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ABSTRACT. This paper proves an isomorphism theorem for cochains and
differential forms, before passing to cohomology. De Rham’s theorem is a
consequence. This leads to an extension of much of calculus and homol-
ogy theory to nonsmooth domains, called chainlets and makes available
combinatorial techniques for smooth domains that limit to the classic
analytic methods. We find maximal subspaces of L! forms that satisfy
Stokes’ theorem for domains of chainlets giving a measurable, as well as
optimal, extension of the theory.

1. INTRODUCTION

A differential form acts as a linear functional on the vector space of sim-
plicial chains via integration and is therefore a cochain. De Rham’s theorem
tells us the integration mapping ¥ sending L' differential forms into cochains

\I/(w)-A:/Aw

induces an isomorphism of cohomology rings. This paper is a study of the
mapping W. Theorem A shows that W is an isomorphism at the level of
smooth differential forms and cochains before passing to cohomology. Since
U commutes with the exterior derivative on forms and the codifferential op-
erator on cochains, de Rham’s theorem is a direct corollary. Poincaré duality,
which relies on de Rham’s theorem, extends to chains and forms [H5].

In the 1950’s Whitney [W] and Wolfe [Wo] identified spaces of cochains iso-
morphic to Lipschitz and flat differential forms, respectively. These isomor-
phisms allow one to move between the infinitesimal and the global, providing
a link between analysis and geometry. The link is tenuous, however, since
basic operators on differential forms such as the exterior derivative, Hodge
star, and pullback are not all continuous nor even defined in these spaces.

The duality between “smoothness” of mappings and “roughness” of in-
variant sets appearing in the C? Seifert conjecture counterexamples * of [H1]
suggested the isomorphisms presented here. Our isomorphisms do preserve
the basic operators, enriching the links between topology, measure theory,

*This duality is not present in the C* Seifert counterexamples of Kuperberg [K].
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dynamical systems, fractal geometry, and physics. A common language be-
tween these subjects emerges with common operators and cross fertilization
of results.

We make use of definitions, notation, and results from [H3] throughout,
assuming 0 < o < 1 and r is an integer. Central to the construction of
the isomorphisms is a 1-parameter family of norms |A|,, on p-dimensional
polyhedral chains P supported in R™, introduced in [H3]. The Banach spaces
obtained on completion are denoted A" = A>* with elements called chain-
lets. The dual spaces of co-chainlets X are denoted (A™*)" with dual norms
| X|o- We identify the integer r with (r — 1, 1) and order pairs (r, o) lexico-
graphically. Let B"* denote the space of differential forms of class C™* with
bounded norm. Theorem A shows the spaces (A;*)* and B™* are isomorphic.
We assume throughout that (r, ) > 0, unless otherwise stated.

Expositors of advanced calculus often describe smooth differential forms
through their properties as cochains. For example, this approach is used
extensively in [E] as an intuitive guide, although Edwards wrote that one
could not actually define differential forms as cochains. This conceptually
simple approach was hampered by a lack of a definition of differentiability
classes of cochains. Theorem A implies

A differential form can be defined as a bounded linear functional
X on polyhedral chains. Its exterior derivative may be defined
through the action of X on boundaries of polyhedral chains. It is
(r, a)-smooth if there exists C' > 0 such that

X P <C|Pla
for all polyhedral P.

Smooth cochains extend to co-chainlets. These definitions of smooth forms
and their exterior derivatives require no pointwise information such as partial
derivatives. Theorem A shows these definitions are equivalent to the analyti-
cal definitions as multi-linear functionals on ordered p-tuples of vectors based
at points with coordinate functions of class C™®.

Measurable integrands

We recall the subspaces J™* of L' differential forms w with norm |w|, 4
defined in [H3]. Each form w € J"* is a.e. equal to a smooth form in B™*,
but this is not a sufficient condition to be in J™. Our second main result,
Theorem B, proves the following diagram commutes

(Ape)” —" (A1) — 1 (Ag,)
1 gT ET ET
T _d Iz:ll’a AN o,
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and shows the chain complex

is the maximal chain complex of L' forms for which ¥ is an epimorphism of
chain complexes.

A consequence is an optimal generalization of Stoke’s theorem. (See The-
orem 2.8 below.) In [H3], Corollary 4.12, the author proves an extension of
Stokes’ theorem to chainlet domains and smooth integrands. The extension
in this paper to nonsmooth integrands is subtle since one may freely alter
smooth forms only on certain p-dimensional subsets of R" of Lebesgue mea-
sure zero without changing some integrals. (See the examples in §2 .) In a
sequel [H4] we prove that all currents with compact support are represented
uniquely as chainlets, demonstrating that our extension of Stoke’s theorem
is optimal. André Weil wrote in his autobiography ([We| pp. 99-100) that
it was Henri Cartan’s discussions with him about the domain of validity of
Stokes’ formula that led to the birth of Bourbaki.

