17: the collection of maps 6 in (5.13)
forms a smooth atlas for DMN1.

We shall prove the theorems above by using the following results of the
openness of the biholomorphic equivalence. More precisely, we show that
if we have gluing #(7, i) equivalent to gluing # (7, '), then gluing near
#(7, i) is equivalent to gluing near #(7, ,u) For the following results, we
fix representatives i = (T4, (2,6)) and i/ = (1,7, (&',8)) of elements o
and o’ of M. For convenience, we abbreviate

U (2, 1) -= Ue(£) X U ().

We shall use the following result to prove the collection of neighborhoods
in (5.10) forms a basis for the Deligne-Mumford space; we also use it to show
the continuity of each chart 6 in (5.13) and the continuity of its inverse. As
we shall see, this result is a consequence of Theorem 7.22.

Theorem 7.19. Let R be any gluing profile. Assume there is a pair (T, i) €
U0, 1) and (7', i) € Uz (0, i) with

[#I(T, 1) = [#1(T, 1)

Then given &' > 0, there is § > 0 with inclusion

[#Us(T, 1) € 0'Us (', 1))

We shall use the following result in showing the smoothness of the tran-
sition maps of charts. This result is a consequence of Theorem 7.22.

Theorem 7.20. Let R be given by the exponential gluing profile p(r) =
el/" —e. Assume there is a pair (7, 1) € US(0, i) and (¥, @) € US°(0, i)
with
O(c, o) = (', ).
Then there are §,8' > 0 such that for neighborhoods Bs(T, i) C US'(0, i) and
By (7', ji') CUS(0, i) in neighborhood slices, there exists a smooth map

A Bs(F, i) = Be(F, i)
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with \(T, i) = (7', i) such that for (r,u) € Bs(T, i) we have
0(r, ) = 0'(A(z, ).

We shall use the following result to show the injectivity of each chart 6
n (5.13). We shall prove it in Section 7.2.2 by using the estimate given by
Theorem 7.12.

Theorem 7.21. Let R be any gluing profile. There exists an injectivity
radius & = &ni(f1) > 0 such that if (r,p), (r', 1) € U0, i) satisfy

0(r, ) = 0(r', 1),
then we have (r,u) = (', 1').

We now show that the collection of neighborhoods i (o; i; R) in (5.10)
forms a basis for the Deligne-Mumford space.

Proof of Theorem 5.11. Fix a gluing profile R. We now show that the
collection {i.(o;/1; R)} forms a basis. For convenience, we drop the glu-
ing profile R in our notation. Clearly, this collection covers the Deligne-
Mumford space ®9. Suppose there is an element ¢ in the intersection
U (o )N (s @), Let i be a representative of . We claim that there
exists § > 0 with

(7.23) Us(oy ) C Ut (0" 1)),

and analogously there is § > 0 with Us(o; ) C v (0”5 4”7). Thus the neigh-
borhood Us(o; i) lies in the intersection o/ (o”; i) ﬂ Uen(a”; @), proving
the collection forms a basis. We now find § > 0 satisfying (7.23). Firstly,
since the element o lies in . (o’;4'), there is (7,@') € U(0,4') with
[#](Q)ﬂ) =0 = [#](flvla,) We choose ¢’ > 0 with Z/[(gl(f,,ﬂ,) - Z/[E’(Q7 ﬂ/)
Then by Theorem 7.19, there exists § > 0 with

[#1Us (0, 1) € 0'Us°(T', 1))

Since the neighborhood slice is contained in the neighborhood, we have

[#]Us(0, 1)) € 0'US(T', 1)) € [#WUs (', 1)) C [#](U(0, 1)),
where by definition the first set is the neighborhood s(0; i) and the last
set the neighborhood ./ (o”; fi"). This proves (7.23).

The Hausdorff property of this topology is proved after Proposition 7.1.
Furthermore, the topology is independent of the choices of gluing profiles
R because for two gluing profiles R and R’, the transition R'~!o R is a
homeomorphism. This finishes the proof of the theorem. O

We now show that the collection of maps € in (5.13) forms a smooth atlas
for M.

Proof of Theorem 5.17. We show that for a given representative fi of an
element of DM, there exists € > 0 such that the map

0 U0, ) — DM, (r, 1) — [#](z, ).
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is a homeomorphism onto its image. First of all, it follows from Theorem
7.21 that for € < €iyj(f2), the map 6 is injective.

We now prove the continuity of . Let U be an arbitrary open set in
DI, we now show that §~1() is open. It suffices to show that for a given
(7, i) € 0~1(), there exists a neighborhood Bj(7, i) C US(0, 1) in the
neighborhood slice with

(7.24) By(r, i) € 071(D).
Note that each neighborhood Bj(7, i) could be thought of as a neighborhood
slice U3'°(7, 1) with the same fixed automorphism components as US°(0, 1).
Denote o := 0(7, i). Since U is open, there is a basis element is(c; @) with
Us(o; ') C V. Note that by definition we have 0(7, i) = o = [#](0, ).
Applying Theorem 7.19, there exists § > 0 with

[#](Us (T, 1) C 0'(US(0, 7).
Since the neighborhood slice is contained in the neighborhood, we have
0(Bs(T, 1) C [#]Us(T, 1)) C 0'(U5(0, 1)) C [#]Us (0, i')), where the last
set is the neighborhood s (o; @') contained in 0. This proves (7.24).

We now prove the continuity of §~!. Let V be an arbitrary open subset of
the domain U8'°(0, /1), we now show that the image (V') is open. It suffices
to prove that for a given o € 6(V) with a representative fi’, there exists
0 > 0 with

(7.25) Us(o; i1/’ C (V).

Firstly, since the element o lies in 6(V'), there is (7, 1) € V with [#](0, ') =
o = (7, i). We choose a neighborhood Bj(7, 1) C U'¢(0, 1) in the neigh-
borhood slice with Bs(7, i) C V. As before, Bs(7, i) could be thought of

as a neighborhood slice U§!°(7, fi). Then by Theorem 7.19 (with the primed
and the un-primed swapped), there exists ¢’ > 0 with

Uy (05 ') = Uy (0, 1)) © OUS (T, ).
The last set is contained in the image 6(V'). This proves (7.25).
Lastly, we prove the transition map between two charts is smooth. Sup-
pose there are two charts 6 : U51°(0, i) — DM and ¢ : US(0, i) — DM
whose images have a non-empty overlap im(f) N im(6’) # (). Then the

smoothness of the transition map ="' o § follows directly from the smooth-
ness of A in Theorem 7.20. (]

We now state the openness result which implies Theorem 7.19 and The-
orem 7.20. We shall prove this theorem in Section 7.2.1.

Theorem 7.22. Let R be any gluing profile. Assume there is a pair (T, i) €
U0, 1) and (7', ') € U (0, '), and a biholomorphism (¢, v) with

(G V) GHE, 1) = #(T, ).
Then there exist 6,0 > 0 and a continuous map

X Us(T, B) — Us(7, 1)
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with \(T, 1) = (', '), and for each (r,un) € Us(F, ) there is a biholomor-
phism <§£,g . ) with

(r,z,0)
(G0 ) 1)) = H O, ).

This family of biholomorphisms satisfies (CT,TZJ e ) = (¢, ﬁ), with Gz cov-
ering each G, in the sense that (7.4) commutes. Moreover, for vertices ¥
and V' satisfying C([¥]z) = [V'], we denote (r', p) == X(r, ), v := [V, and
v/ := [¥]s, then the biholomorphism in standard model

Vi) = (B0 0V agv 0 PV,
depends continuously on (r,z,0).
Let R be given by the exponential gluing profile p(r) = er —e. Then
the map X : Us(F, ,u) — US(F, i) is smooth, and the biholomorphism in
standard model Q/J(V;LQ) depends smoothly on (r,z,0).

Proof of Theorem 7.19. The result follows directly from the map A in The-
orem 7.22 and its continuity. O

Proof of Theorem 7.20. Define the neighborhood slice U(7, fi') by fixing
the same automorphism components as the neighborhood Shce Z/IES,IC(Q, i)
(see Definition 5.14). By Theorem 7.22, there is a smooth map \ : Us (7, i) —
Us(r', i) such that for each (r, u) € Us(T, i), we have 0(r, 1) = 0/ (A(r, ).
This smooth map induces our desired map as follows. The neighborhood
Bs(F, i) C U(0, 1) is a submanifold of the neighborhood Us(, fi); by our
choice of the neighborhood slice, U(7, fi’) is the same as the neighborhood
By (7', /). Therefore the map obtained from Theorem 7.22 induces a smooth
map A : Bs(7, i) — By (7', i'). This proves the theorem. O

7.2.1. Proof of Theorem 7.22.

We first assume R is given by the logarithm gluing proﬁl R(r) = —In(r).
By assumption, for each main vertex v € #;(V) and ¥/ =( (\7) we have
a biholomorphism v : #7 z(D)v — ## z/(D)y with
(7.26) Vo (#r5(2.0)) = #r.2 (2, )

For every pair of corresponding vertices v and v/, we fix an arbitrary pair of
factorization 7y : #7z(D)y — D and 7, : ## 7 (D)y — D with
7_—* o Ty = T;Z)V

Thus we have
(7.27) To(#:2(Z,0)v) = Tor(F#p 2 (@, 0)w).

For each main vertex v € Vm, we denote the biholomorphism 75, in the
standard model on Dy by
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where @ is the standard pullback in Definition 7.4. We denote this tuple
of disk automorphisms by 5 = (gv)vevmv and the 5—ne1ghborhood of 5 by

U5(£ ). Similarly, we denote its prime counterpart by 5 (5"’ )or I
We now construct a map a which will induce the desired map A. We
first specify the domain and the target of a. We define sets Ms(7, £, Z, 0, é)

and Mglc(f,f,z,g, g) around the point (7,7, Z, 0, E) They are similar to
the neighborhood Us(r, ii) and neighborhood slice Us'(r, 1), along with a
neighborhood of disk automorphisms § which satisfy certain constraints.

(7.29) Ms(r, 4, £,0,€) = {(r,£,2,0,6) | (1),(2)} -
(1) We have (r, (T, £, z,0)) € Us(7, i), and & € Us(E).
(2) We'i impose the constraint £ o ¢?(rs, z) o (€¥7)~1 = Id for all edges
e=(F",vN e E%, where ¢° is the shift map in Definition 7.2.
Define the set M §1° (7,4,%,0, § ) the same as above except replacing the neigh-

borhood Us(7, i) by the neighborhood slice US(7, [i). Note that the point
(7,£,Z,0,§) indeed belongs to the set, because by construction (7.28) the

constraint £ 0¢? (e, Z)o (£77) 1 = Id is satisfied for all edges é = (v~,v1) €
E%.

~We show that there exists a map «, from which we shall derive the map
A in the statement of the theorem.

Claim 7.23. There exist 5,8 > 0, and a continuous map

o Ms(7,0,2,0,§) — Slc(fl,z,i/,é/ag)

\_/\_/

(r,4,z,0,8) = (r', 02,0, ¢)
such that the domain Mg( 0. T, 0, §) and the target M3)°(7', £ ,z’,g’,g’) are
manifolds; for (r', ¢ 2,0 f) = a(r,l,z,0,§), there is a biholomorphism
(¢, ) with

(¢, ) (F#(r, (T,4,2,0)) = #(', (T, 0,2/, 0)).

Moreover, the biholomorphism in standard model is given by

1/1\77\7/ — (61\7/)—1 o 6\7
In order to construct the map «, we first fix a set of gluing edges E&. We
then construct a smooth map ag, on the subset of Ms(T,£,x,0,§) whose
gluing parameters r belong to the quadrant

(7.30) {r|re>0forécE® and rs <0 for & € B\ E8).

Note that (7.30) is the closure of the set {r|E$ = E£}, where in (7.30) the
parameter rs is allowed to vanish for a gluing edge é € ES. To prove that
this defines a continuous map «, we then verify that the set of maps {ap, }
matches pairwise at the intersection of their domains.
Fix a set of gluing edges E# with E% c B8 c {&é € BM|7 > 0} (see
(7.2)) and define the additional gluing edges by E*% := E2 \ E£ (see (7.3)).
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Applying the bijection x in (7.19) we define the corresponding additional
gluing edges by

(7.31) B8 = y(E)

and the corresponding gluing edges by E’8 := E’g U Ee.
We decompose the gluing parameters 7 and 7’ into non-gluing and gluing
components

(732) r= ((gé)éeElld\Eg7 (Eé)ée}:]g) ) f/ = <(§/é/)é/€E/nd\E/g7 (f/é’)é/eE/g) .
By construction we have 53 < 0 and ¢ > 0, and 5%, < 0 and t}, > 0. Writing
7 = (5,1) and 7 = (8,1'), we shall construct a smooth map

(7.33)  ape : Ms(5,0) x Ms(£,2,0,€) — My/(5,0) x M3, 2,8, €)
(5,0 (t,z,0,8) = (s, £), (', 2,0, £)),

such that all parameters t are positive if and only if all parameters t' are
positive, and in that case there is a biholomorphism (¢,v) with

(7.34) (€ ) #((s,), (T, £, z,0)) = #((s,), (T, £, 2, 0)).
Moreover, the biholomorphism in standard model is given by
(7.35) W = () ot

We first construct this smooth map agp,, and then verify that the set
of maps {ap,} matches pairwise at the intersection of their domains. By
construction we have the one-to-one correspondence of additional gluing
edges x(E?8) = E8. Then it follows from Lemma 7.17 that there is an
ordered tree isomorphism

(7.36) C: #as(T) = # (1),

such that ¢ covers ( in the sense that (7.4) commutes. We construct the
non-gluing components Ms(5,£) — Mg (5’,2) of the map oy, and then the
gluing components Ms(t,Z,0,€) — MS}C(f,@’,Q’,g) of the map apy.

We first construct the non-gluing components of ap,. Similar to (7.29),
we define a set My(3,£) around the point (5, £).

(7.37) M;(5,0) == {(s,0) | (1), (2)} -

(1) We have s € Us(5), and s; < 0 for each non-gluing nodal edge
é e Bnd )\ FE,

(2) We have s € (lg —e,4s +€) N [0,1] for each é € E. Moreover, we
fix £z = 0 for all nodal edges é € End, and fix £ = 1 for edges é =
(¥v7,v") with either ¥~ or ¥ being a critical vertex (see Definition
5.8).
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We now construct the non-gluing components of oy,
(7.38) M;(5,0) = My(5.,0), (5,0) (5,0

such that equation (7.34) holds. Since the bijection Y maps E*8 to 28
by construction, we have a one-to-one correspondence of non-gluing edges
Y(E\E8) = ((E\Eg) \ E28) = (E/\ E/g) \ E/28 = E/\ E’%. For corresponding
edges é and &, we denote their glued edges by e and €’ in (4.6). In order for
equation (7.34) to hold, we need to solve the equation

(7.39) #s(D)e = H ().
Decompose the equation y(E \ E8) = B/ \ E’¢ as
SO By U (B2 B8)) = (B \ B/29) U (B0 \ %),
Thus equation (7.39) gives four possible forms of equations. Depending on

where é and & lie in the above partition, by the construction of displaced
length in (5.6) and (5.7) we can have

—u(s%) —(s8)
T—u(shy)” 1—u(se)
where ¢ : (—00,0] — (—00,0] is a smooth increasing function chosen before
Remark 4.2. There exist §,8 > 0 such that for every (s, ) € M;s(3,£) we
can find (s',0) € Mg (5 v ) that solve the above equation. Moreover, the
solution (s’,/¢') depends smoothly on (s,£). In particular, for a non-gluing
nodal edge é € End \ E¢ with 5; = 0, by Lemma 7.16 we have & € E/md \E’g
with 55, = 0. In this case, (7.39) gives us
(7.41) S6 = Sk

We now construct the gluing components of ap,. Similar to (7.29), we
define sets M;(Z,z,0,€) and M§(t,z,0,£) around the point (£, z,0,£).

(7.42) Ms(t,2,0,€) = {(t.z,0,£) | (1),(2),(3)} .

(1) We have t € Us(t), and t; > 0 for each gluing edge é € E2 (in
particular g € [0,0) for each additional gluing edge é € E28).

(2) We have (z,0) € Us(z,0) and § € Us(§).

(3) We impose the constraint £ o ¢%(ts, z) o (£€¥7)~1 = Id for all edges
e=(F",vN e E%, where ¢° is the shift map in Definition 7.2.

(7.40) b =104, U=

/ o
=Vly, Or 55 = S,

Define the set M glc(f, z,0, § ) the same as a above except replacing the neigh-

borhood Us(Z, ) by the neighborhood slice U5'¢(Z, 6). We now construct the
gluing components of the map oy,

(7.43)  M;(t,z,0,6) » My<(t,%,d,£), (t,z,0¢&)— (t,2/,d,¢)

along with the biholomorphism ¢ such that equation (7.34) holds. Towards

that end, we construct a map €2 in the next lemma. Certain components of

the map (2 take value in the compactified disk automorphism group Aut(D)
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(see Remark 13.2); such a component results from a potentially zero gluing
parameter t; for an additional gluing edge é.

Lemma 7.24. Define Q : M;(L, z,0,&) — Aut(D)2™* x MP(9D) x MP(D°)
as follows.

Qt, z,0,§)
- <(§Oio ¢é(t‘3’£) © (gﬁ)_l)ée]@ag’ (50(55976))06\71",%}3%’ (50(9\7))\76\7’") '

Then there exists & > 0 with the following properties.

(1) M;s(t, z,0, §) is a manifold with boundary, and the map § is a sub-
mersion onto its image.
(2) Mg’lc(f, z,0,§) is a manifold with boundary, and the map Q restricted

to Mglc(f, z,0, g) s a diffeomorphism onto its image.

(3) For each additional gluing edge & = (v~,vt) € E* with vanishing
parameter ty = 0, the first component ¥ o ¢°(0,z) o ({ﬁ)_1 lies on
the boundary of the compactification Aut(D), with (n,a) coordinates
(see Remark 13.2) given by

() = (£ (@) (€ @) €' @)

We shall prove this lemma later in this section. We claim that with the
correct ordering, we have

(7.44) Q(,

,0,6) =Q(,7,d,8).

|81

Indeed, for each additional gluing edge é € JOR , we denote its corresponding
additional gluing edge by & := y(&). It follows from equation (7.27) and def-
inition (7.28) that we have £ (z;) = & () and & (z1) = e ().
Then the (1,a) coordinates given in Lemma 7.24 (3) imply
5\7* o ¢é(07§) o (g‘\”f*)—l _ g/\?’* o @é/(O,Z,) o (g/\?’*)—l‘

Now let v € #,(V) be an arbitrary main vertex and v/ := ((v) its cor-
responding vertex. For each gluing vertex v € V¢ with edge é ¢ E%,
equation (7.27) shows that there is a gluing vertex v/ € \A/Lg, with edge
& ¢ E:ﬁ whose boundary marked point corresponds 7(Ze) = 70/(T5 o)
with (([¥]z) = [¢/]7. Then by definition (7.28) we have

(7.45) £ (Tg0) = EY (Z5 &)

Similarly, for each gluing vertex v € V& with index j < n(o;), equation
(7.27) shows that there is a gluing vertex ¥ € V5 with index j' < n(a.,)
with

(7.46) €% (03,5) = € (8 ;1)
This proves equation (7.44).



Applying Lemma 7.24, we pick ¢’ > 0 such that the map Q' with domain
Mt 7, o ,g) is a diffeomorphism onto its image, and we pick § > 0
with inclusion Q(Mj;(Z,z,6,€)) € Y (MI(,z',d,£)). Keeping the same
ordering as in equation (7.44_), the above process defines a smooth map

(7.47) V' loQ: Ms(t,£,5,€) — My“(t,7,d,€)

This defines the gluing components of the map ag, in (7.43).

Note that for corresponding additional gluing edges é and &', we have
te = 0 if and only if t, = 0, because by Lemma 7.24 (3) this is the case
when the element &% o ¢¢(ts, z) o (€77)71 = £ 0 ¢ (th,a") o (€)1 lies
on the boundary of the compactification Aut(D). Hence all parameters ¢
are positive if and only if all parameters ¢’ are positive. In the case when all
gluing parameters are positive, we show that there are biholomorphisms 1
satisfying equation (7.34), which translates to

(7.48) Y(#ea(2,0)) = #y (2, 0),

with standard model %" = (&¥)~1 0 £¥. For a fixed tuple (¢,z, o, §) and
its image (t',2/,¢/,£') in (7.47) and each main vertex v € #p, (V) and v/ :=
¢(v), we now construct a pair of biholomorphisms 7y : #;.(D)y — D and
7!, : #y o(D)y — D with .

(7.49) To(#rz(2,0)v) = 70 (Fv 2 (2,0 )vr).

Let rt, and rtys be the respective roots of the gluing trees T% and T:,gi We
define biholomorphisms

(7.50) Ty = gftv o (Q)f;tv)_17 U g’ftv' o (@ftlvl)—l'

\A \A

We now verify equation (7.49) for the pair 7, and 7/,. Denoting their ex-
pressions in standard models by 7V := 7, oq)g and 7' = 1 o@ﬁj. It suffices
to check 7%(z55) = 7'V (2% &) for corresponding (v,é) and (V/,&') same as
in (7.45), and 7% (05 ;) = 7' (0% ;) for corresponding (¥, j) and (', j') same
as in (7.46). Recall that in the above correspondence, vertices v and ¥ sat-
isfy ¢([¥]z) = [¥/]z. Moreover, by the construction of map (7.47), we have

W (z50) = f’ﬁl(xg“é,) and £%(og ;) = f’f’/(og,d,) for (v,é), (v/,&), (v,7), and
(¥',7') as above. Thus in order to show equation (7.49), it suffices to verify
that for vertices ¥ and ¥’ satisfying (([¥]7) = [¥']7, we have

o (&)1

Conceptually, we need to show that disk automorphisms &' and &V are

obtained from rescaling 7% and 7'V by the same factor. We first examine

how to rescale 7V to get &¥. Let rty = ¥g,¥1,...,Vx = V be consecutive
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vertices, and let é; = (¥;_1,7V;) be their connecting edges. Thus we write
V=10 ((IJSJV)_l o @Y as follows.

7 =7 0 ¢ (rey, 2) T 0+ 0 6% (rgy, 2) 7!
= (€% 06 (rey ) o (€M) )o(5V1o¢62<r02, )7 o (€))o
o (€71 0 ¢ (rg,2) o (€7) ) o€

The first equality is by Lemma 7.4 (2), and the second equality is due to
the construction (7.50) 7" = £, Thus we write

TV =Wog.

In other words, &V is a rescaling of 7¥ by a disk automorphism W¥. Further-
more, each rescaling factor

"1 0 ¢ (re, ) " o (£¥) 7
is either equal to the identity map for &; € E%, or equal to the inverse of a

component of §2 for &; € Eee (see Lemma 7.24). Similarly, we can express £’ v
as a sequence of rescaling 7V = ¥’ 0 &%, Since ¥ and V' give corresponding
glued vertices (([¥]z) = [¥']#, the rescaling ¥ and ¥’ go through the same
sequence of non-identity rescaling factor

A _ o+ al _ o=\ —

SV O¢e(TC, ) (gv ) — glv O¢e (T‘g/,gl) 1o (glv ) 17
where additional gluing edges é € £ and & € E/28 are such that y(¢) = &'
This shows the total rescalings are the same W = W’. This proves equation
(7.51) and also (7.49). Lastly, define the biholomorphism ), := T‘//,_IOTV, and
equivalence ¢y (#,4(z, 0)v) = # 2 (2, ')y follows from (7.49). Moreover,
for vertices ¥ and v satisfying (([V]z) = [V/], the standard model of vy is
given by

P = (7_/9’)—1 . (5/9’)—1 o€,

where the second equality follows from (7.51). This along with the equality
of displaced edge lengths (7.39) verify the biholomorphic equivalence (7.34)
and the form of the biholomorphism (7.35). This finishes the construction
of the map ay,.

We now verify that the set of maps {ayp,} matches pairwise at the in-
tersection of their domains. Let E% and Eg be two arbitrary sets of gluing
edges with Ef c Ef E§ c {¢ € E™|7 > 0} and we define their cor-
responding gluing edges E/E and E;g by (7.31) as before. For each point
(r,f,z,0,§) € Ms(r,£,%,0,&) in the intersection of two quadrants, satisfy-
ing

Ta > OforéGE% and 75 <0 foréeEnd\Eg, and
réEOforéeﬁl% andragOforéGEnd\Eg,
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we prove
(752) Oé}::% (fa £7 z, 0, é) = a]:]g (£7 £7 Z, 0, §)

By construction, the defining equations for two sides are the same except
at edges é with vanishing gluing parameter r; = 0 and either € € E?g and
¢ e B\ ES or é € B3 and é € B\ E®. In other words, the defining
equations differ when an edge is treated as a gluing edge on one side and as
a non-gluing edge on the other. By symmetry, we only consider the former
case and fix an edge é with rs =0, é € E?g, and é € End\Eg. By construction
(7.31), the corresponding edge & satisfies & € E*® and & € E™ \ E. The
defining equation of ap which involves the edge € is given by (7.47)

(7.53) € 0 ¢ (re, ) o (67) =€ 0 g% (1, 2) 0 (€77) 7L,

On the other hand, the defining equation of e which involves the edge é
is given by (7.41) and (7.47)

(7.54) re=rl, & (@) =" (2

By the (n,a) coordinates in Lemma 7.24 (3), at 7z = 0 both (7.53) and
(7.54) give the same equation r}, = 0 and ¢ (xF) = ¢ (z5F). This proves
(7.52), in other words, the maps ags and Qg agree. This shows that « is a

)

e/

continuous map, and we finish proving Claim 7.23.

As we shall see later, we can fix a family of disk automorphisms &, plug
in the map « in Claim 7.23, and obtain the desired map A : Us(7,u) —
US(7,@'). But before that, we explore the continuity /smoothness property
further. Recall that in the construction of the map « in Claim 7.23, we
use p(r) = —In(r) as the the gluing profile. We now study this map under
general gluing profiles R. Define a map given by « with gluing profile R

) = My 0,7,d.€),
z,0,8) ~ (R op(r)),l,2',0,¢)

(7.55) ot My(7,2,2,0,€)
(r,

with (17,0, 2,0, &) :== a(p™ o R(r), £, z,0,€).
We now prove its continuity/smoothness property.

£
£,

Claim 7.25. For any continuous gluing profile R, the map o't is continuous.
Let o(r) = el/" — e be the exponential gluing profile. Then the map of is
smooth.

By Remark 5.9 (1), the gluing profile R : (0,1] — [0,00) is a homeomor-
phism. Hence the map aff is continuous. It suffices to show that the map
a¥ under the exponential gluing profile is smooth.

Let O~ 1oQ : Ms(t,z,0&) — Mg}c(f,fl,él,g) be the map in (7.47),

where the submersion  and diffeomorphism € are given in Lemma 7.24.
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Lemma 7.26. We view (t',2/,0,¢) := Q71 o Q(t,2,0,§) as a function.
Fiz additional gluing edges & € £ and & = x(é) € E28. Then at a point
(£, &, 0, §) € Ms(t,z,0,&) with te = 0, the partial derivative satisfies

Otét’é, > 0.

