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Abstract: We study nonlocal Lagrangian boundary conditions for anti-self-dual in-
stantons on 4-manifolds with a space-time splitting of the boundary. We establish the
basic regularity and compactness properties (assuming LP-bounds on the curvature for
p > 2) as well as the Fredholm theory in a compact model case. The motivation for
studying this boundary value problem lies in the construction of an instanton Floer ho-
mology for 3-manifolds with boundary. The present paper is part of a program proposed
by Salamon for the proof of the Atiyah-Floer conjecture for homology-3-spheres. The
proofs required some minor corrections due to corrections in the analysis for Banach
space valued holomorphic curves [W2].

1. Introduction

Let X be a manifold with boundary, let G be a compact Lie group, and consider a prin-
cipal G-bundle P — X. The natural boundary condition for the Yang-Mills equation
d%F4 = 0on Pis xF4lpx = 0. (These are the Euler-Lagrange equations for the
energy functional [ |FF4|%.) For this boundary value problem there are regularity and
compactness results, see for example [U1,U2, W1]. Every solution is gauge equivalent
to a smooth solution, and Uhlenbeck compactness holds: Every sequence of solutions
with LP-bounded curvature (where p > %dim X)) contains a subsequence that is C*°-
convergent up to a sequence of gauge transformations.

On an oriented 4-manifold, the anti-self-dual instantons, i.e. connections satisfying
Fy + «F4 = 0, are special first order solutions of the Yang-Mills equation. An impor-
tant application of Uhlenbeck’s theorem is the compactification of the moduli space of
anti-self-dual instantons over a manifold without boundary, leading to the Donaldson
invariants of smooth 4-manifolds [D1] and to the instanton Floer homology groups of
3-manifolds [FI].

On a 4-manifold with boundary the boundary condition *F4|sx = 0 for anti-self-
dual instantons implies that the curvature vanishes altogether at the boundary. This is an
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overdetermined boundary value problem comparable to Dirichlet boundary conditions
for holomorphic maps. As in the latter case it is natural to consider weaker Lagrangian
boundary conditions. The Cauchy-Riemann equation becomes elliptic when augmented
with Lagrangian or more generally totally real boundary conditions. We consider a
version of such Lagrangian boundary conditions for anti-self-dual instantons on a 4-
manifold with a space-time splitting of the boundary, and prove that they suffice to ob-
tain the analogue of the above mentioned regularity and compactness results for Yang-
Mills connections.

More precisely, we consider oriented 4-manifolds X such that each connected com-
ponent of the boundary 90X is diffeomorphic to S x X, where S is a 1-manifold and
2/ is a closed Riemann surface. We shall study a boundary value problem associated
to a gauge invariant Lagrangian submanifold £ of the space of connections on X': The
restriction of the anti-self-dual instanton to each time-slice of the boundary is required
to belong to £. This boundary condition arises naturally from examining the Chern-
Simons functional on a 3-manifold Y with boundary X’. Namely, the Lagrangian bound-
ary condition renders the Chern-Simons 1-form on the space of connections closed, see
[S]. The resulting gradient flow equation leads to the boundary value problem studied in
this paper (for the case X = R x Y'). Besides the regularity and compactness properties
on noncompact manifolds we also establish the Fredholm theory for the compact model
case X = St x Y.

One motivation for studying the present boundary value problem lies in the Atiyah-
Floer conjecture for Heegaard splittings of a homology-3-sphere: A Heegaard splitting
Y = Y, Uy Y; of a homology 3-sphere Y into two handlebodies Yy and Y; with
common boundary 3 gives rise to two Floer homologies (i.e. generalized Morse ho-
mologies) as follows: Firstly, the moduli space My of gauge equivalence classes of
flat connections on the trivial SU(2)-bundle over X' is a symplectic manifold (with
singularities) and the moduli spaces Ly, of flat connections over X' that extend to a
flat connection over Y; are (singular) Lagrangian submanifolds of My as explained in
[W2]. The symplectic Floer homology HFY™P(Mx, Ly, , Ly, ) is now generated by
the intersection points of the Lagrangian submanifolds, and the generalized connecting
orbits (that define the boundary operator) are pseudoholomorphic strips with boundary
values in the two Lagrangian submanifolds. (In view of the singularities of My, an ap-
propriate generalization of the concept of pseudoholomorphic strips will be required to
give a strict definition of this Floer homology.) It was conjectured by Atiyah [A2] and
Floer that this should be isomorphic to the instanton Floer homology HF'™*(Y). For
the latter, the critical points are the flat SU(2)-connections over Y. These are the actual
critical points of the Chern-Simons functional, and the connecting orbits are given by
its generalized flow lines, i.e. anti-self-dual instantons on R x Y.

The program by Salamon [S] for the proof of this conjecture is to define the instanton
Floer homology HF"**(Y, L) for 3-manifolds with boundary Y = ¥ using boundary
conditions associated to a Lagrangian submanifold . C Mjy. Then the conjectured
isomorphism might be established in two steps via the intermediate Floer homology
HF™([0,1] x X, Ly, x Ly, ), as described in the outlook below.

Boundary value problems for (Hermitian) Yang-Mills connections were also used
by Donaldson [D2], who considered connections induced by Hermitian holomorphic
bundles with a Dirichlet boundary condition on the metric.

Fukaya [Fu] was the first to suggest the use of Lagrangian boundary conditions
for anti-self-dual instantons in order to define a Floer homology for 3-manifolds with
boundary. He studies a slightly different equation, involving a degeneration of the met-
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ric in the anti-self-duality equation, and uses SO(3)-bundles that are nontrivial over the
boundary Y, so the moduli space M becomes smooth. However, when working on
handlebodies as 3-manifolds, or when considering the Lagrangian submanifold Ly as
in the Atiyah-Floer conjecture, then one necessarily deals with the trivial bundle (or a
non-connected Lie group). '

The present paper sets up the basic analysis for a construction of HF'™*(Y, L) as
outlined in [S], using trivial SU(2)-bundles. We will only consider trivial G-bundles
for general compact Lie groups G. However, our main theorems A, B, and C below
generalize directly to nontrivial bundles — just the notation becomes more cumbersome.
The main theorems are described below; they are proven in sections 2 and 3. The ap-
pendix reviews the regularity theory for the Neumann and Dirichlet problem in the weak
formulation that will be needed throughout this paper. Here we moreover introduce a
technical tool for extracting regularity results for single components of a 1-form from
weak equations that are related to a combination of Neumann and Dirichlet problems.

1.1. Notation and main results. Throughout this paper, we consider the trivial G-bundle
over a 4-manifold X. Here G is a compact Lie group with Lie algebra g. We denote
the Lie bracket on g by [, ], and we equip g with a G-invariant inner product (-, - ).
A connection on the trivial bundle G x X is a g-valued 1-form A € 2'(X;g). We
denote the space of smooth connections by A(X) := 2(X;g). Associated to a con-
nection A € A(X) one has the exterior derivative d 4 on g-valued differential forms
given by
dan=dn+[AAn  Vne 2"(X;qg).

Here the Lie bracket indicates how the values of the differential forms are paired. Now
d s od 4 does not necessarily vanish, but it is a zeroeth order operator, d 4d 4n = [Fa A7)
given by the curvature

Fyu=dA+i[ANA] € 2*(X;g).

Sod 4 ody = 0if and only if the connection is flat, that is its curvature vanishes.
The gauge group G(X) := C*(X, G) represents the smooth bundle isomorphisms.
So a gauge transformation u € G(X) acts on A € A(X) by pullback,

WA =utAu + v tdu.

On a compact base manifold M and for £ € Ny and 1 < p < oo we denote the Sobolev
spaces of connections and gauge transformations by

ARP(M) .= WFP(M, T*M @ g),
GFP(M) := WHP (M, G).

For kp > dim M the latter is well-defined via an embedding G C R’, and it forms a
group G¥P (M) that acts smoothly on A*~1P(M), see e.g. [W1, Appendix B]. For non-

compact base manifolds X we denote by Aﬁ)’f (X) and g{j;f (X) the spaces of sections
and maps for which the regularity holds on all compact subsets of X.

Next, we describe the class of 4-manifolds that we will be considering. Here and
throughout all Riemann surfaces are closed oriented 2-dimensional manifolds. More-
over, unless otherwise mentioned, all manifolds are allowed to have a smooth boundary.
Then the interior of a submanifold X’ C X is to be understood with respect to the rel-

ative topology, i.e. int X’ := X \ ¢l(X \ X’) might intersect 9.X.
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Definition 1.1. A 4-manifold with a boundary space-time splitting is a pair (X, 1)
with the following properties:

(i) X is an oriented 4-manifold (with boundary) which can be exhausted by a nested

sequence
x=Ux
keN

where all X;, are compact submanifolds and deformation retracts of X such that
X Cint Xgqq forallk € N.

(ii)) 7 = (T1,.-.,Tn) is an n-tuple of embeddings 7; : S; X X; — X with disjoint
images, where X; is a Riemann surface and S; is either an open interval in R or is
equal to S' = R/Z.

(iii) The boundary X is the union

0X = Ti(si X Zz)

-

i=1

Definition 1.2. Let (X, 7) be a 4-manifold with a boundary space-time splitting. A Rie-
mannian metric g on X is called compatible with T if for each i = 1, ...n there exists
a neighbourhoodU; C S; x [0,00) of S; x {0} and an extension of T; to an embedding
T« U; x Xy — X such that

7rg=ds® +dt* + g

Here g, + is a smooth family of metrics on X; and we denote by s the coordinate on S;
and by t the coordinate on [0, o).

We call a triple (X, 1, g) with these properties a Riemannian 4-manifold with a
boundary space-time splitting.

Remark 1.3. In definition 1.2 the extended embeddings 7; are uniquely determined by
the metric as follows. The restriction 7;|;—¢ = 7; to the boundary is prescribed, and the
paths ¢ — 7;(s,t, z) are normal geodesics.

Example 1.4. Let X := R x Y, where Y is a compact oriented 3-manifold with bound-
ary Y = X,and let 7 : R x X' — X be the obvious inclusion. Given any two
metrics g_ and g, on Y there exists a metric g on X such that g = ds? + g_ for
s < —1, g =ds? + gy fors > 1, and (X, 7,g) satisfies the conditions of defini-
tion 1.2. However, the metric g cannot necessarily be chosen in the form ds? + g (one
has to homotope the embeddings and the metrics).

Now let (X, 7, g) be a Riemannian 4-manifold with a boundary space-time splitting
and consider a trivial G-bundle over X for a compact Lie group G.

Let p > 2, then for each i = 1,...,n the Banach space of connections A7 (X;)
carries the symplectic form w(a, 3) = | », (@ A B). Note that the Hodge * operator

for any metric on X; is an w-compatible complex structure on A% (X;), since w(-, **)
defines a positive definite inner product — the L?-metric. We call a Banach submanifold
L c A%P(X;) Lagrangian if for all A € L its tangent space is isotropic, w|T, 2 = 0,
and coisotropic in the following sense: If @ € A%P(X;) satisfies w(a, T4L) = {0},
thena € T2 L.
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We fix an n-tuple £ = (L1,...,L,) of Lagrangian submanifolds £; C A%P(X};)
that are contained in the space of flat connections and that are gauge invariant,

L; C Ag;ﬁ(ﬂz) and ’U,*ﬁi =L; Yue Ql’p(Zi). (1)

Here Ag’;’t(Zi) is the space of weakly flat LP-connections on X; as introduced in
[W2, Section 3]. For our purposes it is enough to know that this space coincides with
GLP(3:)* Aat (2;), the set of connections that is W1P-gauge equivalent to a smooth
flat connection, A € A(X;) with F)4 = 0. Moreover, we recall from [W2, Lemma 4.2]
the fact that the above assumptions on the £; imply that they are totally real with respect
to the Hodge * operator for any metric on X;, i.e. for all A € L£; one has the topological
sum

A(),P(Ei) =TAL; BT oL;.

We consider the following boundary value problem for connections A € AP (X)

loc

{*FA—I-FA:O, )

Ti*Al{s}in eL; Vse&,i=1,...,n.

Observe that the above boundary condition is meaningful since for every neighbour-
hood U x ¥ C S x [0,00) x X of a boundary slice {s} x {0} x X one has the con-
tinuous embedding WP (U x ¥) C WLP(U,LP(X)) — CO(U, LP(X)). The first
nontrivial observation is that every connection in £; is gauge equivalent to a smooth
connection on X; and hence £; N A(X) is dense in L;, as shown in [W2, Theorem 3.1].
Moreover, the £; are modelled on LP-spaces, and every Wi)’cp—connection on X satisfy-
ing the boundary condition in (2) can be locally approximated by smooth connections
satisfying the same boundary condition, see [W2, Corollaries 4.4, 4.5].

Note that the present boundary value problem is a first order equation with first order
boundary conditions (flatness in each time-slice). Moreover, the boundary conditions
contain some crucial nonlocal Lagrangian information. We moreover emphasize that
while £; is a smooth Banach submanifold of A%?(X;), the quotient £;/G'P(X;) is not
required to be a smooth submanifold of the moduli space My, := Agﬁ (X:)/GYP (%),
which itself might be singular.

An example for these Lagrangians is £, = Ly, the space of flat connections on
X’; that extend to flat connections on a handlebody Y with Y = X;. The nonlocal
Lagrangian information in this case is the extensibility condition, which is equivalent
to the vanishing of the holonomies along those paths in X; that are contractible in Y. See
[W2, Lemma 4.6] for a detailed discussion of this example. To overcome the difficulties
arising from the singularities in the quotient, we work with the (smooth) quotient by the
based gauge group.

The following two theorems are the regularity and compactness results for solutions
of (2) generalizing the regularity theorem and the Uhlenbeck compactness for Yang-
Mills connections on 4-manifolds without boundary. They will be proven in section 2.

Theorem A (Regularity)

Let p > 2. Then every solution A € Allc;f (X) of the boundary value problem (2)
is gauge equivalent to a smooth solution, that is there exists a gauge transformation

u € GEP(X) such that u* A € A(X) is smooth.
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Theorem B (Compactness)
Let p > 2 and let g be a sequence of metrics compatible with T that uniformly con-
verges with all derivatives on every compact subset to a smooth metric. Suppose that
AY € All(;g(X ) is a sequence of solutions of (2) with respect to the metrics g such
that for every compact subset K C X there is a uniform bound on the curvature
[ Fav [l Lo ()

Then there exists a subsequence (again denoted A" ) and a sequence of gauge trans-
formations u” € G2F (X) such that u¥ * AY converges uniformly with all derivatives on

loc
every compact subset to a smooth connection A € A(X).

The difficulty of these results lies in the global nature of the boundary condition. This
makes it impossible to directly generalize the proof of the regularity and compactness
theorems for Yang-Mills connections, where one chooses suitable local gauges, obtains
the higher regularity and estimates from an elliptic boundary value problem, and then
patches the gauges together. With the present global boundary condition one cannot
obtain local regularity results.

Thus we generalize a more global approach by Salamon to manifolds with boundary:
Firstly, Uhlenbeck’s weak compactness theorem yields a weakly convergent subse-
quence. Its limit serves as reference connection with respect to which one can achieve
a global relative Coulomb gauge for a further subsequence. Then it remains to establish
elliptic estimates and regularity results for the given boundary value problem together
with the relative Coulomb gauge equations. The crucial point in this step is the regular-
ity for the 2'-component of the connections in a neighbourhood I/ x X' of a boundary
component. Here one deals with a Cauchy-Riemann equation on I/ with values in the
Banach space .A%? (X)) and with Lagrangian boundary conditions. The regularity re-
sults for this boundary value problem are provided by [W2] in the general framework
of a Cauchy-Riemann equation for functions with values in a complex Banach space
and with totally real boundary conditions.

