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Abstract

It will be shown that for almost all weights one can reconstruct a weighted
graph from its spectrum. This result is the opposite to the well-known theorem
of Botti and Merris which states that reconstruction of non-weighted graphs is
in general impossible since almost all (non-weighted) trees share their spectrum
with another nonisomorphic tree.

1 Notations and introduction

A weighted graph G is a pair (A, M), where A = (A;;) is a symmetric real n x n
matrix with A; = 0, called adjacency matrix, and where the mass matrix M =
diag(myq,...,m,) is a real diagonal n x n matrix. The valence matrix D of G is
defined to be the diagonal n x n matrix with

D“' = zn:A” =. dZ
j=1

If all masses m; are equal to 1 and if A;; € {0,1} for all 7, 7, then G is just a simple
graph and D its vertex degree matrix. If the masses m; are positive and all A;; > 0,
we consider (G as a model for a molecule consisting of n atoms with weights m; and
with A;; being the elasticity constant of the chemical binding between m; and m;:
That is, if v;(¢) denotes the scalar deviation of m; at time ¢ from its normal position,
we have for every 1

—m0; = ZA”(UZ —vj) =v; Dy ZA”U]
J=1 J=1
Hence, an eigenvibration v;(t) = u;e™!, 7 = 1,...n, of the molecule satisfies (in

matrix notation )

WwMu = Du — Au



where u is the vector (uy,...,u,). In other words the negative squares —w? = X of
the eigenfrequences of the molecule are the spectrum of the (generalized) eigenvalue
problem

det(A — D — AM) = 0.

Alternatively, we could regard this as a discrete model of an inhomogeneous drum
consisting of n vertices bearing weights m; and with A;; being the elasticity constant
between m; and m;. Such a discrete model can for example arise from discretizing
the corresponding continuous problem for a numerical treatment.

Let us have a short look at the case of simple graphs when all m; and all nonzero
A;; equal 1. The adjacency spectrum of a simple graph G, i.e. the eigenvalue spec-
trum of the adjacency matrix A, is widely studied (see e.g. [2] as a main reference).
Nonisomorphic graphs (i.e. graphs whose adjacency matrices are not permutation
similar) affording the same (adjacency) characteristic polynomial are called cospec-
tral. Schwenk showed in [16] that almost all trees are cospectral. On the other hand
the operator L = L(G) := A — D is the so called Laplace or Kirchhoff operator of
(i (Laplace operator because it is the discrete analogue of the Laplace differential
operator, and Kirchhoff operator since L first occurred in the famous Matrix-Tree
Theorem of G. Kirchhoff). In how far the spectrum of L reflects the spectral proper-
ties of molecules is discussed in [3], [5] and [8]. The relation between a simple graph
and its Laplace spectrum is studied e.g. in [6], [7], [15] and [13]. As a general ref-
erence for recent results on spectral graph theory see [4]. One of the most striking
results is the Theorem of Botti and Merris (see [1]) which generalizes the results of

Schwenk [16], McKay [12] and Turner [17]:

Theorem 1 (Botti-Merris) Let ¢, be the number of nonisomorphic trees on n ver-
tices and s, the number of such trees T' for which there exists a nonisomorphic tree
T such that the polynomial identities

d (yA(T) 4+ zD(T) — 2I) = dx(yA(T) + ZD(T) —al)

in the three variables x, y and z hold, simultaneously, for every irreducible character
X of the symmetric group S,. Then lim, ., s,/t, = 1.

Here, I is the identity and d, denotes the immanent
d(B) =Y x(p) ][] biwiy (1)
PESH =1

where B = (b;;) is an n x n-matrix (e.g. for xy = ¢, the alternating character,

d, = det).



Techniques which are based on Sunada’s Trace Theorem have recently allowed to
generate isospectral simple graphs which are not necessarily trees, see [9].

The results in [1] and [9] seem to indicate that in general it is impossible to reconstruct
the structure of a molecule from its spectrum. However, we will see below that the
case of weighted graphs offers the possibility of a reconstruction.

We will always identify the vector m € R”™ with the mass matrix M(m) = diag(m).
For given m € R" and a countable set A C R we denote by G4 () the set of
weighted graphs G = (A, M(m)) with A = (A;;), 0 < A;; € A, and we will say G is
a graph over A and M(m).