We shall prove this lemma later in this section. In order to show that a%
is smooth, we first examine the smoothness of a. Recall that the map « is
constructed from a set of smooth maps {ag,} (see (7.33)). Let ES and ES
be two arbitrary sets of gluing edges with E& c E2, Eg c{eeEM|7r >0},
and E’lg and E/Qg their corresponding gluing edges. Fix a point (7, 0, %,0, §) €
M;5(7, £, Z,0,€) in the intersection of two quadrants, satisfying

Fs > 0 for & € E? and 7 < 0 for & € E™ \ E%, and
féZOforéeﬁgandfé§0foré€End\E§,

We compare the derivatives Qe and Qe at the point (7, 0.%,0, é) In the
same logic as verifying equation (7.52), we only focus on terms involving r,
where € is an edge with
fo =0, & c B3 and é € M\ RS,
We first study Qg Viewing (', 0, 2',0',¢') := Qps (r,4,z,0,§) as a func-

tion, at the point (%, £, Z, 0, §) we have partial derivatives
(7.56) Or,rt >0, and 8,'?6y/ not necessarily 0,

where ¢/ is any component in (r/, £, 2/, o/, ) other than r%,. The above result

follows from Lemma 7.26 since é € E?g.
We now study Q. Viewing (r/,0',2',0, ') == g (r,4,2,0,&) as a func-

tion, nearby the point (7,4, &, 6, é) we have

(7.57) i, =1, and y' independent of rg,

where 3/ is any component in (', ¢, 2/, 0/, 13 ') other than rl,. The above result
follows from equation (7.41) since é € Ed \ EX.

Cross-examining (7.56) and (7.57) we notice that the partial derivatives
do not match at the point (7,4, Z,0,£). Therefore the map « is not smooth.
However by changing to the exponential gluing profile ¢, Theorem 13.9 im-
plies that 77, is a smooth function around (7,¢,&,0,£). Moreover, Lemma

13.10 (3) implies that each 3/ as above is a smooth function around (%, £, &, 6, §)
This finishes proving the smoothness result in Claim 7.25.

Finally, we establish the desired map A : Us(7, @) — US(F, i) from
the map « in Lemma 7.23. We claim that we can choose a family of disk
automorphisms {(r, z) such that for each element (r, (T,4,z,0)) € Us(F, i),
the point (r,£,z,0,{(r,z)) lies in the manifold M;(r, l, E,Q,g) defined in
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(7.29). Indeed, for each main glued vertex ¥ € #5(V), we pick a gluing vertex
Vg € \7% Then choose an arbitrary disk automorphism &% € Us(£%0), and
for other gluing vertices ¥ € V% we define ¢V using the standard pullbacks
€% := €% o (@)L 0 @Y. Here the map (®7°)~! o &Y can be expressed as a
composition of shift maps depending on the variables (r, z). By construction,
this family satisfies the constraint in condition (2) of (7.29).

Given (r, (T, l,x,0)) € Us(T, 1), we plug the family of automorphisms into
the map « and define

(7.58) (', 0,2',0,¢) = a(r, b,z,0,{(r, z)).

Lastly, we define A(r, (T,4,z,0)) = (¢, (T, £, 2, ¢')). The continuity of the
map A follows from the continuity of the map « in Lemma 7.23. More-
over, by construction (7.47), the disk automorphisms é’ are of the form
&(r,x,0,&(r,z)). Thus Lemma 7.23 shows that the biholomorphism in stan-

dard model is of the form
%’Z,g) =&V (r,z,07 0 (r,2)

and it depends on (r, z, 0) continuously. (In fact, one can show that the map
A is independent of the choices of the family of disk automorphisms {(r, z).)

Under the exponential gluing profile ¢, the smoothness of A and the
smooth dependence of the biholomorphism ¢§£§79) follow directly from the
smoothness of the map a¥ in Claim 7.25.

We now gear towards proving Lemma 7.24. Firstly we study the shift
map between two families of strip coordinates around a gluing parameter
s > 0.

Lemma 7.27. Given an edge ¢ = (Y~,v") and a pair of families of strip

coordinates h(zy,-) : R* x [0,7] — D= near #F. Recall that the shift map
1s the disk automorphism given by

¢ (re,z) = hy (x5 ,-) o Lr, o hi (xF, )™ : Dyt — Dy

e
Let 75 be a positive gluing parameter. Then viewing (re, z) — ¢°(re, ) as a
map into Aut(D), the derivative

D(Tévxgvxg)(be (7:67 Z)
is invertible.
Proof. Since the edge é is fixed, we shall drop it from the notation. We now
choose a convenient set of coordinates to compute this derivative. Recall
from Definition 3.8 that h*(z%,-) can be written as h*(z*,-) = f;ti o pE,

where each f;ti is a Mobius transformation that maps the extended upper
half plane to the disk, and we have

(7.59) f;ti(o) = xi7 f;ti(oo) = ;ti(oo)
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Note that f; (c0), f7;(0), and fF, (1) are three fixed boundary marked
points on the disk. It follows from Proposition 13.8 that the tuple
(7.60) Alx™,2™,r) = (6(r,z) (£ (00)), &(r,2)(f11(0)), ¢(r,2)(f1 (1))

provides a set of coordinates for the point ¢(r,z) € Aut(D). We claim that
the derivative D, ,+ ,)¢(7,Z) under this system of coordinates is of the
form

1 00
0 ¢ 0,
* x d

with ¢,d # 0. The columns of the above derivative are written in the order
Oy, Op+, and 0., and the rows in the same order as appeared in (7.60). We
now verify this claim.

It follows from 7.3 (1) we have the the expression

_ -1
(761) ¢(7‘7£)(Z) = fxf <7" : m) .
Therefore we have
A=, &7, 7) = (£2(0), £, (00), fi-(=F)) = (7, £ (00), f- (=),

where the second equality follows from (7.59). This explains the first column
of the derivative. Similarly, we have

PUEATO T Foly P — L 3 -

We have 0,+(f, )71 (#") # 0. This explains the second column. Lastly, we
have

A@E™, ", r) = (f2(0), f(00), fr- (1))
The last column is self-explanatory. This proves that the derivative is in-
vertible. O

We now study the shift map between two families of coordinates around
a gluing parameter 75 = 0.

Lemma 7.28. Given a gluing edge é = (Y~,V1), and a pair of families of
strip coordinates hE (¥, ) : R* x [0,7] — Dy+ near i¥. Recall that the shift
map 1s the disk automorphism given by

(bé(ré,g) = h; (z;,-)oLg, 0 h;(xgr, -)_1 : Do+ — Dy
Then ¢°(0,z) lies in the compactified disk automorphism group A—ut(D) (see
Remark 15.2). Moreover, the (n,a) coordinates (see (13.1)) of ¢°(0,x) is
given by



Viewing (rs,z) — ¢%(rs,x) as a map into the compactification Aut(D), the
derivative A

D(ré,xé* ,x;r)Qﬁe(Oa Z)
1s invertible.

Proof. Since the edge é is fixed, we shall drop it from the notation. By a
computation analogous to Lemma 7.3 (1) using the generalized family of
strip neighborhoods, we have

1
7.62 QST‘,E z :f_7 e — ,
(7.62) (rz)(2) = f; < 0 1(;;))

and its inverse is given by

-1
(7.63) qﬁ(r,g,g)_l(z) = ; <7‘ . T) .
(f-) ()
Recall from (13.1) that we parametrize Aut(D) by v, .(2) = n==%. Note
that 1/)77[11(0) = a and 1y, 4(0) = na. Therefore the (1, a) coordinates of ¢(r, x)
is given by

~1
~1 —1
7.64 r,T :fm_, re——— 0 |- ;l <7‘-7_ >] ,
ot < (/) 1<0>> [ (/7))

-1
7.65 a(r,xz) = f1, re——1-
(65 o015 )

We claim that the derivative D, .+ ,1¢(0,Z) in (n,a) coordinates is of the
form

1 -1 =«
0 1 x|,
0 0 ¢

with ¢ # 0. The columns of the above derivative are written in the order
Oy, Oy+, and 0, and the rows in the order  and a. We now verify this

claim.
Recall that by definition, we have f;ti (0) = z£. Tt follows from (7.64)
and (7.65) that

(7.66) n(0,2) =2~ - (&)™, a(0,z) =2
Using charts around 7(0, ) and a(0,Z), the above observation explains the
first two columns of the matrix.

We now show the last column is of the desired form by use ( ;)_1 as a
chart around a(0,Z) = &T. The partial of a with respect to r is

(7.67) 8, (( )7 oa) (0, ) = —71

whose imaginary part equals to some ¢ > 0. U
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By using the automorphism components (see Remark 5.13), the following
lemma establishes a one-to-one correspondence between the neighborhood
slice and the neighborhood. Since the correspondence is local in nature, we
shall not keep track of the size of the neighborhoods.

Lemma 7.29. Let (Z,0) be boundary and interior marked points on a single
disk and U3°(z,0) a neighborhood slice (Definition 5.14). Let & € Aut(D) be

a disk automorphism and Us(§) a neighborhood in Aut(D). Then the inverse
of the map

U U5 (2, 0) x Us(€) — Un(E(Z,0))
(@,0,8) — &(z,0)
is of the form
I : Us(€(z,0)) — US(Z,0) x Un(€)
(z,0) = (1/1;3@79) (,0), %a@,@) :
where Ya(y o) is defined in Remark 5.13.

Proof. This proof is mostly tautology. By definition, we have W o I'(z,0) =
(z,0). Tt suffices to verify the other composition.

Given (z,0) € U°(Z,0) and £ € Uy (€), by definition of the neighborhood
slice, we have

(7.68) (2, 0)) = £(7*(L, 0))-

By Proposition 13.8, £ is the unique disk automorphism which maps 72(z, 0)
to m*(§(x,0)). By definition, we have 9a(¢(z,0)) = € Then it immediately
follows T' o ¥(z,0,§) = (z,0,%). O

We now prove Lemma 7.24.

Proof of Lemma 7.24. This result is local in nature, so we will not keep track
of the constant § > 0 by abuse of notation.
(2) We first prove (2), the case restricting to the domain Mj(,z,0,¢).
We prove this result by first pre-composing the map 2 with I' from Lemma
7.29. Since the map €2 involves the map ¥ in Lemma 7.29, by a change of
coordinates, QoI takes on a simpler form. Next we use the implicit function
theorem to eliminate the dependent variables defined by condition (3) in the
definition of M;'°(¢,Z,0,€) in (7.42). And then we take the derivative and
show that it is invertible.

Recall from Lemma 7.29 that the map I' identify points in a neighborhood
with pairs of points in a neighborhood slice and disk automorphisms. We
denote the following marked points by

(iv Q) = §(E, Q)

82



The set I'"1(M;'(£,z,0,€)) consists of (t,z,0) where the marked points
(z,0) € Us(Z,0) are such that for each gluing edge é € E%, the map

& -1
(769) wwa@{,,,go,) °¢ < ea¢7ralm 0) ( )) © ¢ﬂ-a(£‘7+79{7+)

is equal to the identity map (see the constraint in condition (3) of (7.42)).
Furthermore, the expression of the ﬁrsAt component of € oI is the same as
(7.69) for additional gluing edges é € E*¢. The second component of Qo T’

is simply given by (2¢8)¢cqm oghe and the last component (o (04)¢em:
We now define a set of generalized family of strip coordinates near x for

each gluing edge é € ks by

(7'70) s ( Lo+, Og+, ) wﬂa(ﬂc +£,06+) ° h (wwa(w NG ﬂ:)(xét)’ ) '
The map in (7.69) is the generalized shift map
(771) ¢O(t07x 0) = Us ( L—5 05— ) o LR(t ) SR ( Lt Oty )_1'

In summary, the composite map = := Q o I' of the form

E(L &7 Q) = ((Qb (tev HY 0))C€Eag7 (xV e)vg\/m oiEg’ (Qv)vg\/m>
whose domain is given by

Ns :={(t,z,0)[(1),(2),(3)} .

(1) We have t € Us(f), and t; > 0 for each gluing edge ¢ € E# (in
particular t¢ € [0,6) for each additional gluing edge & € E8).

(2) We have (z,0) € Us(z,0).
(3) We impose the constraint ¢°(ts, z, 0) = Id for all gluing edges é € EE.
Now it suffices to prove that = is a diffeomorphism on Ng for small enough
0 > 0. To do this, we transform the problem yet again by eliminating the
dependent variables in condition (3) above. Applying Lemma 7.27, we see
that for each gluing edge e € Eg the derivative D(t a7 ] )qb (te, Z, 0) is

invertible. Then by the implicit function theorem, the varlables ts, T,

and z can be expressed as functions of other variables in (z-,0,-) and
(Zg+,00+). Thus we define a set Ny by eliminating the components xg,

and ZE: for each e € E% from the set Ns. More precisely, we have

(7.72) Ny = {((te)scors (¥5.0)eqm ocos: (T0.0)scm e (0)sexm ) |

By abuse of notatlon we still write each element of Ny as (t,z,0). We now
define a map Z on Nj

(7.73) =(t,z,0) = <(c§é(te,£, 0))seioer (T9,:6)geym egies (Qo)oe\%n> :

where qz/bé(te, z,0) is defined from ¢°(ts, 2, 0) in (7.71) by expressing marked
points (z; , Iy ) for f e Eg in terms of other variables.
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It follows from Lemma 7.28 that for an additional gluing edge é € E?8,
the derivative D, . )QS (0,,0) is invertible. Moreover, the (n,a) coor-

dinates given in Lemma 7.28 show that we have derivative ang(Q, Z,0) =0
for all variables y in (¢,z,0) other than s,z , x: This combined with the
simple form of derivatives of other components implies that the derivative
DE(Q, &, 0) is invertible. Thus for 6 > 0 small enough, N is a manifold with
boundary and Zisa diffeomorphism on Nj. This shows that the original set
Mglc is a manifold with boundary and the original map €2 is a diffeomorphism
on Mg’lc.

(1) Similarly we prove (1), the submersion result of Q on Mjs(¢,Z,0,§).
Analogous to Lemma 7.29, the inverse of the map

W Us(Z,0) x Us(§) — UN(E(Z, 0)) x UA(E)
(z,0,8) =~ (&(z,0),€)
is of the form
T Us(E(Z,0)) x Us(€) = Ux(Z,0) x Ux(€)
(2,0,8) = (£ '(z,0),€),

As before, we change coordinates and study the map 2 o I'. Denote the
following marked points by

(Z,0) = {(z,0).

We now define a set of generalized family of strip coordinates near :i"zc for
each gluing edge é € E& by

$E Gt $E\—1
(7.74) G @E e ) = onE ((€7) @) ).
The first component of € is transformed to a generalized shift map
(775) ¢6(t67£7 §) = gé_ (‘Té_7 6077 ) o LR(té) © gg_(xg_a §G+7 ')_1’

As before, the composite map = := Q o I' of the form

E(t,z,0,8) = <(¢C(t67£7 E))ecion (T9,6)evm sghe (QG){,E\A/m> :
whose domain is given by

N5 :={(t,z,0,€)(1),(2),(3)}.

(1) We have t € Us(f), and t; > 0 for each gluing edge ¢ € E# (in

particular ¢ € [0,0) for each additional gluing edge & € £%).

(2) We have (z,0) € Us(,0) and £ € Us(€).

(3) We impose the constraint ¢°(ts, z, £) = Id for all gluing edges é € E% .
Similar to the proof of (2), it follows from Lemma 7.27 and Lemma 7.28
that the map = is a a submersion on Ny, and so it the original map 2 on
M.
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(3) Lastly we prove (3). We have

(7.76) 0 ¢ (te,z) 0 (€)= ¢°(te, E(@), §),
where the latter is the generalized shift map given in (7.75). It follows from
Lemma 7.28 that the (1, a) coordinates of ¥ o ¢°(0,z) o ({‘#)_1 is given by

VT (e v -1
(€ (@) (€7 @), €7 (@) O
Proof of Lemma 7.26. We first analyze the derivative of {2 in local coordi-
nates. Denote the image of (Z,Z,0,€) under 2 in Lemma 7.24 by

((7,a),.p) == ULt Z,0,€).
More precisely, Lemma 7.24 (3) implies that the first component is given by

_ 5 -1 _ ot =
(7,@) = (7o, Ge)aefpaes With 7o = £ (27) - (€7 (&))" and s = £ (@)
Also, the last two components are given by boundary marked points y =

(U9,6)5cym oghe with 7 s = £Y(Z ), and interior marked points p P = (p, )vevm
with p. = = ¢Y(0;). Thus Lemma 7.24 (1) defines a map with smaller target
space

Q: M;(t,2,0,8) = U <(ﬁ,@),g p)-

We now set up a chart around the pomt ((7, ,p). For each additional
gluing edge é € Eag, recall that az = 5" (@] hes on the boundary 9D.
Choose a smooth chart f; : B(as) — B(0) w ith fe(as) = 0, where B(ag) is
a neighborhood of ag in the disk D, and B(0) is a neighborhood of 0 in the
upper-half plane {Imz > 0}. For each point ((n,a),y,p) € U-((7,a), 7, p),
we denote the real and imaginary parts of as in the coordinates of f; by

(7.77) ai == Refs(as), a?:=Tmfs(ae).
Recall that the element €7 0¢®(0, )0 (%)~ can be thought of as a general-

ized shift map ¢°(ts, £(z),€) as in (7.76). We view ((n,a),y,p) == Q(t, z,0,§)
as a function of (¢,z,0,&). The calculation in (7.67) implies that at a point

) tie

(£, &, 0, §) with £ = 0, the derivative of the imaginary part of a satisfies
2
(778) atéaé > 0.

We shall use this result later in computing the derivative 0yt .
We now study the derivatives of the inverse of the map 2 defined on the
slice
Q: M3“(t,2,0,€) — U-((7, @), 7, p)-
Lemma 7.24 (2) implies that it is a diffeomorphism onto its image. Thus
viewing (t,z,0,§) = Q_l((ﬂ,g),g,g) as a function of ((n,a),y,p), at a point
((1,a),y,p) with imaginary part a2 = 0, we have

(7.79) Onete =0, Opate =0.

This is because for all points ((n, a), y,p) near ((7,a), §,p) with fixed a2 = 0,

the element &7 0 ¢®(te, z) o (€7 )~ lies on the boundary of Aut(D) and thus
we have tg = 0.
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We now compute the derivative 0y, t}, in the statement of the lemma. By
the chain rule, we have

1= 0y, th = Oy tly - Oy Mo + D1 the - Oy ag + D2 thy - Oy al
= 8a§ tla' : 8té, a(gzv
where the last equality is due to 9y, t;, = 0 and 0,1 t;; = 0 in (7.79). Due to
Ay, a2 > 0 in (7.78), we have D2 t, > 0. Similarly we have
it = Ontly - Due + Oyt tiy - Dy + D2 oy - Oy,
= Og2 tis - Oy a? > 0.

This proves the lemma. U

7.2.2. Proof of Theorem 7.21.
We have trivial biholomorphic equivalence

(C ) (#(0, ) = #(0, ),

with f T T being the identity isomorphism and each biholomorphism
being 1, = Id, and the bijection of edges ¥ : E — E in (7.19) is the identity
map. We now find 6,8’ > 0 such that if there are (r,u) € Us(0, 1) and
(', 1) € U<(0, i) with

(7.80) (€)@ m) = #(',1'),

then é covers (, we have equality of gluing edges E% = k8

-, and lastly we
have matching marked points

(7.81) Ue(@eg) = 250, Uv(0s) = 0,
for gluing vertices v € V&, non-gluing edges & ¢ E% = Ef,, and indices
1 <5 <n(o)

The covering property follows directly from Theorem 7.12, and the equal-
ity Ef = E%, from Lemma 7.17. We now find 4, ¢’ such that equation (7.81)

holds. For each main vertex v € V and index J, we choose an open neigh-
borhood B(#y ;) of the interior marked point & j, similar to open neighbor-
hoods B(Zs) of boundary marked points 2 in Remark 5.9; moreover, we
choose these open neighborhoods mutually disjoint on each disk Ds.

For main vertices ¥, we denote the glued vertices v := [V],, and v/ := [V},
and denote the biholomorphisms 1, in the standard models on Dy and Dy
by

(7.82) 7 = (0%) o hy 0 DY

There exists a positive number A’ such that for all marked points (z/,0') €
Un/(&,06) and all main vertices ¥ € V, we have 2%, ; € B(Z} ;) and ogj €
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B(if ;). By Theorem 7.12, there are 6,6’ > 0 such that if we have biholo-
morphic equivalence (7.80), then we have estimate

(7.83) daue(p) (14, 677) < A'/2.
Without loss of generality, we assume
< A2, 8 <A

because the above estimate persists if we decrease § and §’. In particular,
we have an estimate in the uniform norm of disk automorphisms

(7.84) [Td — " ¥]|co < A/2.
For each non-gluing edge ¢ ¢ E£, we now show 1, (z¢,s) = !, . We have
(7.85) o6 =07 (w0,0)] < |Tve — weel + lwoe — 077 (250

<N/24+N/2< N

We observe that both boundary marked points a;i,o and 1/1‘7"7(33\;76) are glued
marked points in #f,’, (z')ys, and both are A’-close to the marked point & s
due to &' < A" and estimate (7.85). Then by the choice of A’, both a7 ,
and ¢V (24 5) lie in the open set B(&5¢). But é is a non-gluing edge, so by
Lemma 7.6 (2) there is only one marked point in #7‘:’,&, (2/,0')y that lies in
the open set B(Z¢s). Hence we have ¢V (z45) = x:,_e as in (7.81).

We now prove (05 ;) = 0

v.3
(7.86) 60,5 — 77 (00,4)| <655 — 0v 5] + low; — %77 (0¢,5)]
<AJ24 A2 <A

in a similar fashion. As before, we have

Both interior marked points 0:7’ j and ¢07Q(0\;7j) are glued marked points in
#f,ﬁ, (0')v, and both are A’-close to the marked point 6¢ ; due to ¢ < A’
and estimate (7.86). By the choice of A’, both o}, ; and ¥ (05 ;) lie in the
open set B(6¢,;). But there is only one marked point in #;A,’,ﬁ, (2',0')y that
lies in the open set B(ds ;). Hence we have ¥ (0q ;) = (_)’w as in (7.81).
This finishes the proof of equation (7.81).

We shall further restrict 6,6’ > 0 such that for (r,u) € U5'°(0, /1) and

(/1) € U0, ) with equivalence (¢,)(#(r, 1)) = #(',#), we have
the injectivity result (r,u) = (r/,p'). Let § = (£")4eqm be the tuple of
identity disk automorphisms, i.e., ¢&¥ = Id, and let « : MEIC(Q, 0,20, é) —
MglC(Q, 0, %, 0, §) be the map in Claim 7.23 restricted to the slice. Going
through the construction of « in this case, we can show that o is the identity
map. Indeed, for each set of gluing edges E8, the map ag, in (7.33) restricted
to the slice has the form
g« M5(0,0) x M3(0,4,6,€)
§)

((5,0), (t,z,0,8))
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where parameters s = (Sé)éeEnd\Eg and s = (Sé)éeEnd\Eg are non-positive,

and parameters ¢t = (t3) and t' = (té)aeEI,d\Eg are non-negative.

échnd\ke
Going through the construction of the non-gluing components Mj(0, E) —
M;(0, {) with (s, £) ~ (s',£), the form of equation (7.40) turns into 5 = ¢, or
s¢ = s,. Therefore the non-gluing components of the map ay, is the identity.
As for the gluing components of the map MEIC(Q, z,0, §) — ME’lC(Q, z,0, §)
constructed in (7.47), the map Q7! o Q is the identity map, where Q is
defined in Lemma 7.24.

We now choose the positive A’ in the previous analysis so that for any
disk automorphism 1 close to the identity map dau(p)(Id, ) < A'/2, we

have dy . (p)(1d, Y1) < 8, and we choose 4,8’ as before with the additional

condition 8,0’ < &. For such choices, we now show that for (r, 1) € U (0, iv)
and (', ') € U(0, 1) with equivalence

(7.87) (€)@ m) = #(,1'),

we have the injectivity result (r,u) = (r/, /). Firstly, denote the gluing
edges by Es = E% = EE,, and write the gluing parameters as r = (s,t) and
r’ = (s',t') where s and s’ are non-positive, and ¢t and ' are non-negative.
Moreover, we define disk automorphisms &' = (£¥); ¢ by

(7.88) ¢ = (7

We now verify that

(1) the element (t',2',0,¢') lies in the domain MglC(Q, z,0, §), and

(2) we have ag,((s,0), (t,z,0,8)) = ((s.0), (t', 2,0, £)).
Indeed, property (1) is satisfied due to our choices of A" and ¢§’. We now show
property (2). It follows from the equivalence (7.87) that by the definition of

the non-gluing components of oy, (see (7.38)), (s',£') is the image of (s, £).
It suffices to show

Q(t,z,0,6) = Qt' 2/, 0, ¢),

where 2 is the map in Lemma 7.24. By equation (7.81) and definition (7.88),
we have

Toe = (V)TN @h o) = €V (k). oy = (WTT) TN (ah ) = € ().
This shows that the second and the third components of 2 match on both

sides. It only suffices to prove ¢°(ts,z) = &% o ¢°(t},2') o (5’{’+)_1 for each
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gluing edge € € E8. We have
61\770 ¢é(té,£,) o (6/{/+)—1

_ (wv ,v*)—l o ¢6(té,£/) o w\?*,\?*

(®7) Touy o @l 0 ¢(th2) o (
(@gi)_l o <I>$+

= qbé(tév Q) :

The first equality is by definition (7.88), and the second equality is by def-
inition (7.82). The last two equalities follow from Lemma 7.4 (2). This
finishes proving property (2). Thus we have a(r, 4, z,0,§) = (', 0/, 2,0, &),
but on the other hand, « is the identity map. Hence in particular, we have

(r,4,z,0) = (r',0,2',0'). Choosing &inj(f1) to be the minimum of § and &',
we have the injectivity result.

ot
V/

)_1va Oq)$+

8. PROOF FOR THE TOPOLOGY AND THE ATLAS OF THE QUOTIENT
SPACE OF Disk TREES

8.1. Sc-smoothness of Splicing.

In this section, we prove the sc-smoothness result in the splicing arising
from gluing (Section 6.2), and we shall do so by adapting the sc-smoothness
analysis in [7] to our setting.

Recall from Section 6.2 that F is the space of strip nodal maps, and
recall the smooth cut-off function 5 : R — [0, 1] with properties

e 3(s) =1for s < —1and B(s) =0 for s > 1,
e 3'(s) <0 forse(—1,1),
e 3(s)+ B(—s) =1 for all s.
We denote the shifted cut-off function by
Bso(s) == B(s — s0).
For a strip nodal map (£+,£7) € F™, the plus gluing in (6.3) is given by
Or(E,67) = Brp& + (1= Brp) (- R),

and its “complementary map” the minus gluing &, in (6.4) is given by
Sr(€7,67) = — (1= Brp) (€T — 3([€T N R2 + (€T ]=Rp2))
+ Br2(§ (= R) = 5([€Frs2 + [€7]-Rs2)).

where [£7]p/o and [£7]_g/y are the real parts of the integrals
e s=Re [ R0 ) pa = Re [ € (R0
We now prove Lemma 6.8, that the total gluing [, = (®,,S,) is a linear

sc-isomorphism. This result is analogous to Theorem 1.27 of [7].
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Proof of Lemma 6.8. For each (u,v) in the target space G, = H>%([0, R] x
[0, 7], C™; R™) x Hg’ﬁ‘fim(ﬂ% x [0, 7], C™; R™), we now solve the linear equation

G.(61,67) = (u,v) for (¢+,67) € F*d. We define a non-vanishing smooth
function v : R — R by

(8.1) =8+ (1-8)
and denote the shifted function by
Vso(8) = B(s = s0).