The case 2 < p < 4, when W1 P-functions are not automatically continuous, poses
some special difficulties in this last step. Firstly, in order to obtain regularity results from
the Cauchy-Riemann equation, one has to straighten out the Lagrangian submanifold
by going to suitable coordinates. This requires a C°-convergence of the connections,
which in case p > 4 is given by a standard Sobolev embedding. In case p > 2 one
still obtains a special compact embedding WP(U x X) < CO(U, LP(X)) that suits
our purposes. Secondly, the straightening of the Lagrangian introduces a nonlinearity
in the Cauchy-Riemann equation that already poses some problems in case p > 4. In
case p < 4 this forces us to also deal with the Cauchy-Riemann equation with values in
an L2-Hilbert space and then use some interpolation inequalities for Sobolev norms.

For the definition of the standard instanton Floer homology it suffices to prove a
compactness result like theorem B for p = oo. In our case however the bubbling
analysis [W3] requires the compactness result for some p < 3. This is why we have
taken some care to deal with this case.

Our third main result is the Fredholm theory in section 3. It is a step towards proving
that the moduli space of finite energy solutions of (2) is a manifold whose components
have finite (but possibly different) dimensions. This also exemplifies our hope that the
further analytical details of Floer theory will work out along the usual lines once the
right analytic setup has been found in the proof of theorems A and B.
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In the context of Floer homology and in Floer-Donaldson theory it is important to
consider 4-manifolds with cylindrical ends. This requires an analysis of the asymptotic
behaviour which will be carried out elsewhere. Here we shall restrict the discussion
of the Fredholm theory to the compact case. The crucial point is the behaviour of the
linearized operator near the boundary; in the interior we are dealing with the usual anti-
self-duality equation. Hence it suffices to consider the following model case. Let Y be
a compact oriented 3-manifold with boundary 9Y = X' and suppose that (gs)scst is a
smooth family of metrics on Y such that

X =5'"xY, 7:8"x ¥ = X, g=ds®+ g,

satisfy the assumptions of definition 1.2. Here the space-time splitting 7 of the bound-
ary is the obvious inclusion 7 : S' x ¥ — 90X = S' x X, where ¥ = (JI_, X,
might be a disjoint union of an n-tuple of connected Riemann surfaces ;. An n-
tuple of Lagrangian submanifolds £; C A%P(X};) as in (1) then constitutes a gauge
invariant Lagrangian submanifold £ := £, x ... x L,, of the symplectic Banach space
AOP () = A%P(3)) x ... x AOP(5,) such that £ C AY" (X).

In order to linearize the boundary value problem (2) together with the local slice
condition, fix a smooth connection A+®ds € A(S!xY) such that A; := A(s)|py € L
forall s € S'. Here ® € C*°(S' xY,g)and A € C*°(S* x Y, T*Y ®g) is an S*-family
of 1-forms on Y (not a 1-form on X as previously). Now let E}q’p be the space of S*-
families of 1-forms o € W1P(S? x Y, T*Y ® g) that satisfy the boundary conditions

xa(s)|gy =0 and a(s)oy € Ta L forall s € S*. 3)
Then the linearized operator
Dagy : E4P x WHP(S' x Y,g) — LP(S' x Y, T*Y ® g) x LF(S* x Y, g)
is given with V = 0, + [®, -] by
Daa) (o, @) = (Vsa —dap+ *xdaa, Vsp — djla).

The second component of this operator is —d’ , gq,(e + ¢ds), and the first bound-
ary condition is *(cov + ¢ds)|spx = 0, corresponding to the choice of a local slice at
A+ &ds. In the first component of D4, ¢) we have used the global space-time splitting
of the metric on S! x Y to identify the self-dual 2-forms *7y, — vs A ds with families
vs of 1-forms on Y. The vanishing of this component is equivalent to the linearization
Al pqs(@ + @ds) = 0 of the anti-self-duality equation. Furthermore, the boundary
condition «(s)|gy € Ta_L is the linearization of the Lagrangian boundary condition
in the boundary value problem (2).

Theorem C (Fredholm properties)
Let Y be a compact oriented 3-manifold with boundary 0Y = X and let S' x Y

be equipped with a product metric ds®> + g, that is compatible with the embedding
TS x X — St X Y. Let A+ &ds € A(S' x Y) such that A(s)|py € L for all
s € S, Then the following holds for all p > 2.

(i) D(a,g) is Fredholm.
(ii) There is a constant C' such that for all o € Ei"p and o € WHP(S! x Y, g)

(e, @) llwre < C(ID ) (@, @)lle + [I(er, )| r).-
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(iii) Let q € (1,2)U(2,00). There is a constant C such that the following holds. Suppose
that 3 € LI(S' x Y, T*Y @ g) and ¢ € LI(S* x Y, g), and assume that there exists
a constant c such that for all « € C*(S* x Y, T*Y ® g) satisfying (3) and for all
p €C™(St xY,g)

/ (Deaay(e:9), (3,0 < el @)l
Sixy

Then (3 and ( are of class W19 and ||(3, €)||w1.« < Ce.

Here and throughout we use the notation % + L = 1 for the conjugate exponent p*

of p. The above inner product ( -, - ) is the pointwise inner product in (T*Y ® g) x g.

Theorem C (ii) actually extends to an L2-estimate for W1 P-regular (o, ¢), that can
be proven by more elementary methods than the general case, as will be shown in
section 3. In fact, this estimate was already stated in [S] as an indication for the well-
posedness of the boundary value problem (2).

The reason for our assumption ¢ # 2 in theorem C (iii) is a technical problem in
dealing with the singularities of £/G!?(Y). We resolve them by dividing only by the
based gauge group. This leads to coordinates of L? (X, T*X ® g) in a Banach space,
part of which is a based Sobolev space W1?(X, g) of functions vanishing at a fixed
point z € X. So these coordinates that straighten out TL along A|g1 sy are well-
defined only for p > 2. We prove theorem C (iii) by using such coordinates either for 3
or for the test 1-forms «, so we assume that either ¢ > 2 or ¢* > 2. This is completely
sufficient for our purposes — proving the Fredholm property in theorem C (i) for p > 2.

The Fredholm property of a generalized operator D4 ) for p = 2 follows from
more general Hilbert space techniques, that will be carried out elsewhere.

1.2. Outlook. We give a brief sketch of Salamon’s program for the proof of the Atiyah-
Floer conjecture (for more details see [S]) in order to point out the significance of the
present results for the whole program. _

The first step of the program is to define the instanton Floer homology HF™" (Y, L)
of a 3-manifold Y with boundary 0Y = X' and a (singular) Lagrangian submanifold
L = L£/GY"?(XY) C My in the moduli space of flat connections. The Floer com-
plex will be generated by the gauge equivalence classes of irreducible flat connections
A € A(Y) with Lagrangian boundary conditions A|sx; € £.! For any two such connec-
tions A*, A~ one then has to study the moduli space of Floer connecting orbits,

M(A™,AT) = {A € AR xY) | A satisfies (2), lim A=A*}/GRxY).

Theorem A shows that the boundary value problem (2) is well-posed. In particular, the
spaces of smooth connections and gauge transformations in the definition of the above
moduli space can be replaced by the Sobolev completions Allo’zc’ and gﬁ;f . The next
step in the construction of the Floer homology groups is the analysis of the asymptotic
behaviour of the finite energy solutions of (2) on R x Y, which will be carried out else-
where. Combining this with theorem C one obtains an appropriate Fredholm theory and

' A connection A € Ag,¢(Y) is called irreducible if its isotropy subgroup of G(Y') (the group of gauge
transformations that leave A fixed) is discrete, i.e. d 4|0 is injective. There should be no reducible flat
connections with Lagrangian boundary conditions other than the gauge orbit of the trivial connection. This
will be guaranteed by certain conditions on Y and L, for example this is the case when L = Ly for a
handlebody Y’ with Y’ = X such that Y Ux; Y is a homology-3-sphere.
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proves that for a suitably generic perturbation the spaces M(A~, A™) are smooth mani-
folds. In the monotone case the connections in the k-dimensional part M*(A~, A1)
have a fixed energy [ |F;|%.

Theorem B is a major step towards a compactification of the spaces M*(A~, A1).
It proves their compactness under the assumption of an LP-bound on the curvature
for p > 2, whereas a priori the L2-norm is bounded due to the fixed energy. So the
key remaining analytic task is an analysis of the possible bubbling phenomena. This
is carried out in [W3] and draws upon the techniques developed in this paper. When
this is understood, the construction of the Floer homology groups should be routine. In
particular, for the metric independence note that one can interpolate between different
metrics on Y as in example 1.4, and theorem B allows for the variation of metrics on X .
So this paper sets up the basic analytic framework for the Floer theory of 3-manifolds
with boundary.

Moreover, the consideration of general 4-manifolds X (rather than just X = R xY))
in theorems A and B will allow for the definition of a product structure on this new
Floer homology.

The further steps in the program for the proof of the Atiyah-Floer conjecture are
to consider a Heegaard splitting Y = Y; Ux Y; of a homology 3-sphere, and identify
HF™([0,1] x X, Ly, x Ly,) with HF?*(Y") and HF™P (M, Ly,, Ly, ) respec-
tively. (These isomorphisms should also intertwine the ring structures on all three Floer
homologies.) In both cases, the Floer complexes can be identified by elementary argu-
ments, so the main task is to identify the connecting orbits.

In the case of the two instanton Floer homologies, the idea is to choose an embedding
(0,1) x ¥ — Y starting from a tubular neighbourhood of ¥ C Y att = % and
shrinking {t} x X to the 1-skeleton of Y; for ¢ = 0, 1. Then the anti-self-dual instantons
on R xY pull back to anti-self-dual instantons on R x [0, 1] x X' with a degenerate metric
for ¢t = 0 and ¢ = 1. On the other hand, one can consider anti-self-dual instantons on
R x [g,1 —¢] x X with boundary values in Ly, and Ly, . As ¢ — 0, one should be able
to pass from this genuine boundary value problem to solutions on the closed manifold
Y. This is a limit process for the boundary value problem studied in this paper.

The identification of the instanton and symplectic Floer homologies requires an
adaptation of the adiabatic limit argument in [DS] to boundary value problems for
anti-self-dual instantons and pseudoholomorphic curves respectively. Here one again
deals with the boundary value problem (2) studied in this paper. As the metric on X/
is scaled to zero, the solutions, i.e. anti-self-dual instantons on R x [0, 1] x X with
Lagrangian boundary conditions in Ly, and Ly, should be in one-to-one correspon-
dence with connections on R x [0, 1] x X that descend to pseudoholomorphic strips in
M s; with boundary values in Ly, and Ly, . The basic elliptic properties of the boundary
value problem (2) that are established in this paper will also play an important role in
this adiabatic limit analysis.

2. Regularity and compactness

The aim of this section is to prove the regularity theorem A and the compactness theo-
rem B. Both theorems are dealing with a noncompact base manifold X that is exhausted
by compact submanifolds Xj. We shall use an extension argument by Donaldson and
Kronheimer [DK, Lemma 4.4.5] to reduce the problem to compact base manifolds. For
the following special version of this argument a detailed proof can be found in [W1,
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Propositions 7.6,9.8]. At this point, the assumption that the exhausting compact sub-
manifolds X}, are deformation retracts of X comes in crucially. It ensures that every
gauge transformation on X, can be extended to X, which is a central point in the argu-
ment due to Donaldson and Kronheimer.

Proposition 2.1. Let the 4-manifold M = Uren My be exhausted by compact sub-
manifolds My, C int My that are deformation retracts of M, and let p> 2

(i) Let A € .Allof:(M) and suppose that for each k € N there exists a gauge trans-
formation uy, € G*P(My,) such that uj A|ny, is smooth. Then there exists a gauge
transformation u € G2F (M) such that u* A is smooth.

(ii) Let a sequence of connections (A”),en C Allc;f (M ) be given and suppose that the
following holds:

For every k € N and every subsequence of (A"),cn there exist a further subse-
quence (vy ;)ien and gauge transformations u** € G*P(My) such that

sup Hu]” *A”’“’i| < o0 Vvl e N.
ieN

Wep(My)

Then there exists a subsequence (v;);en and a sequence of gauge transformations
ut € G2P(M) such that

weany <% VRENLEN

sup Hu2 *AYi
ieN
So in order to prove theorem A it suffices to find smoothing gauge transformations
on the compact submanifolds X}, in view of proposition 2.1 (i). For that purpose we
shall use the so-called local slice theorem. The following version is proven e.g. in [W1,
Theorem 8.1]. Note that we are dealing with trivial bundles, so we will be using the
product connection as reference connection in the definition of the Sobolev norms of
connections.

Proposition 2.2. (Local Slice Theorem)
Let M be a compact 4-manifold, let p > 2, and let ¢ > 4 be such that % > Il) — % (or

q = ooincasep > 4). Fix A € AV (M) and let a constant ¢o > 0 be given. Then there
exist constants € > 0 and C. such that the following holds. For every A € AYP(M)
with

A=Al <e  and  [A-Alwes <o

there exists a gauge transformation u € G*P (M) such that

{ dywA-A)=o, A=Al <CeolA- Al
#(u* A — A)|oar =0, u*A— Allwir < CoollA— Allwrs.
Remark 2.3.

(i) If the boundary value problem in proposition 2.2 is satisfied one says that u* A is
in Coulomb gauge relative to A. This is equivalent to v* A being in Coulomb gauge
relative to A for v = w1, i.e. the boundary value problem can be replaced by

{ dy(v'A—A) =0,
#(v* A — A)|orr = 0.
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(i1) The assumptions in proposition 2.2 on p and ¢ guarantee that one has a compact
Sobolev embedding
WYP(M) < LI(M).

(iii) One can find uniform constants for varying metrics in the following sense. Fix a
metric g on M. Then there exist constants €, > 0, and Cc such that the assertion
of proposition 2.2 holds for all metrics ¢’ with ||g — ¢'[|lcr < 4.

In the following we outline the proof of theorem A. Given a solution A € Allc;fz (X)
of (2) one proves the assumption of proposition 2.1 (i) for each of the exhausting sub-
manifold X, as follows. One finds a sufficiently large compact submanifold M C X
with X, C M. Then one chooses a smooth connection Ay € A(M) sufficiently W *-P-
close to A and applies the local slice theorem with the reference connection A=A
to find a gauge transformation that puts Ay into relative Coulomb gauge with respect
to A. This is equivalent to finding a gauge transformation that puts A into relative
Coulomb gauge with respect to Ay. We denote this gauge transformed connection again
by A € AYP(M). It satisfies the following boundary value problem:

di, (A — A4p) =0,

*Fg + Fy =0,

#(A — Ao)lorr = 0,
Ti*A|{s}><Ei eL;, Vse&;,i=1,...,n.

“)

More precisely, the Lagrangian boundary condition only holds for those s € S; and
i € {1,...n} for which 7;({s} x X;) is entirely contained in M. If M is chosen large
enough (in particular, it has to contain the full boundary slice 7;({s} x X;) whenever this
intersects Xy, at all), then the regularity theorem 2.6 below will assert the smoothness
of Aon Xj.

The proof of theorem B goes along similar lines. We will use proposition 2.1 (ii) to
reduce the problem to compact base manifolds. On these, we shall use the following
weak Uhlenbeck compactness theorem (see [U1], [W1, Theorem 7.1]) to find a subse-
quence of gauge equivalent connections that converges W P-weakly.

Proposition 2.4. (Weak Uhlenbeck Compactness)

Let M be a compact 4-manifold and let p > 2. Suppose that the sequence of connec-
tions A¥ € AYP(M) is such that |Fav ||, is uniformly bounded. Then there exists a
subsequence (again denoted (A"),cn) and a sequence v’ € G*P(M) of gauge trans-
formations such that u” * AY weakly converges in AYP(M).

