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Abstract

We study two approaches to classical integrable systems. The first considers such sys-
tems within the framework of Hamiltonian mechanics. We explain how results from
symplectic and Poisson geometry can be used to obtain insight into the dynamics of Li-
ouville integrable models. The second approach we discuss applies to systems of ordinary
differential equations that can be written as Lax equations with a spectral parameter.
Such equations have no a priori Hamiltonian content. Through the Adler-Kostant-
Symes (AKS) construction, however, we can produce Hamiltonian systems on coadjoint
orbits in the dual space to a Lie algebra whose equations of motion take the Lax form.
We outline an algebraic-geometric interpretation of the flows of these systems, which are
shown to describe linear motion on a complex torus.
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Chapter 0

Introduction

This thesis is devoted to topological and geometric aspects of the theory of classical in-
tegrable systems. As such, it is surely natural to begin by explaining the meaning of the
term ‘integrable system’. It turns out that this is not an entirely straightforward task:
indeed, as Hitchin points out in [18], it is one to which entire books1 have been devoted.
Consequently, we merely aim to sketch a few of the various concepts of integrability, and
outline some of their common features.

Historically, the definition of an integrable system can be traced back to the work of
Liouville on Hamiltonian mechanics. In order to understand the definition of a Liouville
integrable system, it is necessary to develop Hamiltonian mechanics on symplectic and
Poisson manifolds. Chapter 1 consists of a brief overview of these ideas. Before launch-
ing into details, however, it is perhaps useful to recall some of the physical motivations
behind the theory.

Consider a particle in n-dimensional Euclidean space Rn, with position coordinates
(q1, . . . , qn). The set of all possible positions and momenta of the particle is the phase
space R2n. If we write pi for the component of the particle’s momentum in the ith direc-
tion, a point in phase space can be described by the coordinates (q1, . . . , qn, p1, . . . , pn).
A Hamiltonian H : R2n → R is simply a smooth real-valued function on phase space.
The dynamical system defined by the system of ordinary differential equations

dqi
dt

=
∂H

∂pi

dpi
dt

= −∂H
∂qi

(0.1)

is called the Hamiltonian dynamical system described by H, and the equations of
motion (0.1) are known as Hamilton’s equations.

Example 0.1 The 1-dimensional simple harmonic oscillator is an example
of a Hamiltonian dynamical system. The phase space is R2 with coordinates
(q, p), and the system’s Hamiltonian is

H =
1
2
(
p2 + q2

)
The Hamiltonian dynamical system defined by H is the system of differential
equations

dq

dt
= p

dp

dt
= −q

1For instance, [33]
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which is equivalent to the well known harmonic oscillator equation of motion

d2q

dt2
+ q = 0

Roughly speaking, a Liouville integrable system on a phase space M = R2n is one
which possesses n functionally independent conserved quantities: that is, n functions
defined on the system’s phase space whose level sets are preserved by the flow of the
system. The Liouville-Arnold theorem states that under mild hypotheses, the com-
mon level set of these conserved quantities is diffeomorphic to an n-dimensional torus
Tn ={(ϕ1, . . . , ϕn) mod 2π}. Additionally, the system’s time evolution is linear on this
torus, so that the angular coordinates ϕi satisfy

dϕi
dt

= ωi

for some constants ωi ∈ R.

Example 0.2 The harmonic oscillator of Example 0.1 is a Liouville inte-
grable Hamiltonian system: the Hamiltonian itself2 provides the only necce-
sary conserved quantity. Introduce polar coordinates (r, θ) on phase space
defined by

q = r sin θ, p = r cos θ

In these coordinates, Hamilton’s equations become

dr

dt
= 0,

dθ

dt
= 1

Fixing a level set H(q, p) = E, we see that the phase space is fibered into the
circles (i.e. 1-dimensional tori) r =

√
2E, and the system’s time evolution is

linear in the angular coordinate θ on these tori.