Analogous to the proof Theorem 1.27 of [7], solving the linear equation

DT(§+7 5_) = (u7 U)
amounts to inverting a matrix. The solution to the above equation is given
by
(8.2)
[ &t } _ [ Brr  —(1-— 5}2/2)] [ u
EC—R)|  ~rp |1 - Brp Br/2 (2Br2 — Dlulr2 +v] -

Note that the non-vanishing smooth function v arises from taking the de-

Br/2 (1= Bry2)
1 — Bry2) Br/2

For the rest of this section, we choose R to be the exponential gluing
profile given by ¢(r) = e'/" — 1.

We now derive the formula for the splicing (r,£7,£7) +— (¢*,¢7) in (6.5)
and prove its sc-smoothness as stated in Theorem 6.9. Recall from equation
(6.5) that for r € (0,¢), the splicing m,.(£1,£7) = (¢*, (™) is defined by

(¢, ¢T) = @r(€7,67),
@r(c+a C_) =0.

Through a computation using the solution (8.2), we have

terminant of the matrix [_ ( } in the total gluing. 0O

53 ¢ = (12 ) S T+ € )

N %EF N Brya(1 — 5R/2)§_('

_R),
YR/2 YR/2
_ 1-p_ 1 _
Ba) = (12 ) S+ )
N B_rp2(1— 5—}2/2)5_,_(' LR+ (1- 5—R/2)2§_.
Y—R/2 Y—R/2

It is easier to analyze the sc-smoothness of the splicing 7, : F™d — F™d by
viewing each strip nodal map (£7,£7) as the pair (n*+ ¢, ™+ ¢). Here c is
90



the common limit of ¢+ and ¢, and we have nt € H3%(R* x [0, 7], C"; R™).
In this view, the splicing (r,n"+ ¢, + ¢) — ((*,(7) has the formula

83) "ot (1= 22 ) S g+ b))
@7# N Bra(l — 53/2)77_('
TR/2 TR/2

1-p6_
86 et (1) Sl + b))

Y-R/2
N B_rp2(1— 5—3/2)77+(. LR+ (1- 5—R/2)277_‘

Y—R/2 Y—R/2

+ - R),

We now analyze the sc-smoothness of (8.5) and (8.6) term by term. The
following result is adapted from Proposition 2.17 of [7] to our setting.

Proposition 8.1. We have the following sc-smoothness results.
(1) The maps

H2(RE x [0,7],CR") - R, e

lim

are sc-smooth, where c is the limit of £*.
(2) The maps

[0,€) x H»(R* x [0,7],C";R") — H>%(R* x [0, 7], C"; R"),
(r.n*) = ( ) )y
( ne) -

[0,e) x H>%(R* x [0,7],C";R") — H3 90(R™ x [0, 7], C"; R™),
(r,n*) = < 157;2/2) [+ r2,
(0,7%) 0,

are sc-smooth, with vanishing derivatives at r = 0.
(3) The maps

[0,e) x H*(R* x [0,7],C";R") — H*®(RT x [0,7],C"; R"),
+ R/2
( ) 'YR/2 ’
0,7%) =T,
0,€) x H*(R™ x [0,7],C"%;R") — H>% (R~ x [0, 7], C";R"),
(1-B_Rry2)? _
( ) Y-R/2 ’
0,n7) =mn,

are sc-smooth. Moreover, their difference with the identity map Id
has vanishing derivatives at r = 0.
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(4) The maps
[0,€) x H>(RT x [0,7],C";R") — H>(R™ x [0,7],C";R"),

)
(r, 77+) B R/iy(lR/i R/z) ( +R),
(0,77) =
0,e) x H>%(R™ x [0,7],C";R") — H350(R+ x [0,7],C"; R™),
(r,n7) o 2220002 (. ),

(0,77) =0,
are sc-smooth, with vanishing derivatives at v = 0.

We now use the above term by term analysis to prove the sc-smoothness
of the splicing 7.

Proof of Theorem 6.9. For r € (—¢, 0], the splicing is defined to be 7, = Id.
The derivatives match with the term by term analysis in Proposition 8.1 for
r>0. O

We now show the term by term sc-smoothness in Proposition 8.1 by quot-
ing [7].
Proof of Proposition 8.1. (1) is given by Lemma 2.18 [7]: the map £T + cis
an sc-operator and hence sc-smoothness. (2) follows from Lemma 2.19 and
Lemma 2.20 of [7]. (3) follows from the sc-smoothness of maps I'y and I's of
8 a-p?

v

interval and they have the desired limits. Lastly, (4) follows from the sc-
smoothness of maps I'y and I'y of Proposition 8.2, since M is compactly
supported. O

Proposition 8.2, since = and are both constant outside of a compact

The following more general sc-smoothness result is adapted from Propo-
sition 2.8 of [7] to our setting.

Proposition 8.2. The following maps
;0 [0,¢) x H>%(R x [0, 7], C™; R™) — H3%(R x [0, 7], C"; R")

are sc-smooth. Moreover, fori = 2,4 we have vanishing deriatives T*T; = 0
at v = 0; for i = 1,3 we have vanishing derivatives T*(T'; —1d) = 0 at r = 0.

(1) Let f1 : R — R be a smooth function which is constant outside of a
compact interval with f1(o00) =0 and fi1(—oc) = 1. Define

-—R/2)&, >0
ri(r,€) = {fl( e
&, r=0.
(2) Let fo: R — R be a compactly supported smooth function. Define
-—R/2)&(- — R), >0
F2(735):{,;% /)€~ R), r
0, r=0.
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(3) Let f3: R — R be a smooth function which is constant outside of a
compact interval with f3(o00) =1 and f3(—oc) = 0. Define

f3(+R/2)§7 r>0

P3(r7§) = {67 r=0.

(4) Let fq: R — R be a compactly supported smooth function. Define

fit +R/2)E(+R), 7>0

Falr &) = {O, r=0.

8.2. Closedness of the Biholomorphic Equivalence in X.

In this section we prove the Hausdorff property of the topology on X in
Theorem 4.6. More precisely, we show that for any distinct pair &, € X,
there exist neighborhoods $.(k;7) and . (k’;7") defined in (4.17) with
empty intersection. We shall prove it by using the following result regard-
ing the closedness of the biholomorphic equivalence (see Section 7.1 for the
analogous result for the Deligne-Mumford space).

Firstly, by using Proposition 5.23 we fix a choice of everywhere transversal
constraint ¥ for 7 and 7/, and fix any positive € < € and &' < & as given in
the proposition. For convenience, we abbreviate

ua(fy 7A') = Ua(f) X u&(%)

and let
(7,7) e U:(0,7), (7,7) €Us(0,7)

be arbitrarily given.

Proposition 8.3. Assume there are sequences (r,, ) — (%, 7), (), 7)) —
(7,7, and a sequence of biholomorphisms (Cns 2, ) with

Proposition 8.3 is a weaker version of Theorem 8.4. We now show the
Hausdorff property.

Proof of Hausdorff property. Suppose this topology is not Hausdorff. Then
there are distinct k,x’ € X such that for all £, > 0, their neighborhoods
i (k;7) and U (x';7") have non-empty intersection. In other words, there
exist sequences (r,,7,) — (0,7) and (r,,7,,) — (0,7'), and a sequence of

biholomorphisms ((,, 1 ) such that (Gu, ¥ )(#(r,, ™)) = #(r),, 7). Ap-

n —n
plying Proposition 8.3, we get a biholomorphism ({, ) with (¢,¢)(7) = 7.
This contradicts with the assumption that x # &’. O
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Recall that commutative diagram (7.4) specifies the covering property
between two tree isomorphisms ¢ and ¢, and (7.5) defines a distance on
standard model between two biholomorphisms ¥y and 1. We now state the
convergence result which implies Proposition 8.3. (This is the corresponding
result to Theorem 7.11 for disk trees.)

Theorem 8.4. Assume there are sequences (r,,7,) — (7, 7), (rl,,7),) —

(r',7'), and a sequence of biholomorphisms (Gn, ¥, ) with

(s 00, ) (G (s ) = # (1, 7).
Then there exists a biholomorphism (¢, ) with

(CO)H#(T, 7)) = #(T,7)

and a subsequence of (Cn,yn) (also indexzed by n) such that ¢ covers ¢, in
the sense that (7.4) commutes; moreover for every main vertexr v € #E(V),
we denote V' := (V) and vy, := py_(V), then for all gluing vertices v € V&

and V' € V;g,, we have d*V (g, ny, ) — 0 as defined in (7.5).
We shall prove this theorem in Section 8.2.1. The proofs of this series of
results mainly exploit their counterparts in the Deligne-Mumford space by

using the everywhere stabilization maps induced by X in Proposition 5.23
st : Ua(f') — Z/[,;(St(f')), st : Ugl(f'/) — Z/[,;/(St/(f'/)).
The following estimate is useful in proving the injectivity of charts ©

constructed in (6.12). (This is the corresponding result to Theorem 7.12 for
disk trees.)

Theorem 8.5. Assume there is a biholomorphism (¢, 1) with

(COIH(E, 7)) = #(E, 7).
Then given X > 0, there are §,0' > 0 such that if there are (r,7) € Us(T,T)
and (r',7") € Uy (7', 7") and a biholomorphism (C,1) with

(€ V) F#(r, 7)) = #(',7'),
then ¢ covers  in the sense that (7.4) commutes; moreover for every main

verter Vv € #i(\?), we denote V' := ((V) and v := p,(¥), then for all gluing
vertices v € V& and V' € V;g,, we have d¥V (g, 1by) < X as defined in (7.5).

Proof. Firstly, it follows from Proposition 5.23 that we have
(GO T 5t(7) = #(T, st (7).

By Theorem 7.12, there are p, p’ > 0 such that if there are (r, 1) € U, (T, st(7))
and (1, ') € Uy (7', st'(7')) and a biholomorphism (¢,v) with

() (F#(r, ) = #(', 1),

then (¢,4) covers (¢,1), and the desired distance estimate AV (g, 1by) < A

holds. By the continuity of the everywhere stabilization maps (Lemma 5.22),
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there exist 4,8 such that the images of the disk tree neighborhoods are
contained in the Deligne-Mumford neighborhoods

st(Us(7)) C Uy(st(7)), st/ Us (7)) C Uy (st! (7).
(

Then for (r,7) € Us(T, 7) and (', 7') € Us (7', 7') satistying (¢, ) (#(r, 7)) =
#(r', 1), Proposition 5.23 implies (¢, ) (#(r,st(7))) = #(r’,st'(7')). By the
choice of § and &, we conclude ¢ covers ¢ and d%V' (Pg,y) < A O

We prove Theorem 8.4 in the next section. We shall do so by studying the
standard model of the glued map, corresponding to the standard model of
the glued marked points in Definition 7.5. Let (r,7) € U:(0, 7) be arbitrarily
given.

Definition 8.6. Let v € #z(\?) be a main glued vertex. For each gluing
vertex v € V&, we define

#Z,g(ﬂ)v = #Lg(ﬂ)v o q>$

to be the standard model of the glued map on Dy, where @ is the
standard pullback in Definition 7.5.

We now make a simple but useful observation of the standard model of
the glued map.

A~

Lemma 8.7. Let v € #,(V) be a main glued vertex, and fix a gluing vertex
e Vs,
(1) Suppose the vertex ¥ is not the root of the gluing tree T%. Then for

each point outside of shrunk strip neighborhoods (see (3.3)) of gluing
edges z € Dy \ | ocpe N (2,65 —(Re/2 — 1)), we have

¥ oW (2) = ug(2).

(2) Suppose the vertex ¥ is the root of the gluing tree T%, and let f
be the outgoing edge of ¥. Then for each point outside of the strip
neighborhood of edge f and shrunk strip neighborhoods of gluing edges
2 € Dy \ (e N(wo,65 —(Re/2 = 1)) UN (2 ), we also have

Z,z(@)V(z) = ug(2).

Proof. This results follows directly from the gluing construction. For each
gluing edge ¢, in the plus gluing (4.14) we have

G (' ul ) = B (= Re/2)ul" + (1= 5 — Re/2))ull (- — Fo)

By the property of the cut-off function 3 defined before Remark 4.2, the
restriction of the plus gluing on [0, Rz /2—1] x [0, 7] is u§+, and the restriction
on [Re/2+ 1, Re] x [0,7] is ul” (- — Re). This proves the result. O
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8.2.1. Proof of Theorem 8.4.
By picking a subsequence, we assume without loss of generality that gluing
parameters r,, and 1/, give rise to fized gluing edges E%n = B8 and Ef, =

E’¢ for all n. Thus we get fixed trees H#ie (T) and #E,g(T’ ); moreover the
sequence of tree isomorphisms ¢, is identically equal to a fixed ¢ due to the
uniqueness of the ordered tree isomorphism (Theorem 2.1). Consequently,
we have fixed vertex quotient maps pg, : #:(V) — #¢.(V) and ﬁ;::,g :

#(V) — Five (V'), and fixed additional gluing edges E* and /2 (see
Definition 7.8).

By the convergence assumption and the continuity of everywhere stabi-
lization maps (Lemma 5.22), we have convergence (r,,,st(7,)) — (7, st(7T))
and (r],st/(7))) — (7,st'(7')). By the biholomorphic equivalence assump-
tion and Proposition 5.23, we have

(€, F# (1, 88(10))) = F (17, 8t'(7,)).
Then by Theorem 7.11, there exists a biholomorphism ((, @) with
(8.7) (C, ) (F#(T,st(7))) = #(F', (")),

and a subsequence of (¢ ,yn) (also indexed by n) such that ¢ covers ¢ and
we have

(8:8) " (g, ) = 0.
It suffices to show that this biholomorphism (, y_) also yields equivalence
(8.9) (CO)FH(T, 7)) = #(T, 7).

To be more specific, we need to show that for corresponding main vertices
v € ##(V) and ¥/ = ((¥) we have equivalence of glued maps

(8.10) #r2(W)v 0yt = H#p 5 (W)vr,

and for corresponding edges € € #E(E) and & = ((€) we have equivalence of
displaced Morse trajectories

(8.11) #r(Ve = #i (1)

Note that by the construction of everywhere stabilization (Definition 5.21),
equation (8.7) directly implies the equivalence of glued marked points

(8.12) 7/;\7(#5(@\7,6) = #p @,)v',rg'

for corresponding vertices and edges.

We first show (8.10). Denote vertices v := pg, (¥) and v/ := ((v), and fix a
pair of gluing vertices v € \7% and V' € \Afi_,g,. We denote the biholomorphism
by and 1, v in the standard model on Dy and Dy by

-5 o/ —o/\—1 — -5 s ool ol -1 5
TZ}“V = ((I)i_]’,) o 7[)\7 0 <I>¥v 12[)7\7/,7V = (q);lt,v’) 0 wn,v o (I);’M”
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where ® and ® are standard pullbacks in Definition 7.5. To verify equation
(8.10), it suffices to verify the equation in standard model

(8.13) gf@)v o ("E]’Q/)_l = 7¥’/ z/ (@)e
On the other hand, the assumption (¢, )(#(ry, 7n))) = #£(17,, 7,) implies
(814) ;’/n,x ( ) (wv v ) #\E]%&;l (@n)V"

Moreover, it follows directly from (8.8) that we have (1/12’{’/)_1 — (@‘A”‘A”)_l
as disk automorphism, and thus it converges uniformly on the disk.

Let (#5(Z)v o)y cives De the set of glued marked points of additional
gluing edges, where each edge & is identified with & by map (4.6). We
now prove equation (8.13) by evaluating (8.14) at each point 2z’ € D¢\
(#5(2)g o ')ercyes away from the glued marked points of additional gluing
edges
(8.15) ¥ W) o (U5Y) TN = Y o (W) ().

It follows from Lemma 8.8 that the right-hand side of the above equation
converges to #\i/’/@’ (@) (2"). We now show that the left-hand side converges

to #5¥ (@) o (1/?0’0/)_1(2’ ). For convenience, we denote

fn = #Zn,gn(gn)vv gn ‘= ( ) > f = ——(_) v, §:= (1;0"7,)_1

Then we have

d(falgn(2)), F(g(2))) < d(fulga(2)), f(9n(2))) + d(f(gn(2)), f(3(z)))
By the correspondence of glued marked points (8.12) in standard model, we
have (1/71‘7"7/)_1 (#}’,’ (Z')v) = #g@)v' Thus by the choice of 2/, the sequence
gn(2') converges to §(z'), away from the glued marked points of additional
gluing edges (#¥(Z)ve)scpne- Then by Lemma 8.8, the first term in the
above inequality goes to 0. The second term goes to 0 by the continuity of
f and the convergence g, — g.

Thus the convergence on both sides of (8.15) shows equation (8.13) holds
when evaluated at each point 2’ € Dy \ (#5 () o) o civas- Then equation
(8.13) follows from continuity. This verifies (8.10).

We now prove equation (8.11). Via the edge identifying map (4.6), the
pair of edges € = (v,w) and & = (¥/,w’) are identified with é = (V,W) €
E\ E? and & = (¥,%) € E'\ E&, respectively. Furthermore, via the ver-
tex quotient map (Definition 78) we denote glued vertices v := pg,(V),
v i= Ppg(V), W= Pp, (W), and w' := pg,, (W'). Recall that we have decom-
position (7.3) of gluing edges Es = Eg E28, where E?8 is the additional
gluing edges (Definition 7.8). By the assumption é ¢ E— either we have

é ¢ Eg or ¢ € £, The edge ¢ has a similar dichotomy. Then it follows
from Lemma 7.17 and the fact that { covers { that the additional gluing
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edges are in one-to-one correspondence. Hence the edges é = (v, W) and
& = (¥, W) satisfy either
(1) é ¢ B8 and & ¢ E'%, i.e., the glued vertices satisfy v # w and v/ # w’,
or
(2) é € E* and & € B8 ie., the glued vertices satisfy v = w and
vi=w.

Suppose the pair & and & is in case (1). We denote the edges e = (v, w) and
e/ = (v/,w’). The convergence assumptions (r,,, ) — (7, 7) and (1}, 7)) —
(',7') imply that the displaced Morse trajectories #; (7, )e and # (7 )er
converge to #(7)s and ##(7')e, respectively. It follows from the assump-
tion (¢, ¥ )(#(rn, ™)) = #(rh, 7)) that we have #, (7, )e = #u, (7, )er-
Therefore we have the desired equality of the displaced Morse trajectories
#:(V)e = #r (7)o

It suffices to prove the result for é = (v,w) and & = (¥/,w) in case
(2) when v = w and v = w'. By the definition of additional gluing
edges (Definition 7.8), we have 7¢ = 0 and 7, = 0. Hence both #z(7)e
and ##(7')e are constant trajectories with images #7 z(@)v(#7(Z)v,c) and
#w 3(W)w (## (Z')v &), respectively. It follows from (8.10) and (8.12) that
these two images match. Hence we have #7(7)s = ## (7 )e. This verifies
equation (8.11), and we finish the proof of the theorem.

We now prove the supporting lemma used in the above proof. (The fol-
lowing convergence result is the corresponding result to Lemma 7.14 for disk
trees.)

&

Lemma 8.8. For every gluing vertex v € VV,

vergence

we have locally uniform con-

; (wy,)v — #gi(@)\’f

Ty

on the c}lisk away from the glued marked points of additional gluing edges
D{/ \ (#E(Z)\_f,é)ée]ljag .

Proof. For each gluing vertex v, we denote the set outside of shrunk strip
neighborhoods of gluing edges by

Ci := Dy \ I—'éeE% N(i‘{,7é; —Ré).
We first show that we have locally uniform convergence
(8.16) vow W)y = #1 (@)

on Cy \{T¢ 6} scfae, away from the marked points of additional gluing edges.
First assume that the vertex ¥ is not the root of the gluing tree T%. We
now show the uniform convergence around a given point z in the following
two cases.
(1) Suppose the point z
e lies in the set D¢ \ | |ope N (Z.e; —(Re/2 — 1)), and
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e is not equal to Zs ¢ for any additional gluing edge & € Fee.

Then by the assumption (r,,, 7,) — (7, 7), for n large enough there is a neigh-
borhood B(z) contained in Dg \ | Jscps V(65 —(Rne/2 — 1)). Moreover,

for each additional gluing edge é € E°2 the gluing length R, s — 00, so the
neighborhood N (z,¢¢; —(Rps/2 — 1)) shrinks to Z¢s. By the assumption
on z, we conclude that for n large enough the neighborhood B(z) does not
intersect N(z,v6; —(Rne/2—1)) for additional gluing edges. Therefore, we
have

B(Z) C D{, \ I—léEEg N(l’m\;’@; —(Rn’é/2 — 1))

Then by Lemma 8.7 (1), for each 2/ € B(z), we have #i’mxn(gn)v(z’) =
Un,¢(2'), which converges to @g(z') uniformly on B(z). Again by Lemma
8.7 (1), we have @ig(2') = #j 7(@)(2'). This establishes the locally uniform
convergence (8.16) in this case.

(2) Suppose the point z lies in the glued strip i} (:i:, (0, Rg) x [0, 77]) for an
incoming gluing edge é € E% of vertex ¥ (or hy (Z7,(—Re,0) x [0,7]) for an
outgoing gluing edge é). Let us focus on the case when é is an incoming edge
since the case for an outgoing edge is similar. For n large enough there is a
neighborhood B(z) contained in the glued strips h; (x:;é, (0,Ry ) x [0, 7T])

Thus by the plus gluing construction (4.14), for all 2’ € B(z) we have
v + - —
Ty Zyy (gn)(z/) = @Tn,é (U‘Zyé’ uz,é) 0 hg— (':U;ll—,é’ ) l(z/)‘

Moreover, the value #7 ;(1)(2) is expressed similarly. Then by the assump-
tion (r,,,7,) — (F,7), we have locally uniform convergence (8.16) in this
case. Furthermore, case (1) and (2) together cover the locally uniform con-
vergence on Cy \ {:i;,@}ée}::ag.

Now assume that the vertex v is the root of the gluing tree T%, and
let f be the outgoing edge of v. Then the locally uniform convergence is
established similarly by Lemma 8.7 (2) along with a special consideration on
the strip neighborhood N (jo,f)' Suppose a neighborhood B(z) is contained

in N(Z, ;). Then the local expression of #;nﬁl(gn)v is given by (4.15), and
it converges to the local expression of # ;(@)y uniformly on B(z).

This finishes proving the locally uniform convergence on Cy \ {Z¢ ¢ }ocpae
for each gluing vertex ¥. We now prove the lemma. Firstly, we observe that
the glued disk #7 z(D)s is the union of ®¥(C5) for all gluing vertices v € V§.
Thus for each point z € Dy \ (#g(z)v7a)éeﬁag
points of additiglqal gluing edges, there exists a gluing vertex w € V% such
that the image ®Y(z) lies in ®Y(Cy). Thus for n large enough we have

away from the glued marked

v W & 1 v
ThsZoy (gn)V(Z) = T sZoy, (gn)V o ((I)n,v) o cI)n,V(Z)‘
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Note that convergence (7.16) from the proof of Lemma 7.14 is in the same
context. Thus we have (@fbv,\,)_l o (IJ;A’W — (@gv)—l o @Y as disk automor-
phisms, and hence converges uniformly on the standard disk. By construc-
tion, the point (&)?)‘1 0 ®Y(2) lies in Cg and is away from marked points of
additional gluing edges. Thus the standard model #g”% (u,,)v converges to
#¥ (@)y uniformly around the point (®¥) _1O<I>g(z). This shows #Zn@n (uy)v

converges to #y (&) o (@?)‘1 o ®Y = # ; (i) uniformly around z. This

finishes the proof of the lemma. O

8.2.2. Continuity and Sc-smoothness of Glued Maps in Standard Model.

As we have seen in Lemma 8.8, the locally uniform convergence of the
glued map holds outside of certain marked points. Later on when we
study the transition maps of M-polyfold charts, we need the continuity/sc-
smoothness result of the glued map outside neighborhoods of certain marked
points as well. To formalize this idea, we general the notion of H3% maps
defined in Section 3.3.

Let z and § be boundary marked points on a disk such that the two sets
are disjoint. Let B(7;) be an arbitrary neighborhood in the disk D around
each marked point y;.

Similar to Definition 3.12, we define

Map®® (D \ L; B(g;), ), M; L)

to be the set of H*% maps on D \ Ll; B(#;) with Lagrangian boundary
condition on (D \ L|; B(g;)) N 0D. Similar to Definition 3.16, we define

Sec™®((D\ L; B(§;), z), w*TM;TL)

to be the set of H3% sections on D\ |_|j B(y;) with Lagrangian boundary
condition on (D \ ||; B(9;)) N 0D. Analogous to the neighborhood in (3.7),
we define a neighborhood

§ € Sec®((D\ B(y), &), a*TM; TL), }

z € U:(2), [I€ll < e ’
where v, : D\||; B(9;) — D\L; B(9;) is a family of marked points varying
diffeomorphism similar to Lemma 3.11.

Recall that we have gluing parameters 7 and a disk tree representative
7 = (T,7,Z, ). Fix a gluing vertex ¥ € V&. Let B(#}(Z)vc) be an arbitrary

U(2,10) == {(z, expy(§) o v, ')

neighborhood in the disk D, around each glued marked point #%@)\—,,5 whose
edge € corresponds to an edge é with 7z = 0 via the map (4.6). We denote
the set outside of these neighborhoods by

(8.17) K := D\ |s,_o B#i(Z)v:)-

We have the continuity result of the glued marked points and map re-
stricted to K.
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Lemma 8.9. The mapping to the restricted glued marked points and glued
map n standard model

u(;(fﬂ_')—)Z/[)\(#;:—]( ) OK #rm( ) |K)
(r,7) = (# (@) N K, #7 . (w)y|k)
18 continuous.

Since the disk tree representative 7 in Lemma 8.8 is arbitrary, it implies
the above result.

Recall from (6.12) that our chart of the quotient space of disk trees is
given by

©: K0,7) = X, (r,p,z,&) — [#](r,7(p,2,£)),

where IC?C(Q, 7) is the splicing core slice, and the disk tree representa-
tive 7(p,z,§) is of the form (T,v(p,§),z,u(p,z,§)). For a neighborhood

Bs(7, p, Z, g) in the splicing core slice, we have the sc-smoothness result of
the glued marked points and map restricted to K.

Lemma 8.10. The mapping to the restricted glued marked points and glued
map in standard model

Bs(%, p, 2, §) = Un(#5(2)s N K, #1 :(w(p, 2,€))v| k)
(r,p, 2. &) = (#)(2)y N K, #) 5 (ulp, 2, €))vlK)
18 sc-smooth.

This result follows from a similar analysis in Lemma 8.8.

8.2.3. Stabilization Revisited.

Recall that Proposition 5.23 finds an everywhere transversal constraint
(Definition 5.3) for disk tree representatives 7 and 7/ whose everywhere stabi-
lization maps (Definition 5.21) behaves well with nearby equivalence. Later
on when proving the injectivity of M-polyfold charts ©, we need a similar
result for a set of transversal constraints (Definition 5.1) and their stabiliza-
tion maps (Definition 5.19). We now show with the help of the estimate in
Theorem 8.5, that such stabilization maps indeed behave well with nearby
equivalence.

Suppose the representatives are of the form

7= (T,3,z,a), 7= (T,7.2.%).

Let 0 and o’ be interior marked points at which the derivatives D@ and Du/
are injective, respectively, such that the marked points 0 and o’ satisfy the
stability condition (5.1).