The limit Aq of the convergent subsequence then serves as reference connection A
in the local slice theorem, proposition 2.2, and this way one obtains a W !?-bounded
sequence of connections A" that solve the boundary value problem (4). This makes
crucial use of the compact Sobolev embedding WP < L7 on compact 4-manifolds
(with ¢ from the local slice theorem). The estimates in the subsequent theorem 2.6 then
provide the higher TW*?-bounds on the connections that will imply the compactness.
One difficulty in the proof of this regularity theorem is that due to the global nature of
the boundary conditions one has to consider the Y’-components of the connections near
the boundary as maps into the Banach space A%P(X) that solve a Cauchy-Riemann
equation with Lagrangian boundary conditions. In order to prove a regularity result for
such maps one has to straighten out the Lagrangian submanifold by using coordinates
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in A%P(X). (This is done in [W2].) Thus on domains 2/ x X at the boundary a crucial
assumption is that the 2’-components of the connections all lie in one such coordinate
chart, that is one needs the connections to converge strongly in the L™ (U, LP(X))-
norm. In the case p > 4 this is ensured by the compact embedding W!? < L on
U x . To treat the case 2 < p < 4 we shall make use of the following special Sobolev
embedding.

Lemma 2.5. Let M, N be compact manifolds and let p > max(dim M, dim N). Then
the following embedding is compact,

WP (M x N) — L®(M, LP(N)).

Proof of lemma 2.5:

Since M is compact it suffices to prove the embedding in (finitely many) coordinate
charts. These can be chosen as either balls B, C R in the interior or half balls
Dy = By NH™ in the half space H™ = {z € R™ | x1 > 0} at the boundary of M.
We can choose both of radius 2 but cover M by balls and half balls of radius 1. So it
suffices to consider a bounded set X C W1P(By x N) and prove that it restricts to a
precompact set in L°°(By, LP(N)), and similarly with the half balls. Here we use the
Euclidean metric on R™, which is equivalent to the metric induced from M.

For a bounded subset X C W1P(Dy x N) of functions over the half ball we define
the subset K’ C WHP(By x N) by extending every function v € K to By \ H™ via
w(x1, T, ..., Ty) 1= u(—2x1, T, ..., &y ) for 1 < 0. The thus extended function is
still W1P-regular with twice the norm of u. So K’ also is a bounded subset, and if this
restricts to a precompact set in L>°(By, LP(N)), then also K C L*°(Dy, LP(N)) is
precompact. Hence it suffices to consider the interior case of the full ball.

The claimed embedding is continuous by the standard Sobolev estimates — check
for example in the proof of [Ad, Theorem 5.4,] that the estimates generalize directly to
functions with values in a Banach space. In fact, one obtains an embedding

WP(By x N) € WHP(By, LP(N)) < C%*(By, LP(N))

into some Holder space with A = 1 — % > 0. One can also use this Sobolev estimate
for WHP(N) with \' = 1 — % > 0 combined with the inclusion L? — L' on B; to
obtain a continuous embedding

WLP(By x N) C LP(By, WYP(N)) = LP(By,C*N (N)) € L}(By, C*Y (N)).

Now consider a bounded subset K C W1P(By x N). The first embedding ensures that
the functions K > u : By — LP(N) are equicontinuous. For some constant C

[u(@) — u@)|lpe(v) < Clz —yl*  VueK, 2,y € Bs. Q)

The second embedding asserts that for some constant C”
/ ||UHC0,A’(N) < C’ Yu e K. 6)
B>

In order to prove that L C L*°(By, LP(N)) is precompact we now fix any € > 0 and
show that K can be covered by finitely many e-balls.

Pick J € C>*(R™,[0,00)) with supp.J C By and [, J = 1. Then the functions
Js(xz) :== 6~™J(x/d) are mollifiers for 6 > 0 with supp Js C Bj and me Js = 1.
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Let 0 < 1, then Js * u|p, € C*(By, LP(N)) is well-defined. Moreover, choose 6 > 0
sufficiently small such that for all u € K

HJ(;*u— sup

U’HL""(BMLP(N)) - rEB;

[ 95t (ule =) = ute)) ams

Lr(N)

<sup [ Js(y) Clyrd™y < C&* < je.

Now it suffices to prove the precompactness of K5 := {Js * u } u € K}. If this holds

then K5 can be covered by %5-balls around Js * u; with u; € K fori =1,...,17% and
above estimate shows that /C is covered by the e-balls around the u;. Indeed, for each
u € K one has ||Js5  u — Js5 * wil| o (B,,Lr(n)) < 5 forsome i = 1,..., I and thus

lu—wsll < = Js s ull + 1 5w — Jo + wsll + 1 Js s — wil] < e

The precompactness of K5 C L°°(By, LP(N)) will follow from the Arzéla-Ascoli
theorem (see e.g. [L, IX §4]). Firstly, the smoothened functions Js * u are still equicon-
tinuous on By. For all w € K and z,y € B; use (5) to obtain

(s % ) (&) = (Ts * @) oy < /B J5(2) llule = 2) = uly — 2)ll o () d™2
< /B J5(z) Cla —y*d™z = Cla—yP.

Secondly, the L>°-norm of the smoothened functions is bounded by the L!-norm of the
original ones, so for fixed § > 0 one obtains a uniform bound from (6) : For all u € K
and x € By

1(J5 % w)(@)llgon vy < /B Ts(@ =) [u®)llcor vy 4™y < C'|s]loo

Now the embedding CO* (N) < LP(N) is a standard compact Sobolev embedding,
so this shows that the subset {(Js * u)(z) | u € K} C LP(N) is precompact for all
x € Bj. Thus the Arzéla-Ascoli theorem asserts that Ks C L°°(By, LP(N)) is com-
pact, and this finishes the proof of the lemma. O

In the proof of theorem B, the weak Uhlenbeck compactness together with the local
slice theorem and this lemma will put us in the position to apply the following main
regularity theorem that also is the crucial point in the proof of theorem A.

Theorem 2.6. Let (X, 7, go) be a Riemannian 4-manifold with a boundary space-time
splitting. For every compact subset K C X there exists a compact submanifold M C X
such that K C M and the following holds for all p > 2.

(i) Suppose that A € AYP(M) solves (4). Then Al € A(K) is smooth.?

2 If a subset K C (X,d) of a metric space is precompact, then for fixed & > 0 one firstly finds
v1,...,v; € X such that for each z € K one has d(z,v;) < e for some v;. For each v; choose one
such x; € K, or simply drop v; if this does not exist. Then K is covered by 2e-balls around the x;: For each
z € K one has d(z,z;) < d(z,v;) + d(vi,z;) forsomei =1,..., 1.

3 More precisely, there is an open neighbourhood of K C X on which A is smooth.
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(ii) Fix a smooth connection Ay € A(M) such that 7} Ao|(syx 5, € Li forall s € S;
andi=1,...,n. Moreover, fix V = J;_, 7o,:(U; x ), a compact neighbourhood
of K N 0X. (Here Ty ; denotes the extension of T; given by the geodesics of go.)
Then for every given constant Cy there exist constants § > 0, 6, > 0, and C}, for all
k > 2 such that the following holds:

Fix k > 2 and let g be a metric on M that is compatible with T and satisfies
lg = gollck+2(ary < O. Suppose that A € AVP(M) solves the boundary value
problem (4) with respect to the metric g and satisfies

A~ Aollwrrary < Ch,
Loo Uy, A0p () S0 Vi=1,...,n.

175, (A — Ao)| =,

Then A|k € A(K) is smooth by (i) and
A = Aollwrrx) < Cr.

We first give some preliminary results for the proof of theorem 2.6. The interior
regularity as well as the regularity of the {/;-components on a neighbourhood Uf; x X;
of a boundary component S; x X; will be a consequence of the following regularity
result for Yang-Mills connections. The proof is similar to that of lemma A.2 and can be
found in full detail in [W1, Proposition 9.5]. Here M is a compact Riemannian manifold
with boundary OM and outer unit normal v. One then deals with two different spaces
of test functions,

C3° (M, g) := {¢ € C=(M,9) | dlors = 0},
C*(M,g) = {6 € C=(M,g) | 32| ,,, = 0}

Proposition 2.7. Let (M, g) be a compact Riemannian 4-manifold. Fix a smooth refer-
ence connection Ay € A(M). Let X € I'(TM) be a smooth vector field that is either
perpendicular to the boundary, i.e. X|orp = h - v for some h € C>(0OM), or is tan-
gential, i.e. X|opr € I'(TOM). In the first case let T = C3°(M, g), in the latter case
let T = C°(M,g). Moreover, let N C OM be an open subset such that X vanishes
in a neighbourhood of OM \ N C M. Let 1 < p < oo and k € N be such that either
kp > 4ork =1and 2 < p < 4. In the first case let q := p, in the latter case let
q:= 84%1). Then there exists a constant C such that the following holds.

Let A= Ay + o € A¥P(M) be a connection. Suppose that it satisfies

dj,a =0, 7
xalgpr =0 on N C OM,

and that for all 1-forms 3 = ¢ - 1xg with ¢ € T
[ (Faidas) =0, ®)
M

Then a(X) € Wr+L4(M, g) and
la(X)[wrra < C (14 llallwes + llalfyes) -

Moreover, the constant C' can be chosen such that it depends continuously on the metric
g and the vector field X with respect to the C**'-topology.
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Remark 2.8. Inthe case k = 1 and 2 < p < 4 the iteration of proposition 2.7 also allows
to obtain W2P-regularity and -estimates from initial W !-P-regularity and -estimates.

To see this remark, first note that the Sobolev embedding W24 — WL’ holds with

p = 44—_qq since ¢ < 4. Now as long as p’ < 4 one can iterate the proposition and

Sobolev embedding to obtain regularity and estimates in WP with py = p and

4q; 2p;
Pit1 = ho_ B > Op; > p;.
4—q 4—p;

Since 0 := ﬁ > 1 this sequence terminates after finitely many steps at some py > 4.

Now in case py > 4 the proposition even yields 2P~ _regularity and -estimates. In

case py = 4 one only uses WP~ for some smaller piy > % in order to conclude

W2Px-+1_regularity and -estimates for Py > 4.

Similarly, in case £ = 1 and p = 4 one only needs two steps to reach w2r' for
some p’ > 4.

The above proposition and remark can be used on all components of the connections
in theorem 2.6 except for the X'-components in small neighbourhoods U/ x X' of bound-
ary components S x Y. For the regularity of their higher derivatives in X'-direction we
shall use the following lemma. The crucial regularity of the derivatives in the direc-
tion of U of the X'-components will then follow from the general regularity theory for
Cauchy-Riemann equations in [W2].

Lemma2.9. Let k € Ng and 1 < p < oo. Let {2 be a compact manifold, let X be a
Riemann surface, and equip (2 x X with a product metric g ® g, where g = (gz)wec IS
a smooth family of metrics on X. Then there exists a constant C such that the following
holds:

Suppose that « € W*P(Q x X, T*%) such that both dsa and d'cv are of class
WkP on 2 x X. Then ¥V sa also is of class W*P and one has the following estimate
on 2 x X

IVsallwes < C(Idsallwes + [dialwes + llallyes).

Here V x; denotes the family of Levi-Civita connections on X that is given by the family
of metrics g. Moreover, for every fixed family of metrics g one finds a C*-neighbourhood
of metrics for which this estimate holds with a uniform constant C.

Proof of lemma 2.9:
We first prove this for k = 0, i.e. suppose that o € LP(£2x X, T*X) and that dyor, d S v
(defined as weak derivatives) are also of class L”. We introduce the following functions

fi=da € LP(2 x X), g:=—*gdya € LP(2x X),

and choose sequences [, g” € C®(2x X)), and o” € C (2 x X, T*X) that converge
to f, g, and a respectively in the LP-norm. Note that [y, f = [, g = 0in LP(£2), so the
f¥ and g” can be chosen such that their mean value over X' also vanishes at every
x € 2. Then fix z € ¥ and find £¥, (¥ € C*°(§2 x X) such that

{ AZ'fV:fya { AECV:gVa
§(z,2)=0 Vze, ¢V(x,2) =0 Vzen.
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These solutions are uniquely determined since Ay : WIt2P(Y) — WiP(Y) is a
bounded isomorphism for every j € Ny depending smoothly on the metric, i.e. on
x € §2. Here W};P(X) denotes the space of W7P-functions with mean value zero and
Wi+2P(X) consists of those functions that vanish at z € X.

Furthermore, let 7, : 21(X) — h'(X, g.) be the projection of the smooth 1-forms
to the harmonic part h!(X) = ker Ay, = ker dx; Nker d% with respect to the metric g,
on X. Then 7 is a family of bounded operators from LP (X, T*X) to W3P (X, T*X)
for any j € Ny, and it depends smoothly on z € (2. So the harmonic part of & is also
smooth, m o & € C* ({2 x X, T*X'). Now consider

o = dEfU +*2dZCV +7oa” € COO(_Q X E,T*Z)

We will show that the sequence o of 1-forms converges to « in the LP-norm and that
moreover V xo” is an LP-Cauchy sequence. For that purpose we will use the following
estimate. For all 1-forms 3 € WP (X, T* X)) abbreviating ds, = d

1Bllwrrzy < CUIA* BllLr(sy + 1Bl Le(z) + 17 (B) lwrr(s))
< C(1d*Blles) + 1Bl Loy + 118l Le(s)) - ©)

Here and in the following C' denotes any finite constant that is uniform for all metrics g
on ¥ in a family of metrics that lies in a sufficiently small C¥-neighbourhood of a fixed
family of metrics. To prove (9) we use the Hodge decomposition 5 = d€ + *d¢ + ().
(See e.g. [Wa, Theorem 6.8] and recall that one can identify 2-forms on X' with func-
tions via the Hodge * operator.) Here one chooses &, ( € W2:P(X) such that they solve
A€ = d*B and A = xd respectively and concludes from proposition A.1 for some
uniform constant C

ld€llwrr(zy < €llw2rs) < Clld*BllLr (),
[¥d[lwrr sy < IClw2pzy < ClldB|Le(x

The second step in (9) moreover uses the fact that the projection to the harmonic part is
bounded as map 7 : LP(X, T*X) — WP (X T*X).

Now consider the 1-forms o — o € LP({2 x X, T*X). For almost all z € {2 we
have a(x, ) —a¥(z,-) € LP(X, T*X) as well as xd s (a(z, -) —a¥(x,)) € LP(X) and
di(a(z, ) — a¥(x,-)) € LP(X). Then for these = € §2 one concludes from the Hodge
decomposmon that in fact a(z,) —a¥(x,-) € WHP(X,T*X). So we can apply (9)
and integrate over x € {2 to obtain for all v € N

||Oé*04"||§p(gxg)

< / lae,) = a” (@, ) s,

<€ [ (Idsa— ) + lds(a =) + @ = ) Fuas)
< C ||f fDHLp(ng) +llg - gunip(gxg) + o — du”ip(gxg))'

In the last step we again used the continuity of 7. This proves the convergence o — «
in the LP-norm, and hence V ;& — V s« in the distributional sense. Next, we use (9)
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to estimate for all v € N

Vs [Thoxs) = /Q IV (@, )ILe(z..)