One point that concerned him [Henri Cartan] was the degree to
which we should generalize Stokes’ formula in our teaching. This
formula is written as follows:

/ w—/ dw,
b(X) X

where w is a differential form dw its derivative, X its domain of
integration, and b(X) the boundary of X. There is nothing dif-
ficult about this if for example X is the infinitely differentiable
image of an oriented sphere and if w is a form with infinitely dif-
ferentiable coefficients. Particular cases of this formula appear in
classical treatises, but we were not content to make do with these.
In his book on invariant integrals, Elie Cartan, following Poincaré
in emphasizing the importance of this formula, proposed to extend
its domain of validity. Mathematically speaking the question was
of a depth that far exceeded what we were in a position to sus-
pect. Not only did it bring into play the homology theory, along
with de Rham’s theorems, the importance of which was just be-
coming apparent; but this question is also what eventually opened
the door to the theory of distributions and currents and also to
that of sheaves. For the time being, however, the business at hand
for Cartan and me was teaching our courses in Strasbourg. One
winter day toward the end of 1934, I thought of a brilliant way
of putting an end to my friend’s persistent questioning. We had
several friends who were responsible for teaching the same topics
in various universities. “Why don’t we get together and settle such
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matters once and for all, and you won’t plague me with your ques-
tions any more?” Little did I know that at that moment Bourbaki
was born.

2. ISOMORPHISMS OF DIFFERENTIAL FORMS AND COCHAINS

Given a co-chainlet X € (A"*)" we prove there exists a unique differential
form Dy € B™* such that X - P = f p Dx for all polyhedral chains P.

Definition The mass or p-dimensional Hausdorff measure of a polyhedral
p-chain P is denoted |Ply. Given X € (A%)*, ¢ € R", and 3 a p-direction,
define

(1) Dx(g; 8) = lim

where 01, 09, ... is a sequence of p-simplexes containing ¢ whose p-directions
are 0 = {0;}/|oilo and whose diameters — 0 as ¢ — oco. For any simple
p-vector 3 # 0, set

Dx(q; 8) = |8loDx (g, 8/15]0)-

Set Dx(q,0) = 0. For general p-vectors, extend Dy linearly. The next theo-
rem establishes existence and uniqueness of Dx as a differential form.

Characterization of co-chainlets as smooth differential forms

LEMMA 2.1. Let ¢(3) be a real function of simple p-vectors such that

1. ¢(afB) = ap(B) for all real a,
2. S P 6({o,}) = 0 where do =Y 0.
Then there is a unique p-covector w such that w - 5 = ¢(B) if 5 is simple.

This standard result can be found in [W] (V,Theorem 9A).

THEOREM 2.2. To each co-chainlet X € (A™)*, there corresponds a unique
differential form Dx € B"® such that

X -P= / Dx
P
for all polyhedral chains P.

This correspondence is an isomorphism with

[Dxlss = [X]s,3-
for all =1 < (s,8) < (r,a) and

[Dxl[re < | X|ra < (p+ D[ Dxllore.
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The proof has elements in common with the proof of Wolfe’s isomorphism
theorem in the flat category [Wo|] and Whitney’s proof in the sharp category
[WI.

Proof. Let r =0 and X € (A*)".
Fix g € R". Let ¢ > 0. We show there exists § > 0 such that if o, 0’ C Bs(q)
are simplexes with the same p-direction v then

X-o X0
(2)

oo o'lo
Let C' = |X|, and 0 = &= and &; = g min{|oo, [0’|o}. We approximate o in
the mass norm with sums of cubes contained inside o, all translates of one
another.
That is, there exists a cube ) C ¢ containing ¢ with p-direction v so
that the following holds: There are vectors v;, ¢ = 1,...,s such that Q); =
T,,Q are in o and are nonoverlapping and mass |0 — > Qilo < £-. Thus

1Xlo
|X . (O'— ZQZ)| S 1. Then

(X (Qi — Q)] < [X[alQi — Qla £ CN|Qi — Qlla < C1Qo6™ = |Qloc/6.
Thus

<e.

|X-<o—s-Q>|s'X-<o—Z@i> +‘Zx-<czi—@>‘

=1
< &1+ sC|Q|oe/6

< |oloe/3.
Therefore
(X - 0)|Qlo — (X - Q)lofo] <X -0 —s(X-Q)||Qo
(3) +1X - Q| [s[Qlo — |o]o]
< |Qlolofoe/2.
and
X0 X-Q
(4) o~ 0% <e/2.