Proposition 8.11. Assume there is a biholomorphism ((, ﬁ) with
COFH(ET) = #(T,7), V(#5z(0) = #¢ /(D)
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and let ¥ = (X% ;1) be transversal constraints at o' = (0}, ;) for the disk
tree representative 7. Then X' are also transversal constraints at 6 for 7.
Furthermore, ¥ induce stabilization maps near 6 and o'

st Us(T) — Us(st(T)), st Us (F') — Up (st' (7))

such that if there are (r,7) € Us(7,T) and (r',7") € U5 (7', 7') and a biholo-
morphism (¢,v) with

(G ) (F#(r, 7)) = #(', 7)),

then the same biholomorphism yields equivalence
(€ ) (F#(r,st(T))) = # (', st/ (7).

Proof. For each main vertex v € #E(V) and corresponding vertex ¥ := ((¥),
the equivalence 9 (#7z(0)) = #m & (0') provides an equation

(8.18) Vy(0,5) = 0 v

for corresponding gluing vertex/index pairs v € V%, Jj < n(g;) and ¥ €
V&, 5" < n(@,). The equivalence (C,0)(#(F, 7)) = #(',7') implies equa-
tion #z(@)v = #7 3 (@) 01Py. Evaluating the derivatives on both sides of
that equation at the point 0y ;, we conclude that the images of derivatives
coincide im(Dug(05,5)) = im(Dug, (05 ;). By assumption, each X%, . is a
transversal constraint at o, 5 for @’,. By the definition of transversal con-
straint (Definition 5.1), the above analysis shows that it is also a transversal
constraint at og ; for .

We now study the stabilization maps st and st’ induced by ¥’. We denote
the stabilizations by

st(7) = (T,ﬁ,g,g), st’(7') := (T’,ﬁ/,gl,gl).

We shall find &, > 0 such that if there are (r,7) € Us(7,7) and (', 7') €
Us (7', 7') and a biholomorphism (¢, ) with

(8.19) (CY)(F#(r, 7)) = #0',7),
then we have an equation of stabilizations
(8.20) Py (0g,5) = 0% i

for the same vertex/index pairs (v,7) and (¥/,5") as in (8.18). We shall do
so by applying the estimate in Theorem 8.5.

For all vertices ¥ and ¥ satisfying (([¥]z) = [¥']z, we denote the glued
vertices V 1= [V]z, V' := [V/]p, v := [¥];, and v/ := [V], and denote the
biholomorphisms ©¢ and 1), in the standard models on D; and D¢ by

YUV = (Ci)g;)_lo PJgodY, " = (@3;)_10 Yy 0 Y.
Let N > 0 be a bound for the derivatives

D"V < N.
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By Proposition 13.13, there are ¢',7' > 0 such that for each (2, ul,) €
Uy (Z%,, 1), there is precisely one point o' (ul,); in the open neighborhood
Byy(0% ;). Similarly, there are 6,7 > 0 satisfying
Nv <V'/2

such that for each (z¢,uy) € Us(Zg, Uy ), there is precisely one point o(uy);
in the open neighborhood By (05 ;).

By Theorem 8.5, there are 4,0’ such that for pairs (r,7) € U3(7,7) and
(r',7") € U5 (7, 7') satisfying (8.19), we have

daue(p) ("7, 077 < 7' /2.
Without loss of generality, we assume
§<6, 0 <d

because the above estimate persists if we decrease § and ¢’. In particular,
we have an estimate in uniform norm of disk automorphisms

(8.21) 1% = "o < 7'/2.
We now prove equation (8.20). We have
(8.22) 105 5 — ¥ (00,4)

=17 (03,5) — ¥7 (05,5)]

<[5 (80,5) = 07 (00,5)] + [0 (00,5) — w7 (05,5)]

<Nv+v/)2<V.
The first equality follows from equation (8.18), and the second inequality
follows from the mean value inequality on the disk automorphism %" and
the uniform estimate (8.21). By the equivalence (8.19) and the definition of
stabilization (Definition 5.19), both points o}, ; and %" (0 ;) are mapped
by u%, to the transversal constraint %I, i Moreover, both of them are /-
close to the marked point o}, ; due to 8 < ¢ and estimate (8.22). But
there is only one such point in the neighborhood By (3%, ;+)- Hence we have

V9V (054) = 0% js- This finishes the proof of (8.20). In other words, we have
equivalence of stabilizations

(8-23) ﬂ(#z@(Q)) = #z’&’ (Ql)-

Lastly, it follows from the equivalence (8.19) and the construction of dis-
placed length in (5.6) and (5.7) that we have equality of displaced renormal-
ized lengths

(8.24) #(L(7)e = #r (L(7))er-
By (8.23) and (8.24), we have the desired equivalence

(€, 9)(#(r, st(7))) = #(r/, st/ (7).
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8.3. Openness of the Biholomorphic Equivalence in X.

In this section, we show that the collection of neighborhoods . (x;7; R)
in (4.17) forms a basis for the quotient space of disk trees X. Combining
it with the Hausdorff property in Section 8.2 we prove Theorem 4.6. In
addition, we also prove Theorem 6.12: the collection of maps © in (6.12)
forms an M-polyfold atlas for X.

We shall prove the theorems above by using the following results of the
openness of the biholomorphic equivalence. More precisely, we show that
if we have gluing #(7,7) equivalent to gluing #(7,7’), then gluing near
#(7,T) is equivalent to gluing near #(i',7') (see Section 7.2 for analogous
results for the Deligne-Mumford space). For the following results, we fix
representatives 7 = (T,4,2,4) and 7/ = (T',4/,2',4') of disk trees  and &/
For convenience, we abbreviate B

U (7, 7) = U (T) X U(T).

We shall use the following result to prove the collection of neighborhoods
in (4.17) forms a basis for the quotient space of disk trees X; we also use it
to show the continuity of each chart © in (6.12). As we shall see, this result
follows from an analogous result of Theorem 8.16.

Theorem 8.12. Let R be any gluing profile. Assume there is a pair (F,T) €
U-(0,7) and (', 7") € U(0,7") with

[#](T,7) = [#]T, 7).
Then given &' > 0, there is 6 > 0 with inclusion
[#)(Us(z, 7)) € ©' (K5 (', 7))

We shall use the following result to show the continuity of the inverse of
each chart ©. This result is a consequence of Theorem 8.16.

Theorem 8.13. Let R be any gluing profile. Assume there is a pair (7, T) €
U:(0,7) and (7,7, 7', €) € KI¢(0,#") with

8/

[#] (r,7) = 9/(E/7 Elv 2/7 §/)

Then given & > 0 and a neighborhood B(gl(f’,é’,@’,g) C Ks¢(0,7) in the
splicing core slice, there is § > 0 with inclusion

[#]Us (7, 7)) € ©'(By (7, 7,7, ).

Note the similarity between the above two theorems. In Theorem 8.13,
we denote the disk tree representative 7 := T’(E’,@’,g) given by (6.12).
Then Theorem 8.13 shows the containment of a neighborhood of (7', 7') in a
splicing core slice based at (0,7'). On the other hand, Theorem 8.12 shows
the containment of a neighborhood of (7/,7') in a splicing core slice based
at (7,7') itself.

We shall use the following result in showing the sc-smoothness of the

transition maps of charts. We will prove this result later on in this section.
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Theorem 8.14. Let R be given by the exponential gluing proﬁle gp(r)
el/" —e. Assume there is a pair (T, p,Z,€) € K3(0,7) and (7, 7,2 ,€) €
K0, 77) with o -
G(EE 27@ — @,(flaé,7z,7§,)’
Then there are 0,8' > 0 such that for neighborhoods Bs(T, p, z, g) C K0, 7)

and By (7', o/, §) C KSI°(0,7") in splicing core slices, there exists an sc-
smooth map
A: Bs(r,p,z,§) — By (T, p .2, €)

P
with A(7, p,z,§) = (7', 0/, 2’ §) such that for (r,p,z,§) € Bs(T,p,z,§) we
have

o(r, p,z,§) = ©'(A(r, p,z,§)).

We shall use the following result to show the injectivity of each chart
O, and we shall prove it by using Proposition 8.11 to pass to the Deligne-
Mumford space and then using the injectivity result in D9t (Theorem 7.21).

Theorem 8.15. Let R be any gluing profile. There exists an injectivity
radius & = Einj(7) > 0 such that if (r, p,z,), (', p/,2', &) € UE©(0,7) satisfy

6(5 P, é) = ®(f,,£/,£,,§,),
then we have (r,p,z,&) = (', p/, 2, ).

We now show that the collection of neighborhoods . (k;7; R) in (4.17)
forms a basis for quotient space of disk trees.

Proof of Theorem 4.6. Fix a gluing profile R. We now show that the col-
lection {4 (k;7;R)} forms a basis. For convenience, we drop the glu-
ing profile R in our notation. Clearly, this collection covers the quotient
space of disk trees X. Suppose there is an element k in the intersection
(K57 )N (K75 7"7). Let T be a representative of k. We claim that there
exists § > 0 with

(8.25) Us(k; 7) C U (K57,
and analogously there is 6 > 0 with Us(k;7) C Uen (k"5 7" ) Thus the neigh-
borhood $4s5(x; 7) lies in the intersection ./ (x'; 77) ﬂilgn( ;7"), proving the

collection forms a basis. We now find § > 0 satisfying (8.25). Firstly,
since the element k lies in U (x';7'), there is (7,7) € U.(0,7") with
[#](0,7) = k = [#|(T,7'). We choose &' > 0 with Uy (7,7') C U(0,7).
Then by Theorem 8.12, there exists § > 0 with

[#)(Us(0,7)) C ©' (K5, 7).
By the construction of the splicing core slice, we have
[#](Us(0,7)) C ©' (K3 (', 7)) C [#Us (', 7)) C [#]Ue(0,7")),

where by definition the first set is the neighborhood iUs(k;7) and the last

set the neighborhood ./ (x; 7/). This proves (8.25).
105



The Hausdorff property of this topology is proved after Proposition 8.3.
Furthermore, the topology is independent of the choices of gluing profiles
R because for two gluing profiles R and R’, the transition R~ o R is a
homeomorphism. This finishes the proof of the theorem. U

We now show that the collection of maps © in (6.12) forms an sc-smooth
atlas for X.

Proof of Theorem 5.17. We show that for a given representative 7 of an
element of X, there exists € > 0 such that the map

©: K&0,7) = X, (r,p,2,8) — [#l(r,7(p, 2, )).

is a homeomorphism onto its image. First of all, it follows from Theorem
8.15 that for € < €pj(7), the map © is injective.

We now prove the continuity of ©. Let U be an arbitrary open set in
X, we now show that © () is open. It suffices to show that for a given
(7,p,,€) € O7L(Y), there exists a neighborhood Bs(F, p, z, &) C K¢(0,7)
in the splicing core slice with -

(8.26) Bs(r, p, Z,§) C ©71 ().

Denote x := O(F, p,Z,§). Since U is open, there is a basis element Us(r; 7

with Us(x;7') C U. Note that by definition we have O(7,p,z,§) = Kk =
[#](0,7"). Applying Theorem 8.12, there exists § > 0 with
[#(Us (T, 7)) € ©'(K5°(0, 7).
Thus we have
@(B5(f7 E)ivg)) C [#] (Z/{(S(f7 7_—)) C QI(ICcSSl’C(Q7 7_—,)) C [#] (u5’ (Qv 7_—/))7

where the last set is the neighborhood s (k; 7/) contained in U. This proves
(8.26).

We now prove the continuity of © 1. Let V be an arbitrary open subset
of the domain K°(0,7), we now show that the image ©(V) is open. It

suffices to prove that for a given k € ©(V) with a representative 7/, there
exists § > 0 with

(8.27) Us(k; 7') C O(V).
Firstly, since the element r lies in ©(V), there is (7,p,Z,§) € V with

[#](0,7) = k = O(F,p,%,§). We choose a neighborhood Bs(, p, Z,£) C
K5€(0,7) in the splicing core slice with Bj(, p,z,€) C V. Then by Theo-
rem 8.13 (with the primed and the un-primed gwap_ped), there exists &' > 0
with

Us (r;7') = [#](Us (0, 7)) C O(Bs(T, p, Z, £))-
The last set is contained in the image ©(V'). This proves (8.27).

Lastly, we prove the transition map between two charts is smooth. Sup-
pose there are two charts © : K€(0,7) — X and ©' : K5¢(0,7') — X whose
images have a non-empty overlap im(0)Nim(©’) # (). Then the smoothness
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of the transition map ©'~' o0 © follows directly from the smoothness of A in
Theorem 7.20. U

We now prove the injectivity result of Theorem 8.15.

Proof of Theorem 8.15. We have trivial biholomorphic equivalence
(D)0, 7)) = #(0,7),

with f T T being the identity isomorphism and each biholomorphism
being ¥, = Id. Moreover, let 6 be the interior marked points chosen in
Remark 6.10 (5) at which the derivatives D4 are injective, let ¥ be the
transversal constraints at 6 chosen in the same remark, and lastly, let st
be the stabilization map induced by ¥ near 6 (see Definition 5.19). Then
Proposition 8.11 shows that there exist 4,8’ > 0 such that if there are
(r,7) € Us(0,7) and (', 7") € Uy (0,7') and a biholomorphism (¢,v) with

(G0 (F#(r, 7)) = #(', 7)),

then we have equivalence

(8.28) (€ ) (#(z, st(7))) = #(r/, st(7)).

Let v = éiyj(st(7)) be the injectivity radius of the stabilization st(7) given
by Theorem 7.21. Then by the continuity of the stabilization map in Lemma
5.20, there is € > 0 with containment

st(Ue(T)) C Uy (st(7)).

We choose the injectivity radius € := £j,j(7) to be the minimum of 3,3’,6,
and we now prove that this radius satisfies the injectivity property. Suppose
we have (r,p,z,§), (', p/, 2/, ') € K£(0, 7) such that there is a biholomor-
phism (¢, ) with

(8.29) () (F# (@, 7(p,2,€))) = #(', 7(p), 2, €)).

Here the disk tree representative 7(p,z,§) = (T,Z(g, &), z,u(p,z,§)) is con-
structed in (6.12). Then it follows from our choice of £ and equation (8.28)
that we have

(G ) (F#(r,st(T(p,2,6)))) = #(,st(r(p), 2, €))).

By the requirement of sections £ in Definition 6.11 (1) and the construction of
maps u(p, z,§)) in (6.12), the stabilizations st(7(p,z,£)) and st(r(p’,2/,£’))
lie in the neighborhood slice U5'(st()). By the injectivity result of the
Deligne-Mumford in Theorem 7.21, we conclude

(8.30) (r,st(7(p, 2, €))) = (', st(7(p, 2, €)))-

By the uniqueness of the biholomorphism (Proposition 5.6), (¢,v) is the
identity biholomorphism, and by the construction of the stabilization map
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(Definition 5.19), we have an equality of boundary marked points z = 2.
Thus equation (8.29) translates to

#:(1(p, €) = #: (10, €))s #ra(u(p,2,8) = #ra(ulp', 2,)).

By the construction of displaced Morse trajectories (4.7) and (4.8) and the
construction in (6.12), the first equation shows an equality of Morse tra-
jectories p = p'. Finally by Remark 6.14, the equation of glued maps

H#ra(u(p,z,8)) = #ra(ulp, z,£')) shows an equality of sections £ = £'. This
proves the injectivity result. O

We now state the openness result which implies Theorem 8.12 and The-
orem 8.13.

Theorem 8.16. Let R be any gluing profile. Assume there is a pair (F,T) €
U:(0,7) and (7,7, 7', €) € KI¢(0,#") with

[#(r,7) =07, 0, 2,¢).
Then there are 6,0’ > 0 such that for the meighborhood Bg (f’,é’,@’,g) C
lCil,C(Q, 7') in the splicing core slice, there exists a continuous map

A Us(r,7) = By (.0, 2, €)
with A(7,7) = (7', p/, &’ ,g), and for each (r,T) € Us(F, 1) we have
[#](r,7) = ©'(Alr, 7))

Proof of Theorem 8.12. Analogously to Theorem 8.16, there exists a contin-
uous map to the splicing core slice

A Us(F,7) — KO, 7)),

and the result follows. O
Proof of Theorem 8.18. This result follows directly from the map A in The-
orem 8.16 and its continuity. O

We now prove the above openness result by using the corresponding result
Theorem 7.22 in the Deligne-Mumford space.

Proof of Theorem 8.16. We shall prove this result by passing to the Deligne-
Mumford space using stabilization maps, and then using the continuity of
the biholomorphic equivalence provided by Theorem 7.22. By assumption,
there is a biholomorphism (¢, ) with

(8.31) (G O)F#(T, 7)) = #,7(7,2,€)),

where the disk tree representatives are of the form

r=MTyza), @.2.8)=1T2/@.).&d{@.2.8)).
The latter is defined in (6.12). In order to set up the right stabilization
maps, we first find transversal constraints ¥’ and interior marked points o

and o' with the following properties.
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e The derivatives Du and Du/(p,Z’ ,5’) are injective at 0 and o/, re-
spectively. B B

e Y/ are transversal constrains at marked points o for the disk tree rep-
resentative 7, and are also transversal constraints at o’ for 7/(p’, z’, g)

e The marked points 0 and & satisfy the stability condition (5.1).

We shall obtain the desired transversal constraints and interiAgr marked
points as follows. We start with the transversal constraints X and the
interior marked points ¢’ chosen in Remark 6.10 (5) for the splicing core
slice /Cil,C(Q, 7'). By the requirement of sections é’ in Definition 6.11 (1) and
the construction of maps in (6.12), v'(p’, Z’, g)) map marked points ¢’ to the
transversal constraints 2/. Using the biholomorphisms between glued disks
Y #5z2(D) = #p 2 (D), we obtain interior marked points 6 which satisfy
the equation

¥ #r2(0) = #r.2(0).
By construction, each marked point 0; has a corresponding marked point
0%, with 1g(6¢) = 0, where the vertices satisfy [v]; = v, /] = ¥/, and
¢(¥v) = ¥'. Moreover, (8.31) implies equivalence

2@y = #2072, €))w o Us.

Evaluating both sides of the above equation at the point 6y, we find that
the image iy (0¢) lies in the transversal constraint 2%,, and the derivatives
have the same image im(Dig(05)) = im(Du’(E’,@’,g){,r(ég,)). Thus 3 are
also transversal constraints at ¢ for the disk tree representative 7. However,
this approach has one issue: the marked points 6 do not necessarily satisfy
the stability condition (5.1). We rectify this situation by adding transversal
constraints and interior marked points by using Lemma 5.1. We denote
the augmented transversal constraints and interior marked points by ¥’ and
0, and use the biholomorphisms é to push forward the marked points and
obtain o’. Naturally, the marked points o’ contain the original marked points
¢, and for each non-ghost vertex ¥/, we index them as

(832) 6(;/’1 = 6(}/

Thus we find the desired transversal constraints and interior marked points.

We now show that for some §,0’ > 0, for each (r,7) € Us(F,7) we can
solve the following equation for (', o/, 2, €') € By (¥, 7,7, €) and a biholo-
morphism (¢, ) - -

(833) (C7£)(#(L T)) = #(flv T/(£/7£/7§,))’
In order to solve this equation, we first solve the corresponding equation of
their stabilizations (cf. Proposition 8.11). By construction, the stabiliza-
tions induced by the transversal constraints ¥’ are of the form

st(7) = = (T,4,z,0), st'(r(p,2.,§)):=p = (T.0,2,0).
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Note that for each tuple (r,7) € Us(F,T), the stabilization st(7) lies in
a neighborhood Uy (fi); for each tuple (1, p',2',¢") € By (7,0, 7' {T/) the
stabilization st/(7/(p/, 2/, £')) lies in a neighborhood slice U5°(fi') because for
each non-ghost vertex ¥/ we have ov,’1 = 0y (see (8.32) and Definition 6.11

(1))
By Theorem 7.22 and Proposition 7.18, there exist small v,v > 0, a large
k' > 0, and a continuous map
(8.34) AU (T, i) — USS(F, 1)
For each (r,u) € U, (7, i), we denote (r/, ') := A(r, ). There is a biholo-

morphism (Ci, P (E’LQ)) with

(8.35) (Gor ) (1)) = 0 10),

and the biholomorphism in standard model
ZZ)EZ;,Q) = (@3:)_1 0 ¢(Lg,g),v o (I)g

depends continuously on (r, z, 0). Furthermore, each additional gluing edge
é = (¥7,9v") in E;® bijectively corresponds to an additional gluing edge
¢ = (¥7,¥T) = (&) in ESg, and we have inclusion of the glued strips of

edges é and &

(836) ¢(£,Lg),v ([07Ré] X [077T]) ) [klvRé’ - kl] X [077T]

with v := [¥7], = [¥7],. BEach edge ¢ = (v7,9") with 7%z = 0,7s < 0
bijectively corresponds to an edge ¢ = (¥'~,¥'") = x(é) with 7%, = 0,74, <0,
and we have inclusion of shrunk strip neighborhoods of edges é and &

(8.37) oyt (N(23)) D N(2i; —F)

with v* := [¥F],. As we shall see, such inclusion will be used in solving the
sections ¢’ in equation (8.33).

For each disk tree representative (r, (T,l,g,g)), let (r, (T,ﬁ,g,g)) be its
stabilization and let (r/, (T', £, 2, 0')) be the tuple satisfying equation (8.35).
In order to solve equation (8.33), we shall solve the following equation for
Morse trajectories p’ and sections £’ in the neighborhood By (7, p', @', g/)
(8.38)

(6o ) B (T zw)) = #(/ (17 (0, €),2 W (2, €)).

For each glued edge e € #K(EA)) and its corresponding edge € := (.(e), we
solve the following equation for Morse trajectories p/

(8.39) #r(Ve = # (Y (0, €))e-

By the construction of charts (6.12) and the displaced Morse trajectories
n (4.7) and (4.8), the above equation involves p’ only when the edge ¢’
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corresponds to a non-nodal edge & € E/ \ E™ via the map (4.6). Thus by
construction, the solution to the above equation is given by

pé/ = #K(Z)C

Furthermore, the solution depends continuously on the input.
For main glued vertices v € #,(V) and their corresponding vertices v/ :=
¢r(v), we solve the following equation for sections &’

(8.40) #Lg(g)v o Tp(_z,lz,g)yv = i o (E/(£/7£/7§/))V/

Let ¥ € V™ and ¥/ € V'™ be main vertices satisfying ([¥]z) = [']. Then
equation (8.40) in the standard model of Dy and Dy is given by

G40 o (5,) = W )

We shall use this equation in standard model to find a solution for sections
é’, and we will prove that the solution depends continuously on the input.

For each main vertex ¥/ € V™, we first solve for the part of the section &
on D\ || N (&% ), outside of strip neighborhoods. Let ¥ be a main vertex

with (([¥]z) = [¥]#. Then by construction (6.14) and equation (8.41), we
have

~ nony —1
(8:42) #72(wvo (v(5,) [N, ) = OPa, 08 oV oy v, )

where v/ 3 is the chosen family of marked points varying diffeomorphisms.
This solves the section &, on D\ | |N(&%, , ) Note that the region D \
LI N (2% o) avoids all glued marked points #;’ (Z')¢r ; whose edge f' corre-
sponds to an edge f" with F%, = 0. Thus the solution depends continuously on
the input, due to the continuity of the glued map #zg (u)y (Lemma 8.9), the

c oo\ —1
continuous dependence in the disk automorphism <1/J(V7jvm 0)) (Proposition
13.13), and the continuity of Aut(D) action (Proposition 6.4).

We now solve the sections £’ on each strip neighborhood N ($A, ) in their

strip coordinates. Recall the notations of local expressions (6.15) and (6.9)

~1h/E
Ué/ (’DC/ ou

E8 (=) = D (g (W (@5, ) (€6 (W (35, 2))),
where goﬁf are the chosen smooth charts. We shall consider four cases clas-
sified by the edge type of &: (1) & € B/ \ E™, (2) 7, <0, (3) 7% > 0, and
(4) 7, = 0.

A/i oh/i( /i )
) )

(1) Suppose we have a non-nodal edge & = (V/~, /") € B/ \ E/md,
If ¥'* is a main vertex, then choose any main vertex ¥* € V™ satisfying

C([¥%]7) = [¥"*]7, and denote the glued vertex v := [¥%],. We study
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equation (8.41) on the strip neighborhood
(8.43) N(2F) C Dy

By construction (6.17) and the construction of glued maps (4.16), equation
(8.41) induces an equation

(8.44) al + €8+ o g (evE(pl)

€
I+ ot ot o=\ gy
= o #tia(we o (Vi) ) o HF(E ).

We recall that a~ is the cut-off function in (6.13). This solves the local
expression ﬂf,‘/i € H>%(R* x [0,7],C™ R"). Note that the region in (8.43)

avoids all glued marked points #;,/ (' )‘-,,7;, whose edge ' corresponds to an

edge f with fél = 0. Thus the solution depends continuously on the input,

due to the continuity of the glued map #Xj; (u)y+ (Lemma 8.9), the continu-
me v
ous dependence in the disk automorphism <1/1Vi Y i) (Proposition 13.13),

(r,z,0)

and the continuity of Aut(D) action (Proposition 6.4).

(2) Suppose we have an edge & = (¥/~,¥'T) with gluing parameter 7, < 0.
Thus we have gluing parameter r;, < 0. As in (1), choose main vertices
¥t € V™ satisfying (([¥F]7) = [¥%], and denote the glued vertices v* :=

[¥%],. We study equation (8.41) on the strip neighborhoods

By construction (6.18) and the construction of glued maps (4.16), equation
(8.41) induces an equation

T -+ ot ot o\ 1
(8.46) @l = gh o #L W o (W) o hF (g,

and an equation
(847) A+ +a - [ (0" (b (el T)))) — el )]
. oy —1
=g o #is o (V10 ) ol (k).

We recall that 0 : R x L — L is the flow of the Morse-Smale pair (f,g)
in (4.3), and ¢ : (—00,0] — (—00,0] is a smooth increasing function chosen
before Remark 4.2. Lastly, c(fg,ﬁ) € R™ is the limit of the function. This
solves the nodal strip map (€27, € ) € F™. The region in (8.45) avoids
all glued marked points #;’,/ @/)V’,f’ whose edge f’ corresponds to an edge f
with 7’%, = 0. Thus the solution depends continuously on the input for the
same reason as in (1).

/—

(3) Suppose we have an edge & = (v, V") with gluing parameter 7%, > 0.

Thus we have gluing parameter 4, > 0. Choose a main vertex v € ym

satisfying (([¥]7) = [¥"*], and denote the glued vertex v := [¢],. We study
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equation (8.41) on the strip
(8.48) R (24, [0, Ry x [0,7]) C Dygrt.

By construction (6.18) and the construction of glued maps (4.16), equation
(8.41) induces an equation

(8.49)
O, (@4 €l A+ €)= o #Eawh o (600 o (el ),
S, (G, €)=
We recall that the constraint on the minus gluing is due to the splicing

construction (6.5). This solves the nodal strip map such that (17, ég,‘“r, fgfli)

lies in the splicing core. The region in (8.48) avoids all glued marked points
7¥,
solution depends continuously on the input for the same reason as in (1).

(@) /7 whose edge f' corresponds to an edge f with rf = (0. Thus the

(4) Suppose we have an edge & = (V/~, V") with gluing parameter 7, = 0.

The corresponding edge ¢ = (Vv7,9v") with y(&é) = & also has gluing
parameter 73 = 0. Furthermore, we have 7z > 0 if and only if 7%, > 0, in
other words, additional gluing edges are in one-to-one correspondence. We
now discuss the cases according to the signs of gluing parameters.

i) Suppose we have gluing parameters rs < 0 and 7%, < 0.