<c /Q (ld50” [os) + 450 |z + 0]l r(s))”
< C<||d*2au||1£pmx2) + ||d20‘VHZ£p(QX2) + HO‘VHZp(sz))-

Here one deals with LP-convergent sequences dy,a” = Axf” = f¥ — f = dLa,
—xdya’ = Ax(” = ¢¥ - g = —*dya,and & — a. So (Vxa”),cn is uniformly
bounded in LP({2 x X') and hence contains a weakly LP-convergent subsequence. The
limit is V x« since this already is the limit in the distributional sense. Thus we have
proven the LP-regularity of V .« on 2 x X, and moreover above estimate is preserved
under the limit, which proves the lemma in the case k = 0,

IVsallLrexs)

< liminf [Vsa”| e ox )

<liminf C([[d50” | Lr(exx) + [dsa” | Lrxs) + 0" rox )
= C(|d5allr(oxs) + ldsallroxs) + el Lrexs))-

In the case £ > 1 one can now use the previous result to prove the lemma. Let
a € WhP(£2 x X, T*X) and suppose that dsa, %« are of class W*P. We denote
by V the covariant derivative on {2 x . Then we have to show that V*V s« is of class
LP.Solet X1, ..., X} be smooth vector fields on {2 x X' and introduce

Q= le ...VXkOé S Lp(Q X Z,T*Z).
Both dx & and d% & are of class LP since

dxsa = [dZ‘;le ...vXk]OL+VX1 ...vXkdEOZ,
d*Ed = [d*E;VXl ---vXk]04+le ...kad*zoz.

So the result for £ = 0 implies that V ;& is of class LP, hence VAV s also is of class
LP since for all smooth vector fields

le ...VXngOé = [VE,VXl ...VXk]Oé—i-VZd.

With the same argument — using coordinate vector fields X; and cutting them off — one
obtains the estimate

IV*V sl e oxs)
< C(Hvkd*zaﬂm(nxz) + ||vkdEa”L”(Q><E) + ||04\|Wk~zv(9x2))-
Now this proves the lemma,
IVsallwrroxs) < IVsallwersoxs) + IV VsallLroxs)
< C(Hd*zaﬂwwmxz) + [[dsallwrroxs) + ||O‘||W’WJ(Q><E))-

O
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Proof of theorem 2.6 :

Recall that a neighbourhood of the boundary X C X can be covered by embeddings
T4 i Ui x Xy — X such that 75,90 = ds? + dt? + go.s+. (In the case (i) we put
go :=g.) Since K C X is compaét one can cover it by a compact subset Kj, C int X
and Kpay := U 70,i (Lo, % [0, dg] x X;) for some §y > 0 and I ; C S; that are either
compact intervals in R or equal to S'. Moreover, one can ensure that Kpay C intV
lies in the interior of the fixed neighbourhood of K N 0.X. Since X is exhausted by the
compact submanifolds X, one then finds M := X} C X such that both Ky,qy and Kip
are contained in the interior of M (and thus also K C M). Now let A € AYP(M) be a
solution of the boundary value problem (4) with respect to a metric g that is compatible
with 7. Then we will prove its regularity and the corresponding estimates in the interior
case on Kj, and in the boundary case on Kyqy separately.

Interior case :

Firstly, since K, C int M and Kjy C int X = X \ 0X we find a sequence of compact
submanifolds M, C int X such that Ky C My C int My C M forall k € N.
We will prove inductively A|y;, € A¥P(My) for all k € N, in each step improving
the differentiability of A at the expense of restriction to a smaller submanifold. This
will imply that A|g,, € A(Kin) is smooth. Moreover, we inductively find constants
Cp, 0, > 0 such that the additional assumptions of (ii) in the theorem imply

A — Aollwr.r(ar) < Ch- (10)

Here we use the fixed smooth metric gg to define the Sobolev norms — for a sufficiently
small C*-neighbourhood of metrics, the Sobolev norms are equivalent with a uniform
constant independent of the metric. Moreover, recall that the reference connection A
is smooth.

To start the induction we observe that this regularity and estimate are satisfied for
k = 1 by assumption. For the induction step assume this regularity and estimate to hold
for some k € N. Then we will use proposition 2.7 on A, € A"P(M}) to deduce the
regularity and estimate on M.

Every coordinate vector field on M, can be extended to a vector field X on M
that vanishes near the boundary dMj. So it suffices to consider such vector fields, i.e.
use N = (J in the proposition. Then « := A — Ay satisfies the assumption (7). For the
weak equation (8) we calculate forall 3 = ¢ - tx g with ¢ € T = C3°(My, 9)

—/ (Fa,daB) :/ (da(@- ixg) A Fa) :/ (6-1xg A Fa) = 0.
M, M, OMy,

We have used Stokes’ theorem while approximating A by smooth connections A, for
which the Bianchi identity d ;F; = 0 holds. Now proposition 2.7 and remark 2.8
imply that Alns,,, € AFHLP (M, 1 1). In the case (ii) of the theorem the proposi-
tion moreover provides dx+1 > 0 and a uniform constant C' for all metrics g with
llg — goller+1(ar,) < Okt such that the following holds: If (10) holds for some con-
stant C},, then

A = Aollwr+rr(ayr) < C (1 + 1A = Aollwrrar, + 14— Aoll?v’w,p(Mk))
<C(1+Cp+Cf) = Crya.



Title Suppressed Due to Excessive Length 19

Here we have used the fact that the Sobolev norm of a 1-form is equivalent to an ex-
pression in terms of the Sobolev norms of its components in the coordinate charts. In
case k = 1 and p < 4, this uniform bound is not found directly but after finitely
many iterations of proposition 2.7 that give estimates on manifolds N; = M; and
My C N;q1 C int N;. In each step one chooses a smaller §, > 0 and a bigger C5. This
iteration uses the same Sobolev embeddings as remark 2.8. This proves the induction
step on the interior part K.

Boundary case :

It remains to prove the regularity and estimates on the part Kyqy near the boundary.
So consider a single boundary component K’ := 7o(Iy X [0, ] x X'). We identify
Ip = S' = R/Z or shift the compact interval such that Iy = [—7r, 7] and hence
K’ = 7y([—ro,70] % [0,00] x X) for some 9 > 0. Since Kpqy (and thus also K') lies
in the interior of M as well as V, one then finds Ry > rg and Ay > Jg such that
To([—Ro, Ro] % [0,A¢] x X) C M N V. Here 7y is the embedding that brings the
metric go into the standard form ds® + dt® + go.s¢. A different metric g compatible
with 7 defines a different embedding 7 such that 7*g = ds® + dt* + g, ;. However,
if g is sufficiently C!-close to go, then the geodesics are C°-close and hence 7 is C°-
close to 7y. (These embeddings are fixed for ¢t = 0, and for ¢ > 0 given by the normal
geodesics.) Thus for a sufficiently small choice of d2 > 0 one finds R > r > 0 and
A > § > 0 such that for all T7-compatible metrics g in the d,-ball around g

K' Cc 7([-r,r] x [0,0] x X)) and  7([-R,R] x [0,A] x X)Cc M NV.

(In the case (i) this holds with rq, dg, Rg, and A for the fixed metric ¢ = g¢g.) We
will prove the regularity and estimates for 7*A on [—r,r] x [0,d] x X. This suffices
because for C¥*T2-close metrics the embedding 7 will be CF+1_close to the fixed 7o,
so that one obtains uniform constants in the estimates between the W*"P-norms of A
and 7* A. Furthermore, the families g, ; of metrics on X' will be CF-close to go;s,¢ for
(s,t) € [-R, R] x [0, 4] if 6, is chosen sufficiently small. Now choose compact sub-
manifolds (2, C H := {(s,t) € R? | ¢ > 0} such that forall k € N

[-r,r] X [0,0] C 241 C intf2, C [-R,R] x[0,A4].

We will prove the theorem by establishing the regularity and estimates for 7* A on the
2}, x X in Sobolev spaces of increasing differentiability. We distinguish the cases p > 4
and 4 > p > 2. In case p > 4 one uses the following induction.

1) Letp > 2 and suppose that A € A“?P(M) solves (4). Then we will prove inductively
that 7* Al g, x5 € APP (2 x X)) for all k > 2. Moreover, we will find a constant § > 0
and constants Cy,, 0, > 0 for all k > 2 such that the following holds:
If in addition ||g — gollcx+2(ar) < O and
||A — AQHW1,2p(M) < (Cq,

176 (A = Ao)| 2l e @, 400 (2)) <6,

then for all k > 2
17°(A = Ao) lwr.r (e x5) < Chk-

This is sufficient to conclude the theorem in case p > 4 as follows. One uses I)
with p replaced by %p to obtain regularity and estimates of A — Ag in AMP(£2; x X)),
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A5 (25 x X)), and A¥%5 (2, x X)) for all k > 3. Recall that the component K’ of
K34y is contained in each 7(£2; x X). In addition, one has the Sobolev embeddings
Whtls s Wkp — Ck=1 on the compact 4-manifolds 2,1 x X, c.f. [Ad, Theo-
rem 5.4]. So this proves the regularity and estimates on Ky, gy .

In the case 4 > p > 2 a preliminary iteration is required to achieve the regularity
and estimates that are assumed in I). In contrast to I) the iteration is in p instead of k.

Il) Let4 > p > 2 and suppose that A € AYP(M) solves (4). Then we will prove
inductively that T* A|g,x s € ALPi(§2; x X)) for a sequence (p;) with py = p and
pj+1 = 0(p;) - pj, where 6 : (2,4] — (1, }—g] is monotonely increasing and thus the
sequence terminates with py > 4 for some N € N.

Moreover, we will find constants 6 > 0 and Cy j,01; > 0 for j =2,..., N such
that the following holds:

If for some j = 1,..., N with ||g — gol|cs(ar) < 61,5 we have

A~ Aollwrrary < Ch,
176 (A — Ao)|sllLe @, 400 (x)) <6,

then
[7(A - AO)”lepy‘(ijz) < Chy.

Assuming I) and II) we first prove the theorem for the case 4 > p > 2. After finitely
many steps the iteration of II) gives regularity and estimates in AP~ (25 x X)) with
pNn > 4 and under the assumption ||g — gol|¢3(ary < d1,n on the metric. Now if nec-
essary decrease py slightly such that 2p > px > 4, then one still has AP~ -regularity
and estimates on all components of K34, as well as on Kj, (from the previous argu-
ment on the interior). Thus the assumptions of I) are satisfied with p replaced by %p N
and C replaced by a combination of C; n and a constant from the interior iteration
(both of which only depend on C'). One just has to choose d2 < ;. and choose the
6 > 0in I) smaller than the § > 0 from II). Then the iteration in I) gives regularity and
estimates of A — Ag in A%2PN (£, x X) for all k > 2. This proves the theorem in
case 2 < p < 4 due to the Sobolev embeddings WH+1:2P8 — WP < CF=2 S it
remains to establish I) and II).

Proof of I):

As start of the induction we will use 7*A|p, x5 € AVI(2) x X) and ||[7*(A —
Ao)llwr.a2, x ) < C1, which holds by assumption with ¢ = 2p after replacing C;
by a larger constant C'| to make up for the effect of 7*. For the induction step assume
that " 4-regularity and estimates hold for some k& € N with ¢ = p or ¢ = 2p depend-
ing on whether £ > 2 or k = 1. Then we consider the following decomposition of the
connection A and its curvature:

TFA=dds+¥dt + B,
T*Fy=Fp+ (dg® — 0:B) ANds + (dg¥ — 0;B) A dt an
+ (0¥ — 0P + [@,¥])ds A dt.

Here ¢, ¥ € WHh4(2, x X, g),and B € Wka(), x X, T*Y ® g) is a 2-parameter
family of 1-forms on Y. Choose a further compact submanifold {2 C int (2, such that



Title Suppressed Due to Excessive Length 21

k41 C int £2. Now we shall use proposition 2.7 to deduce the higher regularity of
@ and ¥ on (2 x X. For this purpose one has to extend the vector fields d5 and 0,
on 2 x X to different vector fields on 2, x X, both denoted by X, and verify the
assumptions (7) and (8) of proposition 2.7. These extensions will be chosen such that
they vanish in a neighbourhood of (942 \ OH) x X. Then o := 7*(A — Ay) satisfies
(7)on M = 7(§2 x X) with N = 7((02,, N OH) x X).

Choose a cutoff function h € C>({2,[0,1]) that equals 1 on {2 and vanishes in
a neighbourhood of (2, \ OH. Then firstly, X := ho; is a vector field as required
that is perpendicular to the boundary 0f2;, x X. For this type of vector field we have
to check the assumption (8) for all § = ¢h - dt with ¢ € C5°(£2, x X, g). Note that
78=(p-h)or L. L(7.8,)9 can be trivially extended to M and then vanishes when
restricted to M. So we can use partial integration as in the interior case to obtain

%%X2<FWA,dpAﬁ> = /;(Fh,dAﬁﬁ> _ _]/ (FBAFL) = 0.

oM
Secondly, X := hd, also vanishes in a neighbourhood of (02 \ 0H) x X and is

tangential to the boundary 02, x X. So we have to verify (8) for all 5 = ¢h - ds
with ¢ € T = C* (2 x X, g). Again, 7.3 extends trivially to M. Then the partial

integration yields
—/‘ (BAT"Fa)
7-L(OM)

[ (Fra dreas)
Qpx X
:7/ (¢h-ds A Fg) = 0.
(kaaH)Xz

The last step uses the fact that B(s,0) = 7*A[yxx € L C AQP (3), and hence
Fp vanishes on OH x X. However, we have to approximate A by smooth connec-
tions in order that Stokes’ theorem holds and F'g is well-defined. So this calculation
crucially uses the fact that a W!P-connection with boundary values in the Lagrangian
submanifold £ can be W1 P-approximated by smooth connections with boundary val-
ues in £ N A(X). This was proven in [W2, Corollary 4.5]. So we have verified the
assumptions of proposition 2.7 for both ¢ = 7*A(0s) and ¥ = 7*A(J;) and thus can
deduce &, ¥ € Wk+L4(() x X). Moreover, under the additional assumptions of (ii) in
the theorem we have the estimates

HQS - 9ﬁO”W’V“*'lvq(QxE) <Cs (1 +Ck + CIZ)) = CI::-&-D

HW—Q/()HW;CJqu(QXz) < Cy (1+Ck+02) = C};Jrl. (12)
The constants C and C; are uniform for all metrics in some small C¥+1 -neighbourhood
of go.s,t, S0 by a possibly smaller choice of ;1 > 0 they become independent of g; ;.
Note that in the above estimates we also have decomposed the reference connection in
the tubular neighbourhood coordinates, 7* Ag = &g ds + ¥y dt + By.

It remains to consider the >’-component B in the tubular neighbourhood. The bound-
ary value problem (4) becomes in the coordinates (11)

dp, (B — Bo) = V(@ — Do) + V(¥ — ¥p),
+Fpy = 0,0 — 0,0 + [, D),
0sB + x0yB = dp® + *dpVY, (13)
U(s,0) —PYy(s,0) =0 V(s,0) € 082,
B(s,0) e L V(s,0) € O82,.
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Here dp is the exterior derivative on X that is associated with the connection B, simi-
larly dj;  is the coderivative associated with By. Moreover, * is the Hodge operator on
X with respect to the metric g, ¢, and V@ := 0,P + [, D], VD := 0P + [P, D).
We rewrite the first two equations in (13) as a system of differential equations for
a := B — By on X. For each (s,t) € (2

dya(s,t) = £(s, 1), dra(s,t) = x((s,t). (14)
Here we have abbreviated

&= *[Bo A\ *(B — Bo)] + VS@ - @0) + Vt(LP - ![’0),
(=—xdgBy— *%[B A B] + 0D — 0¥ + [W,@].