The same inequality holds for ¢’. This establishes (2) and existence and
uniqueness of Dx(q;v). Observe that (2) implies continuity of Dy as a
function of ¢, with fixed v.
By the definition of Dy we have
. |X . (Tin — O'l)|

[Dx(g+viv) = Dx(@v)l _
cls oil=0  [v]*]ai]

<C.

Therefore || Dx||ce < C, as a function of gq.
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X'OZ/DX

for any simplex o. Let € = 6Cd* where ¢ is the diameter of o.
It follows immediately from the definition of Dy, and equation (2) that

We next prove

7 <& =605

- \U\o

5) \wa; )

for all ¢ € 0 C Bs(q). We use Riemann integration to show

(6) X o= /Dx(q; v)dq

where v is the p-direction of o. Let ¢ > 0 and subdivide ¢ into simplexes
o1, ...0s with diameter < n where n®* = 70‘80‘0.
Choose ¢; € 0;. Apply equation (5) and the fact that ||Dx|lce < C as a

function of ¢ to deduce

X -0 —/ Dx(q; V)dQ' <|X -0; — Dx(qi;v)|oilo|

+ ‘/U (Dx(g5;v) — Dx(g;v))dg

< 6Cn%oilo + |oilol| Dx[lcen®
S 7077a|0'i|0.

Thus
<e.

'X%f—/ng(q; v)dg

Since this holds for all £ > 0, equation (6) follows.
We apply Lemma 2.1 to prove that Dy a differential form. Let o be a
(p + 1)-dimensional simplex with do = > o; so that

(7) ZDX(Q§ vi) =0

where v; is the p-vector of o;. Suppose ¢ € 0;. Let o, be o be contracted
toward ¢ by a factor x, say do, = > 0,,. Note that

|04 —1.0 = KPT%0] _1.0s |0xi o = EP|i]o-

Let v,, be the p-vector of o,, and ~; its p-direction. If § is the diameter of
o, we have

> Dx(gve,) = [y, DX‘ = ’Zi Jo.. (Dx(q;7:) = Dx (' 7))dq/

< || Dxllca(K0)* >, o lo
— 05| del.
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Now
| X - 0o.| < C|0ok|a
S C|O-n|—1,oz
< CrPY|o| 1.0

Therefore, by the definition of the Riemann integral
‘faan DX‘ = ‘Zz fgw DX(q/7 ’yl)dq/’ = |Zz X - Ok,
= |X - 0o, < CrPT|0o|_1 4.

Combining these inequalities yields

ZDX<CZ; Vi)

Since k is arbitrary, equation (7) follows. Lemma 2.1 shows there is a unique
p-covector Dx(q) for each g such that Dx(q) - v = Dx(q;v) for simple v.

< 53 Dy (g vi)| < KOS9y + KClo] .

Linearity follows directly from the definition of Dy :
Dxiy = Dx + Dy; Dix = tDx.

Since [ .., Dx = X -0°"! for all s > —1, it follows from Lemma 3.2 of [H3]
that || Dx||ss = | X||s,s and HDX||§ﬁ = ||dX]||s for all =1 < (s,5) < (r, ).
Therefore by Lemma 3.3 and Theorem 3.5 of [H3] we have |Dx/|s 5 = | X5
Using Theorems 4.5 and 4.9 of [H3] we conclude

[Dxl[re < | X|ra < (p+ D[ Dxllore.
Now let w be a differential form satisfying ||w||cre < C. Set X = ¥(w). Once

we show that | X, , < oo the proof is complete.
By Theorem 4.5 of [H3]
whra < (P + D|wllore.

We are reduced to showing | X |, o = |w|,«, but this follows as in the preceding
discussion since [ ., w =X -o°"! for all s > —1.
0

Henceforth, we let Dx denote the differential form associated to X as
defined above.

THEOREM 2.3. Let X € (AY)". Then
Dyx = dDx.

Proof. Since dX € (A®)", we may apply the preceding result to deduce the
differential form D,;x is uniquely determined and is of class C'*.
Now

DX:X~8a:dX~a:/DdX.
do o
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Therefore Dy is regular.
By Stokes’ theorem for regular forms,

dX -0=X-00 = DX:/dDX
do o

Since dDyx is continuous, if 3 is a p-direction and ¢ € R™ then

X -0y 1
Dyx(q;v) = lim X o _ lim —/ dDx (p;v)dp = dDx(q;v).

i—oo | im0 |oy]o
Therefore
Dyx = dDx.
O

The converse to Theorem 2.2 was proved in [H3] (Lemma 4.1 and Theorems
4.5 and 4.9). That is, w € B"® then ¥(w) € (A™*)" and

(8) [wllere < [¥(W)lra < (p+1)[wllore.