We study equation (8.41) on the shrunk strip neighborhood

N(ﬂj‘{i —k‘/) C D{,/i.

e

By the inclusion in (8.37) and the construction of glued maps (4.16), equa-
tion (8.41) induces an equation on the strip [k’, 00) x [0, 7]

(850) 0+ &l = ot oul T (e, ) o (i Sy ) o h (),
and an equation on the strip (—oo, —k] x [0, 7]
(851) A+ &l o [oh (o (0l (e T))) — elelt )]
=g ops o ful +a - pe (0" (ug (27))) — woluz (7))}
N | v -1 /— /—
°he (zg,) e <¢<mg>) o e (e )-
This solves the restricted sections fgfll+|[k’,oo)x[0,n] and %},‘/7 | (=00, k'] x[0,1]

ii) Suppose we have gluing parameters r; > 0 and %, > 0.
We study equation (8.41) on the strip

hg/i_ ($g/i_, [kf/, Ré/ — k/] X [0, 77]) C D{,/+.
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By the inclusion in (8.36) and the construction of glued maps (4.16), equa-
tion (8.41) induces an equation on the glued strip [k, R, — k'] x [0, 7]

(8.52)

~ IR/ T At A1/~ h'~ -1 ht  h—
@Té/ (u/é’ + 54[3’ ) u/é’ + 54[3’ ) = 904/5’ 0¥y © 69% (ué ; Ug )

A a7 —1
o b (e, ) o (e ) o M (@i,

e
S
@ré/ (fé/ 3 é.é/ ) - 0

This solves the restricted sections §é7,+’[k',oo)x[o,7r] and fé?lf\(_oq_kf]x[oﬂ.
In both case i) and ii), we can solve the restriction on the finite strips
[0, k'] x [0, 7] and [—&’,0] X [0, 71] in a similar way as in equation (8.42). The
continuity of the solution uses a similar analysis as in the sc-smoothness of
our splicing (see Section 8.1) and the continuity of parametrization on the
strip (Proposition 13.16). We refer the readers to Section 5.1 of [8] for an
analogous proof in the context of cylinder gluing. This finishes proving the

theorem.
O

We now prove the sc-smoothness result of the transition maps of charts.

Proof of Theorem 8.14. We proceed in exactly the same way as the proof
of Theorem 8.16. Analogous to solving equation (8.38) and proving the
continuous dependence in the solution, we shall solve the following equation
for Morse trajectories p’ and sections &’

(8.53) (Gt g ) #1300, 2,u(p.2,€))))

and prove the sc-smooth dependence in the solution.
Analogous to equation (8.39), we have

(8.54) #r(1(p:))e = #0 (V' (P, €))er-

The solution is given by p}, = #,(7(p,€))e for each non-nodal edge &' €
E/ \ E™d and it depends sc-smoothly on p and £ due to the construction
of charts (6.12), the displaced Morse trajectories (4.7) and (4.8), and the
sc-smoothness of the limit in Proposition 8.1 (1).

We recall that (T, £, x,0) is the stabilization of the disk tree representative
(T7l(£7 §),z,u(p,z,§)). Analogous to equation (8.41), we use the equation
in standard model

% 0,07 -1 el
(855) ‘Ifﬁ(g(ﬁ’ x, é))v e} <¢(£’7£79)) = 'z (E/(B/’ z/’ é/))v/ .
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to find a solution for sections é’ and prove that the solution depends sc-
smoothly on the input. Similar to equation (8.42), we have
(8.56)

Loz O)vo (v ,)) o\ N G, ) = e, 0E o Vi

1
,ID\UNG@, )

Ve)’

This solves the section &, on D \ | |N(z The region D\ | | N (2% o)
avoids all glued marked points #;,1, (' )vﬁf’ whose edge f’ corresponds to an
edge f with 7”%, = (0. Thus the soiution depends sc-smoothly on the input,
due to the sc-smoothness of the glued map #7 ,(u(p, z,£))y (Lemma 8.10),

Sy —1
the sc-smooth dependence in the disk automorphism <1/JV’V ) (Theorem

(r,z,0)
7.22, Proposition 13.15, and Proposition 13.13), and the sc-smoothness of
Aut(D) action (Proposition 6.4). Similarly, we can prove the sc-smooth de-
pendence of the solution sections &’ restricted to strip neighborhoods NV (igf)
in cases (1) - (3) of the proof of Theorem 8.16. We now consider case (4).

(4) Suppose we have an edge & = (V/~, V") with gluing parameter 7, = 0.
i) Suppose we have gluing parameters r; < 0 and ré, <0.
We study equation (8.55) on the strip

N(Ilfé:,t, —k‘/) C D{,/:ﬁ:.

where k' > 0 is chosen so that the inclusion in (8.37) holds. Analogous to
equation (8.50) and (8.51) in the proof of Theorem 8.16, we have an equation
on the strip [k, 00) x [0, 7]

(8.57) fLZLl+ + fgfl+ =l o gpé (u + 5 )
onf (et )Mo (w5 ) Ton it ),

and an equation on the strip (—oo, —k] x [0, 7]

(858) g +& +a” - o (0T (e (e ) — el )]

=phows o {al +& +a - [pe(o U (o (e(€l))) — e(€d )]}
oy —1
ohy (a7, ) o (v ) by (el ).
This solves the restricted sections §gll+\[k/,oo)x[0m] and &0 | (—0,— k] x[0,7]

ii) Suppose we have gluing parameters r; > 0 and %, > 0.
We study equation (8.55) on the strip

h (2 [k, Ry — k') x [0,7]) C Der+,
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where &’ > 0 is chosen so that the inclusion in (8.36) holds. Analogous to
equation (8.52), we have an equation on the glued strip [£', R}, — k'] x [0, 7]

(8.59)
NIES I+ L p— /— _ b+ N — _
@ (0 &8, 0 T ) =phopitod (Al + el al +€l)
-1 ot o\ L
ohi(ad,) o (w(vbgg)) o hef (=, ),
1+ 1—
S (€, &) =0,

This solves the restricted sections §gll+\[k/,oo)x[0m] and € | (—o0,—k/]x[0,]-

By using a similar analysis as in the sc-smoothness of the splicing in
Section 8.1, the sc-smoothness of parametrization on the strip (Proposition
13.16), and the choice of the smooth function ¢ (specified before Remark
4.2) with derivatives :(¥)(0) = 0, we can show that the map

Rt ch B+ =
(re, &8, &8 ) = (15,880 |k 00y [0,n] €& |(—o00,—k/x[0,7])
is sc-smooth and has vanishing rs partial derivatives at rs = 0. We refer the

readers to Section 5.1 of [8] for an analogous proof in the context of cylinder
gluing. This finishes proving the theorem. O

9. 9; THE CAUCHY-RIEMANN SECTION

Ultimately, we shall produce an Ay, algebra from counting the zero set
of the perturbed Cauchy-Riemann section. In order to apply the polyfold
perturbation result, here we give the bundle of complex anti-linear sections
an M-polyfold strong bundle structure and show that the Cauchy-Riemann
section is sc-Fredholm. We refer the readers to [7] and [8] for a detailed
introduction to strong bundle and sc-Fredholm section.

9.1. 9 the Bundle of Complex Anti-linear Sections.

In this section, we study the bundle of complex anti-linear sections over
the quotient space of disk trees and give it an M-polyfold strong bundle
structure.

We define 7 : ) — X the bundle of complex anti-linear sections to
be

(9'1) 2 = {(Tvl’ Z, U, A) | [T717£7 Q] € %}/Nbihol’

where the fiber consists of tuples A = (Ay)yeym such that for each main
vertex v € V™ and point z € D,

Av(2)  (T2D, 1) = (T, ()M, J (uy (2)))

is a complex anti-linear map. Moreover, we require each Ay to have H?2%
regularity (see Definition 9.1).
From now on, we shall always identify A, with the map applying to the
first basis element
Ay Os
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in the (s,t) coordinates. Note that the anti-linearity determines the value
on the other basis Ay 9y = —J (uy) Ay Os.

We now make the H?% regularity precise. Fix m > 2 and weight 6 €
(0,1), and fix boundary marked points z = (zg,...,x;) € MP(0D) and
disk map u € Map™°((D, z), M; L) (see Definition 3.12). Let u*T'M — D
be the pullback bundle.

Definition 9.1. Choose C*° charts ¢ and strip coordinates h as in Defini-
tion 3.12. We define A"™9((D, z),u*T M) the Banach space of H™?° com-
plex anti-linear sections of u*T M with marked points x to be the
set of A : D — w*T'M with the following properties.
e The restriction A[p\ | n(z;—1) belongs to H™(D \ ||, N(z;;—1)),
where each N (x;;—1) is the shrunk strip neighborhood.
e On the strip neighborhood N (z;), the local expression in strip coor-
dinates .
A (2) = Dei(u(hi (2))(A(h] (2))
on R*x[0, 1] belongs to the weighted Sobolev space )\?i € H™® (Rt x
[0, 7], C™).
Choose a Riemannian metric g on M, we define a norm

k
m + 2 I [
=0

IAI? = || A\, M- |

Remark 9.2. This space differs from the space of H™9 sections (Definition
3.16) in two aspects. Here we require m > 2 instead of m > 3. Furthermore,
the local expression /\?i lies in the space H™9(R* x [0,7],C") instead of
Hﬂnn’f(Ri x [0, 7], C™; R™). In other words, )\?i does not need to satisfy the
boundary condition on R", but its limit at oo has to be 0.

We now define the Cauchy-Riemann section by
= 1
(9.2) 0(uy) = E(asuv + J(uy) Opuy).

We also call the section it induces on the bundle 9. Later on we shall show
that 9y : X — ) is an sc-smooth sc-Fredholm section (Definition 1.4 of [7]).
But first we establish an M-polyfold strong bundle structure (Definition 1.33
of [7]) on the bundle 7 : 2) — X by constructing an sc-smooth splicing using
the hat gluing (see Section 2.4 of [8]).

Similar to the space of strip nodal maps in Definition 6.7, we define

P = g20(RT % [0,71],C") @ H>(R™ x [0,7],C").
We shall define a splicing (r, A\T,A\7) — 7,(AT,A\7) for r € (—¢,¢) and
(AT,A7) € F". Recall the smooth cut-off function 8 : R — [0,1] defined
before Remark 4.2 with properties
e 3(s)=1for s < —1and B(s) =0 for s > 1,

e 3'(s) <0 forse(—1,1),
17



e 3(s)+ B(—s) =1 for all s.
We denote the shifted cut-off function by
Bso(s) := B(s — s0).
For r € (0,¢), we abbreviate R(r) as R. We define the hat plus gluing by

(9.3) Br(AT, A7) = Brpa AT + (1= Brpa) A\ (- — R),
and the hat minus gluing by
(9.4) Sr(AT, A7) = —(1 = Brp) AT + Brp A~ (- — R).

Thus the hat total gluing O, = (&,,8,) maps from " to the direct sum
G, == H*([0, R] x [0,7],C") ® H>% (R x [0,],C").

Similar to Theorem 2.42 (1) of [8], the following result shows that the hat
total gluing is a linear sc-isomorphism.
Lemma 9.3. Let R be any gluing profile. Forr € (0,¢), the hat total gluing

@T Sy ér

s a linear sc-isomorphism.

This is the corresponding result to the total gluing in Theorem 6.8: one
simply need to solve a linear equation to show that [, is an sc-isomorphism.

For r € (0,¢), we define 7, : Frd y Fnd ¢ he the linear projection onto
ker(&,) along ker(&,). More precisely, we define

(95) %T(A—i_v A_) = (C+7 C_)7
with (¢T, (™) satisfying
|/Z\|T(C+7 ()= (®T(A+7 A7), 0).
Similar to Theorem 2.42 (2) of [8], the following result shows that the

family of projections 7, extends smoothly to r € (—&,0] as the identity
map.

Theorem 9.4. Let the gluing profile R be given by the exponential gluing
profile p(r) = er —e. Let 70 Fnd 5 Fnd pe the linear projection defined in
(9.5) forr € (0,¢), and 7, = Id for r € (—¢,0], then the map (1, \T,\7) —
(AT, A7) is an sc-smooth splicing.

Proof. Similar to formula (8.5) and (8.6), the splicing (9.5) is given by

. B2 4 Bry2(1 — 53/2))\_(' R,
YR/2 YR/2
= B_rs2(1— ﬂ—R/z)/\Jr(. YR+ (1- /B—R/2)2)\_‘
T—R/2 Y—R/2
The above maps are sc-smooth by corresponding sc-smoothness results of
Proposition 8.1 (3) and (4) for H?% maps. O
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For the bundle of complex anti-linear sections ), we can construct a
splicing analogous to (6.10) and an atlas analogous to (6.12), and give the
bundle an M-polyfold strong bundle structure (see Definition 1.33 of [7],
also see Section 3.4 of [8] for the polyfold strong bundle structure in the
construction of Gromov-Witten invariants).

Proposition 9.5. The bundle of complex anti-linear sections w: %) — X is
an M-polyfold strong bundle.

9.2. Sc-smoothness of 0; the Cauchy-Riemann Section.

We now show the sc-smoothness property of the 0; section. We refer
the readers to Proposition 4.7 of [8] for the sc-smoothness of the Cauchy-
Riemann section in the construction of Gromov-Witten invariants. Here we
modify the proof to incorporate the map displacement defined in (4.15).

Theorem 9.6. The Cauchy-Riemann section 0y : X — 2) is sc-smooth.

Proof. Away from a nodal strip map, 0 section is classically smooth on
each level, and hence sc-smooth. Here we prove the sc-smoothness near a
nodal strip map (4", 4~) which belongs to

a* € H¥mOm(RE x [0,7],C";R™)

for all m > 0.

We first recall that the maps near the nodal strip map (4,4 ~) in the
image of the chart (6.12) are of the following form. For gluing parameter
r > 0 and strip nodal map (£1,£7) € F we have the plus gluing

O (T4 7,07+ E7) = Brp (W +E7) + (1= Brp) (™ +£7).

For gluing parameter » < 0 and strip nodal map (£7,£7) € F nd we have
the displaced pair, which we denote

(9.6) @f(@r+etaT+E) i =at4£€
@@+ am+e) = am+E +a - [0 (e(€7)) — e(€7)]

We recall that o : R x R” — R™ is the Morse flow (4.3) in local coordinates,
t: (—00,0] = (—00,0] is a smooth increasing function chosen before Remark
4.2, and ¢(¢7) is the limit of £~ at —oo.

We now derive a formula for the 0 section in the base coordinates
(r,&T,67) and fiber coordinates (AT, A7) given by the splicing in Theo-
rem 9.4. We use a parallel transport to construct a smooth map I'" on a
neighborhood of the diagonal of the target manifold M, such that for each
point p and ¢ closeby, I' is a complex linear isomorphism

I'(p,q) : (T,M, J(q)) — (T, M, J (p))-
We refer the reader to Section 3.4 of [8] for the details of this construction.
Then 0; in base coordinates (r,&) is given by
(9.7) fr 8 =2A

as follows, where we abbreviate £ := (£7,£7) and A := (AT, 7).
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For r > 0, the complex anti-linear sections A are defined by equation
(9.8)
D@0 (84+8), ©0(1) Br(3) = 1000 (@+0) + (@ (1+8) A (B (1+6)))
(1) = 0.
For r < 0, the complex anti-linear sections A are defined by equation
(9.9)
D(&, (@t8), & (@) AT =

D@7 (@+8), & (@) A7 = 510s(@; (@+8)) + J(@; (@+8)) 0@y (2+8))]-

For convenience, we introduce the following notations. Let A, B : C" x
C"™ — Lr(C™,C™) be families of R-linear maps derived from I" and J

A(p,q) = %F(p, 9", B(p,q = %F(p, q)~"J(p).

Then 0; in base coordinates f(r, §) can be re-written as follows.
For r > 0, the map f(r,§) is given by
(9.10)

@—1[A(@r(@+§),@r(@))as(@r( +£)) + B(®r(1+E), S (@ ))&(@r(u%))]
T 0 *

(05 (D, (@+8)) + J (D, (@+E)) 0(d,F (a+£))],

=N =

( Fo; r <0, the map f(r,§) is given by

9.11
[A(@?(@Jré),@?(@))@(@?(@Jré)) + B(@?(@Jré),@?(@))@(@ﬂ@ré))]
A(@; (@+8), ©; (@) 0s(@, (@+8)) + B(®, (a+£), ®,

(@) O (@, (@+8))] -
We now decompose the map f(r,&) as follows.

(9-12) f(r,§) = K(r,§) Dg(a+ &) + L(r,§) Dy (4 + &)
We define
(9.13)
@T—l 83(69(;(@) >0, @;1 at(@(;(é)) >0,
DI(€) == DI(€) =
W\ o) © MY e
Os(@7 (§))] - O(@r (©)] -
Moreover, define an operator K(r,§) € Lg(C?",C?") by
(9.14)
o A(EBT(@—FO@,@T(@)) 8] g, o,
K9 Taera+ 9,01 @) 0 y
0 Aler (@+9,er @)~
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Similarly, define an operator L(r,¢) € Lg(C?",C?") by replacing the A’s by
B in K (r,¢). -

Writing f(r, €) this way helps isolate the difficulty of the problem: K (r, £)
and L(r,§) capture the subtlety of post-composing .J, and D (4 + §) and

Dy (@ + &) capture the subtlety of taking s and ¢ derivatives.
We now prove that the map

(—e,e) x P = ™, (r,€) = Di(6)
is sc-smooth. For r > 0, we have

D(&)

= @;1(85557’(5)7 O)

=01, (Bppale™ — € (= R)LO) + 5, (8,(8:6),0).

The second equality follows from the product rule. By using a similar result
to Proposition 8.2, one can show that the map defined by the first term

(r,€) = B, (B le™ — € (- = R)L,0)

extends to 7 = 0 sc-smoothly by (0,£) + 0. (For a more detailed proof, we
refer the readers to (93) of [8]). Now by the definition of the hat splicing

(9.5), the second term is @T_l(@r(@sé),O) = 7r(0s§). By Theorem 9.4, the
map (r,§) — 7,(0s§) — 05§ has vanishing derivatives at » = 0. Thus the
same is true for the map (7€) — DI(€) — 0, when taking derivatives on
[0,€). On the other hand, for r € (—¢,0], by (9.6) we have

D(€) = 05€ = (0,050 - [0 (e(€7)) — e(€7)]),

which has vanishing derivatives at » = 0 due to ¢(¥)(0) = 0 by choice. This
finishes proving the sc-smoothness of D (§).

By a similar analysis, we can show the sc-smoothness of D} (§). The
sc-smoothness of K (r,§) applying to Dg({) and L(r,{) applying to Dj(§)
follows from Proposition 4.12 of [8] and an analogous analysis as above when
r <0. (]

Similar to Theorem 4.17 of [8], the Cauchy-Riemann section is regularizing
(Definition 1.34 of [7]).

Proposition 9.7. The section 05 : X — %) is regularizing.

The regularizing property follows from the elliptic regularity for the J-
holomorphic equation with totally real boundary condition, along with the
estimates of the constant Cauchy-Riemann operator of the following propo-
sition. This is an analogous result of Proposition 4.15 of [8].

Proposition 9.8. Let Jy be a constant almost-complex structure. The con-
stant Cauchy-Riemann operator

8‘]0 : Hgﬁf—%m(R X [0777]7 CnaRn) — H2760 (R X [O,?T], Cn,Rn)
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18 an sc-isomorphism.

9.3. Filled Section of d; and the Polyfold Fredholm Property.

In this section, we construct a filled section (Definition 1.35 of [7]) of the
dy section, and by using the analysis established in Section 4.5 of [8] we show
that the 0, section is sc-Fredholm (Definition 1.40 of [7]). Roughly speaking,
an sc-Fredholm section must be sc-smooth, regularizing (Definition 1.34 [7]),
and has a sc-smooth filled section with certain contraction property.

Analogous to Section 4.5 of [8], the 0; section has a naturally defined
filled section f(r,&). The filled section f(r,&) = ) is given as follows. For
r > 0, the complex anti-linear sections \ are defined by equation

(9.15)
D(@0(@+), 6 (8)) B () = 505 (@0 (@+0) + (@ (@+8) d(@r (i)
ér(&) = 5J(0)(9r(§))-

For r <0, the complex anti-linear sections A are defined by equation (9.9)
We now show the sc-smoothness of the filled section. This is the analogous
result of Proposition 4.21 of [8].

Proposition 9.9. The filled section of the O section
(—e,e) x Frd ﬁnd, (r,6) = f(r,é)
s sc-smooth.

Proof. Note that the filled section can be written as f(r,§) = f(r,§)+g(r,€),
where f(r,§) is given by (9.7), and g(r,§) is defined as follows.

o[B80 @00, >0,
9n8) = {(0,0), r<0.

This section does not involve map displacement as in (9.6). Its sc-smoothness
follows from an analogous result of Proposition 4.11 of [8]. O

Combining the sc-smooth result (Theorem 9.6, Proposition 9.9), the regu-
larizing property (9.7), and the sc? contraction germ associated to the filled
section (Proposition 4.26 of [8]), we have the following sc-Fredholm result.

Theorem 9.10. The Cauchy Riemann section 05 : X — ) is an sc-
Fredholm section.

10. TRANSVERSALITY WITH BOUNDARY AND CORNERS IN M-POLYFOLDS

For readers who are not familiar with the general polyfold theory, we sum-
marize several essential transversality notions for M-polyfolds with bound-
ary and corners. Later in the paper, we will point out which transversality
conditions we can achieve in the M-polyfold of disk trees. For a complete
exposition, see [9)].

We define the degeneracy index by passing to the local model (see (6.1)).
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Definition 10.1. For an M-polyfold X and a point « € X, take an sc-smooth
chart (L, ¢, (O, C, E)) around z. Define

d(z) := do (¢ ().
We call d : X — Ny the degeneracy index.

The notion of degeneracy index is well-defined, in that it is independent of
the choice of sc-smooth chart around x. We can characterize the boundary
by the degeneracy index (Definition 2.25 of [9]).

Definition 10.2. We define the boundary of X to be the subset 0X :=
{x € X|d(x) > 1}.

At this point we recapitulate the concept of a tame M-polyfold, which
has a “controlled” boundary and corners structure. (See Definition 2.37 of
)

Let C be a partial quadrant in an sc-Banach space F, and (O, C, F) an sc-
smooth retract. Without loss of generality we can assume C = [0,00)F x W
and £ = RF @ W. Let x = (a1,...,a,,w) be a point in O. Define the
subspace E, by

E, :={(by,...,by,w) e REGW |b; = 0 if a; = 0}.
Definition 10.3. An sc-smooth retraction r : U — U with image O = r(U)
is tame if
(1) do(r(z)) = de(z) for z € U, and
(2) for every smooth point x € O there exists an sc-subspace A C FE,
such that £ =T,0 & A with A C E,.

Moreover, a tame M-polyfold is an M-polyfold with an sc-smooth atlas
whose charts are modeled on tame sc-smooth retracts.

Example 10.4. Let E = R?, then Eqq = {(0,0)}, Eq0 = R x {0},
E(O,l) = {0} X R, and E(l,l) = Rz.

Remark 10.5. The quotient space of disk trees is tame, since the boundary
and corners structure arises from Morse trajectory space (Section 2.2), but
the splicing (6.10) is independent of the Morse trajectories.

Now define the local reduced tangent space TEO by
TEO .= T,0NE,.

In general for a point = € X, we take an sc-smooth chart (4, ¢, (O,C, E))
around x, and define the reduced tangent space by passing to the local model,

TRY .= T(z) (Tf,l(x)o) .

Remark 10.6. A tame M-polyfold has the following property regarding its
reduced tangent space. (See Proposition 2.36 of [9].) For a smooth point x
in a tame M-polyfold X, the codimension of the reduced tangent space T.X%
in T, X is the same as the degeneracy index d(x).
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Later in this paper, we shall show that the M-polyfold of disk trees is
tame.

Now let m: Q) — X be a tame M-polyfold strong bundle and f : X — 9
an sc-Fredholm section (see Section 2.5 and 3.1 of [9]), we study the solution
set f~1(0) and its relation with the boundary and corners structure.

Definition 10.7. Let z be a solution to f(x) = 0. We define the linearized
section Df(x) : T,X — 9, as the the composition df (z) : T,X — T(; )2
and the projection T, )Y ~ 10X X Yy — Y-

We now outline a transversality condition called general position. (See
Definition 5.17 of [9].)

Definition 10.8. Let 7 : ) — X be a tame M-polyfold strong bundle and
f an sc-Fredholm section. We say f is in general position at a solution
x to f(x) = 0 if the linearized section Df(z) : T,X — 2, is surjective and
ker(Df(x)) has an sc-complement contained in the reduced tangent space
TEx.

We have the following result on the solution set of a Fredholm section in
general position. (See Theorem 5.18 of [9].)

Theorem 10.9. Let 7 : %) — X be a tame M-polyfold strong bundle, and f
an sc-Fredholm section in general position at the solution set M = f~1(0).
Then M is a sub-M-polyfold of X and the induced M-polyfold structure on
M is equivalent to that of a smooth manifold with boundary and corners.
Moreover, for x € M we have dop(x) = dx(x), where dyy and dy are the
respective degeneracy index of M and X.

Remark 10.10. Suppose z is a solution to f(x) = 0 with Df(x) surjec-
tive. If x has degeneracy index d(x) greater than Fredholm index inds(z),
then by Remark 10.6 f is mot in general position at x. We shall see such
transversality failure come up later in Section 12.2.

There is a weaker transversality condition called good position. We first
illustrate this concept locally. (See Definition 3.21 of [9].)
Let C' C FE be a partial quadrant in an sc-Banach space, and N C E a
finite dimensional sc-subspace. We say N is in good position to C if
e N N C has a non-empty interior in N, and
e there is an sc-complement P with £ = N @ P such that there exists
e > 0 so for (n,p) € N @ P with |p| < €|n|, we have n € C if and
only if n+p e C.
Now let (O,C, E) be an sc-smooth retract. Without loss of generality
assume C' = [0,00)* x W and E = RE@ W. Let x = (a1,...,a,w) be a
point in O. Define the subset C, by

Cp:={(b1,...,bg,w) € R¥ W |b; >0 if a; = 0}.
Example 10.11. Let £ = R? and C = [0,00)?, then Clo0) = [0, 00)2,

C(I,O) =R x [0,00)7 0(071) = [0,00) X R, and C(l,l) — RZ‘
124



Now define the local partial cone C.O by
C,0:=T,0nC,.

In general for a point = € X, we take an sc-smooth chart (4, ¢, (O,C, E))
around z, and define the partial cone by passing to the local model,

Cx% = T¢($) (Cqb(:c)O) .

We now summarize the notion of good position. (See Definition 3.53 of
[9].)

Definition 10.12. Let 7 : ) — X be a tame M-polyfold strong bundle,
and f: X — 2 a sc-Fredholm section. Then we say f is in good position
at a solution x to f(x) = 0 if the linearized section Df(x) : T,X — 9, is
surjective, and ker(D f(z)) is in good position to the partial cone CpX.

Remark 10.13. If a Fredholm section f is in general position at a solution
x, then it is in good position at z. (See Lemma 5.26 of [9].) The converse is
not true: suppose (O, C, E) is a retract such that E = R? C = [0,00)? and
x = (0,0) with tangent space 7,0 = span{(1,1)}. In this case, T,;O has no
complement contained in 72O = {(0,0)}, but it is in good position with
C,0 = [0,00)2.

Lastly we cite the following result on the solution set of a Fredholm section
in good position. (See Theorem 3.57 of [9].)

Theorem 10.14. Let 7w : ) — X be a tame M-polyfold strong bundle, and
f an sc-Fredholm section in good position at the solution set M = f~1(0).
Then M is a sub-M-polyfold of X and the induced M-polyfold structure on
M is equivalent to that of a smooth manifold with boundary and corners.

