MATH113 PROBLEMS: HOMEWORK 4 (DUE TUESDAY, JULY 18)

(1) Remember that the “dihedral group of order 2n”, D,,, is the group with generators
2

o and 7, with relations 6" =e¢, 7° = e, and o7 = 70"~

L' = 7071, In other words, the

elements of D,, are:

(a)

e o o° ..ot . o"
elements: 9 1 relations:
T TO TO° ... TO oT

Explain in a few sentences what it means to say that “D,, is the symmetry group
of the regular n-gon”.

Solution: We can think of ¢ as a counter-clockwise rotation by 27/n, and think
of 7 as a reflection through an axis of symmetry of the regular n-gon, and check
that suck a rotation and reflection satisfy the three relations from the question.
Then the elements of D,, correspond to all the transformations of the plane that
send the regular n-gon to itself. In that sense, the group D,, is the symmetry
group of the regular n-gon.

Show that Ds ~ Ss. Is Dy ~ S,7?

Solution: The second question is much easier than the first. The group D,
has 2n elements, and the group S, has n! elements. The only time these two
quantities agree is for n = 3, so the only n for which we could possibly have
D, ~ S, is n = 3. Of course, this fact is NOT enough to show that the two
groups are isomorphic (there are lots of examples of non-isomorphic groups with
the same order e.g. Z /247 # Sy, Z.JAZ # V, etc.). Here is a very clever way to
show that D3 and S4 are isomorphic:

( e = (12)2=(123)3 ()
(12)

. 13) = (123)(12)=(12)(123)? (*x
Notice in S3, we have elements < EQ 3§ _ El 2)()1(2 3; (12)( )7 ()
(123)

[ (132) = (123)?

The above calculations show that every element of S3 can be written as a product
of (powers of) (123) and (12). In other words, S3 is generated by (123) and
(12). Furthermore, we have in (*) and (**) that (12)*> = (123)® = e and
(123)(12) = (12)(123)%. Thus (123) and (12) satisfy the same relations as
o and 7. Therefore S3 has the same generators and relations as Ds, and they
are thus isomorphic. Another way to show that these two groups are isomorphic
would be to write down an isomorphism between them. The above discussion
tells us that a very good isomorphism could be found by defining ¢(7) = (12)
and ¢(o) = (123). We could discover the rest of ¢ by using the fact that o
and 7 generate Dy and the homomorphism property of ¢ (for example ¢(70?) =
(12)(123)* = (13)). If we calculate the rest of ¢, we see easily that it is 1—1 and
onto. The fact that ¢ is completely determined by it’s values on the generators
of D3 should remind you of the fact from linear algebra that in order to define a
linear map between vector spaces, it is enough to describe what the linear map
does to the basis of the domain. Similarly, to define a homomorphism from a
group (described by generators and relations) to another group, it is enough to
describe where the homomorphism sends the generators, and check that those
images satisfy the relations from the domain!



()

Show that for any n, we have (o) <1 D,
Solution: (o) = {o" | i = 1,...n — 1}. It is a subgroup since it’s the cyclic
subgroup generated by . We want to check one of the criteria for normality. We
can use the relations in the definition of D,, to calculate any products we want.
For example, remember that 0" ' =0 7! =7, and o7 = 70" ' =707 1. A
further example:

1 1. =g — g

ot = ai_l(m') =o' lro = ai_Q(aT)a_l = Ui_2(TO'_1)U

Let o' € (o). Any element of D,, can be written either as 07 or 707. So calculate:
(6o (7))t = ) = 5t € (o)

(to)) o' (t0?)) ' = 1090’0 T = 1(0'7) =170 " = 07" € {(0)
So we've shown a{c)a™! C (o) for any a € D,, Thus {¢) <1 D,,.
What is the center of D,,? [Hint: consider odd and even n separately.]
Solution: Remember that x is in the center of G if and only if gz = zg for all
g € G, if and only if gzg~' = z for all ¢ € G. So, the previous part gives us
a good clue as to the center of D,,. We saw in part (c) that ¢* € Z(D,) if and
only if 0? = 07" = ¢™~%, which happens if and only if i = 0 or n = 2i. Similarly,
we can look at conjugates of 7o'

1 2j—i

(ro)ro' (o)) ' =110 0'0 T =10
In order for 70® to be in the center, we would need 2j — i = i(modn), i.e.
27 = 2i(modn) for all j. This might happen for a particular choice of ¢ and j,
but in order for 7o* to be in the center, we would need the congruence to hold
for all choices of j. This is clearly never the case, so there are no elements of the
form 7¢" in the center. Therefore, the center of D, is {e,c™/?} if n is even, and
{e} if n is odd.