We summarize our results so far about the integration mapping ¥ from this
and Theorems 2.2 and 2.3, taking note of the dimension of the chains.

Theorem A. Fiz (r,«a) > 0. The chain map ¥ is an isomorphism of chain
complexes

(A7) = (A7) = (45,)
v gT gT gT

d r—1,a d
e e e’
B o Bt By,

The operator D is the inverse to ¥ and
[wllere < ¥ (W)lra < (p+1)llwllcre.

COROLLARY 2.4. Two chainlets A, B € Ay are equal if and only if all in-
tegrals of forms w € B™® over them are the same

fo- o

Two formsn and v in B are equal if and only iff all integrals of them over
chainlets A € Ay are the same

fo- ]
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Proof. These follow from Theorem A. Let A € A™*. Then

wa:() Ywe B — V(w)-A=0 VYwe B
= X -A=0 VXG(AI’;’“)*
:>A:Oin.,4;;°‘.

Let w € B"*. Then ¥(w) € (A;®)* and

Jiw=0 VAc A" — TY(w)-A=0 VAec A
— VU(w) =0
:>w:D\p(w):0.

For a polyhedral p-chain P in R", define the C™® operator norm as

|Pllore = sup{ [
P

COROLLARY 2.5. The C™® operator norm and A™* norm are equivalent. In
particular,

NS Br,a’ ||L¢J||Cr,a < ]_} .

|Plra < [[Pllore < (p+ 1)|Plra
for all polyhedral chains P.

Proof. By Theorem A

X.P |/ Dx]
|[Plra = supx g ||X i = SUPX 0 Dy,
The result follows from (8). O

Smoothing L! differential forms
We next investigate relations between the spaces of differential forms 7"
and the spaces of smooth forms B"*. If w € B"® then w = Dy(.).

PROPOSITION 2.6. Let w be an L' differential form. If w € J™ for some
(r,a) > 0 then Dy, € B, Dy, = w a.e., and

[Dwsllore < |wlra < (p+ 1) Duwllore.

Proof. If w € J™* then ¥(w) € (A™*)* by Lemma 4.1 of [H3]. By Theorem
2.2 Dy, € B™ and and

[1Dwllere < W (W)ra < (p+ D Duw)llone-
But |¥(w)|ra = |w|ra- Since

/UDW:\I!(w)-a:/Uw

for all simplexes o, we conclude that Dy, = w. a.e. O
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For w € J7 1 we know d¥(w) € (A%)". Define
dw = qu,(w).
COROLLARY 2.7. Ifw € J;*H* then dw € B},
[dw|lcre < [d¥(W)]ra < (p+ 1)||ldwl|cre.
and
U(dw) = d¥(w).
If we B;“’a then Dy (. corresponds with the analytic definition of dw.
Proof. By Proposition 2.6 dw € B,};. Now apply Theorem 2.2 to d¥(w) €
(A)))" to deduce
U (dw) = Y(Dgy(w)) = d¥(w).
If w € By*h* then ¥(w) € (A;H’a)* implying by Theorem 2.3 that
qu,(w) = dD\I;(w) = dw.
]

Geometric definition of the exterior derivative Corollary 2.7 gives
us a geometric interpretation of the exterior derivative dw of a differential
form w € JPI"" :If ¢ € R" and [ is a (p + 1)-direction we have dw(q; 5) =
Dgw(w)(q; B). Therefore

where each o; is a simplex containing ¢, with p-direction the same as that
of #. This shows that the exterior derivative extends the definition of the
derivative of a smooth function of a real variable since

f(a) = i LETW @D Jor 1

h—0 h N [I]o—0 |I’0

where I = [z, + h].

Theorem B. Fiz (r,«) > 0. The chain map V is an epimorphism of chain
complexes

(Ape)” — (A" — (Ag,,)”
N gT ET gT

For w € JJ% w = Dy, a.e. and [¥(w)]0 = |w]pa For X € (A;’O‘)*
X = U(Dy). Furthermore, if w is an L' form such that ¥(w) € (A%*)" then
w € j;’a.
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Proof. According to Lemma 4.2 of [H3] if w is an L' form with ¥(w) € (A;;O‘)*
then w € J7* and |w|,; o = [¥(w)];a- The diagram commutes by Corollary
2.7. The remainder follows from Proposition 2.6. O

Theorems A and B highlight a special relationship between the spaces of
differential forms B"* and J"™“. Namely,

J"% is the unique largest subspace of L' differential forms containing B™*
such that Dy, € B™ for all w € J™.