In this paper we look at the following problem: Given m = (my,...,m,) € R,
A C R countable (e.g. A = {0,1} in the simplest case) and the Laplace spectrum
{z € R : det(L —xM(m)) = 0} of a graph (A, M(m)) € Gar(m)- Can you then
compute the adjacency matrix A from this information? The naive answer would be
just to compare the spectrum of every possible graph with the given spectrum. But
first, this only works for a finite set A, second, the number of simple graphs on n
vertices grows superexponentially in n and hence the method is not practicable, and
third it does not answer the question for which set of mass matrices (depending on
A) the map A — {& € R : det(L — aM(m)) = 0} is injective. The aim of this
paper is to discuss conditions on the mass matrix M (m) such that the answer to this
question is affirmative and to describe reconstruction algorithms. In a first part we
will discuss the case A = {0,1} with a very strong growth condition on the masses
m; which implies that reconstruction of the graph from its spectrum is possible, and
in a second part we will consider a general countable set A and an algebraic condition
which shows that for almost all mass matrices (in a sense that will be made precise)
reconstruction of the adjacency matrix A is possible.

The conditions we give for reconstructability of weighted graphs are sufficient, but
certainly far from being necessary. Therefore — although it seems not to be realistic
to apply our results directly to real molecules, since the masses of the atoms of a
molecule might not satisfy the growth or the algebraic condition we use — the given
reconstruction results at least show that reconstructability is a phenomenon that
does occur for weighted graphs. So, whether in concrete situations reconstruction is
possible or not may be a matter of a more detailed analysis adapted to the case at

hand.

2 The Laplacian spectrum of weighted graphs

In this section all nonzero A;; are assumed to be 1, i.e., we consider the case A =
{0, 1}, and we ask for a condition on the mass matrix M which allows to decide which



masses are linked in a graph whose Laplace spectrum is known.

Theorem 2 There exist mass matrices My = diag(ma, ..., m,) such that the follow-
ing is true: Let G = (A, M) and G = (A, M) be weighted graphs over A = {0,1}
such that M and M are permutation similar to My, then

det(L(G) — M) = det(L(G) — 2 M) (2)

holds if and only if G and G are isomorphic graphs, i.e. A = PAP™" and M =

PM P~ holds for a permutation matriz P. A possible choice is m; = n(),

Remark: The proof will be constructive and provide an “algorithm” to reconstruct
the adjacency matrix A from the roots of the polynomial det(L — zM).

The proof of Theorem 2 is based upon the following two elementary lemmas:

Lemma 1 Let ¢,...,q, be a sequence of real numbers of at least geometric growth
with constant s > 1, i.e. q; > sqi—1 fort=2,....n, and g > 0. Then

252'%’ = Z&'% (3)
implies §; = &; fori=1,...,n, provided that all §; € {0,1,. .., ls —1]}.

Proof
We proceed by induction: For n = 1 the assertion is trivial. On the other hand,
using (3) we have for n > 1

(0n —0n)gn = ’ (6 — di)qi (4)
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for an ¢ < 1. We may assume that 4,, > Sn and hence we obtain from (4)

0<4,—46,<l1.
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Thus 6, = Sn and the assertion follows by induction. O
The second lemma we need in the proof of Theorem 2 is the following

Lemma 2 Let pu; = (%) for some v > 0 and for 1 = 1,....n. Then the set of the

numbers
LT
ILLZILL] k=1

with © # j rearranged as a growing sequence has at least geometric growth with con-
stant v.

Proof ‘

Consider a = ;i for {1,j} # {l,m}. We have a = {122 = P2 27 =22 and therefore
m k) . .

the proof is complete if we can show that the exponent 2/ + 2™ — 2¢ — 2/ £ 0. But

this follows from Lemma 1 since 2! 4 2™ = 2! + 2/ would imply {/,m} = {7, 7} which

contradicts the assumption. a

Now we give the proof of Theorem 2:

Proof
We may assume that the vertex sets of G and (i are already renumbered in such a
way that M = M = My. Using (1) we easily find the following expansion

—dl — T A12 A13 Ce Aln
A —dy — My A .. Asp
det(L — 2 M) = . Lo : = (5)
Anl Ang Ce Ce —dn — TNy
= (=1)"2" H m; + (—1)"2" ! Z d; H mj +
i=1 =1 j#i
(=)™ (did; — AY) e+ + det(L).
i<y k¢{i,g}

Now we use expansion (5) in the identity (2). Comparing the coefficients of "' on
both sides we conclude by Lemma 1 that

di:CZZ' (izl,...,n) (6)

since by our assumption on the masses m; the ordered set of numbers ¢; = H#i m; is
at least of geometric growth with constant n and d; € {0,1,...,n — 1}. Notice that
by the theorem of Botti and Merris this cannot yet imply that the graphs G and ¢/
are isomorphic.