In Chapter 3, we study Hamiltonian systems defined on coadjoint orbits in the dual
space to a Lie algebra. These coadjoint orbits turn out to be natural examples of sym-
plectic manifolds. We outline a method, known as the Adler-Kostant-Symes (AKS)
construction, which allows us to systematically construct Liouville-integrable Hamilto-
nian systems on coadjoint orbits. The equations of motion obtained via the AKS scheme
take the form

dA

dt
= [A,B] (0.2)

where A and B are square matrices and [·, ·] denotes the matrix commutator. Equations
of this form are known as Lax equations, and have been studied independently of
the Hamiltonian formulation we have described3. Indeed, they form another possible
definition of integrability: as system of ordinary differential equations is Lax integrable
if it can be cast in the Lax form (0.2).

2Indeed, in Chapter 1, we shall we that the Hamiltonian function of any Hamiltonian system is a
conserved quantity

3See [7], [31]
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Figure 1: The foliation of the harmonic oscillator’s phase space by Liouville tori

Example 0.3 The equations of motion for the simple harmonic oscillator
can be written in Lax form. If we form the matrices

A =
(
p q
q −p

)
B =

(
0 − 1

2
1
2 0

)
we see that the Lax equation (0.2) is equivalent to Hamilton’s equations
(0.1).

We should warn that this example is deceptively simple: in general, we allow the entries
of the matrix B to be functions of the entries of A. Thus, Lax equations are a priori
nonlinear.

As in the case of a Liouville integrable system, given any system of ordinary differ-
ential equations in Lax form we obtain a natural ring of functions invariant under time
evolution.

Proposition 0.4 Let A(z; t) be the solution to the Lax equation (0.2).
Then the functions

Fp(A) = tr (Ap)

are conserved quantities.
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Proof. Using the differential equation (0.2) and the fact the trace is cyclic4, we can
directly compute

d

dt
tr (Ap) = ptr

(
[A,B]Ap−1

)
= ptr

(
ABAp−1 −BAp

)
= ptr (BAp −BAp) = 0

If λ1, . . . , λr are the eigenvalues of A, then we recognise Fp(A) =
∑p
i=1 λ

r
i as the p-th

power symmetric function5 in the λi. Since the power symmetric functions form a basis
for the ring of symmetric functions in the λi, we see that any symmetric function in the
eigenvalues of the matrix A is necessarily a conserved quantity of the system.

We can consider a generalization of the Lax equation (0.2) by replacing the matrices
A and B by matrix polynomials A(z), B(z) in a spectral parameter z ∈ C. A matrix
polynomial A(z) is simply an expression of the form

A(z) = Adz
d +Ad−1z

d−1 + . . .+A0

where the Ai are square matrices. It is important to note that the spectral parameter
z is simply a formal placeholder which we use to write the system of equations. In
particular, z is not regarded as a function of time. By demanding that the equation

dA(z; t)
dt

= [A(z; t), B(z; t)] (0.3)

holds in the coefficient of each power of z, we obtain a system of matrix ordinary differ-
ential equations.

Example 0.5 Consider the following system6 of differential equations in
the three unknown functions u1(t), u2(t), u3(t):

u̇1 = 2u2u3

u̇2 = 2u3u1

u̇3 = 2u1u2

One checks that we can express these alternatively as the Lax equation
dA(z;t)
dt = [A(z; t), B(z; t)], where

A(z) =
(

iu1 −u2

−u2 −iu1

)
+
(

0 −2u3

2u3 0

)
z +

(
−iu1 −u2

−u2 +iu1

)
z2

B(z) =
(

0 2iu3

−2iu3 0

)
+
(
−u1 iu2

iu2 +u1

)
z

4That is, tr(AB) = tr(BA)
5See [23]
6This corresponds to a scaled version of the equations of motion for the Euler top, a well-known

