
SISS: Organizational meeting and introduction

The topic of this seminar is classical integrable systems. We’ll say more about what that
means in a minute, but it’s a very broad subject that encompasses lots of interesting algebraic
geometry and representation theory. So it’s perhaps unsurprising that there were students
from (at least) two different backgrounds interested in learning about classical integrable
systems, and our hope in organizing this seminar is that each camp will be able to learn
something from the other.

The first part of the seminar will focus on Hitchin systems, and will be closer to the
algebraic geometers’ territory. We then want to read a set of lecture notes by Semenov-
Tian-Shansky which takes a more representation-theoretic approach to the construction of
classical integrable systems.

This semester Kolya is also running a Math 275 course on quantum integrable systems.
Later in the seminar, we’ll discuss the relation between classical integrable systems and their
quantum counterparts, so hopefully this will be a useful complement to his class.

Now let’s actually say something about the objects we will be studying in the semi-
nar. A classical integrable system is, first of all, a classical Hamiltonian dynamical system.
Mathematically, such a system consists of a symplectic manifold (M2n, ω), and a function
H ∈ C∞(M2n) called the Hamiltonian of the system. The importance of the symplectic form
is the following. Firstly, it allows us to associate to any function H ∈ C∞(M2n) a vector
field vH = ω−1(dH) called the Hamiltonian vector field of H, and this vector field defines a
dynamical system on M2n. The time evolution of an observable f ∈ C∞(M) is described by
the differential equation

df

dt
= vH(f)

Another thing the symplectic form does is to equip C∞(M) with the structure of a Poisson
algebra. A Poisson algebra structure on a commutative ring R is a Poisson bracket {·, ·} :
R ∧ R → R such that (R, {·, ·}) forms a Lie algebra, and in addition, the bracket is a
derivation of R: for f, g, h ∈ R, we have {f, gh} = g{f, h} + {f, g}h. If f, g ∈ C∞(M2n),
their Poisson bracket is {f, g} = ω(vf , vg). The Jacobi identity for this Poisson bracket
follows from dω = 0. If {f, g} = 0, we say f and g Poisson commute. Geometrically, this
implies that the the flows of the corresponding Hamiltonian vector fields vf , vg commute.

In terms of the Poisson bracket, the evolution equation of an observable becomes

df

dt
= {H, f}
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So if a function f Poisson commutes with the Hamiltonian H, f is a conserved quantity of
the dynamical system defined by H.

The Hamiltonian system on M2n defined by H is integrable if there exist n independent
Poisson commuting functions H1 = H,H2, . . . , Hn ∈ C∞(M): that is, {Hi, Hj} = 0, and
dH1 ∧ · · · ∧ dHn 6= 0.

What is so special about integrable systems? From the point of view of mechanics, since
the Hamiltonian vector fields of Poisson commuting functions span an isotropic subspace
of TM2n, integrable systems have the maximum possible number of independent, mutually
Poisson commuting conserved quantities. From a geometric point of view, the significance
of integrability is the following. Suppose the map H : M2n → Rn is proper. Then the level
sets Mc = H−1(c) are compact submanifolds of M that are preserved under the Hamiltonian
flows of the Hi. Integrating these flows gives a transitive action of the abelian group Rn on
Mc. The stabilizer of a point m ∈ Mc is a lattice Λ = Z{λ1, . . . , λn} in Rn, which must be
of full rank since Mc is compact. The conclusion is that the level sets Mc are diffeomorphic
to tori, so the Hamiltonians define a Lagrangian torus fibration Moreover, the basis Λ gives
us ‘angle coordinates’ ϕi on this torus such that the system’s flow is linear:

dϕi

dt
= αi

for some constants αi.

This picture is nice but not so explicit: construction of the angle coordinates required
integration of the vector fields vHi

. The integrable systems we will consider in this seminar
will have some extra algebraic structure. Namely, the Lagrangian tori Mc will be identified
with certain abelian varieties. In many cases, these abelian varieties will be Jacobians of
certain algebraic curves called the spectral curve. Then we can use the geometry of this curve
to explicitly construct the linearizing coordinates φi and “solve” the system.

The first class of integrable systems we’ll consider are the Hitchin systems and their
variations. The phase space for these systems is the cotangent bundle to the moduli space
of stable G-bundles on a Riemann surface Σ. So even their construction involves some
interesting algebraic geometry. To give a flavor of some of the application of these systems,
in his original paper, Hitchin uses his construction to compute sheaf cohomology groups of
these moduli spaces.
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