
Math 113 { Introduction to Abstract AlgebraSection 2 { Instructor: Ana Cannas da Silva*Solutions to the Practice Exam* { Berkeley, May, 1998� Each of the following four groups of questions is worth 25 points.� Points per question within a group: a) 9, b) 6, c) 5, d) 5.� No materials (no books, calculators, notes, etc.) are allowed during the exam.� Please write clearly and don't forget to write your name on all pages you submit.� Justify your answers.
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2 NAME:1. Groupsa) For each of the following descriptions, either �nd an object which satis�es it, or explainwhy such object cannot exist.� Two groups of order four which are not isomorphic.Answer: The groups of order 4 Z2 �Z2 and Z4 are not isomorphic because Z4 iscyclic and Z2�Z2 is not (any element of Z2�Z2 has order 2). 2� Three di�erent generators of the group Z12.Answer: 1, 5, 7. In general, a generates Z12 if and only if g.c.d.(a; 12) = 1. 2� Two di�erent group isomorphisms from Zto Z.Answer: The identity isomorphism � :Z!Z, �(a) = a, and the isomorphism takingeach element to its symmetric  : Z! Z,  (a) = �a. ( is a bijection and satis�es (a+ b) = �(a+ b) = (�a) + (�b) =  (a) +  (b).) 2b) List all elements of the factor group�Z�Z6�.h(2; 3)iand �nd the order of the element (1; 2) + h(2; 3)i in (Z�Z6)=h(2; 3)i.Answer: h(2; 3)i = f(2n; 3n) j n 2Zg.List of elements of (Z�Z6)=h(2; 3)i:(0; 0) + h(2; 3)i (1; 0) + h(2; 3)i(0; 1) + h(2; 3)i (1; 1) + h(2; 3)i(0; 2) + h(2; 3)i (1; 2) + h(2; 3)iDenoting by � the equivalence relation given by belonging to the same coset, we have2(1; 2) = (1; 2) + (1; 2) � (0; 1)3(1; 2) = (0; 1) + (1; 2) � (1; 0)4(1; 2) = (1; 0) + (1; 2) � (0; 2)5(1; 2) = (0; 2) + (1; 2) � (1; 1)6(1; 2) = (1; 1) + (1; 2) � (0; 0)Hence, (1; 2) + h(2; 3)i has order 6 in (Z�Z6)=h(2; 3)i (so this is a generator). 2



NAME: 3c) Use the properties det(AB) = detA �detB and det Idn = 1 for n� n matrices (where Idnis the n� n identity matrix) to show that the n� n matrices with determinant 1 form anormal subgroup of GL(n;R).Answer: Let SL(n;R) = fA 2 GL(n;R) j detA = 1g.SL(n;R) is closed for multiplication since, if detA = detB = 1, then det(AB) = detA �detB = 1.Idn 2 SL(n;R) since det Idn = 1.If A 2 SL(n;R), then detA = 1 6= 0, so A is invertible and its inverse A�1 is also inSL(n;R) because detA�1 = detA�1 � detA = det(A�1A) = det Idn = 1.Hence, SL(n;R) is a subgroup of GL(n;R).If A 2 SL(n;R) and B 2 GL(n;R), thendet(BAB�1) = detB � detA| {z }1 � detB�1 = det(BB�1) = det Idn = 1 :Therefore, BAB�1 2 SL(n;R), showing that SL(n;R) is normal. 2d) Let G and G0 be �nite groups, and let � : G ! G0 be a homomorphism. Show that theorder of the image of � divides both the order of G and the order of G0.Answer: im � is a subgroup of G0. Thus, by Lagrange's theorem, jim �j divides jG0j.By the fundamental homomorphism theorem, im � ' G= ker�, which implies jGj =jim �j � j ker�j. Thus, jim �j divides jGj. 22. Rings and Fieldsa) Show that the �elds C and R are not isomorphic.Answer: Suppose � : C ! R were a ring isomorphism. Then �(1) = 1 (because(�(1))2 = �(1) implies �(1) = 1 or �(1) = 0, and the second solution is impossible for anisomorphism �), and �(�1) = ��(1) = �1.Consider x = �(i). Then x2 = (�(i))2 = �(i2) = �(�1) = �1, which has no real solutionx. Therefore, there cannot exist an isomorphism between C and R. 2b) Show that the unity element in a sub�eld of a �eld must be the unity of the whole �eld.Answer: Let F be a �eld with unity 1, and let F 0 be a sub�eld of F with unity 10. Bythe property of a unity, 1 � 10 = 10 = 10 � 10. Since the �eld F has no divisors of zero,(1� 10) � 10 = 0 implies that 1 = 10. 2