In the analysis of M-polyfold of disk trees in Section 12.2, we shall see
a multitude of transversality phenomenon: the perturbed 0; section can
achieve general position in most cases, but sometimes only good position,
and occasionally even good position fails.

11. Ao ALGEBRA AND CONCATENATION TREE

In Morse theory, the moduli space of trajectories satisfying gradient flow
equation yields a differential graded algebra, and consequently the Morse
homology. Analogously, the moduli space of disk trees satisfying Cauchy-
Riemann equation yields an A, algebra. We describe this process as follows.

11.1. Curved A, Algebra.

Let A be a ring with Zs coefficients and C' a A-module. For each k& > 0
let m* : ®"C — C be a A-module homomorphism called the k-th mul-
tiplication. Define the total complex to be C = Do ®k C. For a pure
tensor P = pi ® - -+ ® p; we denote its length by

|P| = k.
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We extend the multiplication to m : C — C as follows. Given a pure tensor
P, define

111 mP)= Y Reom"l(P)e P, (P |P] potentially 0)
P=P,P'®P;

and then extend A-linearly to combinations of pure tensors. We call (5 ,m)
a curved A, algebra if it satisfies the Ao, algebra equation

(11.2) mom=0.

Note that the system of infinite equation starts with mj(mg) = 0. From

now on, we shall refer to a curved A, algebra simply as an A, algebra.
We now discuss the concept of A homomorphlsm Let (C,m) and (D, 1)

be Ay algebras, and for each k > 0 let gp ® C — D be a A-module

homomorphism. We extend it to ¢ : C — D as follows. Given a pure tensor
P, define

(11.3) g(P):== >  d(P)®---@e"(P), (I[P potentially 0)
P=P& P,

and then extend A-linearly to combinations of pure tensors. We call ¢ :
(Cym) — (D,n) an Ay, homomorphism if it satisfies the Ao, homomor-
phism equation

(11.4) Gom=rod.

Let 7! : C — C be the projection to the 1-tensor component. The
following lemma shows that in order to check m o m = 0 it suffices to check
mtomom = 0. In practice, we will always verify the A, equation this way.
Lemma 11.1. Let C be a A-module and let m* : ®kC — C be the k-th

multiplication for each k > 0. Then w' o mom = 0 implies m om = 0.
There is a similar result on checking ¢ is an A,, homomorphism.

Lemma 11.2. Let (C,m) and (D,7) be As algebras, and let o* : @ C —
D be a A-module homomorphism for k > 0. Then m' o (pom —no@) =0
implies pom —nop=0.

The above lemmas are proven on [13] page 11, while assuming m" = 0
and n® = 0. The general results are similar.

11.2. Type and Disk Tree A,, Algebra.

We introduce the notion of a type, which is crucial to constructing and
understanding the disk tree A, algebra.

We remind the readers that (M,w) is a symplectic manifold, and L is a
compact Lagrangian submanifold of M. In addition, we choose a compatible
almost complex structure J on M, and a Morse-Smale pair (a,g) on the
Lagrangian L. Let crit(L) be the set of Morse critical points.
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Definition 11.3. A type is a tuple Z = [P, q; 1], where P = pp, ® - - ® p1
and each p; and ¢ are Morse critical points of the Morse-Smale pair («, g).
u € Z is the Maslov index of a type. For convenience, we denote

2" =Pl =k, u(Z):=p

to be the number of incoming critical points and the Maslov index of type
Z, respectively. We denote the set of all types by Z.

As we have seen in the construction of X the M-polyfold of disk trees,
each type Z = [py ® - - - ® p1, q; p] corresponds to a sub-M-polyfold X(Z). It
consists of disk trees with incoming critical points pg,...,p1 and outgoing
critical point ¢ and Maslov index p. Each z = (T,v,z,u) € X(Z) is a disk
tree, which represents a relative homology class in Ho(M, L). We denote its
pairing with the symplectic form by

wz)= Y {luln, Wae) -

vevm

Thus, X can be decomposed according to types, and each X(Z) can be
decomposed according to the pairing with the symplectic form (see (2.5)),

x=| | x(2), and X(2) = | | X(Z,v).

ZeZ v>0

Let 7 : 9 — X be the bundle of complex anti-linear sections (9.1). Let
dy : X — 9 be the Cauchy-Riemann section (9.2). Note that the Fredholm
index indg, (z) is the same for all z € X(Z), and we refer to it as the
Fredholm index of type Z indy, (Z). One can carry out a standard
index computation by using Riemann-Roch theorem (Appendix C of [15]),

k
(115)  indy,(Z) = Ipil —lal + p— (k= 1)(n—1) =1,
=1

where |p;| and |¢q| are Morse indices.

Suppose f : X — 9) is a section obtained by adding an sc™ perturbation
(Definition 2.27 of [8]) to d; and it achieves general position (see Definition
10.8), we denote its moduli space by

(11.6) M := f~10) and M (Z) := f1(0) N X(Z).

By Theorem 10.9, the solution set 9 ;(72) is a manifold of dimension ind ¢ (Z).
Since the perturbation is sc*, we have indy(Z) = indg,(Z). From now on,
if we omit the section in the Fredholm index, we assume it is the Fredholm
index of 9.

Those types with index 0 play an important role in the A, algebra. Thus
we denote

(11.7) [P, q] == [P, q; pl,

where p is the Maslov index such that ind([P, ¢; u]) = 0.
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We construct the disk tree A, algebra over Z as follows, using the
Novikov ring

A= {Zcie”i\ci € Zo,v; € [0,00)}.

Here e is the quantum variable. In the sum, there are finitely many non-zero
¢; with v; < N for any N. Let C' be the complex generated by Morse critical

points
C= > A{p).

pEcrit(L)

The total complex C' = Dy Q" C has an obvious bilinear form

(11.8) (AP Y NpP) =3 ApXp € A,

where we sum over pure tensors P = py ® -+ ® p; with p; € crit(L). For
each k > 0, define the k-th multiplication m” : ®k C — (' as follows. For
R=r.®- - ®mrq, define

(11.9) (m*(R), s) := Z ),

2€M;([R,s])

Naturally, we have m*(R) = 2 secrit(L) (mk(R),s)s. Note that M ([R, s]) is
a 0-dimensional manifold and thus countable.

This definition has two problems a priori: for a fixed v > 0, the set
M N X([R, s],v) is not necessarily finite, and the A, equation mom =0
does not necessarily hold. We need certain compactness and compatibility
result (see Section 11.5) to address these issues. In particular, mom = 0
does hold if the perturbed 9; section f is compatible with concatenation,
which is a crucial notion we discuss next.

11.3. Concatenation.
We now introduce the notion of concatenation tree, which specifies a way
of concatenating types.

Definition 11.4. A concatenation tree is a tuple 7 = (T,Z,.). Here
T = (V,E) is the underlying ordered tree. Z € ZV is a tuple of types,
or equivalently, Z : V — Z assigns a type ZV to each vertex v. Moreover
. € NP is a tuple of natural numbers, or equivalently, ¢ : E — N specifies
for each edge (v, w) that the outgoing critical point of type ZV concatenates
with the ((""")-th incoming critical point of type Z¥.
Naturally we impose the following two conditions.
o Injectivity condition: for each v € V, the restriction L\Ein(v) is injec-
tive.
e Coincidence condition: for e = (v,w), Z¥ = [pr ® - - - ® p1, ¢; p, and
ZV =1[r®- - ®ry,s;v], we have ¢ = re.

We now construct the concatenated type oy (Z).
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[G, h; 6] hJ(

(A) Concatenation tree T (B) Type representation of T

FIGURE 3. (A) is an example of a concatenation tree, where
each vertex is labeled a type ZV and each edge a number (€.
(B) is the type representation of this tree, where each cross
represents a critical point and each triangle a disk tree. The
concatenation type o7(Z) is [Ga @ R3@ P, @ Ry @ Py @ Ry ®
G, h;po + 1 + v +6).

Definition 11.5. Given a concatenation tree 7 = (T, Z,¢), we define the
concatenated type as follows.
In the case when T consists of a single edge (v, w), denote

[P,q;u] :=Z", [R,s;v]:=2Z".
The string ®Z¢L(v,w) r; is the product of the un-concatenated critical
points in R, and it can be written as Ry ® Ry. Here each R; is the (po-

tentially empty) product of critical points consecutive in R. We define the
concatenated type by

o7(Z) =[R2 ® P ® Ry, s; 0+ v].

For a general concatenation tree, we define the concatenated type o7 (Z)
inductively.

Remark 11.6. One can show by induction that the Fredholm index of the
concatenated type is

(11.10) ind(o7(2)) = Y _ind(Z2") + |E|.

vev
Definition 11.7. We say 7’ is a sub-tree of T if the underlying ordered
tree T' is a sub-tree of T and Z’, ./ are restrictions of Z, 1. Equivalently, we
call T a super-tree of 7’. This defines a partial order and we denote it by
T <T.
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(A) Super-tree T (B) Concatenated-tree 7

FIGURE 4. Associativity of concatenation: or(Z) = oz (077(Z)).

Remark 11.8. We now discuss the associativity of concatenation. First
note that given a concatenation tree 7, the set

Ir = | v} x (1271, . 13\ o(B2(+))
vev
indexes all un-concatenated incoming critical points in 7. It is easy to see
that there is a bijection a7t : I+ — {| o7 (2)|™®,...,1}.
_ Given N’T’ and a super-tree 7, we can construct the concatenated-tree
T = (T,Z,7) from T by collapsing 7" into a single vertex v. More precisely,

define V := (V\ V') U {¥}, and define a tuple o7(Z) € zV by

AR veV\V/,
OT’(Z/)a VvV = f\?

(11.11) o (2)¥ = {

Let the tuple Z be o7+(Z). Lastly, an edge of the form (v, 7) € E corresponds
to an edge (v,w) € E with w € V. We define 70v¥) according to the bijection
agr as follows (see Figure 4).

9 Z o, <W7 L(V,W)> .

Conversely, given 77 and 7 with Z = o7/(Z'), we can construct the
super-tree 7 by using the inverse of as.
One can easily show that

(11.12) or(Z) = o5 (o77(Z)) -
This property is the associativity of concatenation: it does not matter

how we concatenate the sub-tree first and then according to the concatenated-
tree, it always ends up the same type.

11.4. Concatenation and the Boundary and Corners Structure.
Similar to the concatenated type in Definition 11.5, we define the con-
catenated disk tree. This operation directly relates to the boundary and
corners structure of the M-polyfold of disk trees X.
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Definition 11.9. Given a concatenation tree 7 = (T, Z,.) and a tuple of
disk trees z € [[ ey X(Z"), define the concatenated disk tree o7 (z) €
X(o7(Z)) as follows.

In the case when T consists of a single edge (v, w), denote

[TV, Y, 2", '] o= 2", [TV, 9%, 2%, u] = 2", i= ),

Moreover, let rt’ be the root of TV, and If)’ the .(¥%)-th leaf of TV. By
construction, the root rt¥ has one incoming edge (o, rt") and no outgoing
edge, and the leaf If}" has no incoming edge and one outgoing edge (If}’, 3).

We construct the concatenated disk tree o7 (z) = [T,7,Z,u] as follows.

The tree T is obtained by deleting the edges (o, rtY) from TV and (IfY, 5)
from TV, and connecting them by the edge («, ), i.e.,

V= (VVUVY)\ {rt%, 17},

E:= (BYUEY U{(e, O)}) \ {(a, 1), (I, B)}.
The generalized Morse trajectories at edge (o, 3) are gotten by concatenat-
ing the trajectories at («,rt") with the ones at (If}, 5), i.e.,
7, eec EV\ {(a,rtY)},

€

SAP g s BV {(F, 9)),
(oo L)+ E= (@)

This makes sense since the coincidence condition in Definition 11.4 implies
that the critical points corresponding to rtV and If}" agree. Lastly, the tuple
of boundary marked points and disk maps are the product of those of TV
and TV, i.e.,

oo 8) =\ (), e (v,

v =v
where (V¥)™ and (VV)™ denote the set of main vertices of the trees TV and
TV, respectively.
For a more general concatenation tree, we define the concatenated type
o7(z) inductively.

)= {@M%)’ Ve (VY)m,

We can view o7 as a map as follows.

Proposition 11.10. Given a concatenation tree T = (T, Z, 1), the concate-
nation

or : [T %(2%) = x(e7(2))
vev
z— o7(2)

s an injective sc> map.
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The injectivity and the smoothness follows from that of concatenating
generalized Morse trajectories. Moreover, for each disk tree z = [T,~, z, u]
we define its pairing with the symplectic form w to be the sum of pairings
of all disk maps

(11.13) w(z) = Y Alwlms, W),

vevm

analogous to (2.6). Then the pairing between the concatenated disk trees
and the symplectic form is given by the sum

(11.14) wlor(2)) =Y w(z").
vev

The concatenation map is closely related to the boundary and corners
structure of the M-polyfold X of disk trees X (see Definition 10.2). The
boundary 0% corresponds to the boundary component of the Morse trajec-
tory space, which is the set of all broken flow lines. For = € X, d(z) is equal
to the total number of broken flow lines in z. In other words, let 7 be the
maximal concatenation tree of x, where x = oy (z) and each disk tree zV has
no broken flow lines. Then we have

d(z) = |E|.

In general, there is an equation for degeneracy index similar to that of
Fredholm index (11.10),

(11.15) d(or(2)) = d(z") + |E].

vev

11.5. Compatible Section and A, Algebra.

One can define the concatenation map o7 for the bundles of complex anti-
linear sections m : Q) — X as well. Here %) composes of elements of the form
[T,7,z,u,A]l. The fiber Yy, 5 consists of all tuples (Ay)veym where each

Ay is a complex anti-linear section of the bundle (u}TM, J o uy,) — (D,1).
For T = (T,Z,.) and z € [],cy X(Z"), the observation below follows
from the definition of concatenated disk tree.

(11.16) Vor(z) = H 2.,
vev

i.e., the fiber at the concatenated disk tree is the product of the each fiber.
Moreover, we denote the projection to each vertex component by

(11.17) prY i Dorz) = Dave

Definition 11.11. Given 7 = (T, Z, 1), let y € [[,cv D(ZY) be a tuple of
bundle elements. We define the concatenated bundle element o%-(n) as fol-
lows. First write y as y¥ = (2Y, V), where z¥ € X(Z") is the base component
and ¢V is the fiber component. We define

og-(g) = (o7(2), (V)vev),
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i.e., the fiber component of the concatenated bundle element is simply the
product ¢ € [[ ey D-v.

We now define the notion of a o-compatible section, which as we shall see
relates back to the A, equation.

Definition 11.12. A section f : X — ) is o-compatible if for any con-
catenation tree 7 = (T, Z, 1) and tuple z € [[ oy X(Z"), we have

flo7(2)) = o7 (f(2))-
Example 11.13. The Cauchy-Riemann section d; is o-compatible.
A related notion is a o-invariant subset. Given a subset & C X, we denote
(11.18) 0R:=0XNRKR, RKoR:={or(z)||E|] =1 and each 2" € R}.
Definition 11.14. A subset & C X is o-invariant if we have 98 = Ro K.

Clearly, we have 0X = XoX. Also if a section f : X — 2) is o-compatible,
then its moduli space My = f~1(0) satisfies 9Ny = M o M.

Recall that by Theorem 9.10, the Cauchy-Riemann section 9 is sc-
Fredholm. We now state the following result regarding the existence of
a o-compatible sc perturbation (see Section 1.4 of [7]) of d; that achieves
general position. (See Definition 10.8 for the notion of general position.)

Theorem 11.15. Let X be the quotient space of disk trees and m: Y — X
the bundle of complex anti-linear sections. Then for each type Z and v > 0,
the solution set 0;(0) N X(Z,v) is compact. Moreover, there exists a o-
compatible sct section s such that f = dj + s is in general position at the
solution set f=1(0), with each f~1(0) N X(Z,v) compact.

The compactness of 9;'(0) N X(Z,v) follows from Gromov compactness
([4]). Note that Theorem 11.15 is a o-compatible version of Theorem 5.5 of
[9], except for simplicity we omit the auxiliary norm here (see Definition 5.1
of [9] for auxiliary norm). The full version of Theorem 11.15 can be found
in [6].

Then Theorem 10.9 implies that each f~1(0)NX(Z,v) is a manifold with
boundary and corners.

Theorem 11.16. Let f : X — 9 be a section obtained by adding a o-
compatible sc™ perturbation to d; that achieves general position. Then the
k-th multiplication m” - ®k C — C defined for any R=7,® ---®r1 by
(mF(R),s) = Y e,
2€M;([R,s])
yields an Ay algebra.

Proof. First of all we note that another way of writing the k-th multiplication
is
m*(R, s) = anz(imf NX([R,s],v))e",
v>0
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where ngz, is the cardinality in Zy. By Theorem 11.15, 9ty N X([R, s],v) is
a compact O-dimensional manifold, so it has finite cardinality and therefore
mPF is well-defined. In order to show m o m = 0, by Lemma 11.1 it suffices

to show (mom(R),s) = 0. We have

(mom(R),s) = >  (M(R),s)(m(PL®s @ P),s).
R=P1QR' QP>
Let p be the Maslov index such that ind([R,s;u]) = 1 and we denote
A :=[R, s; pu]. Then the above term is equal to

S o[y ) oo
A=or(2), |Bl=1  \z—em;(Z-) atem; (z+)
ind(Z~)=ind(Z1)=0
= g, (Mg o M) N X(A,v))€”

v>0
Since My is o-invariant, we have (Myo M) N X(A,v) = 0Ny N X(A,v).
Again by Theorem 11.15, M NX (A, v) is a compact 1-dimensional manifold
with boundary, hence in Zg-counting nz, (00 N X(A,v)) = 0. This shows
(mom(R),s) =0, and thus (C,m) is an A, algebra.

O

11.6. Gluing Near Boundary and Corners.

Having understood the boundary and corners structure of X the M-
polyfold of disk trees, we try to study neighborhoods around x € 9X.

Any boundary point = € 90X can be written as © = oy (z), where T is the
mazximal concatenation tree of x, i.e., for each vertex v we have d(z¥) = 0.
Firstly, we fix an M-polyfold chart © on a neighborhood [[, v $4(2"), where
each U(zV) is a neighborhood of z¥ in X(ZV). (See (6.12) for charts of the
M-polyfolds of disk trees.) Then for a tuple of gluing parameters r¢ € [0, ¢)
and a tuple of disk trees yV € H(z"), we define the glued disk tree f7,(y)
as follows. B

Recall the definition of o7 (y) (Definition 11.9). For each edge (v,w) € E,
we denote B

[TV71V7_V,QV] = yV’ [TW’1W7£W7EW] = ng i = L(V,w).

As before, let rt¥ be the root of TV, and If}" the LVW)_th leaf of TV. Also, let
(ar,rtY) be the incoming edge of rt¥, and (IfY’, 5) the outgoing edge of 1f}'.
To construct the concatenated disk tree or(y) = [T,j, z,u], we delete the
edges (a,rt¥) from TV and (If}", 5) from TV, and connecting them by the
edge («, 3). The generalized Morse trajectories at edge («, 3) are gotten by

concatenating the unbroken flow line at (c, rt) with the one at (If}", 5),

Vo) = (7(Va7rtV>’7ng>> ‘
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Note that both are unbroken because d(y") = d(y") = 0. Subsequently we
apply Morse trajectories gluing (2.4) at edge («, ), i.e., replace j(a 5) by
Bvw) (j(a 5)). If either « or § is a main vertex, then the Morse trajectories

gluing changes end points on half-infinite trajectories. Hence we displace
either the map u}, or ug in the same way as (6.17) using the M-polyfold
chart © to ensure coincidence condition.

Thus given a chart ©, we have the disk trees gluing map, which is an
sc-diffeomorphism onto a neighborhood of o7 (2),

(11.19) 0,6) x ] 4(z") = X(o7(2))
vev

(r,y) = t7rr(y)
Clearly when r = 0, we have fi7o(y) = o7(y). Consequently, the tangent
space at o7(z) admits the following isomorphism
(11.20) x~Rx [ 1%
veV

Tor(2)

The nearby neighborhood structure around = € X becomes apparent us-
ing this map, and in the following section, we shall use this map to compute
the linearized section at a concatenated disk tree.

12. INDEPENDENCE OF THE ALMOST-COMPLEX STRUCTURES

Let m : 9 — X be the bundle of complex anti-linear sections over the
quotient space of disk trees. In Theorem 11.16, we construct an A, algebra
(C,m) by choosing any compatible almost-complex structure J and some
scT perturbation s. In order for (5’,7%) to be a symplectic invariant, we
would like to show that the A, algebra is independent of the choice of pairs
(J;s). More precisely, given two such pairs (J_1,s_1) and (Ji,s1) and let
(C,m_1) and (C,m1) be their respective Ao algebra, we need to construct
an Ao isomorphism between (C,m_;) and (C, 7). [6] deals with a similar
problem in SFT. We also refer the readers to [12] and [11] for the case in
generalized Morse theory, where the former uses an algebraic technique and
the latter uses the obstruction bundle gluing.

To prove the above result, we first find a smooth 1-parameter family
of almost-complex structures (J;);c[—1,1) between J_; and J;. We can do
this since the space of almost-complex structures compatible with w is con-
nected. The difficult part is finding a 1-parameter family of o-compatible
perturbations (s;)ie[—1,1) so that the family of sections

F:[-1,1] xX =9, (t,z)— (0, +s:)(x)

achieves a certain special transversality condition. The transversality prob-

lem is complicated by the presence of index -1 solutions: at certain irregular

€ (—1,1), the general position (Definition 10.8) breaks down, and at times

even the good position (Definition 10.12) fails as well (see Proposition 12.14).
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As a result, constructing an A, isomorphism across those irregular times
proves to be non-trivial. This section mainly deals with the A, algebra at
those irregularities.

12.1. Index -1 and Index (-1, 0) Concatenation Trees.
We first set up the terminologies for the index -1 type irregularity that
occurs at certain t € (—1,1).

Definition 12.1. An index -1 concatenation tree of type A is a con-
catenation tree 7 = (T, Z, 1) such that Z¥ = A with ind(A) = —1 for every
vertex v. In this case, we abbreviate the concatenated type as o7 (A).

Definition 12.2. An index (-1,0) concatenation tree of type (A,B)
is a concatenation tree 7 = (T, Z,1) with a center vertex ctr € V such that
A, v #ctr,
B, v =ctr,

AR with ind(A) = —1 and ind(B) = 0. In this case, we

abbreviate the concatenated type as oy (A, B).

By the index formula (11.10), we have
ind(o7(A)) = —1 and ind(o7 (A, B)) = 0.

We adopt a similar notation for their corresponding concatenated disk
trees, i.e., for a € X(A) and b € X(B), we abbreviate their concatenated
disk tree as

(12.1) or(a) and o7 (a,b).

Definition 12.3. An index (-1,0) tree 77 is a sub-tree of an index (-
1,0) tree T if ctr’ = ctr and T’ is a sub-tree of T as concatenation trees.
Given an index (-1,0) tree 7, we define the incoming sub-tree 7~ to be
the maximal sub-tree containing E™(ctr) and not E°*(ctr). Similarly, the
outgoing sub-tree 7 is the maximal sub-tree containing E®*(ctr) and
not E"(ctr).

Note that the convention for naming 7~ and 7 is consistent with the
direction of the Morse trajectories.

Definition 12.4. We call an index -1 type A = [P, ¢; ] self-concatenating
if for P = p1 ® -+ ® pr, we have p; = ¢ for some i. We call A singly
self-concatenating if there is exactly one such ¢, and multiply self-
concatenating if there is more than one.

12.2. Transversality of 1-family of Sc-Fredholm Sections.

In order to construct an A, isomorphism between A, algebras arising
from (J_1,s-1) and (J1,$1), we need a family of o-compatible perturbed
sections that satisfies a certain transversality condition.

Definition 12.5. We say a 1-parameter family of sc-Fredholm sections
Fil-1L1xX 59, (ta)— fi)

is o-compatible if each f; is o-compatible (see Definition 11.12).
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FIGURE 5. Cobordism F~1(0) N ([-1,1] x X(Z,v))

In order to study the relation between (C,m_;) and (C, 1), we need to
study the A, algebra (5 ,my) for ¢ in between. Since by Theorem 11.16 m;
is defined by counting moduli spaces, here we denote the moduli space at
time ¢ by

(12.2) M; == £71(0) and M (Z) := £71(0) N X(2).

We now state the desired transversality condition for a 1-parameter family
of sc-Fredholm sections.

As a primer, given a section f : X — 2), suppose a concatenated disk
tree oy (z) with |E| = 1 satisfies f(o7(z))=0. Then the partial derivative
with respect to the gluing parameter O,|,—of(f7(2)) lies in the product
[[vevD:v. The projection to each component prV(0,|.—of(#7,(2))) plays
an essential role in the following transversality condition.

Definition 12.6. We say a o-compatible 1-parameter family of sc-Fredholm
sections F': (t,z) — fi(x) is o-transverse if there exists a meager set of
singular times ¥ C (—1,1) and a finite set of accident times © C (—1,1)
such that ¥ and © are disjoint, and

(1) Fl(=1,1)\0)xx is in general position,

(2) for each index 0 type Z and v > 0, there exists a finite subset
¥(Z,v) C (—1,1) with union (J,, ¥(Z,v) = X, such that
(a) for t ¢ X(Z,v) U©, the section fi|x(z,) is in general position,
(b) for 6 € ©, the section fy|x\px is in general position,

(3) for § € O, there is a unique index -1 solution a € My(A) with
d(a) = 0. We call a an accident solution and A an accident
type. Further assume that A is either not self-concatenating or
singly self-concatenating, and moreover,

(a) Dfg(a) is injective and 0 fy(a) ¢ im(D fy(a)),
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(b) for index -1 concatenation tree T of type A with a single edge
(v=,v1), let 0% := pr¥™ (8p|r=o fo(#7.r(a))). We have
o, 5+7 6" — 6" ¢ lm(DfG(a))7
(c) for each index (-1,0) concatenation tree 7 of type (A, B) with a
single edge, and each index 0 solution b € My (B) with d(b) = 0,
let v be the vertex of a and a := pr¥(0|r=o0 fo(§7,r(a,b))). We
have
a ¢ im(Dfy(a)).
Remark 12.7. Assume F' is o-transverse, and fix a sub-M-polyfold X(Z,v)
with index 0 type Z and v > 0. In Definition 12.6 (2), 0 € X(Z,v)
corresponds to a time when there is some solution z € X(Z,v) such that
Df,(z) has a one dimensional kernel. In this case, ker(DF(o,z)) = {0} ®
ker(Df,(z)). Pictorially, in Figure 5, ¥(Z,v) = {o0;} are the times when
F~1(0) has a vertical tangent.

In Definition 12.6 (3), # € © corresponds to a time when there is some
boundary solution oy (a,b) € 0X(Z) where d(b) = 0. Conversely, since a is
the unique accident solution at 6, all boundary solutions z € 0X(Z) with
ind(Z) = 0 is of the form o7 (a,b). Such a boundary solution is represented
by a dot in Figure 5. Note that the degeneracy index d(o7(a,b)) = |E|.
If A is self-concatenating, then there exists index (-1,0) concatenation tree
T with any number of edges. By Remark 10.10, F fails to be in general
position at (6,07 (a,b)) when |E| > 1 since the Fredholm index indp at this
point is 1.