Two differential p-forms that are mapped under ¥ to the same co-chainlet
must agree, except on a set with p-dimensional Hausdorff measure zero, in
their domains of definition. But this is not a sufficient condition.

Example. Let 0 be the positively oriented 1-simplex with support the unit
interval [0,1] x {0} in R% Set w; = 0 except on o° where wy = dx. Then

wy € J° since P! < 1 for all 1-simplexes 0. We see that wy & J' by

lofo
considering translations of o° to create simple 1-dipoles o' = 0% — T.,0°

where v is a fived unit vector and € > 0. Then llﬁrlTUIJj = LT;—OT; =1/e.

In contrast, set wy = 0 except on the snowflake arc S where wy = dx. Then
wy € J' since fs we = lim ka wy = 0 for any polyhedral approximators P.

Generalized Stokes’ Theorem

THEOREM 2.8. If w is a differential form in J;*5* and A € A} then

/dw:/ w.
A A

Proof. If w € Jy ™%, then dw = Dgy(.). By Theorems A and B, dw € B},
and U(dw) € (A7F))". Also,

p+1
U(dw) = d¥(w).
Hence [, dw = [, ,w. O
This was proved in [H-N:1] and [H-N:2] for w € BY_;,0 < a < 1 and

codimension one domains. See [H2] and [H3] for domains of arbitrary codi-
mension and w € B;’l with » > 0.

Relation to the L! norm Let f be a nonnegative measurable function
defined on [0, 1], bounded by K. We have seen the graph of f supports a
chainlet I'; € A'. Tts norm is estimated by the L' norm of f.

THEOREM 2.9. |f|pi/K < Ty < |f|p + 1.

Proof. The function f is approximated by step functions S,, with graphs I',,.
Let Ty = I. We have seen in [H3] that I'y = I'o + > "2 (I'; — I';_1). These
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graphs may be decomposed into dipoles and the dipole mass of I'; — I';_; is
the same as the L' norm of S; — S;_;. Thus

Dls <1+ fl

We use Corollary 2.5 and the generalized Stokes’ theorem to obtain the other
inequality. We know that |f|,1 = frf ydx. Since ||ydz|cr» < K we deduce

Dyly > [flo /K. !

We have seen that the L' norm of f is the same as the integral fFf ydz.
One can integrate any smooth differential form over the graph. In particular

for any p > 0, we have
/ yPdxr = / ydzx.
T T'sp

1/p
| fler = /ypdx
Ly

REFERENCES

Thus

[E] Edwards, Harold, ADVANCED CALCULUS: A DIFFERENTIAL FORMS APPROACH,
Birkhauser, NY, 1994.

[H-N:1] Harrison, Jenny and Norton, Alec, Geometric integration on fractal curves in the
plane, Indiana Journal, 40 (1991), 567-594.

[H-N:2] Harrison, Jenny and Norton, Alec, The Gauss—Green theorem for fractal bound-
aries, Duke Journal of Mathematics, 67 (1992), 575-588.

[H1] Harrison, Jenny C? Counterezamples to the Seifert conjecture, Topology, 1986.

[H2] Harrison, Jenny, Stokes’ theorem on nonsmooth chains, Bulletin AMS, October 1993.

[H3] Harrison, Jenny, Continuity of the integral as a function of the domain, Journal of
Geometric Analysis.

[H4] Harrison, Jenny, Geometric Realizations of distributions and currents, preprint.

[H5] Harrison, Jenny, Geometric dual to the Hodge * operator with applications to Green’s
theorem and Poincaré duality, preprint in preparation.

[H5] Harrison, Jenny THEORY OF CHAINLETS, in preparation, to be published by Helix
books (formerly Addison Wesley)

[K] Kuperberg, Krystyna, Counterezamples to the Seifert conjecture, Proceedings of the
International Congress of Mathematicians, Vol. II (Berlin, 1998).

[N] Norton, Alec, Berkeley thesis, The fractal geometry of critical sets with nonnull image
and the differentiability of functions, 1987

[We] Weil, André, THE APPRENTICESHIP OF A MATHEMATICIAN, Birkh&user, 1992.

[W] Whitney, Hassler, GEOMETRIC INTEGRATION THEORY, Princeton University Press,
1957.

[Wo] Wolfe, J.H., Tensor Fields associated with Lipschitz cochains, Harvard thesis, 1948.

E-mail address: harrison@math.berkeley.edu