Liouville integrable system. See section 2.2.
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The introduction of the spectral parameter z allows us to give Lax equations an
attractive geometric interpretation, which we outline in Chapter 5. The fundamental
observation in this geometric approach is that the zero set of the characteristic polyno-
mial

det (A(z)− w1) = 0

defines an affine plane curve, which we can complete to obtain a compact Riemann
surface C called the spectral curve of A(z). The coefficients of the characteristic
polynomial of A(z) can be expressed as linear combinations of the traces of suitable
powers of A(z) and are thus conserved quantities of the system (0.3). Hence the spectral
curve of A(z; t) is invariant under time evolution. Next, given a matrix polynomial A(z)
with spectral curve C, one defines a holomorphic line bundle associated to A(z) as a
subbundle of C ×Cm, whose fibre over a generic point (z, w) can be identified with the
eigenspace Ez,w of A(z) corresponding to an eigenvalue w. The space of isomorphism
classes of holomorphic line bundles (of a fixed degree) over C is called the Jacobian
of C and has the structure of complex torus. We conclude by relating this algebraic-
geometric picture to the Hamiltonian formalism of the AKS scheme: we will show that
if A(z) satisfies a Lax equation of the AKS form, then the image of A(z) in this complex
torus evolves linearly in time.
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Chapter 1

Hamiltonian Mechanics

This chapter provides an introduction to Hamiltonian mechanics, which provides a nat-
ural framework to define and study classical integrable systems. Hamiltonian mechanics
is a beautiful subject, with a long history and an extensive literature. As such, the
treatment here is not intended to be exhaustive. An excellent starting point for further
details on classical mechanics is [4], which gives a very clear and self-contained exposition
of the fundamentals of symplectic geometry, emphasising the connections with physics.
The lecture notes [10] are also extremely useful, and have the benefit of including a large
number of interesting exercises. For technical details on Poisson manifolds, as well as a
treatment of mechanics on infinite dimensional manifolds, see [24].

1.1 Symplectic Geometry

At the heart of the mathematical description of Hamiltonian mechanics is the notion of
a symplectic manifold, which generalizes the concept of a phase space of a mechanical
system. We shall outline the fundamentals of symplectic geometry, emphasising features
of particular relevance to mechanics.

We begin by describing the concept of a symplectic vector space. Let V be a real
vector space. Recall that a bilinear form on V is a map ω : V × V → R satisfying

ω(au+ bv, w) = aω(u,w) + bω(v, w) for all u, v, w ∈ V, a, b ∈ R

ω(u, av + bw) = aω(u, v) + bω(u,w) for all u, v, w ∈ V, a, b ∈ R

A bilinear form ω is skew-symmetric if for all u, v ∈ V , ω(u, v) = −ω(v, u). We
denote the set of all skew-symmetric bilinear forms on V by

∧2
V ∗. A bilinear form

ω : V ×V → R is said to be non-degenerate if ω(u, v) = 0 for all v ∈ V implies u = 0.

Definition 1.1 (Symplectic vector space) A symplectic vector space is
a pair (V, ω), where ω is a non-degenerate, skew-symmetric bilinear form on
V .

Example 1.2 Consider the vector space R2n = Span{e1, . . . , en, f1, . . . , fn}
equipped with the non-degenerate, skew-symmetric bilinear form ω defined
by

ω(ei, ej) = 0 ω(fi, fj) = 0 ω(ei, fj) = δij
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Then (R2n, ω) is a symplectic vector space.

Indeed, this example really is the only example of a symplectic vector space:

Proposition 1.3 (Symplectic basis) Let V be a real vector space, and let
ω be a non-degenerate, skew-symmetric bilinear form on V . Then there is a
basis {e1, . . . , en, f1,. . . , fn} for V such that

ω(ei, fj) = δij , ω(ei, ej) = 0 = ω(fi, fj) (1.1)

Proof. The proof is essentially a skew-symmetric version of the Gram-Schmidt orthog-
onalisation procedure. We begin by choosing a non-zero vector e1 ∈ V . By the non-
degeneracy of ω, there exists f1 such that ω(e1, f1) 6= 0. Rescaling if necessary, we may
assume that ω(e1, f1) = 1. Now define the subspaces V1, V

