Section 101 of Math 54, Summer 2007

Solution to Sample Quiz 8
15 minutes

1. (5 points) Consider the matrix
1 -2
4= [ h _3].

(a) (3 points) Find all the eigenvalues of A and a basis for each eigenspace.

Solution. The characteristic polynomial is
detOI—A)y = M1 2 o m )M 43) = (=4) 2= A2 42245
¢ T -4 A+3| 7 - ‘
The two eigenvalues are the roots of 0 = A2 + 2\ +5 = (A + 1) + 4 |

= —y/—d-1=-1-2i

which are Ay =v—4—1=—1+2i and )\,
For A\y = —1 + 2i, the eigenspace is

. B 242 2
NS((—1+21)I—A)_NS{ ) 2+21}'

So a basis for this eigenspace is {[2,2 — 2i]" }.
For Ay = —1 — 2i, the eigenspace is

. -2-2i 2

NS((—l—Ql)]—A)-NS[ 4 2_21}.

So a basis for this eigenspace is {[2,2 + 2i]"}.
(b) (2 points) Find an invertible matrix S and a diagonal matrix A, such
that A = SAS™1.
Solution. The columns of S are two linearly independent eigenvectors
of A and the corresponding eigenvalues are put on the diagonals of A. Hence
2 2 —142i 0
S_[2—2i 2+2J’A_[ 0 —1-2i



2. (5 points) Find all the pairs (a,b), such that matrix A = {(2) Z] is
diagonalizable.

Solution. First note that A is an upper triangular matrix. The charac-
teristic polynomial of A is (A —2)(A — b).

If b # 2, then A has two distinct eigenvalues 2 and b, so it is diagonalizable.

If b = 2, then the only eigenvalue of A is 2. A is diagonalizable if and

only if dim NS(A — 2I) = 2. Clearly A — 27 — [0 a

0 O] , the above condition

is equivalent to a = 0.
Hence the answer is (a,b) = (0,2), or (s,t),t # 2.