These are both functions in W*:4(£2 x X, g) due to the smoothness of A and the pre-
viously established regularity of ® and . (This uses the fact that W% . TW'%:9 embeds
into W*4 due to W*4 < L)) So lemma 2.9 asserts that Vx(B — By) is of class
W4 on (2 x X, and under the assumptions of (ii) in the theorem we obtain the estimate

V(B = Bo)llwra(oxx)
< C(lllwra + lICllwna + 1B = Bollwe.a)
< C(1+|B = Bollwka + 1€ = Pollwntra + | — Tl wrs1.a
+||1B = Bollfys.a + 1€ — Bollywr.a | — Tollyyra)
<C(1+Ck+Cipy +Chy +CF) = CFy. (15)

Here C' denotes any constant that is uniform for all metrics in a C¥*!-neighbourhood
of the fixed go,s,+, so this might again require a smaller choice of d;11 > 0 in order that
the constant C}’, ; becomes independent of the metric g ;.

Now we have established the regularity and estimate for all derivatives of B of order
k + 1 containing at least one derivative in X'-direction. (Note that in the case k = 1
we even have L9-regularity with ¢ = 2p where only L”-regularity was claimed. This
additional regularity will be essential for the following argument.) It remains to consider
the pure s- and ¢- derivatives of B and establish the LP-regularity and -estimate for
VH";'IHB on (241 X X, where Vp is the standard covariant derivative on H with respect
to the metric ds2 + dt¢2. The reason for this regularity, as we shall show, is the fact
that B € Wk4(02, A%P(X))) satisfies a Cauchy-Riemann equation with Lagrangian
boundary conditions,

0.B + +0,B = G,
{ + *0 (16)

B(s,0) e L Y(s,0) € 012.
The inhomogeneous term is
G :=dp® + xdg¥ € Whi(02, A% (X)).

Here one uses the fact that W"9(2 x X, T*¥ @ g) c W1(§2, A%P(X)) since the
smooth 1-forms are dense in both spaces and the norm on the second space is weaker
than the W*7-norm on 2 x X, c.f. [W2, Lemma 2.2].

Now one has to apply the regularity result [W2, Theorem 1.2] for the Cauchy-
Riemann equation on the complex Banach space A%?(X). As reference complex struc-
ture Jy we use the Hodge * operator on X' with respect to the fixed family of metrics
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go:s,¢ on X (that varies smoothly with (s,t) € 2). The smooth family J of complex
structures in the equation is given by the Hodge operators with respect to the metrics
gs.+- The Lagrangian submanifold £ C A%P(X) is totally real with respect to any
Hodge operator, and it is modelled on a closed subspace of L? (X, R™) for some n € N
(see [W2, Lemma 4.2, Corollary 4.4] ) . In the case (ii) of the theorem moreover a fam-
ily of connections By= 7*Ay|x € C=(£2, A(X)) is given such that By(s,0) € L for
all (s,0) € 942 and B satisfies

1B = Bollp= (2,400 (x)) = [IT(A = Ao) ||| (0,400 (5))
< C|75(A = Ao)lzllpe @ a0 (2)) < CO.

Here one uses the fact that 7(£2 x X)) C 7o(U x X) lies in a component of the fixed
neighbourhood V of K N §X. The assumption of closeness to Ag in A%P(X) was
formulated for 75 (A — Ap)|sx. However, for a metric g in a sufficiently small C3-
neighbourhood of the fixed metric gy the extensions 7 and 7, are C'-close and one
obtains the above estimate with a constant C' independent of the metric. Moreover, by
induction hypothesis we have

1B = Bollwr.a(o,400(5)) < CIT*(A = Ao)llwrauxs) < CCk,

where the additional constant C' comes from the continuous embedding L?(X) —
LP(5), and is nontrivial in case k = 1 due to ¢ = 2p. So the function B € Wk4(02, A%P(X)))
satisfies the assumptions of [W2, Theorem 1.2] if 6 > 0 is chosen sufficiently small.
(Note that this choice is independent of £ € N.)

Now [W2, Theorem 1.2] gives B € W*+LP(( .1, A%P(X)). By [W2, Lemma 2.2]
this also proves VAT B € LP (2411, A%(X)) = LP (241 x X, T* X ® g), and this
finishes the induction step 7* A| o, ., x5 € A*1P (2,41 x X) for the regularity near
the boundary. The induction step for the estimate in case (ii) of the theorem now follows
from the estimate from [W2, Theorem 1.2],

IVET (B = Bo) || o (241 x5)

<||B = Bollwe+1.p(2; 4,400 (5))

< O(|Gllwra(o,a00(zy) + 1B = Bollwra(o,.a00(x)))

<C(Ch+ CR+ iy + Chpa) = Cipy- an

Here the constant from [W2, Theorem 1.2] is uniform for a sufficiently small ck+1.
neighbourhood of complex structures. In this case, these are the families of Hodge
operators on X that depend on the metric g5 ¢. Thus for sufficiently small 6,11 > 0O that
constant (and also the further Sobolev constants that come into the estimate) becomes
independent of the metric. The final constant C, 1 then results from all the separate
estimates, see the decomposition (11) and the estimates in (12), (15), and (17),

[77(A = Ao)lwrtrp (2 x5y < Ck+Cryq + Cltc+1 + Ck2+1 + CIEH+1~

Proof of II):
Except for the higher differentiability of B in direction of H this iteration works by
the same decomposition and equations as in I). The start of the induction £ = 1
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is given by assumption. For the induction step we assume that the claimed W!:Px-
regularity and -estimates hold for some k£ € N with p, < 4. Then proposition 2.7 gives
@, ¥ € W2 ({2 x X) with corresponding estimates and

Apy .
S—IJII;k ;lfpk < 43

qr =
3 ifpr =4

(In the case p;, = 4 one applies the proposition only assuming WPk -regularity for

Pl = 2—74 < 4, then one obtains W24+ -regularity with g;, = 3.) Now the right hand

sides in (14) lie in W19% (2 x X)), so lemma 2.9 gives W 1:9*regularity and -estimates
for VB on 2 x X. Next, B € WhPr (02, A% (X)) satisfies the Cauchy-Riemann
equation (16) with the inhomogeneous term G € W (2 x X, T*(2 x X)) ® g). Now
we shall use the Sobolev embedding W14k (2 x ) «— L™ ({2 x X)) with
dgx il sifpr <4,
T = =

;ifpk =4.

Note that 7, > pr > p due to pp > 2, so that we have G € L™ (§2, A%P(X)).
We cannot apply [W2, Theorem 1.2] directly because that would require the initial
regularity B € W12P(02, A%P(X)) for some p > 2. However, we still proceed as in
its proof and introduce the coordinates from [W2, Lemma 4.3] that straighten out the
Lagrangian submanifold,
9s,t : Ws,t - AO,p(E)'

Here W, ; C Y x Y is a neighbourhood of zero, Y is a closed subspace of L? (X, R™)
for some m € N, © is in C**!-dependence on (s,t) in a neighbourhood U C 2 of

some (sg,0) € £2 N OH and it maps diffeomorphically to a neighbourhood of B(s, t)
or By(s,t) in case (ii). Thus one can write

B(s,t) = O (v(s,t)) V(s,t) e U

withv = (v1,v2) € WHPr(U, Y xY'). Moreover, we already have the W 1:9*-regularity
of both Band Vs Bon U x X, so B € Whar(U, A1+ (X)) C Whak (U, A%+ (X))
with corresponding estimates. Here we use the Sobolev embedding [Ad, Theorem 5.4]
Whak (X)) — L (X)) with

29k _ _4pk .3 8

3gr = 83 1Pk <3

_ 44p;, —80 L 8

Sk = 8,kpk 71fpk: > 3
31 o3 —

5 71fpk; = 4.

(Here we have chosen suitable values of sj for later calculations in case py > % and

thus gx > 2.) The special structure of the coordinate map © in [W2, Lemma 4.3] (it is

a local diffeomorphism between A%+ (X)) and a closed subset of L** (X, R*™) since

sk > pr > 2) implies that v € Whax (U, L+ (X, R?™)), which will be important later.
The Cauchy-Riemann equation (16) now becomes

0sv + [0 = f,
v2(s,0) =0 Vs € R.
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Here I = (d,0)7! % (d,0) € WhPr(U,End(Y x Y)) and
f = (d,0)"HG - 0,6(v) — x0;0(v)) € L™ (U, Y xY).

We now approximate f in L™ (U, Y x Y’) by smooth functions that vanish on 9U, then
partial integration in [W2, (2.4) or (10)] yields for all ¢ € C>®°(U,Y* x Y*) and a
smooth cutoff function h € C*(U, [0, 1]) with d;h|;—¢p = 0 as in the proof of [W2,
Theorem 1.2]

/U“w’ A¢>:/U”’as(h@—@t(h-l*ebw +/U<F, é)
+/(3U08H<v1 » Oy(he1) + 0s(h2) ). (18)

Here F' = (Ah)v + 2(9sh)dsv + 2(8;h) v + h(9,1)dsv — h(DsI)d,v contains the
crucial terms (8,1)(dsv) and (9,1)(d,v) and thus lies in L2P*(U,Y x Y). This is a
weak Laplace equation with Dirichlet boundary conditions for hv,, Neumann bound-
ary conditions for hvy, and with the inhomogeneous term in W =17+ (U, Y x Y). The
latter is the dual space of W17k (U, Y* x Y*) with % + i = 1. (The inclusion

L2Px(U) — WL (U) is continuous as can be seen via the dual embedding that is
dueto 1 — i > —1+ ;35 Recall that Y € LP(Z,R™) is a closed subspace. Since
T > p the special regularity result [W2, Lemma 2.1] for the Laplace equation with val-
ues in a Banach space cannot be applied to deduce hv € W (U, Y x Y'). However,
the general regularity theory for the Laplace equation extends to functions with values
in a Hilbert space. So we use the embedding LP(X) — L?(X). Then (18) is a weak
Laplace equation with the inhomogeneous term in W =17+ (U, L?(X,R?*™)) and en-
ables us to deduce hv € WL+ (U, L2(X,R?>™)) and thus v € W (U, L? (X, R*™))
with the corresponding estimates for some smaller domain U (where h|g = 1; afinite
union of such domains still covers a neighbourhood of {2 N 0H). Furthermore, recall
that v € Whar (U, L (2, R*™)). Now we claim that the following inclusion with the
corresponding estimates holds for some suitable p 1

W (U, L2(8)) N Whs (U, L**(X)) ¢ WhPe (U, LP-1(5)).  (19)

To show (19) it suffices to estimate the LP++! (U x X)-norm of a smooth function by
its L™ (U, L*(X))- and L% (U, L**(X))-norms. Let « > 2 and t € [1,2), then the
Holder inequality gives for all f € C>°(U x X,R*™)

@ — t| pla—t
Lo(Tx %) —/U/Z\fl |f]
< [ 1l 117y
o L7370 ()

t a—t
< |Ifll r(z},m(z))Hf”Lriii(f],ﬁ%f(m)

< ||fH%’"(U,L2(E)) + ||f||irg:tt (U,LQ%(Z‘)).

/]

Here we abbreviated r := r;, > pi > 2. Now we want

—t 2 — t
w0 g g = et

’I"kft 2—1 (20)
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Indeed, in the case py = 4 our choices g = 3, rx = 12, and s, = together with

t:= % and o := % .solvg these equations. So we obtain pr11 = « %pk. In case
pr < 4 the first equation gives

4+t

8 — pr
If moreover py, > , then we choose ¢ : " to obtain « = ﬁpk > ig D This

44;;,c 80
8—pk

also solves (20) w1th our choice s, = , SO we obtain pg41 = 16 17 py. Finally, in

case % > pi > 2 one obtains from (20)
2
Dy,
t = ——2—— € [1,2).
—p3 4+ Tp — 8 [1,2)

Inserting this in (21) yields o = 0(pg,) - p. with

3pk—4
—pi +Tpy — 8’

One then checks that §(2) = 1 and 0'(p) > 0 forp > 2, thus 6(p) > 1 forp > 2.
Moreover, 0(5) = 2,50 0(p') = 1L for some p’ € (2, %). Now for p > p’ we extend
the function constantly to obtain a monotonely increasing function 6 : (2,4] — (1, 1Z].
With this modified function we finally choose pi+1 = 6(px) - px for all 2 < pp < 4.
This finishes the proof of (19) and thus shows that v € WPr+1 (T, LPr+1 (X)),

In addition, note that our choice of py+; < a will always satisfy pi1 < 7. In case
pr = 4 see the actual numbers, in case py < 4 this is due to (21), t < 2, and p; > 2,

6 < 2
ST TR

Now we again use the special structure of the coordinates @ in [W2, Lemma 4.3] to
deduce that B = @ o v € Whpr+1 (U, A%Pr+1(X))) with the corresponding estimates.
Above, we already established the W%~ and thus W 1:P++1regularity and -estimates
for @ and ¥ as well as B € LP++1 (U, A"Pe+1(X))). (Recall the Sobolev embedding
Whae — L' and that p, > qp and 7, > ppy1, so we have L™ (U, L™ (X))-
regularity of B as well as Vx B.) Putting all this together we have established the
W LPk+1_regularity and -estimates for 7* A over U; x X, where the U; cover a neigh-
bourhood of (2,1 N OH. The interior regularity again follows directly from proposi-
tion 2.7.

This iteration gives a sequence (py) with prr1 = 0(pg) - P > 6(p) - k. So this
sequence grows at a rate greater or equal to 6(p) > 6(2) = 1 and hence reaches py > 4
after finitely many steps. This finishes the proof of II) and the theorem. O

O(pr) =

Pk = Tk

Proof of theorem A :
Fix a solution A € Al’p (X) of (2) with p > 2. We have to find a gauge transfor-

loc
mation u € QIOC( ) such that v*A € A(X) is smooth. Recall that the manifold
X = Upen Xk is exhausted by compact submanifolds X}, meeting the assumptions
of proposition 2.1. So it suffices to prove for every k£ € N that there exists a gauge
transformation u € G2?(X},) such that u* A| x, is smooth.
For that purpose fix £ € N and choose a compact submanifold M C X that is
large enough such that theorem 2.6 applies to the compact subset K := X; C M.
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Next, choose Ag € A(M) such that ||[A — Ag|lyw1.»(ar) and ||A — Aol La(ar) are suf-
ficiently small for the local slice theorem, proposition 2.2, to apply to Ay with the
reference connection A = A. Here due to p > 2 one can choose ¢ > 4 in the local
slice theorem such that the Sobolev embedding W1 (M) — L9(M) holds. Then by
proposition 2.2 and remark 2.3 (i) one obtains a gauge transformation u € G%P(M)
such that u* A is in relative Coulomb gauge with respect to Ag. Moreover, u* A also
solves (2) since both the anti-self-duality equation and the Lagrangian submanifolds £;
are gauge invariant. The latter is due to the fact that u restricts to a gauge transforma-
tion in G1P(X;) on each boundary slice 7;({s} x X;) due to the Sobolev embedding
G*P(U; x X) C WEP(U;, GHP(X;)) — COU;, G1P (X)) So u*A € AVP(M) is a
solution of (4) and theorem 2.6 (i) asserts that u* A|x, € A(X) is indeed smooth.
Such a gauge transformation u € G*P?(X},) can be found for every k € N, hence
proposition 2.1 (i) asserts that there exists a gauge transformation u € gfo’f (X) on the
full noncompact manifold such that u* A € A(X) is smooth as claimed. a

Proof of theorem B :

Fix a smoothly convergent sequence of metrics g* — g that are compatible to 7 and let
AY € .AIIC;’C’ (X) be a sequence of solutions of (2) with respect to the metrics g*. Recall
that the manifold X = |J; .y Xx is exhausted by compact submanifolds X meeting
the assumptions of proposition 2.1. We will find a subsequence (again denoted A*) and
a sequence of gauge transformations u” € gﬁ;g’ (X)) such that the sequence u” * A" is
bounded in the W*P-norm on X, for all / € N and k& € N. Then due to the compact
Sobolev embeddings WP (X}) < C*~2(X}) one finds a further diagonal subsequence
that converges uniformly with all derivatives on every compact subset of X.