ω
1 of V by

V1 = span {e1, f1}

V ω1 = {v ∈ V : ω(v, w) = 0 for all w ∈ V1}
Observe that V = V1 + V ω1 . Indeed, if v ∈ V , set a = ω(v, e1) and b = ω(v, f1). Then
v + af1 − be1 ∈ V ω1 , be1 − af1 ∈ V1, and

v = (v + af1 − be1) + (be1 − af1)

Moreover, V1 ∩ V ω1 = {0}, since if v = ce1 + df2 ∈ V1 ∩ V ω1 , then ω(v, e1) = 0 implies
b = 0, while ω(v, f1) = 0 implies a = 0. Thus V = V1 ⊕ V ω1 . Now if V ω1 = {0} then
the proof is complete. If not, we observe that the restriction of ω to V ω1 is again non-
degenerate. Thus we may apply the argument above to the vector space V ω1 to obtain
V ω1 = V2 ⊕ V ω2 . Repeating, we obtain a decomposition of V as

V = V1 ⊕ V2 ⊕ . . .⊕ Vn

where dimV = 2n. If Wi = span{ei, fi}, then {e1, . . . , en, f1, . . . fn} is a basis for V
such that ω(ei, fj) = δij , ω(ei, ej) = 0 = ω(fi, fj).

A basis of the form (1.1) is often referred to as a symplectic (or canonical) basis. Note
that Proposition 1.3 also leads us to the following observation:

Corollary 1.4 Any symplectic vector space is even dimensional

Our next goal is to investigate the subspaces of a symplectic vector space.

Definition 1.5 (Subspaces of symplectic vector spaces) Let (V, ω) be
a symplectic vector space and let F ⊂ V be a vector subspace. The symplectic
orthogonal complement of F , denoted Fω, is the subspace

Fω := {v ∈ V : ω(v, f) = 0 for all f ∈ F}

A subspace F is said to be isotropic if it is contained in its symplectic or-
thogonal complement, i.e. F ⊂ Fω.

Given a subspace F ⊂ V , let F ∗ denote the dual space of linear functionals on F .
By the non-degeneracy of the form ω, the map

φω : V → F ∗, v 7→ ω(v,−)
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is surjective and has kernel Fω. Hence, we find that

dimF + dimFω = dimV

Thus, if V is a 2n-dimensional symplectic vector space and F is an isotropic subspace,
then dimF ≤ n.

Definition 1.6 (Lagrangian subspace) Let (V, ω) be a 2n-dimensional
symplectic vector space. A subspace F ⊂ V is Lagrangian if it is isotropic
and of maximal dimension n.

The prototypical example of a Lagrangian subspace is the space spanned by the
vectors {e1, . . . en} in a symplectic basis for a 2n dimensional symplectic vector space.
We now describe an appropriate notion of isomorphism for symplectic vector spaces:

Definition 1.7 (Linear symplectomorphism) Let (V, ω) be a symplectic
vector space. A linear symplectomorphism of V is a vector space isomorphism
g : V → V such that for all u, v ∈ V

ω(g(u), g(v)) = ω(u, v)

Under the operation of composition, the symplectomorphisms of (V, ω) form a group.
In order to describe this group, let us choose a symplectic basis {e1, . . . , en, f1, . . . , fn}
for V . Then with respect to this basis, the form ω is represented by the matrix

J =
(

0 1n
−1n 0

)
where 1n is the n×n identity matrix. Then the group of symplectomorphisms of (V, ω)
is the subgroup of GL(2n,R) consisting of 2n× 2n matrices g such that

gTJg = J (1.2)

This is precisely the definition of the classical Lie group Sp(2n,R). Differentiating the
relation (1.2) at the identity, we observe that the Lie algebra of Sp(2n,R) consists of
2n× 2n matrices X satisfying

JX +XTJ = 0

We now aim to generalize the definition of a symplectic vector space and decide
what it might mean for a differentiable manifold to be ‘symplectic’. The basic idea is
the following: if M is a differentiable manifold and ω is a smooth differential 2-form
on M , then at each point x the tangent space TxM is equipped with a skew-symmetric
bilinear form ωx. In the spirit of the definition of a symplectic vector space, we will
demand that each form ωx ∈

∧2
T ∗xM be non-degenerate. As we have already seen, this

requirement forces the manifold M to be even dimensional.