Find a subgroup of Dg that is isomorphic to D3, and interpret this isomorphism
geometrically (in terms of symmetries).

Solution: Consider the subset:

60’20'4C60'0'2030'4U5

T 10% 10t T 10 T0? TO® TOt TOP
Notice that this subset is generated by the elements 7 and 02, and (since we're
inside Dg), we have e = 72 = (02)3 and (02)7 = 7072 = 70* = 7(0?)2. So the

generators 7 and o2 satisfy the relations prescribed for the generators of Ds, and
thus this is a subgroup, and is isomorphic to Dj.

Interpret this geometrically

by drawing a triangle inside a hexagon,
and letting the subgroup be the
symmetries of the hexagon

that are also symmetries of

the triangle




(2)

(3)

(a) Write down all the elements of Sj.
Solution:

’6, )

(12)7

14)(23) J

(b) In Sy, how many elements are there of order 27 of order 37 of order 47
Solution: e has order 1. The transpositions, or two-cycles, namely those of the
form (ab) have order 2. The three-cycles, namely those of the form (abc) are
of order 3. The four-cycles, namely those of the form (abcd) are of order 4.
And the elements of S, that look like (ab)(cd) for distinct a, b, ¢, d have order
2. Therefore, there is one element of order 1; there are nine elements of order 2;
there are eight elements of order 3; and there are six elements of order 4.

(c) It is a fact that the symmetry group of the cube is (isomorphic to) Sy. Find and
describe “enough” symmetries of each order in this group.

Solution: I'm not going to do this solution in detail, but you can look up all
the symmetries of the cube in the handout I posted in week 3 at
http://math.berkeley.edu/~ jameel/113/MISC/colorcube.pdf

When you read that document, you should be holding a cube in your hand! So
get out that box you bought your iPod in, or your trusty old rubiks cube, or
(if you're over 21) a ‘“winellcube” from Target. In the colorcube document, the
order two elements are the type 1(b) rotations, and the type 2 rotations. The
order three elements are the type 3 rotations, and the order four elements are
the type 1(a) rotations.

Suppose we are given an action of a group G on a set S. Recall that the stabilizer
of an element s € S is defined as Stab(s) = {g € G |gs = s}. Show that Stab(s) is a
subgroup of G.

Solution: By now, you should be able to do questions like this with your eyes
closed! We just check the axioms: (A) Let a,b € Stab(s). Then as = bs = s. So,
by associativity of the action, (ab)s = a(bs) = as = s. Therefore, ab € Stab(s).
(B) Associativity is always for free when checking subgroups. (C) By the identity
axiom for actions, es = s, so e € Stab(s). (D) Let a € Stab(s). By the identity and
associativity axioms for actions, we have s = es = (a7 'a)s = a (as) = a's. Thus
a~! € Stab(s). So Stab(s) is a subgroup of G.

Let G be a group, and consider the map G' x G — G given by (g, ) — gzg~'. Show
that this maps defines an action of G on itself. We describe this scenario by saying
“G acts on itself by conjugation”. What is this action in the case where G is abelian?
Solution: The only complicated thing here is that if you try to use the abbreviated
notation “gs” for the element g € GG acting on the element s, then because the set
here is also G, that notation LOOKS like the group operation, when it should be
conjugation. So Denote the action of g on = by (g, ) so we don’t confuse it with
multiplication in the group. We only need to check two things:

(1) Let e € G be the identity. Then for any z € G, (e,z) = exe™! = z. So the
identity axiom holds!


http://math.berkeley.edu/~jameel/113/MISC/colorcube.pdf�
http://www.hyperborea.org/journal/archives/2005/10/30/the-wine-cube/�
http://www.flickr.com/photos/aarora/76807529/�

(2) Let g1, 92 € G, and x € G. Then by associativity in the group G

(915 (92, %)) = (91, 90295 ") = 91(902295 )g1" = (9102)2(9192) ™" = (9160, )
So the associativity axiom for actions holds. And therefore this is an action of G
on itself. In the case where GG is an abelian group, then for any ¢g,x € G, we have
(9,7) = grg™' = x so the action is the frivial action in which every element of g
becomes the identity function on G.

Let Sy act on itself by conjugation. Find the orbits of the action. You may find one
of the results from HW1 useful.