Comparing the coefficients of "~2 and using (6) we obtain

Sy [Ime= %4 [

i<y k¢{i,j} i<j kg{ig}

The numbers ¢;; = er{m‘} my, obviously satisfy the hypothesis of Lemma 2 with
v = n and hence we conclude (by applying Lemma 1 once more with s = 2) that
A;; = A;; and the proof is complete. a

Up to now, we consider two graphs as isospectral if they share the polynomial det( L —
xM), i.e. the eigenvalues of both graphs coincide counted with multiplicity. Now we
will show that even if we only require that two graphs have the same spectrum as
sets they are isomorphic.

Let us consider a connected, weighted graph G with masses m; = n®) as in Theo-
rem 2. Then the following Proposition claims that the eigenvalues of the Laplacian
spectrum of GG are simple.

Proposition 1 Suppose A = {0,1} and let G € Garr(m) be a connected weighted

graph with masses m; = n'*), i = 1,....n. Then the roots of the characteristic
polynomial det(L — xM(m)) are simple.

Proof
Let p(z) = (—1)*det(L—aM) = a,a™+. ..+ ax*+ayx +ag. Since all roots A; = —w?

K3
of p are negative real numbers, we have

ap >0 fork=0,...,n. (7)

From (1) we get for k=0,...,n

ap = Z det(L[) H my (8)

|I|:k 7€l

where the sum is taken over all ordered subsets [ of {1,...,n} of cardinality k& and
where L; denotes the matrix obtained from L by deleting all rows and columns having
a number in I. Of course, since the sum of the rows in L is zero, ag = det(L) = 0.

Now, observe first that
| det(L;)] < n™* (9)

for |I| = k. This follows from the fact that every column of L; represents a vector of
length at most n. On the other hand for 1 < |I]| < n we have

1 < |det(L;)] (10)
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since the graphs under consideration are assumed to be connected which implies that
the matrices L are strongly diagonal dominated.

For simplicity we assume m; = n(® ) in the proceeding of the proof. The arguments

2)

in case m; = n(2) are similar but more terms have to be taken into consideration. In

order to obtain an estimate for the coefficients a; we proceed as follows: The largest

term in EIII i [1;erm; is obviously I'y := H] —nhp1 M- All other terms are smaller
or equal to v := m,_g H] kg2 T The quotient is f = m2_,. Since the total
number of terms in the sum is (Z) we obtain from (9), (10) and (8)
k(M) f[ <agl < (14 (M) ”—kﬁ (11)
—n m; < la n m; .
k mz_k , I k k mz_k , I
n j=n—k+1 n j=n—k+1
An elementary calculation shows that forn > 1and k=1,...,n
e [T 1 1
— < . 12
! <k> my_y, T on’ (12)

Inserting (12) in (11) yields

(1 - %) H m; < |ax| < (n” k %) H m; . (13)

7=n—k+1
Using (13) we obtain that for k =2,...,n —1
a; — 4ap_1appy > 0 (14)

provided that n > 3 (the case n = 2 is easily handled separately). Now the claim
follows from the criterion of Kurtz on distinct roots of polynomials (see [11]). 0

Combining Theorem 2 and Proposition 1 we obtain as a corollary

Theorem 3 There exist mass matrices My such that the following is true: Let G =
(A, M) and G = (A, M) be connected graphs over A = {0,1} such that M and M are
permutation similar to My. Then G and G are isomorphic if and only if the Laplacian
spectrum of G and G coincide as sets. A possible choice is m; = n?), where n is the
number of masses.

Proof
According to Proposition 1 the Laplacian spectrum of both graphs consists of sim-

ple eigenvalues. Hence, by Viéta’s Theorem, we conclude that det(L(G) — xM) =
pdet(L(G) — M) for some g # 0. On the other hand the coefficient of 2™ is



(—1)" [, ms in det(L(G) — M) and (—1)" [, in det(L(G) — @ M), which
for both cases is the same number since the mass matrices of G and G are permuta-
tion similar. Hence px = 1 and the assertion follows from Theorem 2.

O

Algorithmic remark: If one starts from the spectrum, the reconstruction algo-
rithm works as follows. First, compute the polynomial ydet(L(G) — aM) by Viéta’s
Theorem and normalize it such that the coefficient of & is (—1)" [/, m;. Then
find the valence matrix D using the coefficient of 2"~! as described in the proof of
Theorem 2. Finally use this to compute the adjacency matrix A from the coefficient
of 7%, (Notice that the proof of Lemma 1 can be used to determine recursively the

values of the §; from the value of the sum > " | 6;q;.)