Definition 1.8 (Non-degenerate differential form) A differential 2-
form ω on a 2n-dimensional smooth manifold M is non-degenerate if at each
point x ∈M , ωx ∈

∧2
T ∗xM is a nondegenerate form on the tangent space to

M at x.

Finally, we will also require that our differential 2-form be closed, i.e. dω = 0, where
d denotes the exterior derivative. We summarise these considerations in the following
definition:

10



Definition 1.9 (Symplectic manifold) A symplectic form on a 2n-
dimensional manifold M is a closed, non-degenerate differential 2-form on
M . A symplectic manifold is a pair (M,ω) where M is a smooth manifold
and ω is a symplectic form

Remark: Note that the non-degeneracy of a 2-form ω on M is equivalent to the state-
ment that for all x ∈M ,

∧nωx 6= 0 ∈
2n∧
T ∗xM

∼= R

(i.e. the matrix representing ω has non-zero determinant). Hence if ω is non-
degenerate, then the 2n-form ∧nω is a nowhere-vanishing form of top degree, or
in other words, a volume form on M . In particular, we see that any manifold
admitting a non-degenerate differential 2-form must be orientable.

In many of the symplectic manifolds arising from Hamiltonian mechanics, the sym-
plectic form ω is actually exact: there exists a one form α such that ω = dα. If a
symplectic manifold is closed, however, the situation is necessarily different:

Proposition 1.10 If (M,ω) is a closed 2n-dimensional symplectic mani-
fold, then ω is not exact.

Proof. Suppose for a contradiction that there exists a 1-form α on M such that ω = dα.
By the non-degeneracy of ω, its top exterior power ω∧n is a volume form on M . Now
since ω is closed, we see that this volume form is also exact:

ω∧n = d(α ∧ ω∧n−1)

But by Stokes’ theorem, the fact ∂M = 0 implies

vol(M) =
∫
M

ω∧n =
∫
M

d(α ∧ ω∧n−1)

=
∫
∂M

α ∧ ω∧n−1 = 0

which is a contradiction. Hence ω cannot be exact.

Note that this implies that S2n cannot be a symplectic manifold if n > 1: for n > 1
the second de Rham cohomology of S2n is trivial, so every closed 2-form must be exact.

Example 1.11 Consider the vector space R2n with basis {e1, . . . , en, f1, . . . , fn},
and let {p1, . . . , pn, q1, . . . , qn} ∈ C∞(V ) be the dual basis of linear coordi-
nate functions on V . Then the 2-form

ω = dq ∧ dp :=
n∑
i=1

dqi ∧ dpi

is a symplectic form on V . In this case the symplectic form ω is not only
closed, but exact: we have

ω = −d

(
n∑
i=1

pidqi

)
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Example 1.12 Any 2-dimensional orientable smooth manifold is a symplec-
tic manifold, since any volume form is symplectic: it must be closed since it
is of top degree. For instance, the 2-sphere S2 and the 2-torus T 2 both admit
the structure of a symplectic manifold. In view of the Proposition 1.10, their
symplectic forms cannot be exact.