By proposition 2.1 (ii) it suffices to construct the gauge transformations and establish
the claimed uniform bounds over X, for all £ € N and for any subsequence of the con-
nections (again denoted A”). So fix £ € N and choose a compact submanifold M C X
such that theorem 2.6 holds with K = X C M. Choose a further compact submani-
fold M’ C X such that theorem 2.6 holds with K = M C M’. Then by assumption
of the theorem || Fgv || r(as+y is uniformly bounded. So the weak Uhlenbeck compact-
ness, proposition 2.4, provides a subsequence (still denoted A*), a limit connection
Ay € AP(M'), and gauge transformations u” € G2P(M') such that u” *A* — Ay
in the weak W!P-topology. The limit A, then satisfies the boundary value problem
(2) with respect to the limit metric g. (For the boundary conditions this follows from
the compact embedding in lemma 2.5 and the fact that every £; C A%P(X};) is a Ba-
nach submanifold and hence LP-closed.) So as in the proof of theorem A one finds
a gauge transformation ug € G*P(M) such that ujAy € A(M) is smooth. (Note
however that we do not have sufficient boundary conditions on M’ \ X to obtain
smoothness on M’. Thus we had to start out from the larger submanifold M’ # M.)
Now replace Ag by ujAg and u” by u’ug € G>P(M), then still u” * A — Ag (since
(uug)* AY — ufAg = ug ' (u’ * AY — Ag)ug and conjugation by ug is continuous in
the weak TW!-topology). Thus one has a W'P-bound, ||u” *A” — Ag|lw1.r(ar) < o
for some constant c.

Due to p > 2 one can now choose ¢ > 4 in the local slice theorem such that
the Sobolev embedding W'P(M) < L9(M) is compact. Hence for a further sub-
sequence of the connections u” *A” — A in the L?-norm. Let ¢ > 0 be the con-
stant from proposition 2.2 for the reference connection A = Ay, then one finds a
further subsequence such that |[u” *A” — Ag||peary < € for all v € N. So the lo-
cal slice theorem provides further gauge transformations @” € G2P(M) such that
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the a” * A" are in relative Coulomb gauge with respect to Ag. The gauge transformed
connections still solve (2), hence the a” * A” are solutions of (4). Moreover, we have
|la”*AY — Apllq < Cocllu” *A” — Ap||q, hence @ *A” — Ay in the L?-norm, and

Hau *AY — AOHWl-P(JV[) < Coglo-

The higher W*?-bounds will now follow from theorem 2.6 after we verify its assump-
tions. Fix the metric g := ¢ and a compact neighbourhood V = (J!"_, 7o ;(U; x X;) of
K NOX. Then the 7 ,(a” * A — Ag)| 5, are uniformly W' P-bounded and converge to
zero in the L?-norm on Uf; X S; as seen above. Now the embedding

WP (U x X;, T*X; @ g) — L®(U;, AP (X))

is compact by lemma 2.5. Thus one finds a subsequence such that the 75 , (4" * A”)| s,
converge in L™ (U;, A*P(X;)). The limit can only be 75 ; Ao s, since this already is the
L4-limit. Now in theorem 2.6 (ii) choose the constant C'y = Cscg and let § > 0 be the
constant determined from C. Then one can take a subsequence such that

||f6k)i(ﬂu AV — AO)Ei ||Loo(ui’_A0,p(2i)) <9 Vi=1,...,n,Vv.

Now theorem 2.6 (ii) provides the claimed uniform bounds as follows. Fix £ € N, then
lg” — gllce+2(ary < d¢ for all v > vy with some v, € N, and thus

HfLV *AV—A()H <C,y Yv > vy

Wor(Xy)
This finally implies the uniform bound for this subsequence,

i‘ég”ﬂy *AVHWM(X;C) < 0.

Here the gauge transformations @” € G*P(X},) still depend on k € N and are only
defined on X},. But now proposition 2.1 (ii) provides a subsequence of (A”) and gauge
transformations u” € gﬁ;g’ (X) defined on the full noncompact manifold such that
u? * A" is uniformly bounded in every W *P-norm on every compact submanifold X.
Now one can iteratively use the compact Sobolev embeddings W**+2?(X,) — C*(X,)
for each ¢ € N to find a further subsequence of the connections that converges in
C*(X,). If in each step one fixes one further element of the sequence, then this iteration
finally yields a sequence of connections that converges uniformly with all derivatives
on every compact subset of X to a smooth connection A € A(X). a

3. Fredholm theory

This section concerns the linearization of the boundary value problem (2) in the special
case of a compact 4-manifold of the form X = S! x Y, where Y is a compact ori-
entable 3-manifold whose boundary Y = X' is a disjoint union of connected Riemann
surfaces. The aim of this section is to prove theorem C. (The actual Fredholm property
in part (i) will be proven last, building on (ii) and (iii), which are stated separately for
future reference.)

So we equip S* x Y with a product metric § = ds?+ g, (where g, is an S'-family of
metrics on Y') and assume that this is compatible with the natural space-time splitting
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of the boundary X = S' x X. This means that for some A > 0 there exists an
embedding
7:S'x[0,A) x X — St xY

preserving the boundary, 7(s, 0, z) = (s, z) forall s € S! and z € X, such that
G = ds® + dt? + ge .

Here g, + is a smooth family of metrics on Y. This assumption on the metric implies that
the normal geodesics are independent of s € S* in a neighbourhood of the boundary. So
in fact, the embedding is given by 7(s, t, z) = (s,7:(t)), where ~ is the normal geodesic
starting at z € Y. This seems like a very restrictive assumption, but it suffices for our
application to Riemannian 4-manifolds with a boundary space-time splitting. Indeed,
the neighbourhoods of the compact boundary components are isometric to S* x Y with
Y = [0, 4] x ¥ and a metric ds® + dt* + g ;.

Now fix p > 2andlet £ C Ag’;’t (X) be a gauge invariant Lagrangian submanifold of
A%P( %)) as in the introduction. Then for A € A7 (S' x Y) we consider the nonlinear
boundary value problem

{*FA-I—FA:O, 22)

A|{s}><8Y €L VseSh

Fix a smooth connection A & A(S! x Y) with Lagrangian boundary values (but
not necessarily a solution of this boundary value problem). It can be decomposed as
A=A+ ddswith® € C®(S'xY, g) and with A € C°(S! x Y, T*Y @ g) satisfying
Ay := A(s)|ay € L forall s € S1. Similarly, a tangent vector & to ALP (S x V) de-
composes as & = a+pds with p € WHP(S1x Y, g)and o € WP (St x Y, T*Y ®g).
Now let EY? ¢ WhP(S' x Y, T*Y ® g) be the subspace of S'-families of 1-forms
« that satisfy the boundary conditions from the linearization of (22) and the Coulomb
gauge,

xa(s)lgy =0 and a(s)|oy € Ta L forall s € S*.

Then the linearized operator for the study of the moduli space of gauge equivalence
classes of solutions of (22) is as in the introduction

Diagy: EY? x WHP(S' x Y, g) — LP(S* x YV, T*Y @ g) x LP(S* x Y, g)

given by
Diagy(a, @) = (Vea—dap +*daa, Ve —dja).

Here d 4 denotes the exterior derivative corresponding to the connection A(s) onY for
all s € S*, x denotes the Hodge operator on Y with respect to the s-dependent metric
gs on 'Y, and we use the notation Vo := 9sa + [@, ). Our main result, theorem C (i),
is the Fredholm property of D 4,¢). We now give an outline of its proof.

The first crucial point is the estimate in theorem C (ii), which ensures that D4 ¢)
has a closed image and a finite dimensional kernel. It can be rephrased as follows due
to the identities

dta = % * (Vsa—dAgo—i— *dAa) — %(Vsa —dA<p+*dAa) Ads,

A
d%a =~V + djo. (23)
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Lemma 3.1. There is a constant C such that for all & € WP (X, T*X ® g) satisfying
*@|ox =0 and al(syxoy € Ta, L Vs € St
one has the estimate
&l < C(ld5all, + [ d5all, + l1él,)-

The second part of the Fredholm theory for D 4 ) is the identification of the coker-
nel with the kernel of a slightly modified linearized operator, which will be used to prove
that the cokernel is finite dimensional. To be more precise let o : S' x Y — S x YV
denote the reflection given by o(s,y) := (—s,y), where S! = R/Z. Then we will
establish the following duality:

(67() € (imD(A,Q))L — (ﬂoa,(oa) € kerDo’*(A,‘I’)v

where D, (4,4) is the linearized operator at the connection o0*A = Aooc—dPoods with
respect to the metric 0*§ on S x Y. Once we know that im D(a,) is closed, this gives
an isomorphism between (coker D4 ¢))* = (im D(4,4) )+ and ker D, (A,»)- Here Z*
denotes the dual space of a Banach space Z, and for a subspace ¥ C Z we denote
by Y- C Z* the space of linear functionals that vanish on Y. Now the estimate in
theorem C (ii) will also apply to D,«(4,¢), and this implies that its kernel — and hence
the cokernel of D4 ) — is of finite dimension. The main difficulty in establishing the
above duality is the regularity result theorem C (iii).

This regularity as well as the estimate in theorem C (ii) or lemma 3.1 will be proven
analogously to the nonlinear regularity and estimates in section 2. Again, the interior
regularity and estimate is standard elliptic theory, and one has to use a splitting near
the boundary. We shall show that the S'- and the normal component both satisfy a
Laplace equation with Neumann and Dirichlet boundary conditions respectively. The
2’-component will again gives rise to a (weak) Cauchy-Riemann equation in a Banach
space, only this time the boundary values will lie in the tangent space of the Lagrangian.
In contrast to the required LP-estimates we shall first show that the L?-estimate for LP-
regular 1-forms can be obtained by more elementary methods. These were already out-
lined in [S] as indication for the Fredholm property of the boundary value problem (22).

Let @ € WHP(X, T*X ® g) be as in lemma 3.1 for some p > 2. From the first
boundary condition *&|sx = 0 one obtains

IVal3 = lldalf3 + lld*all3 — /8X 9(Ya, Vy,v).

Here the vector field Y3 is given by ty, § = &, s0 [,y §(Ya, Vy,v) > _C”d”%%ax)'
For this last term one then uses the following special version of the Sobolev trace theo-
rem for general 1 < g < oco.
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Let 7 : [0, A) x 90X — X be a diffeomorphism to a tubular neighbourhood of X
in X. Then for all § > 0 one finds a constant Cs such that for all f € W19(X)

11 aco

= /C?X /01 %((s - 1)|f(T(s,z))\q) dsd3z

1 1
q 3 q—1 3
< /8 i / F(r(s, 2|t dsdz + /6 § / alf (7(s, 21910, £ (7(5, 2))| ds 42
< O uey + 115 IV o)
< (8]l fllwracxy + Csll fllacxy) ™ (24)

This uses the fact that for all ,y > 0 and § > 0

6y Gifx < ST __1
a-1 < yq ’ - q Yy < (& § a1 q.
vrs {5‘q—1mq ;ifoéq—ly} < oy 2

So we obtain
[aflw> < C([ldzallz + ld5allz + llall2)- (25)

In fact, the analogous W !P-estimates hold true for general p, as is proven e.g. in [W1,
Theorem 5.1]. However, in the case p = 2 one can calculate further for all § > 0

43613 = [ (dz.2058) - [ (dsandza)

X
—2atal - [ (antrinal) - [ (aadsa)
X 0X
< 2 d4%a13 + Calla13 + 3l 2o

Here the boundary term above is estimated as follows. We use the universal cover-
ing of S* = R/Z to integrate over [0, 1] x JY instead of X = S x Y. Introduce
A := (Ag)ses1, which is a smooth path in £. Then using the splitting &|sx = a+ @ds
witha : S1 x ¥ - T*Y ®@gand ¢ : S' x ¥ — g one obtains

—/aX<07/\dAo?>
/()1/2<<p,dAa>dvolgAds /01/2<oz/\(d,4gavsoz)>/\ds

:/Ol/E(aAVSa>Ads

< 8llalf2x) + CollalIa x)-

Firstly, we have used the fact that dao|x = 0 since a(s) € T4, L C kerdy, for
all s € S'. Secondly, we have also used that both o and d 4 lie in T 4£, hence the
symplectic form | s(a Adayp) vanishes for all s € S L. This is not strictly true since
& only restricts to an LP-regular 1-form on 0X. However, as 1-form on [0,1] x Y it
can be approximated as follows by smooth 1-forms that meet the Lagrangian boundary
condition on [0, 1] x X.
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We use the linearization of the coordinates in [W2, Lemma 4.3] at A, for every
s € [0, 1]. Since the path s — A, € £ N A(X) is smooth, this gives a smooth path of
diffeomorphisms ©; for any ¢ > 2,

ZxZ — LY, T*Y @ g) |
(gavv €7w) L dASg + Zznil Uz%’(s) + *dASC + Z;il w' * ’71'(3)7

with Z := W9(X, g) x R™ and where the v; € C®([0,1] x X, T*X ® g) satisfy
vi(s) € Ta L for all s € [0,1]. We perform the above estimate on [0,1] x Y since
we can not necessarily achieve v;(0) = ~;(1). In these coordinates, we mollify to
obtain the required smooth approximations of & near the boundary. Furthermore, we
use these coordinates for ¢ = 3 to write the smooth approximations on the boundary
as a(s) = da,&(s) + S0, ' (s):(s) with [€(5) lwrs () + [0(s)] < Clla(s)] z3(z)-
Then for all s € [0, 1]

O, :

/E<a(s) AVsa(s)) = /Z<a A(da 08+ 30 00" ) )

+ /E<a A ([@, o] + [0:A, 8]+ >0 vt 85%) )
< Olles) o2 (s lle(s) ]| s (2

Here the crucial point is that d 40s¢ and sv® - 7; are tangent to the Lagrangian, hence
the first term vanishes. Now one uses (24) for ¢ = 2 and the Sobolev trace theorem (the
restriction W12(X) — L3(0X) is continuous by e.g. [Ad, Theorem 6.2] ) to obtain
the estimate,

1
/ / (@ AVaa) Ads < Cla] 2o 1 s ox)
0 X

< Slalfzx) + Csllallze xlléllwr2x)

< 5”5‘“%1/1,2()() + CclsH@H%Z(X)-

This proves (26). Now § > 0 can be chosen arbitrarily small, so the term ||&||yy1.2 can
be absorbed into the left hand side of (25), and thus one obtains the claimed estimate

[allwie < C(ld5alle + [|d5alls + [[all2)-
Proof of theorem C (ii) or lemma 3.1 :
We will use lemma A.2 for the manifold M := S' x Y in several different cases to

obtain the estimate for different components of &. The first weak equation in lemma A.2
is the same in all cases. For all n € C*°(M; g)

| taam = [ s+ [ )
:/M<d3a+*[AA*d],n> =/M<f,77>-

Here one uses the fact that *&|sps = 0. Then f € LP(M, g) and

1£1lp < lldgélly + 2[ Allooléll,- @7
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To obtain the second weak equation in lemma A.2 we calculate for all A € 21(M; g)
/<d,d*d)\>:/(&,d*d>\+d**d/\> (28)
M M

:/M<%dA)7/Slxay<d/\*d)\>f/swayﬁv/\d)\),

where y = da + *da = 2d%a — 2QlANG]T € LP(M, A*T*M © g) and
7llp < 2||dzd”p + 4”121”00”07“10' (29)

Now recall that there is an embedding 7 : S x [0, A) x ¥ < S! x Y to a tubular
neighbourhood of S* x Y such that 7*§ = ds® + dt? + g5 + for a family g, ; of metrics
on X. One can then cover M = S x Y with 7(S* x [0, §] x £) and a compact subset
V.CcM\oM.