Remark 12.8. Definition 12.6 (3) is a simplistic assumption that enables
our construction of A, isomorphism. In general, an accident type A could
be multiply self-concatenating, and the condition in Definition 12.6 (3) (b)
would be more complicated due to the intricate interplay between different
ways of a concatenating with itself. We believe by a similar construction
in [6] there is a o-compatible 1-family of perturbations s; so that 0, + s;
achieves the full transversality including multiply self-concatenating accident

types.

By Definition 12.6 (2), f; is in general position for t € [—-1,1] \ (X U ©),
so it follows from Theorem 11.16 that (C',m;) is an A algebra. Assuming
the transversality condition in Definition 12.6, we have the A, isomorphism
result.

Theorem 12.9. Suppose there exists a 1-parameter family of o-compatible
sct perturbations so that the family F(t,x) = (0, + s¢)(x) is o-transverse,
then there exists an Ao isomorphism @ : (C,m_1) — (C,my).

We shall prove this result by constructing an A, isomorphism across
each accident time, and then compose all A, isomorphisms. The following
section states the A, isomorphism result for each accident time, and carries
out this process in detail.
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12.3. A, Isomorphism Across Accident Times.

In this section, we address the major difficulty in Theorem 12.9: con-
struct an Ao isomorphism across an accident time 6 € ©. More precisely,
we construct an Ao, isomorphism between (C,my-) and (C,my+), where
6=,0% € [-1,1] \ (XU O) are such that 6 is the only accident time that lies
in (07,6%).

Suppose there exists a 1-parameter family of o-compatible sc¢™ perturba-
tions so that F(t,z) = (Jy, + s¢)(z) is o-transverse. For a fixed accident
time 0 € O, let

A =[P, q; ]
be the accident type. Moreover let a be the accident solution, and
v=uwl(a)

the pairing of a with the symplectic form. Then given k£ > 0 and an index
-1 concatenation tree 7 of type A, we define a A-module homomorphism
W;- : ®k C — C by defining on pure tensors,

ViH(R) = {ev”% k= lor (A", [R,q; [V|u] = or(A),

0, otherwise.

We reminder the reader that the identity A-module homomorphism Id* :
®"C — C is of the form

Idk_{ld, k=1,

0, otherwise.

The desired A, isomorphism across the accident time 6 can be expressed
in terms of 1/11} and Id* as follows.

Theorem 12.10. Suppose a I-parameter family of sc-Fredholm sections
F : (t,z) — fi(x) is o-transverse. At an accident time 0, let a be the
accident solution and and A the accident type. Define

ok = 1d" + > W

T index -1 tree of type A

Then the extension @ : =Ye given by (11.3) is a A-module isomorphism.
Furthermore let 6=,0% € [—1,1]\ (XU O) be such that 0 is the only accident
time that lies in (0=,07). Then depending on properties of a, either @ or
o1 is an As isomorphism from (C,mg-) to (C,mg+).

Assuming Theorem 12.10, it is straightforward to construct the desired
Ao isomorphism in Theorem 12.9.

Proof of Theorem 12.9. The set of accident times © consists of 6; < -+ <

0n. We pick —1 = 7 < -+ < 741 = 1 such that 7, < 6; < 7341 and

7; ¢ XU O. We can do this since by Definition 12.6 the set X is meager.

Now apply Theorem 12.10 we obtain an A, isomorphism ¢; : (C,m,,) —
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(5, M, ) for each i. Then @,o0---0@; is an A, isomorphism from (5, m_q)
to (C,my). O

The algebraic problem presented in Theorem 12.10 can be traced to the
problem of finding a 1-parameter family of solutions to F' near a solution of
the form (0,07 (a,b)). Thus we study this 1-parameter gluing problem.

12.4. 1-Parameter Gluing Problem.

We fix a o-transverse l-parameter family of sc-Fredholm sections F' :
(t,z) — fi(x), and an accident time 6 as in Definition 12.6 (3). Let a be the
accident solution and A the accident type.

Let 7 be an index (-1,0) concatenation tree T of type (A, B), and b €
My(B) a solution with d(b) = 0.

a, Vv # ctr,

We denote by z(a,b) the tuple z(a,b)¥ = { and study the

b, v = ctr,
1-parameter gluing problem: solve the equation

(12.3) F(t, b p(w) = 0

in a neighborhood of (0,07 (a,b)) in [—1,1] x X. (See Section 11.6 for disk
trees gluing and a characterization of neighborhoods of or(a,b).) More
precisely, we need to determine whether there exists a 1-parameter family

(12.4) (t 7.0 (w(t)) € F7H(0), with r(6) =0, w(8) = 2(a,b)

for t < @ or t > 6, or not near 6.
We categorize all the possible outcomes of the 1-parameter gluing problem
as follows.

Definition 12.11. Given an index (-1,0) concatenation tree T of type
(A, B), we say the point o7 (a,b)
e glues to both left and right if a 1-parameter family (12.4) exists
fort € (0 —e,0 + ¢) for a small € > 0,
e glues to the left if a 1-parameter family (12.4) exists for t € (f—e, 0]
for a small € > 0,
e glues to the right if a l-parameter family (12.4) exists for ¢t €
[0,0 4 ¢) for a small £ > 0,
e fails to glue if a 1-parameter family (12.4) does not exist near 6.

To encode all the cases, we define the gluing directions C%E(a, b) by

glues to both left and right,
glues to the left,
glues to the right,

1,1), if or(a,
1,0), if oy (a,
0,1) (
(0,0)

Example 12.12. Pictorially, in Figure 5, o7 (a, b1) glues to the right, o7 (a, bs)

fails to glue, and o7 (a, b3) glues to the left.
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We now try to understand the transversality of F' at (6,07 (a,b)). From
Remark 12.7, we know F' is not in general position at (6, o7 (a,b)) if |E| > 1.
In the following text, we determine the transversality and gluing direction
by studying the linearized equation of (12.3).

Recall from Section 11.6 that the disk trees gluing map (11.19)

(r,w) = i1 (w)

is an sc-diffeomorphism onto a neighborhood of o7 (a,b), and the tangent
space at o7 (a,b) can be written as

(12.5) TorapyX =~ R x [] ooy X
vev
Under this identification, the tangent vectors are of the form

oT(ab% {(pv )|10 GRT/ 6T’zab"&:}
and the partial cone C, (45X (see Definition 10.12) is identified with

CoT(a,b)% = [07 OO)E X H Tz(a,b)"x'
vev
The following statement on the linearized section D fy(o7(a, b)) is a partial
result of Proposition 12.21, which we shall prove in the next section.

Proposition 12.13. Let T be an index (-1,0) concatenation tree of type
(A, B) and a solution b € My(B) with d(b) = 0. Then the linearized section
D fo(or(a,b)) is an isomorphism, and the solution (p,n) to the equation

—atfe(OT(a, b)) = ng(OT((I, b))(£7 ﬂ)
satisfies p° # 0 for all e € E.

Then it follows that the linearized section DF(6,07(a,b)) is surjective.
To understand if F is in good position at (6, o7(a,b)), it suffices to study
the 1-dimensional kernel of DF(0, o7 (a,b)) in relation to the partial cone at

(0,07(a,b)).

Proposition 12.14. Let T be an index (-1,0) concatenation tree of type
(A, B) and a solution b € My(B) with d(b) = 0. Let p* € R and n" €
T, (ap)vX be tangent vectors such that the equation

_atfe(oT(a7 b)) = Df@(OT(av b))(£7 ﬂ)
is satisfied. Then we can conclude the following about the gluing direction
at OT(CL, b)
(1) For |E| =0, F is in general position at (6,07 (a,b)) and or(a,b) =b
glues to both left and right.
(2) For |E| > 1, we have
e if p€ (—00,0)F, then F is in good position at (6,07 (a,b)) and
or(a,b) glues to the left,
. zfp € (0,00)F, then F is in good position at (0,07 (a,b)) and
or(a,b) glues to the right, or
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e if p€ (R\ {0})F but not in the above two scenarios, then F is
not in good position at (0,07 (a,b)) and or(a,b) fails to glue.

Proof. In order to determine whether a 1-parameter family (Z, 87 (1) (w(t)))
in F~1(0) exists for t < 6 or t > 6, we study the linearized equation of
F(t, 47 ,(w)) = 0 at (0,07(a,b)). In other words we find the set of tangent
vectors (h, (p,n)) such that

DF(®, OT(CL7 b))(h7 (Bvﬂ)) =0.

We re-write the above equation as

_8tf0(o7'(ay b)) h = DfG(OT(a’ b))(£7 ﬂ)

Suppose h = 0, then by Proposition 12.13, (p,n) = 0. Suppose h # 0,
without loss of generality, assume h = 1. Then it follows from Proposition
12.13 that there exists a unique solution (p,n). Thus

ker(DF(0,07(a,b))) = span{(1, (p,n))}

Moreover, under the identification of (12.5), the partial cone at (6, o7 (a, b))
is of the form

Cloor(ap) ([F1,1] x X) =R x <[07<>0)E <1 Tz(avb)vf> )

vev

where R is the tangent space at 6.

By Proposition 12.13, the linearized section DF (6,07 (a,b)) is surjective.
Furthermore, ker(DF(6,07(a,b))) is in good position to the partial cone
if and only if p € (—o00,0)® or p € (0,00)F. Suppose p € (0,00)¥, then
(1,(p,m)) lies in the partial cone, and by a local version of Theorem 10.14,
there exists a 1-parameter family of solution for ¢ € [0, + ¢). On the other
hand, suppose p € (—o0,0)¥, then (-1, (p,7n)) lies in the partial cone, and
there exists a 1-parameter family of solution for ¢ € (0 — &,0]. Finally, the
very last scenario in Proposition 12.14 is obvious. O

With our knowledge of 1-parameter gluing problem, we now prove Theo-
rem 12.10.

12.5. Proof of A, Isomorphism.

In this section, we prove the A, isomorphism result in Theorem 12.10.
We fix an accident time 6, and let a be the accident solution and A the
accident type. L

We start by showing the map ¢ : C' — C' in Theorem 12.10 is a A-module
isomorphism.

Lemma 12.15. The A-module homomorphism ¢ : C — C in Theorem
12.10 is an isomorphism. In particular, if the accident type A is not self-
concatenating, then g~! = @.
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Proof. Let 71 be the index -1 concatenation tree of type A with a single
vertex. Define an A-module homomorphism & : ®k C — C by ¢ =1d* +
1/1%. One can verify that E is the inverse of @. In the case when A not
self-concatenating, ©F = 1d*F + W;-l and therefore ¢ is its own inverse. O

Note that the above proof for A-module isomorphism does not exclude
multiply self-concatenating A.

We now prove the A, homomorphism result of Theorem 12.10. From here
on in, we shall always assume that the 1-parameter family of sc-Fredholm
sections F': (t,z) — fi(x) is o-transverse.

By Definition 12.6 (3), the linearized section D fy(a) is injective, so its
image im(D fp(a)) has codimension 1 in the fiber 2),. Thus we denote the
quotient map by

[]:De = Da/im(D fp(a)) ~ R.
Suppose v,v" € 9, satisfies v/ ¢ im(D fy(a)), then the ratio % is a well-
defined real number. Indeed, we can define it by choosing an identification
. /im(D fy(a)) ~ R, and one can show that the ratio is independent of the
choice of identification.

We now define an important quantity, which as we shall is closely related
to the map ¢ in Theorem 12.10.

Definition 12.16. Suppose A is singly self-concatenating, define the self-
concatenation factor 7(a) := <1 - E—fD %. (See Definition 12.6
(3) for 67,47.)

We now state the A, homomorphism property in Theorem 12.10.

Theorem 12.17. Let 0,07 € [-1,1] \ (X U ©) be such that 6 is the only
accident time that lies in (0,07).

(1) Suppose A is either not self-concatenating or singly self-concatenating
with 7(a) < 0. Then @ : (C,mg-) — (C,mg+) is an Asg homomor-
phism.

(2) Suppose A is either not self-concatenating or singly self-concatenating
with 7(a) > 0. Then @ : (C,mg+) — (C,Mg-) is an Ass homomor-
phism.

Proof of Theorem 12.10. The A, homomorphism property of Theorem 12.17
and the module isomorphism result of Lemma 12.15 imply the desired Ay
isomorphism property. U

We now prepare to prove the A, homomorphism property of . To that
end, it is often convenient to use the language of types in order to express
the multiplication m;. Hence we define the type counting function as follows.
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Definition 12.18. Given an index 0 type Z and ¢t € [—-1,1] \ (X U ©), we
define the type counting function H;(Z) by

Hy(Z):= Y e,

2€M(2)

where M;(Z) is equal to £, 1(0) N X(Z), the moduli space of type Z at time
t.

This definition is simply rephrasing the definition of the multiplication
my: for each pure tensor R =1 ® --- ® r1 and s, where r; and s are Morse
critical points, we have by definition

(12.6) (F1e(R), s) = Hy([R, s]).

Around an accident time 6, we can express the type counting function at
0~,07 in terms of gluing directions as follows. As we shall see, it proves
to be useful to translate the A,, homomorphism property of ¢ in Theorem
12.17 into equations of gluing directions.

Lemma 12.19. Let 67,07 € [—1,1] \ (X U ©) be such that 0 is the only
accident time that lies in (0=,07). Then for an index 0 type Z, we can
express Ho+ (Z) in terms of gluing direction at 6 as follows.

Hye(Z) = 3 Bl +) £ (g, b).
{(B,T)| Z=o7(A,B)}
beMo (B), d(b)=0

We recall that v = w(a) is the pairing of the accident solution a with the
symplectic form w.

Proof. We shall prove the lemma for T, as the case for 6~ is completely
analogous. By definition, it suffices to show that for each index 0 type Z we
have

(12.7) Z ) = Z e‘E‘”Jr“(b)cf}(a, b).

Z2€My4 (Z) {B,T)| Z=o7(A,B)}
bEM (B), d(b)=0

For each index 0 type Z and £ > 0, we define 91(Z, £) to be the set of tuples
(b, B, T) such that

o /= OT(A7B)7

e beMy(B), d(b) =0, and oy (a,b) glues to the right, and

o [Blv+w(b) = ¢
Thus to prove (12.7), it suffices to show that for fixed index 0 type Z and
¢ > 0, we have the same Zs counting
(12.8) nz,(My+ NX(Z,€)) = ng,(N(Z,£)).

This above identity follows from a standard cobordism argument. O
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Recall from Definition 12.3, given an index (-1,0) concatenation tree T,
the sub-trees 7~ and 7 are the incoming and outgoing sub-tree, respec-
tively. The following result shows that the A,, homomorphism property of
@ in Theorem 12.17 follows from an equation of gluing directions involving

T~ and T+.

Lemma 12.20. Let 0,07 € [—1,1] \ (X U ©) be such that 0 is the only
accident time that lies in (0~,07).

(1) Suppose for all index (-1,0) concatenation tree T of type (A, B) and
all b € My(B) with d(b) = 0, we have

Z cri(a,b) = Z t(a,b).

T-<T'<T THST'ST

Then & : (C,mg-) — (C,mg+) is an Asg homomorphism.
(2) Suppose for all index (-1,0) concatenation tree T of type (A, B) and
all b € My(B) with d(b) = 0, we have

Z ti(a,b) = Z cr(a,b).

T-<T'<T TH<T'<T

Then & : (C, g+ ) — (C,mg-) is an Asg homomorphism.

Note that this lemma does not assume A is either not self-concatenating
or singly self-concatenating.

Proof. We only prove (1) because (2) is analogous. In order to show ¢ :
(5,77197) — (5,77@9+) is an A, homomorphism, it suffices to prove the
following equation holds for each pure tensor R = ® --- ® r1 and s, where
r; and s are Morse critical points,

(12.9) (pomg-(R),s) = (Mmg+ 0 p(R), s).

By the form of ¢ in Theorem 12.10, we can re-write (12.9) in terms of

type counting functions, and incoming sub-trees 7~ and outgoing sub-trees
T+ (Definition 12.3),

(12.10) oo et By = > B H(B).
{(B,T)|T=T", {(B,T)|T=T",
[R,s]=07(A,B)} [R.s]=07(A,B)}
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We first analyze the right-hand side of (12.10). By Lemma 12.19, it is
given by

S W H,.(B)

{BIT=T",
[R,s]=07(A,B)}
= Z e‘E‘V Z CIEIIV—"_UJ(b)C:—;_—/(a, b)
(BT T=T", {(B,T")| B'=07:(A,B)}
[R,s]=05(A,B")} beMy(B), d(b)=0
(12.11) = 3 e(\ﬁl+\E'|)v+w(b)C;l(a, b),
(B, T, TS~

bEM (B), d(b)=0

where S~ = {(B,T,T)|T =T, [R,s] = o7(A,o7/(A, B))}. The expres-
sion (12.11) is equal to

(12.12) > elEv e ®) et (a,b),
(B,T, T)es8*
beMy(B), d(b)=0

where ST = {(B,T,7")|TT <T' <T, [R,s] = or(A,B)}. This is due to
the associativity o7 (A, B) = oz(A,o7/(4, B)) as discussed in Remark 11.8,
and the observation that 7 = 7~ iff 7+ < 7. Moreover, it is easy to see
|E| = |[E| + |E/|. Also we can conclude the same about the left-hand side of
(12.10). In summary, we have

Z BV Hys (B) = Z e‘E‘”Jr“(b)c%E,(a, b),
{B,T)|T=TT, (B, T, Tes*
[R,s]=07(A,B)} beMy(B), d(b)=0
where ST = {(B,T,T")|T* <T' < T, [R,s] = or(A,B)}.
Thus to prove (12.10), it suffices to show that for all fixed index (-1,0)
concatenation tree 7 of type (A, B) and all b € My with d(b) = 0, the
following equation holds,

Z cri(a,b) = Z T (a,b).

T-<T'<T THST'ST
This proves Lemma 12.20. U

Having translated the A., homomorphism property into an equation of
gluing directions, it suffices to prove the gluing directions equation is satis-
fied.

Proposition 12.21. Assume that A is not multiply self-concatenating. Let
T be an index (-1,0) concatenation tree of type (A, B) and a solution b €
My(B) with d(b) = 0. Then the linearized section D fg(o7(a,b)) is an iso-
morphism, and the solution (p,n) to the equation

—0cfo(or(a,b)) = D fo(or(a,b))(p,n)
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satisfies p® # 0 for all e € E.

(1) Suppose A is either not self-concatenating or singly self-concatenating
with 7(a) < 0. Then we have

Z cri(a,b) = Z T (a,b).

T-<T'<T TH<T'<T

(2) Suppose A is either not self-concatenating or singly self-concatenating
with 7(a) > 0. Then we have

Z cti(a,b) = Z cri(a,b).

T-<T'<T TH<T'<T

Proof of Theorem 12.17. Proposition 12.21 shows that the equations of glu-
ing directions are satisfied when A is not multiply self-concatenating. Lemma
12.20 then shows that the desired Ao, homomorphism property is satis-
fied. O

In order to prove Proposition 12.21, we start by proving the desired result
for a special class of concatenation trees.

Lemma 12.22. Proposition 12.21 is true while assuming that the center
vertex ctr of T is either a leaf or the root with a single edge.

Proof. Fix an index (-1,0) concatenation tree T of type (A, B) and fix b €
My (B) with d(b) = 0. Assume that ctr is the root and it has a single edge.

Since A is not multiply self-concatenating, 7 has a linear structure. More
precisely, let n be the number of edges of 7. Then its set of vertices is of
the form V := {vg = ctr,vq,...,v,}, and its set of edges E := {e; =
(Vv1,v0)y---,en = (Vp,vp—1)}. In order to show that D fy(or(a,d)) is an
isomorphism, we prove that the equation

(12.13) u = D fp(or(a,b))(p,n)
has a unique solution (p,7), and we shall do so by studying each component
(12.14) pr(w) = pr* (D fo(or(a,b))(p,n))

for each v € V.
If A is singly self-concatenating, then for an index -1 sub-tree 7’ of type
A with a single edge (v, v™), we denote

Vi
6 = pr (ar’rzo f@(ﬁT’,r(a))) )
and recall from Definition 12.6 (3) that §—,0%,6~ — 61 ¢ im(D fy(a)). Also
for the index (-1,0) sub-tree 7’ of type (A, B) with a single edge (v,ctr),
where v, ctr corresponds to a, b respectively, we denote
o = prv(8r|r=0 fﬁ(ﬁT’,r(ay b))), B = prCtr(8r|r:0 fﬁ(ﬁ’T’,r(av b))),

and we have « ¢ im(D fy(a)).
Abbreviating each p as p* and 0"+ as n¥, we express (12.14) component-
wise as follows.
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For n =0,
u® = D fo(b) (1)
Forn =1,
ut = Dfp(a)(n') + p'a,
u’ =D fa(b)(1°) + p' 5.
For n > 2,

u" = Dfp(a)(n") +p"0",
ub = Dfgla)(n®) + p*6~ + pFToT, 2<k<n-—1

u' = Dfgla)(n') + p'a + p*s7,
u® = D fy(b)(n°) + p'B.

Note that if A is not self-concatenating, then n = 0, 1.

In the following computation, we keep in mind that Definition 12.6 (2)(c)
implies that D fy(b) is an isomorphism since d(b) = 0. Thus for n = 0, we
can solve u® = D fy(b)(n°). For n = 1, we apply the quotient map

H : Q‘ja — Q.ja/im(DfG(a))

on both sides of the top equation and get [u'] = p'[a]. Since by assumption
[a] # 0, we have p! = [u!]/[a]. This implies u* — pla € im(Dfy(a)), so there
is a unique ' that satisfies u! = Dfy(a)(n') + p'a. Lastly, plug in p; in the
bottom equation and we solve n°.

For n > 2, we proceed similar as in the case of n = 1. Apply the quotient
map [-] to the top equation and get p! = [u']/[67], and then solve for n™.
Inductively for 2 < k < n — 1, suppose we know (p**1 n¥*1). Then we
can solve for p¥ by using [u¥] = p*[67] + pF*1[6F], and we subsequently
solve for n*. Similarly we find (p',n') and (p°,1°). This finishes proving
D fo(or(a,b)) is an isomorphism.

Now the equation

(12.15) —0fo(or(a,b)) = D fo(o7(a,b))(p, )

is a special case of (12.13), where u* = —, fp(a) for k > 1 and u® = —3; fo(b).
Thus by studying the component-wise equation (12.14), we find for n > 1,

(12.16)

ph = % <1+ (-%) P (_%)“j |

R I0) Y (YT .
TS (“( [5‘]>+ *( [5‘]> )’f 2sk=n
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Note that 1 — % # 0 because 6~ — §T ¢ im(Dfg(a)). Moreover, the

geometric sum

(12.17) I+2x+---42™
is non-zero if 142 # 0. This along with the condition 0, fg(a) ¢ im(D fp(a))
shows pF # 0.

We now study the gluing direction of sub-trees of 7. We observe that the

set of all sub-trees of 7 is {79,---, 7" = T}, where each T has i edges.
For i = 0, by Proposition 12.14 we have c,(a,b) = cf;o(a, b) = 1. And
for i > 1, we use (12.16) and Proposition 12.14 to analyze the coefficients
c7i—i (a,b). We discuss this problem by cases. (In the following text we omit
the (a,b) in the c?—(a, b) notation because they are fixed.)

(1) Suppose A is either not self-concatenating or singly self-concatenating
with self-concatenating factor 7(a) < 0. To prove Proposition 12.22 in this

case, it suffices to show
S - 5
T-<T'<T THT'<T

which can be re-written as
n
(12.18) Crn =Y ch..
i=0

For n = 0, we have ¢, =1 and c;'_o = 1. Hence (12.18) is satisfied.
For n = 1, we discuss the following cases.

i) W > 0, then ¢, =0, and c;r_l- =1fori=0,1.

ii) % < 0, then ¢ =1, and c;r_i =1 for ¢ = 0 only. In both cases,
(12.18) is satisfied.
For n > 2, note that A must be singly self-concatenating with

] )]
(@) <1 [5-]) o]

We discuss the following cases.

5] < ¢ L=0ue(a)
1) 1- 4 >0, Fll g

i) W > 0, then ¢, =0, and c;- =1 for i = 0,1 only.

ii) % < 0, then ¢, = 1, and C;_-i =1 for ¢« = 0 only. In both
sub-cases, (12.18) is satisfied.

_ 1of] [Z0¢fo(a)]
1) 1 - {2 <o, Fode@l 5 g
i) % > 0, then ¢, = 0, and c;- =1 fori=0,1 only.
ii) % < 0, then ¢, = 0, and C;_-i =1 for ¢ = 0,2 only. In both
sub-cases, (12.18) is satisfied.

< 0.
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(2) Suppose A is either not self-concatenating or singly self-concatenating
with self-concatenating factor 7(a) > 0. To prove Proposition 12.22 in this

case, it suffices to show
+ _ —
> = D> o
T-<T'<T TH<TI<T

which can be re-written as
n
(12.19) = i
i=0

For n = 0, we have c;r_o =1 and ¢, = 1. Hence (12.19) is satisfied.
For n = 1, we discuss the following cases.

i) % > 0, then C% =1, and ¢; =1 for i = 0 only.

ii) % < 0, then C% = 0, and =1 for 2 = 0,1. In both cases,
(12.19) is satisfied.

For n > 2, note that A must be singly self-concatenating with 7(a) > 0.
We discuss the following cases.

5t —0: fola
1) 1 - {34 >0, =gl s o

i) % > 0, then C;Cn =1, and ¢, = 1 for i = 0 only.
ii) % < 0, then C;Cn =0, and ¢; = 1 for ¢ = 0,1 only. In both
sub-cases, (12.19) is satisfied.

5+ —8,5 a
1) 1 - = <o, Bl <o,

i) % > 0, then cf}n =0, and ¢; =1 for ¢ = 0,2 only.

ii) % < 0, then C;Cn = 0, and ¢; = 1 for : = 0,1 only. In both
sub-cases, (12.19) is satisfied.

This finishes the proof of the case when ctr is the root with a single edge.

Now suppose the center vertex ctr of T is a leaf. Then its set of vertices
is of the form V := {vo = ctr,vy,...,v,}, and its set of edges is given
by E := {e; = (vo,v1),...,en = (Vn—1,Vn)}. The process of solving the
equation

u= ng(OT(CL, b))(ﬁvﬂ)
is similar as above. And the solution to the equation

=0 fo(or(a,b)) = D fo(or(a,b))(p: n)
for n > 1 is given by,

5_

= 7[_8[3{0]@] (1 + (—%) bt (—%)Mg)  for 2 <k <n.
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Similarly, we can discuss by cases according to the sign of <1 — %) %,

which is the opposite sign of 7(a) because

() )

This finishes proving Proposition 12.22.

O

In the rest of this section, we use the result in Lemma 12.22 for the
special class of concatenation trees to prove the result for the general case
in Proposition 12.21.

Let 7 be an index (-1,0) concatenation tree type (A, B) and a solution
b € My(B) with d(b) = 0. Moreover, let e!,--- ,e* be the set of incoming
edges of the center vertex ctr ordered clockwise, and € the outgoing edge
of ctr, if it has one. We denote by J the index set of all edges of ctr, i.e.,
J:={1,...,k} if ctr is the root, or J := {0, 1,...,k} otherwise.

For j € J, let T; be the maximal sub-tree of 7 that contains ¢/ and no
other edges of ctr. We call such 7; a main branch. Note that each main
branch 7; satisfies the assumption of Lemma 12.22. The following lemma
shows that D fy(or(a,b)) is an isomorphism by using the knowledge that
for each main branch D fy(o7;(a,b)) is an isomorphism. Furthermore, it
expresses the gluing direction in terms of the gluing direction of each main
branch.