The next example is of fundamental importance in Hamiltonian mechanics:

Example 1.13 (Cotangent bundles) Let X be a smooth manifold and
let T ∗X be its cotangent bundle, with the bundle projection map

π : T ∗X → X

The tautological 1-form α on the manifold T ∗X is defined by

α(x,φ)(v) = (π∗φ)(x,φ)(v)

where x ∈ X and φ ∈ T ∗xX, so that (x, φ) is a point of the cotangent bun-
dle T ∗X, and v ∈ T(x,φ)(T ∗X) is a tangent vector to T ∗X at (x, φ). It
is important to remember that α is a 1-form on the manifold T ∗X, not
X. We can then define a 2-form ω on T ∗X by ω = −dα. In order to
understand these definitions, it is instructive to consider the expression for
α in local coordinates. Let {U, (q1, . . . , qn)} be a coordinate chart on X,
and let {T ∗U, (q1, . . . , qn, p1, . . . , pn)} be the corresponding cotangent coor-
dinate chart: that is, the point (q1, . . . , qn, p1, . . . , pn) corresponds to the
point

∑n
i=1 pi (dqi)q of the cotangent bundle. Expressing α in these local

coordinates, we find

α =
n∑
i=1

pidqi

and hence

ω =
n∑
i=1

dqi ∧ dpi

In particular, it is evident from this formula that the form ω is non-degenerate.
Since ω is exact, it is certainly closed, and thus ω defines a symplectic form
on T ∗X. The form ω is often referred to as the canonical symplectic
form on the cotangent bundle. Observe that the symplectic structure on
the vector space R2n = Rn ×Rn considered in Example 1.11 corresponds to
the special case X = Rn.

Next, we investigate some properties of smooth maps between symplectic manifolds:

Definition 1.14 (Symplectomorphism) Let (M1, ω1) and (M2, ω2) be
symplectic manifolds. A diffeomorphism φ : M1 → M2 is a symplectomor-
phism if φ∗ω2 = ω1, i.e. for all p ∈M1 and X,Y ∈ TpM1,

ω2(dφ(X), dφ(Y )) = ω1(X,Y )

where dφ : TM1 → TM2 is the derivative of φ.

We can also generalize the notions of isotropic and Lagrangian subspaces of symplec-
tic vector spaces to the setting of symplectic manifolds:

12



Definition 1.15 (Lagrangian submanifold) Let (M,ω) be a symplectic
manifold of dimension 2n, and let i : X ↪→ M be a submanifold of M . If
i∗ω = 0, then X is said to be an isotropic submanifold of M . If dimX = n,
then X is a Lagrangian submanifold of M .

Example 1.16 Let X be an n-dimensional manifold, and let M = T ∗X be
its cotangent bundle equipped with the canonical symplectic form. At each
point x ∈ X, the cotangent space T ∗xX is an n-dimensional submanifold of
M . If (q1, . . . , qn, p1, . . . , pn) is a set of cotangent coordinates on M centered
at x, then

T ∗xX = {m ∈M : q1(m) = q2(m) = · · · = qn(m) = 0}

Thus the tangent spaces to T ∗xX are spanned by the tangent vectors
{

∂
∂pi

}n
i=1

.
If i : T ∗xX ↪→M is inclusion,

(i∗ω)
(
∂

∂pi
,
∂

∂pj

)
=

n∑
k=1

dqk ∧ dpk
(
∂

∂pi
,
∂

∂pj

)
= 0

and we conclude that T ∗xX is isotropic. Since dimX = n, T ∗xX is in fact a
Lagrangian submanifold of M .

Recall the very simple classification of symplectic vector spaces given in Proposition
1.3: any two symplectic vector spaces of the same dimension are symplectomorphic.
Needless to say, such a simple statement cannot hold for symplectic manifolds: obstruc-
tions are given by global topological properties such as compactness and contractibility.
It is a remarkable fact, however, that all symplectic manifolds are locally isomorphic
to the ‘standard’ symplectic manifold (R2n, ω) described in Example 1.11. This fact is
known as Darboux’s theorem. The proof we present here is due to Moser (see [11]).

Theorem 1.17 (Moser’s Trick) Let M be a smooth manifold and let
ω0, ω1 be two symplectic forms on M that are equal at the point m ∈ M .
Then there exist neighbourhoods U0, U1 of m in M and a diffeomorphism
ψ : U0 → U1 such that ψ(m) = m and ψ∗ω1 = ω0.