4 NAME:c) Describe all ring homomorphisms � :Z!Z�Z.Answer: Let x = �(1). Then x2 = x, whose only solutions inZ�Zare (0; 0); (1; 1); (1; 0),or (0; 1). These four solutions indeed correspond to the possible homomorphisms given,at any a 2Z, by �0(a) = (0; 0) ; �1(a) = (a; a) ;�2(a) = (a; 0) ; �3(a) = (0; a) : 2d) Let R be a ring. Show that, if a2 = a for all a 2 R, then R is commutative.(Hint: consider (a+ b)2.)Answer: For any a; b 2 R,a + b = (a+ b)2 = a2|{z}a +ab+ ba+ b2|{z}b () ab = �ba :Moreover, a = a2 = (�a)2 = �a, so we conclude that ab = ba. 23. Polynomials and Factor Ringsa) For each of the following descriptions, either �nd an object which satis�es it, or explainwhy such object cannot exist.� A nonzero polynomial in R[x] which is irreducible over R and has a zero in R.Answer: Impossible. If f(x) 2 R[x] has a zero a 2 R, then, by the division algorithm,f(x) = (x� a)q(x) for some q(x) 2 R[x]. 2� An ideal H in R[x] such that H 6= f0g, H 6= R[x] and H is not maximal.Answer: For example, H = hx2i. H is not maximal because H � hxi � R[x],H 6= hxi (because x 62 H) and H 6= R[x]. 2� A ring R and a ring homomorphism � : Q! R such that the kernel of � is the subringf5n j n 2Zg.Answer: Impossible. The kernel of a ring homomorphism has to be an ideal, butf5n j n 2Zg is not an ideal in Q (for instance, 5 � 12 62 f5n j n 2Zg). 2



NAME: 5b) Find a factorization of x4 + 5x2 + 6 2 Q[x] into irreducible factors in Q[x].Answer: x4 + 5x2 + 6 = 0 () (x2)2 + 5x2 + 6 = 0 () x2 = �2 or x2 = �3, so thatx4+5x2+6 = (x2+2)(x2+3). The factors x2+2 and x2+3 are irreducible over R sincethey are polynomials of degree 2 and have no real zeros. 2c) Give the precise condition for a subring to be an ideal.Answer: A subring H of a ring R is an ideal if, for any h 2 H and any a 2 R, we havethat ha 2 H and ah 2 H . 2d) Show that x2 + 1 is irreducible in Z7[x]. Give an example of a �eld having 49 elements.Answer: Let f(x) = x2 + 1 2Z7[x]. Thenf(0) = 1 ; f(1) = f(�1) = 2 ;f(2) = f(�2) = 5 ; f(3) = f(�3) = 3 :Since f(x) is of degree 2, and f(x) has no zeros in Z7, f(x) must be irreducible in Z7[x].Z7[x]=hx2+ 1i is a �eld with 49 elements, because it is a 2-dimensional vector space overZ7. 24. Extension Fieldsa) Find the irreducible polynomial for � =q1 +p1 +p2 over Q.Answer: By squaring we obtain�2 = 1 +p1 +p2�4 � 2�2 + 1 = 1 +p2�8 � 4�6 + 4�2 = 2 :The monic polynomial x8�4x6+4x2�2 is irreducible overQ since it satis�es the Eisensteincondition with p = 2. Hence, irr(�;Q) = x8 � 4x6 + 4x2 � 2. 2b) Let F;E;K be �elds such that E is a �nite extension over F and K is a �nite extensionover E. Show that if f�1; : : :�ng is a basis for E as a vector space over F , and f�1; : : :�mgis a basis for K as a vector space over E, then f�i�j j i = 1; : : : ; n; j = 1; : : : ; mg is abasis for K as a vector space over F .Answer:



6 NAME:{ The f�i�jg span K over F :Any 
 2 K is of the form 
 = Pj bj�j for some bj 2 E, since the f�jg span K overE. Any bj 2 E is of the form bj = Pi aij�i for some aij 2 F , since the f�ig span Eover F . Therefore,
 =Xj �Xi aij�i��j =Xi;j aij(�i�j){ The f�i�jg are linearly independent over F :Suppose Pi;j aij(�i�j) = 0, i.e., Pj �Pi aij�i��j = 0. Since the f�jg are linearlyindependent over E, we must have Pi aij�i = 0, for all j. But since the f�ig arelinearly independent over f , we must have aij = 0, for all i; j. 2c) Give an intermediate �eld F between Q and Q( 4p3), i.e., give a �eld F such that F 6= Q,F 6= Q( 4p3) and Q � F � Q( 4p3).Answer: Let F = Q(p3). We have Q � F , but Q 6= F because p3 62 Q. We also haveF � Q( 4p3) because p3 = ( 4p3)2, but F 6= Q( 4p3) because 4p3 62 F . 2d) Give an explicit isomorphism from the �eld R[x]=hx2+ 1i to C .Answer: De�ne � : R[x]=hx2+ 1i ! C by�(1 + hx2 + 1i) = 1 and �(x+ hx2 + 1i) = i :� is a homomorphism (note that (x + hx2 + 1i)2 = �1 + hx2 + 1i agrees with i2 = �1),injective and surjective. 2