Lemma 12.23. Assume that A is not multiply self-concatenating. Let T be
an indez (-1,0) concatenation tree of type (A, B) and a solution b € My(B)
with d(b) = 0. Then the linearized section D fg(or(a,b)) is an isomorphism,
and the solution (p,n) to the equation

_ath(OT(a7 b)) = DfG(OT(av b))(£7 ﬂ)
satisfies p® # 0 for all e € E.

Furthermore, let J be the index set of all edges of ctr, and each T; a main
branch for j € J. Then we have

+ +
cr(a,b) = H cﬁ(a, b).
jeJ
Proof. In order to show D fy(o7(a,b)) is an isomorphism, it suffices to prove
that the equation

(12.20) u =D fy(o7(a,b))(p,n)

has a unique solution (p,7). We now solve its each component

(12.21) prY(w) = pr (D fo(or(a,0))(p, 1))

for each v € V. By the construction of main branch 7;, it is straightforward
to see V = <|—|j€J (V;\ {ctr})) U {ctr} and E = | |, ; E;. Hence we solve

(12.21) by each main branch as follows.
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For j € J, it follows from Lemma 12.22 that there is a unique solution
(Bj, Qj) to the equation for each main branch

w; = D fylor,(@.5))(p,.1,).

Recall that the set of edges of ctr is E(ctr) = {e/};cs. For each j € J, let
’7;-’ be the sub-tree of 7; with a single edge ¢/. We denote

Bj = pr(Orlr=0 ot +(a,1))).
Hence for v = ctr, (12.21) is given by

= D fy(b)(n™"* +ZP

jeJ

The above equation has a unique solution 1" since Definition 12.6 (2)(c)
implies that D fy(b) is an isomorphism.
Now let p = (p°)cee and n = (7")yev be tuples given by

— ), veVi\{ctr},
p° = pjfore€ Ej, n' = {njctr’ v ctr
Clearly (p,n) solves (12.20).
Now as a special case of (12.20), we carry out the above procedure to
solve the equation

—0fo(or(a,b)) = Dfy(or(a,b))(p,n).

By the construction, each component of p being positive is equivalent to each
component of L, being positive for all j € J. The corresponding statement

is true for the negative case. Then it follows from Proposition 12.14 that
c?(a, b) = 1iff c% (a,b) =1 for all j € J. Hence

cTab HcTab

jeJ
O

With the knowledge that c7i-(a, b) can be expressed as a product of c% (a,b)
for each main branch, and the fact that each main branch 7; satisfies the
assumption of Lemma 12.22, we now prove the desired gluing directions
equation in Proposition 12.21.

Proof of Proposition 12.21. Lemma 12.23 shows that D fy(or(a, b)) is an iso-
morphism, and the solution (p,n) to —0; fo(o1(a,b)) = D fe(or(a,b))(p,n)
satisfies p© # 0. - -

Now it suffices to prove the gluing directions equation in Proposition
12.21. Fix an index (-1,0) concatenation tree 7 of type (A, B) and fix
b € My(B) with d(b) = 0. In the following computation, we abbreviate
c%t-,(a, b) as C%t-, for all 7.
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Suppose A is either not self-concatenating, or singly self-concatenating
with self-concatenating factor 7(a) < 0. We shall prove the desired equation

(12.22) o= > o

T-<T'<T TH<T'<T

by first assuming 7 = 7 ~, and then prove it for 7 in general.
Suppose we have 7 = T ~. Then proving (12.22) is equivalent to proving

- _ +
(12.23) = ch.
TI<T

We now use Lemma 12.23 to express ¢ as the product of gluing direction
of each main branch

=1l =11 > =2

jeJ jeJ TI<T; T'<T

The second equality follows from Lemma 12.22 since the center vertex ctr
of each 7; is the root with a single edge. The third equality is by Lemma
12.23 again. Thus equation (12.23) is satisfied.

Now remove the 7 = T~ restriction. The sub-tree 7' is a main branch
of T, and the center vertex ctr of 7+ is a leaf. Hence by Lemma 12.22, we
have

(12.24) Y cr=ch,.
TI<T+
It follows from Lemma 12.23 and then (12.24) that
D ep=cp ) ep=cpcpe
T-<T'<T TI<T+
On the other hand, by Lemma 12.23 we have
S ok X -
THST'ST T'<T—

where the last equality follows from (12.23) in the previous paragraph. Com-

paring the above two equations, we conclude equation (12.22) in general.
Now suppose A is either not self-concatenating, or singly self-concatenating

with self-concatenating factor 7(a) > 0. We can prove the corresponding

equation
+ _ —_
S oG- Y o
T-<T'<T TH<T'<T
in a similar way as above. This finishes proving Proposition 12.21. U
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13. APPENDIX

13.1. Disk Automorphism.
Let Aut(D) denote the group of holomorphic disk automorphisms. For
n € 0D and a € D°, we define the Mobius transformation

(13’1) wn,a(z) =7

The map

zZ—a

az —1

dD x D° — Aut(D)
(n,a) = Yyq

is bijective. We use this bijection to give Aut(D) a topology and a 3-
dimensional Lie group structure.

The following result shows that marked points satisfying the stability
condition (5.1) have no non-trivial automorphism.

Lemma 13.1. Suppose we have boundary marked points and interior marked
points (x,0) satisfying either n(z) > 3 or n(O) > 1. Suppose a disk auto-
morphism v satisfies ¥ (z,0) = (z,0), then ¢ = Id.

Remark 13.2. The disk automorphism group Aut(D) admits a natural
compactification Aut(D) given by the (7, a) coordinates in (13.1)

0D x D — Aut(D)
(1n,a) = Yna
For a € 0D, 1, , is not a map, but it arises naturally as the limit of a
sequence of disk automorphisms.

We now examine the convergence property of elements of Aut(D).

Lemma 13.3. Let iy, 4, be a sequence in Aut(D), and suppose the sequence
(N, an) € 0D x D° converges to (n,a) € D x D. Then the convergence of
Vi ,an 5 0one of the following two cases.
(1) If a € D°, then 1y, q, converges to 1y o uniformly on D.
(2) If a € OD, then )y, q, converges uniformly on compact subsets of
D\ {a} to the constant map z — na.

Proof. If a € D°, then there is some r € (0,1) such that |a,| < r. Hence
‘wnnyan (Z) - 1/}7]7(1(2)’

_ Z—an z—a
N nnanz—l _naz—l

_ (2 = an)(@z — 1) — n(z — a)(@nz — 1)
a [(@nz —1)(az — 1) '

The denominator of the last expression is bounded below by (1 — 7)? and
the numerator converges to 0 uniformly on D.
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If a € 0D, then write ¢, 4,(2) as

Z— Qn (nn)z_an
anz—1  \ap/z— 2+

n

wnn,an (Z) =Tn

We note that é — % = a. Therefore Z—Z — na. Now it suffices to show that
for any given compact subset K of D\ {a}, we have =% — 1 uniformly

on K. We have "

‘z—an

Gy~ n
1
z an

C1—an)* 1

B |an| ’Z—%”

1(:

1
z an

1—|an|? . .
where \(LaTl — 0. Moreover, since _aln — a and K is bounded away from
n

a, we have |z — &%J bounded away from 0 for n large enough. This finishes
the proof. O

Due to the compactness of D x D, every sequence (1, a,) € 0D x D°
has a subsequence that converges to some (n,a) € 9D x D. The following
is an immediate corollary of the above lemma.

Corollary 13.4. Given a sequence ¢, € Aut(D), there is a subsequence
tn; that either

(1) converges uniformly on D to some ¢ € Aut(D), or
(2) there are a,b € D, such that v,; converges uniformly on compact
subsets of D\ {a} to the constant map z + b.

The following discussion uses the notion of Hausdorff distance of two sets
in a metric space, which we recall for reference.

Definition 13.5. Let X and Y be two non-empty compact subsets of a
metric space (M,d). Then we define their Hausdorff distance by
d(X,Y) := max{sup inf d(z,y),sup inf d(z,y)}.
reX yEY yGY zeX
Recall that the Hausdorff distance on the collection of non-empty compact

subsets of M is a metric. Hausdorff convergent subsets behave well with
uniformly convergent maps.

Lemma 13.6. Let ¢, : X — Y be a sequence of continuous maps that
converges uniformly to a uniformly continuous map ¢ : X — Y. Sup-
pose W,, C X is a sequence of non-empty compact sets that converges to a
non-empty compact set V.C X in the Hausdorff distance. Then we have
Y (Wy) = (V) in the Hausdorff distance.

The following proposition is crucial in Deligne-Mumford space.

Proposition 13.7. Suppose we have boundary marked points and interior
marked points (z,0),(z',0") satisfying either n(z) > 3 or n(O) > 1, and
(z',0') satisfying the same cardinality condition. Suppose we have the fol-
lowing sequences.
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) :cn,o,:s;%o two sequences of points on 0D such that x,o — Zo and
517%,0 — T(,
o W,, W/ two sequences of non-empty compact subsets of D such that
Wy, = {Zi}is0 UO and W), — {Z}}iso U O’ in Hausdorff distance,
e Y, a sequence in Aut(D) such that Yn(zn0) = 27, o and Y (Wy) =
Then there is a subsequence )y, such that ¥, — W, where ¢ is a disk
automorphism such that )(z,0) = (z',0’).

In order to extract a subsequence that converges as disk automorphisms,
it is important to have the convergence of a distinguished marked point
Tn,0, 7, o, and the convergence of W;,, Wy, to marked points away from o, Zj,.
Indeed, one can construct a sequence 1, 4, With a, — a € 9D such that
Yiran (Wi) = W) with W,, = 2UO and W), - 2 UO'.

Proof. Corollary 13.4 states that there is a subsequence v, that converges
either in the sense of (1) or in the sense of (2). Now we show that the type
(2) convergence is not possible by deriving a contradiction.

Suppose there are a,b € 9D, and a subsequence (which we also call v,
for convenience) converges uniformly on compact subsets of D \ {a} to the
constant map ¢ : z — b. Then we have the following two cases.

Case (i) a = 7.

Since W,, — {Z;}i~0 U O, then for n large enough, W, is contained in
D\ B(zg). Hence 1, convergs to the constant map z + b uniformly on
D\ B(Zy). By Lemma 13.6, W) — {b}. However, W), — {Z}};~0UO’. This
yields a contradiction since either n(z’) > 3 or n(0’) > 1.

Case (ii) a # Zo.

Then the sequence z, ¢ is contained in some compact subset of D\ {a}.
By Lemma 13.6, x;, , — b. Since 27,  — &j by assumption, we have b = .

We choose a neighborhood B(a) of a in D such that B(a) is disjoint from
O and contains at most one element of {Z;};~o. Since either n(z) > 3 or
n(0) > 1, the set W, \ B(a) # 0 for large n. By Lemma 13.6, v, (W, \
B(a)) — {Z}}. This contradicts with the assumption W, — {z}iso U O'.
This proves that the type (2) convergence in Corollary 13.4 is not possible.

Therefore, there is a subsequence (also denote by v,) that converges to
some ¢ € Aut(D). Applying Lemma 13.6, we conclude that v (zo) = z, and
¢ ({Zitis0 UO) = {Z}i»0 UO'. Hence ¢(z,0) = (',0"). O

We now provide an alternative way to parametrize the disk automorphism
group Aut(D) besides the (7, a) coordinates in (13.1).

Proposition 13.8. The disk automorphism group Aut(D) admits the fol-
lowing parametrizations.
(1) Fiz a boundary marked point and an interior marked point (Z,0).

Then for any boundary marked point and an interior marked point
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(z,0), there is a unique disk automorphism V(z,0) Such that

¢(:c,o) (:%7 6) = (337 0)'
(2) Fixz boundary marked points & = (Zo,Z1,22). Then for any boundary
marked points x = (xg,x1,x2), there is a unique disk automorphism
1, such that

This result is an elementary exercise in complex analysis.

13.2. Exponential and Logarithm Gluing Profiles.
Let ¢(r) = e'/” — e be the exponential gluing profile, and p(r) = — In(r)
the logarithmic gluing profile. Define

(13.2) n:=pltoo.
The function 7 and its inverse are given by
(13.3)
exp(—exp(1l/r) +e), 7 >0, _ m, r >0,
n(r) = (—exp(1/r) +e) L) = | BEREOTS
0, r=0. 0, r=0.

Note that both 1 and ~! are continuous; 7 is smooth with 1’(0) = 0 and
n~! is smooth away from 0.

Let g : (r,y) — ' be the transition function of gluing parameters under
logarithmic gluing profile for r, 7’ > 0 with g(0,y) = 0. Then the transition
function of gluing parameters under the exponential gluing profile is given
by 77 (g(n(r),y)). The following result shows that it extends smoothly by

identity for r < 0.

Theorem 13.9. Let g : [0,00) x R — [0,00) be a smooth function with
9(0,y) = 0 and 0,9(0,y) > 0. Then the composite function f(r,y) :=
Y (g(n(r),y)) is smooth at (0,y) and its derivatives are

1, m=1,n=0,
6;”6;7f<0,y)={

0, otherwise.
We shall use the following limits throughout the proof of Theorem 13.9.

Lemma 13.10. For any k,l > 0, we have
(1) limg_ozIn(—In(z) +e)! = 0.

. In(— In(z)+e)
() limy g MR _

n® (r) =0.

rl

(3) limr_m
Proof. We can compute the above limits by L’Hopital’s rule. O

Proof of Theorem 13.9. To compute the derivative of f, we shall use the
factorization

134) O f(ry) = Ving)Wiry? Winy) =08

r
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with

_ Owg(z,y)z —In(x) +e
g9(z,y) —In(g(z,y)) +e’

W(r,y) :=w(n(r),y), w(zy):= 1n(1i1(1;(lgn((;)y—)i_)e_ze)'

We now examine the derivatives of V' and W as follows. Here we adopt
the multi-index notation o = (m,n) with

lal :==m+n, 0% :=0;"0,.

We shall prove that for all multi-index o with || > 1 and [ > 0, we have

(13.5) lim Eﬁﬁﬁli:o, lim QQQEQ:Q
(ry)—(0,9) T (ry)—(0,9) r

(13.6) lim Hﬁﬂgilzm lim Qﬂﬁﬂﬂza
(ry)—(0,9) r (ry)—(0,9) r

We show that the above limits imply the theorem. By (13.4), we have
orf(0,y) = lim,_o L% = Tim, g Wi(r,y) = 1; we have 9,f(0,y) = 0

because of f(0,y) = 0. For continuity, we have lim, )04 Orf(r,y) =
lim . ) 0,9) V (1, y) W (r, y)? = 1; moreover we have im (. ) 0,9) Oy f (1, ¥) =
lim(, ) 0,5 OyW (r,y)r = 0. We can compute the higher derivatives and
show their continuity by a combination of (13.4) and the above limits. This
proves Theorem 13.9.

In order to prove (13.5), we write V as V =T - U, with

0z9(x,y)x

T(ryy) =tn(r),y), tlxy):= 9(z,y)

9

—In(x) +e
—In(g(z,y)) +e

Ur,y) ==un(r),y), u(z,y):=

Step 1. For all multi-index o with || > 1 and [ > 0, we show
T(T7 y) -1 _

o
(13.7) lim _0, Im 2Ty

= 0.
(ry)—(0,9) rt (ry) =09 7t

We observe that t(z,y) = 0,9(z,y) -~ extends smoothly to {(0,y)} by

9(z.y)
t(0,y) = 1. Indeed, since we have g(0,y) = 0, the function 9(@y)

smoothly to {(0,y)} as 0,9(0,y). By 0,9(0,y) # 0, @ is non-zero on a
neighborhood of 0. Hence the extension is smooth.
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Using the substitution » = n~!(z) = m, we see

. T(T7 y) —1 . l
Iim ———— = lim (t(z,y)—1)In(—In(x)+e
(rp—0g) 7! oY) T DI )+ e)
= lim Hay) = 1 lim z In(— In(z) + e)’
(z,y)—=(0,9) x =0
where the last equality is by Lemma 13.10 (1). For m+n > 1, we now show
lim ;. ) (0,9) w = 0. Suppose m > 1, then the partials involve the
derivatives of . We then invoke Lemma 13.10 (3) to conclude the limit is
zero. Hence we are left to find the limit of %TTY’Z’) for n > 1. Using the
same substitution 7 = 77!(x) as before, we have
o (r, oMt (zx,
lim M = lim M lim z In(— In(z) + e)’
(ry)—(0,9) r (z,y)—=(0,9) r  z=0
= 0:0,1(0,9) - 0.

This proves (13.7).
Step 2. For all [ > 0, we show

—1
(13.8) lim % = 0.
(r,y)—(0,9) r
We first show the limit for [ = 0. Using r = n~!(z) = m, we
have
lim U(ry) —1
(ry)—(0,9) (r.9)
—In(z) +e
—  lim _
(ry)=09) —In(g(z,y)) +e
: g(sv,y)) : 1 -
= lim In lim = In(0,9(0, -0.
(2,9)—=(0.9) ( ) (@y)=09) —In(g(z,y)) +e (0:(0.9)
More generally, we have
(r,y)—(0,9) r
_ l
— fm <g(fc,y)> In(=In(z) +e)
(2.9)=(09) z ) —In(g(z,y)) +e
— _ l
= lim In <7g(x, y)> lim In(z) + lim In(= In(z) + €)
(2.9)—(09) T ) (@y—09 —In(g(z,y)) +e 2-0  —In(z) +e

=1n(029(0,9)) - 1-0,

where the last equality is by lim, () U(r,y) = 1 as shown above and
Lemma 13.10 (2).
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Step 3. For all multi-index o with || > 1 and [ > 0, we show
o*U(r,y)

13.9
(139) (-9 1!

=0.

We shall see that the following function comes about when taking deriva-
tives of U with respect to y.

9yg(, y)
13.10 S(r,y) == s(n(r),y), s(z,y) = L2220
(13.10) (r,y) = s(n(r),y),  s(z,y) o)
We first observe that the function s(z,y) = wm extends smoothly

to {(0,y)} by s(0,y) = %&’%’) because both 8?’95;0’3/) and g(;y) extend

smoothly. Thus S(r,y) is smooth at {(0,y)}. We now express the derivative
0“U(r,y) in terms of factors we can control.

Claim 13.11. For all multi-index o with || > 1, the derivative 0“U (r,y)

, o 3 _ _
can be written as a polynomial in U(r,y), 9 :C,(f’y), T(Tﬂ-) Ly U(Tﬂ) L

, and
aLS(r y)ef% . .o . .
——— with Bl > 1 and i,j,k,l,m > 0; moreover, this polynomial has
no summands of the form U(r,y)®.

To prove this claim, we compute

T(r,y)—1
2 )
T‘FU(T,ZI) .

U(?", y) —1 )

(13.11) 0, U(r,y) =U(r,y) 2

By iteratively taking the r derivatives, we can write aﬁU (r,y) as a polyno-
6$T(T7y) T(Tvy)_l U(T7y)_l
. —, and —%

of U(r,y) alone. We now take the y derivatives of 9%U (r,y). First of all, we
have

(13.12) 0,U (r,y) = U(r,y)*S(r, y)e_%.

mial in U(r,y), , with no summands of powers

Then by iteratively taking the y derivatives of 92U (r,y), we conclude that
0“U (r,y) has the desired form as claimed.

1

Then by (13.7), (13.8), and lim,_,o S+ = 0, we conclude that each sum-
mand of the derivative 0*U (r,y) goes to 0. This proves (13.9).

Step 4. We show the limits of V and its derivatives in (13.5).

Since by construction V' =T-U, the proof of (13.5) is a matter of combin-
V( s )_1 —

09)

9Viry) ‘igr’y) = 0 fol-

ing the limits of 7', U, and their derivatives. We have lim, ),

lim (. (0.) T(ry ) 2=+ TEH=L — 0, and Timg,,) S 0)

lows from the product rule. This proves (13.5).
Step 5. For all [ > 0, we show

(13.13) lim Ml)_l = 0.
ra)=05) T
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Substituting 7 = 77! (x), we have
W(r,y)—l_ln< —In(z) +e > 1 1
vt \=In(g(x,y)) + ¢/ In(=In(g(z,y)) + ) r"’

We now estimate the first factor in the above product. Since In'(1) = 1, it
follows from the mean-value theorem that for (x,y) sufficient close to (0,9),

(13.14)

we have
ln< —In(z) +e >‘ _ ‘ln< —In(z) +e > —ln(l)‘
—In(g(z,y)) +e —In(g(z,y)) +e
—In(z) +e ‘
<2 1| =2U(r,y) — 1.
e i RLURY
Since by definition W = f(r,y), it follows from (13.14) that we
have
Wir,y) —1 U(r,y) —1
) Ll

Then by (13.8) and limy, ) (0 4) f(r,y) = 0, we conclude (13.13).

Step 6. For all multi-index o with || > 1 and [ > 0, we show

(13.15) i 2y

— 0.
(ry) =05 1l

We now express the derivative 0“W (r,y) in terms of factors we can con-
trol.

Claim 13.12. For all multi-index o with |a| > 1, the derivative 0°W (r,y)
aBV(Tyy) V(T7y)_1 W(T7y)_1
rt ) ri ) rk )

can be written as a polynomial in V (r,y), W(r,y),

alU , oms , *% 3 .. .
WCOFSTITe T yith |8) > 1 and i, j,k, 1, m,n > 0; morcover, this

polynomial has no summands of the form V (r,y)*W (r,y)®.

and

To prove this claim, we use (13.4) to compute
W(ry) —1 Vi(r,y) -1
. .

(13.16) O W(r,y) =V (r,y) W(r,y) + Wi(r,y)

By iteratively taking the r derivatives, we can write %W (r,y) as a polyno-

mial in V(r,y), W(r,y), 83‘/T(ifvy)7 V(T’g)_l, and W(’;jﬁ)_l, with no summands

of powers of V(r,y) and W (r,y) alone. We now take the y derivatives of
O2W (r,y). First of all, we have

(13.17) oW (r,y) = W (r,y)*U(r,y)S(r, y)re_%.

Then by iteratively taking the y derivatives of d2W (r,y), we conclude that
0*W (r,y) has the desired form as claimed.

1

Then by (13.5), (13.13), and lim, 0 <~ = 0, we conclude that each
summand of the derivative 0*W (r,y) goes to 0. This proves (13.15). O
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13.3. Sc-smoothness Results.
We now survey some key results on sc-smoothness (see Definition 3.6).
We first deal with the sc-smooth of disk maps away from marked points.
Let V C R? be a bounded domain with Lipshitz boundary, and H?(V,R"Y)
the sc-Banach space with sc-structure H3T™(V,RY) (see Example 3.2).
The following result is analogous to Theorem 1.25 of [7].

Proposition 13.13. Let i € H3(V,RY) be a map with 4(6) = 0 and injec-
tive derivative D(6) at 6 € V.. Moreover, let H be any subspace of RV with
transversality im(D(6)) ® H = RN. Then there is a neighborhood U. (@) of
@ in H3(V,RN) and a neighborhood B(6) with the following properties.
(1) For each map u € U(w), there exists precisely one point o(u) in B(6)
such that the image u(o(u)) lies in H.
(2) We have transversality im(Du(o(u))) ® H = RV,

Furthermore, the map
U (1) — B(0), u > o(u)
15 5c™°.
The following result is analogous to Theorem 1.26 of [7].

Proposition 13.14. Let A be an open subset of RF, and ¢q : V — V a
family of maps with
AxV =V, (a,2)— ¢q(z)
being smooth. Then the domain parametrization map
Ax H3(V,RY) — H3(V,RY), (a,u) — uo ¢,

s sc™°.

The following result examines the sc-smoothness of the post-composition
map.

Proposition 13.15. Let f : RM — RN be a smooth map with all derivatives
bounded. Then the post-composition map

H3(V,RM) - H3(V,RY), uw— fou
18 SC™°.

We now deal with sc-smooth of disk maps near marked points in strip
coordinates. As a reminder, we denote the half-infinite intervals by

Rt :=[0,00), R~ :=(—00,0].

Fix a strictly increasing sequence of weights g < 91 < --- < 1, and let
300 (R* x [0,7],C";R") be the weighted Sobolev space with limits with

lim
sc-structure Hﬁ’:{lm’ém (R* x [0,7],C";R") (see Example 3.3).
The following result is analogous to Theorem 2.7 of [7]. (The difference
in requirements ¢ < 1 here and 0 < 27 in [7] is explained in Remark 3.14).
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Proposition 13.16. Let A be an open subset of R*. Suppose a family of
maps ¢ : RT x [0, 7] — RE x [0, 7] of the form

¢a(z) = 2+ &(a) + Ca(2)
satisfies the following conditions.
(1) The function & : A — R* is smooth.
(2) The function
Ax REX[0,7]) = C, (a,2)— Cu(2)
18 smooth, with the map into the functional space
A — H™(RE x [0,7],C), ar ¢,
being smooth for every m > 3 and every ¢ € (0,1).
Then the domain parametrization map

A x HE(RE x [0,7],C" R™) — HE(RE x [0, 7], C";R™),

lim lim
(a,u) = uo ¢y
18 sc°.

We now demonstrate that a class of parametrizations arising from families
of strip coordinates (Definition 3.8) satisfies the conditions in Proposition
13.16.

Lemma 13.17. Let & be a boundary marked point, and 1) € Aut(D) a disk
automorphism. Moreover, let hi(az, -) be a family of strip coordinates near
&, and WE(2,-) a family of strip coordinates near 1(z). Then there exists
e >0 and k' > 0 such that the family of maps

¢i:7¢ = hi(x7 ')_1 © w—l © h/i(ﬂ)(fﬂ), )

is well-defined for nearby (x,v) € U-(Z) xU(1) as maps from [k, 00) x [0, 7]
to RT x [0,7] (or from (—oo,—k'] x [0,7] to R™ x [0,7]). Moreover, this
family satisfies the conditions in Proposition 135.16.

Proof. By Definition 3.8, the family can be written as
W (@) o o W E(Y (), ) = (pT) T o (fa) h ot o fl o b,

where pt(z) = —e %, p~(2) = €%, and f, is a family of Mdbius trans-

formations. Thus each (f;)"'oy~lo fq’l}(x) is a Mobius transformation.
More specifically, it is an automorphism of the extended upper half plane
{Imz > 0} U {oo} that fixes the origin 0. All such automorphisms can be

parametrized by
az

1 =TT

#(2) bz +1

for a € R\ {0},b € R. In our case, we have T, p := (f;) totylo f1,p(:c) for
nearby (a,b) € U (a,b). We can choose € > 0 small enough such that for all
(z,7) € U-(Z) x U=(v)), the corresponding neighborhood Uy (a, b) is bounded

away from {(a,b)|a = 0}.
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Thus we have qb;tw = qufb = (p*)~!oT,,0p™. By asimply computation,
we have

Ib(z) =z —1In(a) + In(be™* — 1),
¢ap(2) =z +In(a) — In(be” + 1).

We first examine ¢, ,. Since a is bounded away from 0, —In(a) is a smooth

function. Moreover b — In(be™% — 1) is a smooth map. Also, since a and b
are bounded, there is &’ > 0 large enough such that qS:{b maps [k, 00) x [0, 7]

into R™ x [0, 7]. Thus it satisfies the conditions in Proposition 13.16. The
argument for ¢_, is similar. O

The following result examines the sc-smoothness of the post-composition
map.

Proposition 13.18. Let f : (C™ R™) — (C™",R"™) be a smooth map with
all derivatives bounded. Then the post-composition map
Hipt (R x [0, 7], €™ R™) — Hipo?(R* x [0, 7], C™; R™),
ur— fou

18 sc°°.
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