For the claimed estimate of & over V it suffices to use lemma A.2 for vector fields
X € I'(TM) that are equal to coordinate vector fields on V' and vanish on M. So one
has to consider (28) for A = ¢ - tx g with ¢ € Cg°(M, g). Then both boundary terms
vanish and hence lemma A.2 directly asserts, with some constants C' and C'y, that

lallwrey < CUf ey + IV Lo + @l Lean)
< Cy (%@l Loy + A58l Loy + 16 Lo (ar)) -

So it remains to establish the estimate for & near the boundary OM = S! x X.
For that purpose we introduce the decomposition 7*& = ¢ds + ©¥dt + «, where
0, € WHP(St x [0,4) x X, g) and a € WEP(S! x [0,4) x ¥, T*Y @ g). Let
2 := 5" x[0,2A] and let K := S' x [0, £]. Then we will prove the estimate for ¢
and ¢ on {2 x X and for a on K x X.

Firstly, note that ¢ = &(7.0;) o 7, where —7..0;|sns = v is the outer unit normal to
OM. So one can cut off 7,.0; outside of 7(§2 x X) to obtain a vector field X € I'(TM)
that satisfies the assumption of lemma A.2, that is X |9ps = —v is perpendicular to the
boundary. Then one has to test (28) with A = ¢-tx g for all ¢ € Cg° (M, g). Again both
boundary terms vanish. Indeed, on S! x Y we have ¢ = 0 and tx§ = 7.dt, hence
dA|rxoy = 0 and *dA|rxoy = —g—f * T (dt A dt) = 0. Thus lemma A.2 yields the
following estimate.

[]lwre2xs) < Clla(X)|lwrean
< C(Ifleany + VNl Lo any + @l Lo (an))
< Ct(Hd}dHLP(M) + [|[d%5@ll Lo any + @l Lo an))-

Here C denotes any finite constant and the bounds on the derivatives of 7 enter into the
constant C;.

Next, for the regularity of ¢ = &(0s)oT one can apply lemma A.2 with the tangential
vector field X = d,. Recall that 7 preserves the S!-coordinate. One has to verify the
second weak equation for all ¢ € C°(M, g), i.e. consider (28) for A = ¢-1x§ = ¢-ds.
The first boundary term vanishes since one has *d\|s1x 9y = —g—f dvolygy = 0. For
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the second term one can choose any § > 0 and then finds a constant Cs such that for all
¢ €Cr(M,g)

/ <&Ad)\>‘
S1xaY

//<a(570)/\d2(¢07’)(s,0)>/\ds
stz

/ (aNn[A @) Nds
S1x9Y

< N6l e @an 1Al o 11l o+ onry
< (Olléllwoary + Csllal ooan ) ll@llwres (ar)-

This uses the fact that a(s,0) and da, (¢ o 7)|(s,0)x x> both lie in the tangent space
T 4. L to the Lagrangian, on which the symplectic form vanishes. So we have the iden-
tity [.(a Ada(¢ o)) =0. Moreover, we have used the trace theorem for Sobolev
spaces, in particular (24) with ¢ = p. Now lemma A.2 and remark A.3 yield with

c1 = || fllps 2 = IVl zeary + Sl @llwre(ary + Csll@l| e (ary» and using (27), (29)
llellwrroxs)
< C([Iflzeary + 2 + @l Leary)
< dll@llwrrary + Cs(0) (5@l Loary + d5all Lo ary + 16 Lo (ar))-

Here again 6 > 0 can be chosen arbitrarily small and the constant C(d) depends on
this choice.

It remains to establish the estimate for the >’-component « near the boundary. In the
coordinates 7 on {2 x X, the forms d}d and d}d become

THANA = =0, — O + o — 77 (x[A A #dl]),
T*di‘:& = L(— (050 + #50,0) A ds + #5(Dsx + #50pcx) A dt)
+ 1(dsa + (xsdza)ds Adt) + 7 ([A A a]").

So one obtains the following bounds: The components in the mixed direction of {2 and
2 of the second equation yields for some constant C'y

[0s + * 50l Lo (ox 5) < HT*dEdHLp(sz) + [l ((A A 5‘]+)’|LP(0X$)
< Cr(IldEal Lo ary + lédl Lo any ) -

Similarly, a combination of the first equation and the 3’-component of the second equa-
tion can be used for every ¢ > 0 to find a constant C3 () such that

ldsallrroxx) + |dsal prox )
< C(ldtallLrany + 1456 o ary + @l o ary + llellwrr@xsy + 10lwrs)
< dllallwrrary + Co(8) (ld 5@l oary + |58 Loar) + @l ar))-
Now lemma 2.9 provides an LP-estimate for the derivatives of o in X'-direction,
||V2a||LP(nxz)
< C([l[dsallLroxs) + ld5allLeoxs) + el @x )
< 8llallwreary + Co(0) (%Al Lo ary + 145Gl Lo ary + @l e ar)),
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where again C's(d) depends on the choice of 6 > 0. For the derivatives in s- and ¢-
direction, we will apply [W2, Theorem 1.3] on the Banach space X = LP (X, T* XY ®g)
with the complex structure *, determined by the metric g, ; on X' and hence depending
smoothly on (s,t) € (2. The Lagrangian submanifold £ C X is totally real with respect
to all Hodge operators and it is modelled on a closed subspace of L? (X, R™) as seen
in [W2, Lemma 4.2, Corollary 4.4]. Now o € W1P(§2, X) satisfies the Lagrangian
boundary condition a(s,0) € T4 L forall s € S, where s — A is a smooth loop in
L. Thus [W2, Corollary 1.4] yields a constant C' such that the following estimate holds:

IVeallLrxxs) < llallwirx x)
< C(|0sa + #s0ial Lo (0,x) + el Lr(2,x))
< C (1%l o ary + 1] Loqary) -

Here C'i also includes the above constant C;. Now adding up all the estimates for the
different components of & gives for all § > 0

[allwir < (Cv + Cy + Cs(6) + Cs(8) + Cr) (|5l + d5all, + lléll,)
+ 28]y .r-

With § = 1 the term ||G[|y1.» can be absorbed into the left hand side, which finishes
the proof of the lemma. O

Proof of theorem C (iii) :

Let 3 € LIS x Y, T*Y ® g) and ¢ € L(S* x Y, g) be as supposed in theorem C.
Then there exists a constant ¢ such that for all & € C*°(S? x Y, T*Y ® g) satisfying
(3) and for all p € C=(S! x Y, g)

/Sl/y<vsa—dA90+*dAa,ﬂ> +/Sl/y<v590*df405,4>
[ (D). 65.0)

< cfl(a; @) llg-- (30)

The higher regularity of ( is most easily seen if we go back to the notation @ = a+pds.
With this we can write D4 ¢)(c, ) = (27, —d% @), where dgd =%y —vyAds.We
abbreviate M := S! x Y, then we have for all & € C>°(M, T* M ® g) with xa|gns = 0
and {5y xoy € Ta,Lforall s € S*

/M<2dgoz, ﬁAds>+/ (d%a, g>’ < cf|é@llg+-

M

Now use the embedding 7 : S*x [0, A)x % < M to construct a connection A € A(M)

such that 7* A(s, t, z) = A,(z) near the boundary (this can be cut off and then extends
trivially to all of M). Then & := d ;¢ satisfies the above boundary conditions for all
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0 € C*(M,g) since d 16(v) = G2 +[A(v), 9] = 0and d 19| (s} oy = da,¢ € Ta, L
for all s € S'. Thus we obtain for all ¢ € C°(M, g) in view of A¢p = d*(a — [4, ¢))

S|
= ’/M<d3a+*[AA*a] —d*[4, 4], C>‘

Scn&ﬁ\/ (~2d%d;6, A ds)
M

< Cle+18lq + lIKlia) 1 llwr.ax -

+ ‘/M<*[AA*dA¢]d*[A,¢], <)

(Here and in the following we denote by C' any constant C' = C'(q, A, fl) that is in-
dependent of (3, ().) The regularity theory for the Neumann problem, e.g. proposi-
tion A.1, then asserts that ¢ € W19(M) with

[Clwra < Cle+11(8,9)lq)- (€2

To deduce the higher regularity of 3 we will mainly use lemma A.2. The first weak
equation in the lemma is given by choosing « = 0 in (30). For all ¢ € C*° (M, g)

/ ﬂ,dw‘ / B, dap — D‘
§C||<p||q*+’/51/y<vs<a¢>’+

//<[5A*A],<P>‘
StJy
< (c+C(I¢lwra +1181))

For the second weak equation let ¢ = 0 and o = *d\ — 9sA for A = ¢ - 1x g with ¢
in C§° (M, g) or C3°(M, g) corresponding to the vector field X € C>°(M, TY). If the

boundary conditions for « € Ei{p are satisfied, then we obtain with d = dy

[ (5. i ix0))

StJy
= / /<5»*dAOé—*[A/\*d>\]+*dA85)\
stJy

+ Vi — [B,0,0] — Vy xd\ — *(as*)am‘

.+ ‘/Sl/y<C, asa ) [+ ClBllg I My .a-
< Ce+ IKwra + 18llq) |l -

Here we have used the identity

*d 0\ — Vg 2 dX = x[A A O] — [@, xdA] — (Dsx)d.
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Moreover, partial integration with vanishing boundary term xa|gy = 0 gives

/S/ ¢, dia) /S/ daC, #dX\ — 9\ ).

Now let X € C>®(M,TY) be perpendicular to the boundary M = S! x 9Y, then
a = *d\ — O\ satlsﬁes the boundary conditions (3) for every ¢ € C$°(M). Indeed, on
the boundary M = S' x QY the 1-form A\ = ¢-1x § vanishes, we have tx § = h-T,dt
for some smooth function A, and moreover d¢ = a¢> - 7.dt. Hence

*Oé‘ay = d)\|ay — *88)\|ay = O
Oz‘ay = *d)\|ay — as)\|ay = ——h * (T*dt A T*dt) =0.

Thus for all vector fields X € C*°(M,TY) that are perpendicular to the boundary,
lemma A.2 and remark A.3 assert that 3(X) € W19(M, g) and

1B Iwra < Clet Clwra +118lg) < Cle+ (¢ A)lg)-

Here we have also used the previously established regularity and estimate (31) for (.
In particular, this implies W !9-regularity and -estimate for 3 on all compact subsets
in the interior of S x Y. So it remains to prove the regularity on the neighbourhood
7(S' x [0, 4] x X) of the boundary. We pull back (3,() from 7(S x [0,4) x X)
and write )
7B = &dt + 0, TC = .

We have already established that ) = ¢ o 7 and & = (3(7.0;) o 7 liein W4 (2 x X, g)
with the according estimate, where {2 := S x [0, 3A). Here a vector field X on Y
that is perpendicular to Y is constructed by cutting off 7,.9; outside of 7(£2 x X). So
it remains to consider 3 € Li(02 x ¥, T*X ® g) and establish its W :9-regularity and
-estimate on S x [0, 9] x X.

In order to derive a weak equation for B on {2 x X from (30) we use the test 1-form
a = Tu(pds + dt + &) with p, ¢ € C3°(£2 x X, g) (supported in int(£2) x X)) and
& € C™(£2 x X, T*Y ® g) with compact support supp& C S* x [0,3A) x ¥ and
&(s,0,-) € Ta, Lforall s € St. This & satisfies the boundary conditions (3) and it can
be extended trivially to a smooth 1-form on all of S* x Y. Thus we obtain

[ (Vv dap—sdap, B>\
N2xX

<

/ (—Vyp + Vi — +dac, €) +/ (Vo + Voo — d%a, )
Nxxy Nxx
+C”T*(QOdS+wdt+d)||Lq*(Slxy).

Here we have decomposed 7* A = &ds+Wdt+ A with A € C=(2 x £, T*Y @ g) sat-
isfying A(s,0) = A, € L forall s € S*. We also use the notation V¢ = 9y + [¥, )]
and denote by d 4 and * the differential and Hodge operator on Y. Now if we put & = 0,
then we obtain for all o, € C§°(f2 x X, g) by partial integration

/Q 2<dA<P7 ﬂ>‘ < (Ce+ Vi€ = VanllLoox ) 1€l o (ox )
X

|t B>\ < (Cet IV + Vanll o) ¥l o e s,
X
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This shows that the weak derivatives d*Eﬁ and d ZB are of class L? on 2 x X. Now
lemma 2.9 implies that V x3 is of class L? on {2 x X with
IV5BlLs(axsy < Cle+ Vil = Vanllg + IV + Venllg + [18llq)
< Cle+ 18, OllLagsrxy))-

So it remains to deduce the L?-regularity of 0 B and 0, B on S x [0, %] x X from the
above inequality for ¢ = ¢ = 0, namely from

/ (Vsa+xVia, )| < (Ce+ |dan + *+daéllLe(oxz)) |l La ox sy (32)
Nxx

This holds forall & € C*(£2x X, T* X'®g) with compact support and (s, 0,-) € T4 L
for all s € S'. We now employ different arguments in the cases ¢ > 2 and g < 2.

Caseq > 2:

In this case the regularity of 0 3 and 8,3 will follow from [W2, Theorem 1.3] on the
Banach space X = LI(X, T*Y ® g) with the complex structure given by the Hodge
operator on X' with respect to the metric g, .. From (32) one obtains the following
estimate for some constant C' and all & as above:

| 5 04+ 00w

< Cle+ Inllwraexsy + [€lwraaxs) + 18l La@xs) léll e (ox )
< Ce+ 108, OllLacs  xyy) &l Lo (2,4 (33)

Note that this extends to the W4 (£2, L9 (X))-closure of the admissible & in (32).
In particular the estimate above holds for all & € W14(£2, X) that are compactly
supported and satisfy &(s,0,:) € T4 L for all s € S!. To see that these can be
approximated by smooth & with Lagrangian boundary conditions one uses the Ba-
nach submanifold coordinates for £ given by [W2, Lemma 4.3] as before. Here the
Lagrangian submanifold £ C X is totally real with respect to all Hodge operators
as before, and it is the L9-restriction or -completion of the original submanifold in
A%P (X)), hence it is modelled on W19(X, g) x R™, a closed subspace of LI(X, R™)
(see [W2, Lemma 4.2, 4.3]). However, in order to be able to apply [W2, Theorem 1.3],
we need to extend this estimate to all & € W1 (2, X*) with compact support and
&(s,0) € (¥Ta,L)* forall s € S'. This is possible since any such & can be approx-
imated in W9 (2, X*) by &; € C°°(£2, X) that are compactly supported and satisfy
the above stronger boundary condition &;(s,0) € T4 L forall s € S1.

Indeed, [W2, Lemma 2.2] provides such an approximating sequence «; without the
Lagrangian boundary conditions. From the proof via mollifiers one sees that the approx-
imating sequence can be chosen with compact support in 2. Now for all s € S! one has
the topological splitting X = T4, £ ® *T 4, L and thus X* = (T4 L)t @ (*Ta, L)+
Since ¢ > 2 the embedding X — X* is continuous. This identification uses the L2-
inner product on X which equals the metric w(-, *-) given by the symplectic form w
and the complex structure *. So due to the Lagrangian condition this embedding maps
Ta, L (*Ta L)r and *T o L — (Ta, L)L We write & =y + 6 and o = ; + J;
according to these splittings to obtain v, € C>°(£2, X*) and ;, ; € C*(§2, X) such
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that *TAL > v; — v € (TaL)* and TAL > 6; — 6 € (¥T4L)* with convergence
in W4 (£2, X*). The boundary condition on & gives 7|,—o = 0. Moreover, 9,7 is
uniformly bounded in X*, so one can find a constant C such that ||y(s, )| x» < Ct for
all t € [0, 2 A) and hence for sufficiently small £ > 0

IVl (st ot xey < Tgeet o
Now let 6 > 0 be given and choose 1 > ¢ > 0 such that ||V[|Le* (51 x[0,e], x+) < €0
and [[V]lw1.e* (s1x[0,e],x+) < 0. Next, choose a sufficiently large i € N such that
v = Yllwr.a (2,x+) < €0, and let h € C>([0, 3 AJ,[0,1]) be a cutoff function with
h(0) = 0, hly>c = 0, and |W/| < 2. Then &; := hy; + &; € C>(£2, X) satisfies the
Lagrangian boundary condition &;(s,0) € T 4_L and approximates & in view of the
following estimate:

[ — OA‘”WLQ*(.Q,X*) < |[h(vi — 'V)HWLLZ*(Q,X*) +1(1 - h)'YHWlaq*(Q,X*)
< e = Yllwras (@,x-y + 217 = Yl e (2,x)

+ 1Yl w51 (0,6, x) + §||’Y||Lq*(51x[o,s],x*)
< 64.