Inspection of the proof of Theorem 3 shows that the set of masses m € R”, for which
reconstruction is possible, contains a large open set (all sequences m; which grow
“fast enough”). However, the set of masses for which reconstruction is possible has
also a part with a fine algebraic structure, as we will see in the next section. There,
we consider a general countable set A of possible values of elasticity constants and
impose algebraic conditions on the masses to show that for almost all mass matrices
the weighted adjacency matrix of a graph is determined by its Laplace spectrum.

3 p-independent reals

In order to simplify the formulas, we use a multi-index notation: For ¢ = (i1,...,1,) €
NG we write |i] := max(iy,...,7,) and for m = (my,...,m,) € R" we define mi =
HZ:I m;ck .

Let @) be a set of real numbers and p € Ny. We say that m € R” is p-independent
over () if the following implication holds:

Z gm'=0and ¢ € Q foralli e N2 |i| < p =
iENG, il <p

— ¢, =0foralli e N, 7| <p. (15)

Notice that the set {mq,...,m,} C R is algebraically independent over @) if and only
if m = (m,...,m,) € R"is p-independent over @) for every p € Ny. So, the notion
of p-independence is weaker than the notion of algebraic independence. For example,
V3 and V/5 are 2-independent but not algebraically independent over Q.

Lemma 3 If ) C R is countable and p € Ny, then the set {m € R" : m not p-
independent over Q} is a meager and Lebesgue measure zero set in R™.



Proof

For a fixed m = (my,...,m,_1) € R"7! let F,, be the set of all not identically
vanishing polynomials f(x) with coefficients in QU {my, ..., m,_1} of degree at most
p. Because the set Q U {my,...,m,_1} is countable and p is finite, the set

Nm):={eeR: feF, AN f(x) =0}

is countable. Hence, for every m € R™™! the set N(m) is a meager and Lebesgue
measure zero set in R and by the theorems of Kuratowski-Ulam and Fubini (see, e.g.,
[14] or [10]) we get that the set {m € R™: m not p-independent over J} is a meager
and Lebesgue measure zero set in R”. O

Remember that there exist meager sets which do not have Lebesgue measure zero
and vice versa. Moreover, one can cover the real line with a meager set and a set of
Lebesgue measure zero.

4 The Reconstruction Theorem

In this section let (' denote an arbitrary but fixed set of countably many real numbers.
Then A = Q[C], the smallest field containing C' and the rational numbers, is countable
as well. We show that if the set of masses m € R fulfills a suitable algebraic
condition with respect to the set A, then the adjacency matrix A(G) of a graph in
GaM(m) 1s determined by its Laplace spectrum {z € R : det(L(G) — xM(m)) = 0}.
In particular, we will see that the set of masses m € R’ for which reconstruction
is not possible is a meager and Lebesgue measure zero set in R”. Remember that
for m € RY}, M(m) = diag(m), and that G4 ar(m) is the set of all weighted graphs
G = (A, M(m)) with A= (A;;) and 0 < A;; € A.

Theorem 4 Let m € R% be 1-independent over Q[C], and let G = (A, M) and
G = (A, M) be graphs over A= Q[C] of ordern such that M and M are permutation

similar to M(m). Then G and G are isomorphic if and only if their characteristic
polynomials coincide, i.e., if det(L(G)—aM) = det(L(G) —aM).

Proof
It is easy to see that if G and (¥ are isomorphic, then their characteristic polynomials
coincide.

For the opposite implication we may assume that the vertex sets of G and G are al-

ready renumbered such that M = M = M(m). We recall that p(z) = (—1)" det(L(G)—
M) = aa" + ... 4+ a22? + a1 + ag with ag = 0 and with a,—; = > d; [[ m;.

i=1 j#i



If p(z) and p(x) coincide we have in particular S d; [[m; = 3. d; [ m;, hence
T R

> o(di — CZZ) [Im; = 0, and because m is 1-independent over A, we have d; = d; for
i=1 i

1 <1 < n. Thus, the valence matrix is determined by the coefficient a,,_;. Com-
paring the coefficient a,_, = Z(didj — A?j) [T mu of 2”72 and using again that

i< T ke N

m is l-independent over A and d; = d;, we obtain A;; = A;; > 0 and the proof is
complete. a

As in Section 2 in the case A = {0, 1}, it turns out that the roots of the polynomial
det(L(G) — M) are simple, provided the mass matrix is well chosen. In order to
prepare the proof, we need the following two lemmas.