Solution: Here is an argument that finds the orbits of this action in the more
general case, namely S,, acts on itself by conjugation. We saw in HW1 that for any
permutation 7, we have the equation:

m(ay ... ap)T = (1(ay) ... 7(az))

Notice that since the a;’s are distinct, and 7 is a bijection, the 7(a;)’s are distinct too.
Infact, if we have any other k-cycle, (by ... by), then, since the b;’s are distinct, we
can define 7 such that 7(a;) = b; (It doesn’t matter how we complete the definition
of 7 on the remaining n — k elements of {1,...,n}, as long as we make it a bijection.)
So any k-cycles, (ay ...ax) and (by ... by) are in the same orbit. But actually, we get
even more from that problem in HW1 by a little trick. Suppose we have an element
of S, that is a product of disjoint cycles: (aj...ay,)(ai...af,)---(af... aij) Then
for any other element of S,, WITH THE SAME CYCLE STUCTURE (i.e. which
is written as a product of the same number of disjoint cycles with the same orders),
say (bl...0p)(b2...02) - (V] ... b{;j), we can define a permutation 7 of {1,2...,n}
with 7(ab) = b7, and then

1 1 2 2 J -1

T(ay...ap,)(a7...ag,) - (af.. .aij)T

= 7(aj... CL}Q)T_IT(CL% o ai) N a{c )t

= (b} b, (BT BE) - (b BL)

Therefore the two elements of S,, of the same cycle structure are in the same orbit
under the action of .5, on itself by conjugation. In my list of elements of S; from ques-
tion 2(a), the third and fourth rows are one orbit, and each other row is an orbit itself.



(6) You have three different colors of beads, and wish to make a (circular) necklace of 12
(evenly spaced) beads. How many distinct such necklaces are there?
Solution: You should at least look through the colorcube example (see the solution
to 2(c) for the link, for some explanation about why the orbits are so important, and
for an in-depth explanation of how to use Burnside’s Formula. Let X be the set of
all possible colorings of necklaces (where we have forgotten about the symmetries of
the necklace). Namely, | X| = 3'? (This formula just says pick a color (3 choices) for
each bead (twelve times).)
Let Dyy = {e,a,a?, ...,a' b, ba, ... ba''} with a'? = 0? = e and ab = ba~!. And
let Dy act on X in the obvious way. Namely a rotates the necklace around by one
bead, and b flips the necklace over.
We are interested in the number of colorings of the beads in the necklace, upto
rotation and flipping. In other words, we want to know the number of orbits of the
action of D15 on X. We will use Burnside’s Formula, so we need to know how many
colorings each of the elements of D15 fixes.
The elements ba’ all correspond to reflections across some axis. In other words, each
one consists of choosing two beads across from each other, and reflecting along the
axis joining those two beads. OOPS! THAT’s NOT TRUE! Actually, there are two
types of reflection - one type across an axis joining two opposite beads, and the other
type across an axis drawn through the midpoints between two opposite pairs of beads
(draw a picture!) So a coloring will be fixed by ba’ if and only if each bead is the
same as the bead across the axis from it. So the number of colorings fixed by ba’
is 311%5 (3 choices for each of the beads through which we drew the axis, and then
three choices for each of the pairs of beads across the axis from each other. DRAW
yourself a picture!!) OOPS! Half of the reflections (the second type) have 3° fixed
colorings! (Check your picture!) What about the elements a/? Well, it will depend on
J, just as the type 1(a) and 1(b) rotations differed in the cube question. For example,
a fixes only a coloring which has all the beads the same color (i.e. 3 colorings). But
a® sends the first bead to the third one, to the fifth, etc. to the 11th bead, and the
11th back to the first. So a coloring is fixed by a? if and only if all the even beads are
the same color, and all the odd beads are the same color (i.e. 3% colorings). Likewise,
a® fixes 3 colorings, a* fixes 3* colorings, a® fixes 3 colorings, a® fixes 3° colorings,
a” fixes 3 colorings, a® fixes 3* colorings, a” fixes 3* colorings, a'® fixes 32 colorings,
and a'! fixes 3 colorings. (In general a’ fixes 3'2/°74°7(¢”) colorings or in other words,
o’ fixes 3'%/(029) colorings. The identity, of course, fixes 3'2 colorings. Therefore, by
Burnside’s Theorem,

#Orbits = 1/(/G|) Y |Fix(g)|

geG
= 1/24(32 +12-3"4+4-3+2-32+2-3%+2-3" +1-3%) = 186218
OOPS! The sum is wrong (see above) and I have no idea where the 186218 comes
from!? It should say:

#Orbits = 1/(|G)) ) |Fix(g)]

gelG
= 1/24(3% +6-3"+6-3°4+4-34+2-3°4+2-32+2-3" +1.39
22913

Therefore, there are a lot of necklaces (but maybe not as many as you guessed to
begin with! And definitely not as many as I said to begin with!)