This approximation shows that (33) holds indeed true for all & € W°°(§2, X*) with
compact support and a(s,0) € (T4, L)% for all s € S. Thus [W2, Theorem 1.3]
asserts that 3 € W1e(S* x [0, %],X), and hence 0,3 and 9,3 are of class L7 on
K x X wit K := S* x [0, §] as claimed, with

1058 acsex 2y + 108l Lo xy < Blwracie,x) < Cle+ 108, pacsrxr))-

Caseq < 2:

In this case we cover S' by two intervals, S 1 = ], U I, such that there are isomet-
ric embeddings (0,1) < S* identifying [%, 2] with I; and I respectively. Abbrevi-
ate K := [2,3] x [0,4] and let £ C (0,1) x [0, 3A] be a compact submanifold
of the half space H such that K C int {2’. Then for each of the above identifica-
tions S\ {pt} = (0,1) one has L?-regularity of 3 on £ x ¥ by assumption and
of *d 4 4+ d a7 from above. Now the task is to establish in both cases the L?-regularity
of asﬁ and Btﬁ on K x X using (32). For that purpose choose a cutoff function
h € C*(H,[0,1]) supported in {2’ such that h|x = 1. Then it suffices to show that
forall v € C5°(£2' x X, T*X ® g) (compactly supported in int((2’) x X)

/ (07, h5>‘ <Cle+ H(ﬁvOHL‘I(Sle‘))H'7||LLI*(Q/><Z‘)~
2'x X

This gives the required L?-regularity and -estimate for the weak derivative O, (hﬁ) and
hence for O B on K x Y. The regularity and estimate for 0, B follows by the same
argument with 0,7y replaced by 0;7.

We linearize the submanifold chart maps along (A,)sc0,1) € £ N A(Y) given by
[W2, Lemma 4.3] for the Lagrangian £ C A%¢" (X). Note that this uses the L9 -
completion of the actual Lagrangian in A%?(X). Abbreviate Z := W17 (X, g) x R™
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and let *, ; denote the Hodge operator on X with respect to the metric g, ;. Then one
obtains a smooth family of bounded isomorphisms

Oui: ZXZ 5L (B, T'Y®g) = X
defined for all (s,t) € 2’ by

Os1(&0,Gw) = da &+ 2000, vi(s) + *sada, €+ 2000 w' g vi(s).
Here v; € C*((0,1) x X, T*X ® g) with v;(s) € T4 L forall s € (0,1). If we
abbreviate Z*° = C°(X,g) x R™ C Z, then O, maps Z*° x Z into the set
of smooth 1-forms 2'(X, g). So given any v € C§°(2' x X, T*Y ® g) we have
f=0"toy e (2,2 x Z*) and for some constant C

1 fllLa (2, zxz) < CllVllpe.xy = ClVllLer (x5

Write f = (f1, f2) with f; € C§°(£2', Z°°) and note that [, d fi = 0 due to the com-
pact support. So one can solve A ¢ = 0, f1 by ¢1 € C°(£2, Z°) with fQ, ¢1 =0
and Apda = 0sfa by ¢o € C5°(£2',Z°). (For the C°(X, g)-component of Z>
one has solutions of the Laplace equation on every 2’ x {z} that depend smoothly on
x € X)Now let @ := (¢p1,p2) € C*°(§2', Z x Z) and consider the 1-form

by = h-O(—0,8 + Jy0,®) € C®(2,X).

This extends to a 1-form on {2 x X' that is admissible in (32). Indeed, &, vanishes for s
close to 0 or 1 and thus trivially extends to s € S'. The Lagrangian boundary condition
is met since for all s € S*

G(5,0) = h(s,0) - Og0(—0sp1 — 02, —0sp2 + 04p1) € O 0(Z,0) =Ty L.

So from (32) we obtain for all &, of the above form

/Q 8 04 £ 04(3))| < Ot 18 Ollnisrscs) I e
4

Moreover, one has for all v € C5° (2 x X, T*X ® g) and the associated f, @ and ¢,

lanllLa(2,x) < ClPllwra(2,zx2) < Clflpe . zxz) < Clvlle (x5

Here the second inequality follows from A ® = 0, f and [W2, Lemma 2.1] as follows.
In the R™-component of Z, it is the usual elliptic estimate for the Dirichlet or Neumann
problem. For the components in the infinite dimensional part Y := W4 (X, g) of Z
(still denoted by ¢; and f;) this uses the following estimate. For all¢) € C2°(£2',Y*) in
the case ¢ = 1 and for all ¢» € C§°(£2,Y™*) in the case i = 2

[ o a0w)| = |[ (awsv)
- |[ @)
=[5 0w)]

< W fillLor (o I llwraar vy
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Now a calculation shows that
0sGy + O (%Gy) = h-O(AD) + 05 (h - O)(—0sP + JoOLP) + i (h - O) (01D — Jp0sP).

We then use AP = J; f to obtain

/Q/X2<h-3,8w>‘

/ <B,h-9(4¢)+h-8s@(f)>’
2'x X

<

[ asaﬁat(*am\
2'x X

+ Cl1Bl Lo x) (Il = 0s® + Jo0e®)| La* (e zx 2y + 1 f |l o (20 2 2)
< Cle+ 1B, Ollasrxz)) IVl e (0 x5y -

This holds with uniform constants for all v € C§°(§2' x X, T*X ® g) and thus implies
the L4-regularity of 055 on K x X together with the estimate

||85B||LG(K><Z]) < Ce+ 18, O)llnasixy))-

This establishes the L9-regularity and -estimate for O B (and analogously of 0y B) on
St x o, %} and thus finishes the proof of theorem C (iii). O

Proof of theorem C (i) :
Lemma 3.1 and the identities (23) imply that for some constant C' and for all («, ) in
the domain of D44

I, @)llwrr < C(ID a2y (s )l + Nl (e, )lp)-

Note that the embedding W1P(X) — LP(X) is compact, so this estimate already
implies that ker D4 ) is finite dimensional and im D4 ¢) is closed (see e.g. [Z,
3.12]). So it remains to consider the cokernel of D4 ). For that purpose we abbre-
viate Z := LP(S* x Y, T*Y @ g) x LP(S* x Y, g), then coker D(4 ¢y = Z/im D 4 )
is a Banach space since im D4 ¢) is closed. So it has the same dimension as its dual
space (Z/im D(4.4))* = (imD(4.¢))*. Now let o : S x Y — S x Y denote the
reflection o(s,y) := (—s,y) on S* =2 R/Z, then we claim that there is an isomorphism

(im D(a,¢)) " — ker Dy« (4. 4) 34
(674) }—>(600’,<OO'). ( )

Here Dy« (a,6) = D(a,¢) is the linearized operator corresponding to the reflected con-

nection 0* A = A’ 4+ &'ds with respect to the metric o*§ on X . Note that ker D, (A,®)
has finite dimension since the estimate in theorem C (ii) also holds for the operator
D+ (a,3)- So this would indeed prove that coker D z is of finite dimension and hence
D ; is a Fredholm operator.
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To establish the above isomorphism consider any (3,¢) € (im D(4,4))", that is

BeLP(S'xY, TY @g)and ¢ € LP (S x Y, g) such that for all o« € E}L"p and
e WhP(S8t x Y, g)

/ (Da,e)(a,¢), (8,¢)) =0.
Sixy

Iteration of theorem C (iii) implies that 3 and ¢ are in fact W 'P-regular: We start with
g = p* < 2, then the lemma asserts W1 P" -regularity. Next, the Sobolev embedding

theorem gives L9 -regularity for some ¢; € (%, 2) with ¢; > p*. Indeed, the Sobolev
embedding holds for any ¢; < ff’;*, and % < ﬁ’;* as well as p* < ﬁ’;* holds due
to p* > 1. So the lemma together with the Sobolev embeddings can be iterated to give

L%+ regularity for ¢;1, = % aslongas 4 > ¢; > 2 0r2 > ¢; > p*. This iteration

4—q;
yields g2 € (2,4) and g3 > 4. Thus another iteration of the lemma gives W19 - and
thus also LP-regularity of 5 and (. Finally, since p > 2 the lemma applies again and
asserts the claimed W1P-regularity of 3 and (. Now by partial integration

0= /Slxywm,@(a,so), 8.0))

:/Sl/y<vsa—dA<p+*dAa,ﬂ> +/Sl/y<vs<ﬁ—d20‘vc>
:/Sl/ym,fvs/efdf;u*dfm + Sl/yw,—vscfdzm

*/SI/E<OZ/\5>*/SI/E<¢,*6>. (35)

Testing this with all o € C°(S* x Y, T*Y ® g) € E3” and ¢ € C5°(S"' x Y, g)
implies —V8—da(+*da8 = 0and —V( —d% 3 = 0. Then furthermore we deduce
*3(s)|sy = 0forall s € S* from testing with ¢ that run through all of C*°(S! x X, g)
on the boundary. Finally, | g1 / s{a A B) = 0remains from (35). Since both o and 3
restricted to S x X are continuous paths in A%P (X)), this implies that for all s € S*
andevery o € T4 L

0 — /2<a/\ﬁ(5)> = w(a, B(s)),

where w is the symplectic structure on A%P(X). Since T4 L is a Lagrangian sub-
space, this proves (3(s)|lgy € Ta. L forall s € S* and thus § € EL”, or equiva-
lently 30 0 € Epoo. So (B0 0,( o 0) lies in the domain of D+ (4,4). Now note that
0*A = Aoo — (P o0)ds, thus one obtains (3 o 0, ( o 0) € ker D, (4,4 since

DU*(A,‘P) (/8 oo, C © 0) = ((*vsﬂ - dAC + *dAﬂ) co, (*ng - dTA/B) © 0) = 0.

This proves that the map in (34) indeed maps into ker D~ (4 ). To see the surjectivity
of this map consider any (/3,() € ker D,«(4 g). Then the same partial integration as
in (35) shows that (8 oo, 0 0) € (im D(A7¢))L, and thus (3, ¢) is the image of this
element under the map (34). So this establishes the isomorphism (34) and thus shows
that D4 ¢) is Fredholm. O
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A. Dirichlet and Neumann problem

Throughout this paper we use various regularity results for the Laplace operator. For
convenience these are summarized in this appendix.

We deal with (homogeneous) Dirichlet boundary conditions and with possibly inho-
mogeneous Neumann boundary conditions. Often, the equations are formulated weakly
with the help of the following test function spaces:

C5o(M) = {¢ € C*(M) | ¢loar = 0},
Co (M) ={pec>(M)|g,, =0}

Here and throughout this appendix let M be a manifold with boundary. We abbreviate
A := d*d, and denote by % the Lie derivative in the direction of the outer unit normal.
Moreover, we use the notation N = {1,2,...} and Ny = {0, 1, .. .}. The regularity the-
ory for the Dirichlet and Neumann problem that is used in this paper can be summarized
as follows. References are for example [GT] and [W1, Theorems 2.3°,3.2,D.2].

Proposition A.1. Let 1 < p < oo and k € N, then there exists a constant C' such
that the following holds. Let f € W*~=1P(M) and G € W*P(M) and suppose that
u € WFP(M) is a weak solution of the inhomogeneous Neumann problem (or the
Dirichlet problem, in which case one can drop G), that is for all ¢ € C°(M) (or for

all € C*(M))
/u~A1/} :/ f+ | G-y
M M oM

Then v € WETLP(M) and
lullwrsrs < C(Ifllwr-10 + [1Gllwrr + [ullwns)-

In the special case k = 0 there exists a constant C such that the following holds: Sup-
pose that w € LP(M) and that there exists a constant ¢ such that for all ¢ € C3°(M)
(or for all ¢y € C3°(M))

u-Ap < cl[Pllwran
M
Thenuw € W'P(M) and ||ullwr.» < C(c+ |lullzr).

We also frequently encounter Laplace equations for 1-forms, where the components
satisfy different boundary conditions. In these cases the following lemma allows to
obtain regularity results for the components separately. The proof relies on the above
standard regularity theory for the Laplace operator.

Lemma A.2. Let (M, g) be a compact Riemannian manifold (possibly with boundary),
let k € Ngand 1 < p < oo. Let X € I'(TM) be a smooth vector field that is
either perpendicular to the boundary, i.e. X|gyr = h - v for some h € C*(0M), or
tangential, i.e. X|gn € I'(TOM). In the first case let T = C°(M), in the latter case
let T = C°(M). Then there exists a constant C' such that the following holds:

Fix a function f € W*P(M) and a 2-form v € W*P(M, A2T* M) and suppose
that the 1-form o € W*P (M, T* M) satisfies

/(a,dm: fn Vn € C*(M),
M M
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Then a(X) € WrTLP (M) and

la(X)llwrsre < C(Ifllwrs + [VlIwes + lellnrs).

Remark A.3. In the case k = 0 let % + 1% = 1, then the weak equations for o can be
replaced by the following: There exist constants c; and cy such that

‘/M<a,dn>’§01 711~ Vn € C*°(M),

\ / ta. d*d(¢'bxg)>’ <o lflwir  VHET.

The estimate then becomes || (X)[lw1» < C(e1 + 2 + [allp) -
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Proof of lemma A.2 and remark A.3 :
Let o’ € C*° (M, T*M) be an LP-approximating sequence for « such that o = 0 near
OM . Then one obtains for all ¢ € T

[ atx)- 20 = i (/waav,dw/Muxda”,dm)
~ im <—/M<a”,ﬁxd¢>—/ (0¥, divX - dg)

V—00 M

—/M<04'/’ ty,,Lxg) — /M<da”, LXgAd‘b))
:/M<o¢,d(—£X¢fdivX~¢>)>f/M<Oé’d*(LXQAd¢)>

n /M<a, - d(divX) — 1y, Lxg)
:/ <f,_cX¢—divX-¢>+/ (v,d(¢-txg))
M M

- /M<a, d*(¢-dexg)) +/M<a7 ¢-d(divX) — vy, Lxg).

Here the vector field Yy, is given by ty,,g = d¢. In the case k > 1 further partial
integration yields for all p € T

/a<X>-A¢= Fo+ | ao
M

M oM

where F' € WF=1P(M), G € WHP(M), and for some constant C
IFlwe-re + 1Glwrs < C(Ifllwee + [V Iwes + lallwrs).

So the regularity proposition A.1 for the weak Laplace equation with either Neumann
(i.e. T = Cg°(M)) or Dirichlet (i.e. 7 = Cg°(M)) boundary conditions proves that
a(X) € WHFHLP( M) with the according estimate.

In the case k = 0 one works with the following inequality: Let -1 +

> % = 1, then
there is a constant C such that for all p € 7

[ ax)- 26| < €Ul + Il + ) -

(Under the assumptions of remark A.3, one simply replaces || f||,, and ||y||, by ¢1 and ¢2
respectively.) The regularity and estimate for a(X) then follow from proposition A.1.
O
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