Lemma 4 Suppose m = (my,...,m,) € R" is ng-independent over a subfield K of
the real numbers and let

pl(l’h .. '7xn) = ZQSI/‘Z’

=1

pa(y, . x,) = g CivipTiy Tiy

1§i1<i2§n

p3(Te,. . x,) = E Civigia Tiy Tiy Ty
1< <ia<ia<n

Po(T1, . Tn) = ClasnT1T2... Ty

be polynomials with coefficients c;;.;;, € K\ {0}. Then, (pr(my,...,mn), ..., po(m,
..ymy)) € R™ is g-independent over K.

Proof
Let F' be a polynomial in n variables with coefficients in A" and with maximal degree
less than or equal to g. The maximal degree of F' is defined by

max deg [ := max deg; Fay,. .. tay, ..., xy),
1<i<n

where deg; is the usual polynomial degree with respect to the variable t. We assume,
that F'is not the zero-polynomial. Now, let us consider the terms in the expression

X :=F(pi(ma,...omp)y. ooy pa(my,...,my))

after expanding all products but before eliminating terms which cancel. We order the

m-monomials in X according to the lexicographical order relation. E.g., m2mImi <
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m?mims. This ordering is compatible with multiplication of the monomials. A

lexicographically largest m-monomial in X appears while expanding a term

n bl bg
by b b b
pypy e p) = ( E Cﬂ'z’) ( E Ci1in T4y 51?2'2) el (0123...n51?151?2 .. flin) "

=1 lsil <19 <n
(where all exponents b; < ¢) and is, apparently, the monomial

bit..4bn  bot+..4bn b
my My coem)

(and all exponents here are less than or equal to ng). By inspection of this last expres-
sion it is clear that the exponent (by,...,b,) is determined by the lexicographically
largest m-monomial in X which therefore cannot cancel with any other (largest) m-
monomial in X. Now we assume by contradiction that F(pl(ml, cey M)y pa(my,
,mn)> = (. Since all appearing m-monomials have maximal degree less than or
equal to ng, it follows that all coefficients of the m-monomials must vanish (because
(mq,...,my) is assumed to be ng-independent over K'). This contradicts the fact that
the coefficient of the lexicographically largest m-monomial does not vanish. O

Lemma 5 If p is a polynomial of degree n > 2 such that the set of its coefficients
is (n? — 2n + 2)-independent over a subfield K of the real numbers, then p has only
simple roots.

Proof

The polynomial p has a multiple root if and only if the greatest common divisor
of p and its derivative p’ is non-trivial, i.e., if it is a polynomial of degree strictly
larger than zero. The greatest common divisor of two polynomials can be determined
by the Euclidean algorithm. Performing the Euclidean algorithm with p and p" and
computing the polynomial reminders in each step, it is easy to see that the conditions
that p has a multiple root are polynomial equations in the coefficients of p of degree
less than or equal to n? —2n 42 and with integer coefficients. Since the coefficients of
p are supposed to be (n? —2n + 2)-independent over K O @, the claim follows. a

Theorem 5 Let m € R be n(n®—2n+2)-independent over Q[C] and let G = (A, M)
be a connected graph over A = Q[C] of order n. Then det(L(G) — xM(m)) has only

simple roots.

Proof
Let p(z) = au2" + a,—12" ' + ...+ a;2' be as in the proof of Theorem 4. Recall that

ap = Z det(L[) H my

|I|=k jeI
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and that det(L;) € A\ {0}, since the graph under consideration is supposed to be
connected. Thus, by Lemma 4, we get that (ay,...,a,) is (n? — 2n + 2)-independent
over A and the claim follows from Lemma 5. O

Combining Theorem 4 and Theorem 5 we obtain

Theorem 6 Let C' C R be countable and A = Q[C]. Let m € R be n(n®* —2n +2)-
independent over A, and let G = (A, M) and G = (A, M) be graphs over A of ordern
such that M and M are permutation similar to M(m). Then G and G are isomorphic
if and only if their Laplace spectra agree, provided that at least one of the graphs G
and G is connected. In particular, the set of masses m € R% for which reconstruction
is not possible is meager and has Lebesgue measure zero.

Proof

Let N C R™ be the set of all m € R™ which are not n(n2 — 2n + 2)-independent over
Q[C]. Then by Lemma 3 we have that N is meager and has Lebesgue measure zero.
We may assume without loss of generality that ¢ is connected. By Theorem 5 we
have that the roots of det(L(G) — xM(m)) are all simple. Hence, since the spectra
of G and (7 agree, the roots of det(L(G) — xM(m)) must be simple as well, and the
characteristic polynomials of both graphs coincide. Thus, by Theorem 4, the graphs
are isomorphic. a

Acknowledgment: We thank the referees for their constructive remarks on the first
version of this paper, and we especially thank Walter Gubler for providing the elegant
proof of Lemma 4.
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