Proof. The proof relies on an argument known as Moser’s trick. For t ∈ [0, 1], consider
the 2-form given by

ωt = ω0 + t(ω1 − ω0)

Since ω1 and ω0 are both closed, so is ωt. Observe that since ω0 and ω1 agree at m, the
form ωt also agrees with both of these at m. In particular, ωt is non-degenerate at m.
Since non-degeneracy is an open condition1, there exists some open neighbourhood of m
on which ωt is non-degenerate. Since the closed interval [0, 1], is compact, we can find an
open neighbourhood of m on which all the ωt are non-degenerate and thus symplectic.
Now since the form ω0−ω1 is closed, by the Poincare lemma there exists a 1-form α such
that on a sufficiently small open neighbourhood of m, we have dα = ω0 − ω1. Notice
that by modifying α to α− df , where f is a function defined on a neighbourhood of m
such that (df)m = αm, we may assume that αm = 0.

1In local coordinates it corresponds to a determinant being non-zero
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The next step in the argument is the ‘trick’ due to Moser: by the non-degeneracy of
ωt, the equation

iXtωt = α

can be uniquely solved at each t ∈ [0, 1], yielding a time-dependent vector field Xt which
vanishes at m for all t since αm = 0. This implies that the flow ϕt of Xt fixes m. Thus,
if U0 is a neighbourhood of m on which the flow ϕt is defined, V = ϕt(U0) also contains
m. Let us now consider the Lie derivative of the form ωt in the direction of the vector
field Xt. By Cartan’s magic formula and the fact that ωt is closed, we find

LXtωt = diXtωt + iXtdωt = dα = ω0 − ω1

With this in mind, we can compute

d

dt
[ϕ∗tωt] = ϕ∗t

[
dωt
dt

+ LXtωt
]

= ϕ∗t [ω1 − ω0 + ω0 − ω1] = 0

and conclude that the form ϕ∗tωt is time-independent, so that ϕ∗tωt = ω0 for all t. Thus,
taking U1 = ϕ1(U0) and ψ = ϕ1 yields the result.

Corollary 1.18 (Darboux’s Theorem) Let (M,ω) be a symplectic man-
ifold and let m be a point of M . Then there exists a coordinate chart
U = (q1, . . . , qn . . . p1 . . . , pn) centered at m such that

ω|U =
n∑
i=1

dqi ∧ dpi

Proof. Let {U, (x1, . . . , xn, y1 . . . , yn)} be a coordinate chart containing m. By our clas-
sification of symplectic vector spaces, we may assume that our coordinates are chosen
so that

ωm =
n∑
i=1

(dxi)m ∧ (dyi)m

Now consider the following two symplectic forms defined on U : the form ω0 = ω, and
the constant form ω1 = ωm. Since these forms agree at m, Theorem 1.17 implies that
there exists a smooth map ψ between neighbourhoods of m such that ψ∗ω1 = ω0. Now
by the naturality of the exterior derivative,

ω0 = ψ∗ω1 =
n∑
i=1

d(xi ◦ φ) ∧ d(yi ◦ φ)

and thus taking new coordinate functions qi = xi ◦φ, pi = yi ◦φ we obtain the result.

The link between symplectic manifolds and Hamiltonian dynamical systems is the
concept of a Hamiltonian vector field. Let (M,ω) is a symplectic manifold and let
H : M → R be a smooth function on M . By the non-degeneracy of ω, the map

i : Vect(M)→ Ω1(M)

X 7→ iXω
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is a bijection: given a vector field X on M , there exists a unique 1-form α such that

α = ω(X, ·)

This allows us to make the following definition:

Definition 1.19 (Hamiltonian vector field) Let (M,ω) be a symplectic
manifold, and let H : M → R be a smooth function on M . The Hamiltonian
vector field of H, denoted XH , is the unique vector field on M satisfying

iXHω = dH

Given a smooth function H on a symplectic manifold (M,ω), a Hamiltonian vector
field allows us to construct a dynamical system. We say that the Hamiltonian system
on M with Hamiltonian function H is the smooth dynamical system defined by the flow
ϕt of the Hamiltonian vector field XH . The equation of motion

d

dt
ϕt(x) = XH(x)

is known as Hamilton’s equation. By the basic existence, uniqueness and smoothness
results from the theory of ordinary differential equations, the flow of a vector field is
locally a diffeomorphism. If the manifold M is not compact, however, it is important
to realise that the flow of a vector field may not exist for all time. We shall always
assume that we have restricted to a sufficiently small time interval so that the flow of a
particular vector field does indeed exist.

Example 1.20 Let H : R2n → R be a smooth function on the symplectic
manifold R2n = {q1, . . . , qn, p1 . . . , pn} equipped with the canonical symplec-
tic form ω =

∑n
i=1 dqi ∧ dpi. Then the Hamiltonian vector field XH of H is

given by

XH(q1, . . . , qn, p1, . . . , pn) =
(
∂H

∂p1
, . . . ,

∂H

∂pn
,−∂H

∂q1
, . . . ,−∂H

∂qn

)
Hence the equations of motion for the Hamiltonian system defined on R2n

by H take the familiar form

dqi
dt

=
∂H

∂pi
,
dpi
dt

= −∂H
∂qi

We now establish some basic properties of Hamiltonian vector fields and Hamiltonian
dynamical systems.

Proposition 1.21 (Conservation of energy) The Hamiltonian function
H is constant on a level curve of the Hamiltonian vector field XH .

Proof. Let c(t) be an integral curve of XH , so that c′(t) = XH(c(t)). Then by definition
of XH and the skew-symmetry of the symplectic form ω, we have

dH(c′(t)) = ω (XH(c(t)), c′(t)) = ω (XH(c(t)), XH(c(t))) = 0

which proves the proposition.
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We shall say that the flow ϕt of a vector field X consists of symplectomorphisms if
ϕ∗tω = ω for all t such that ϕt is defined.

Definition 1.22 (Locally Hamiltonian vector field) A vector field X
on a symplectic manifold (M,ω) is locally Hamiltonian if the 1-form iXω is
closed.

The reason for this terminology is the following: if X is locally Hamiltonian, by the
Poincare lemma there exists in the neighbourhood of any point a locally defined function
H such that iXω = dH.

Proposition 1.23 (Hamiltonian flows consist of symplectomor-
phisms) The flow of a vector field X consists of symplectomorphisms if
and only if X is locally Hamiltonian.

Proof. The flow of X consists of symplectomorphisms if and only if d
dt (ϕ∗tω) = 0. The

condition that X is locally Hamiltonian is equivalent to LXω = 0, since by Cartan’s
magic formula and the fact that ω is closed,

LX(ω) = iXdω + diXω = diXω

But then since
d

dt
(ϕ∗tω) = ϕ∗tLXHω

the result follows.

We can give a characterisation of symplectomorphism based on Hamiltonian vector
fields as follows:

Proposition 1.24 Let (M1, ω1), (M2, ω2) be symplectic manifolds, and let
φ : M1 → M2 be a diffeomorphism. Then φ is a symplectomorphism if and
only if for all H ∈ C∞(M2) and m ∈M1

(dφ)m ·XH◦φ(m) = XH (φ(m)) (1.3)

Proof. Suppose firstly that φ is a symplectomorphism. Then for all v ∈ TmM1, we have

ω2 (dφm ·XH◦φ(m), v) = ω1

(
XH◦φ(m), (dφm)−1 (v)

)
However, by definition of a Hamiltonian vector field and the chain rule

ω1

(
XH◦φ(m), (dφm)−1 (v)

)
= d(H ◦ φ)m · (dφm)−1 (v)

= dHφ(m) · dφm · (dφm)−1 (v)
= ω2 (XH (φ(m)) , v))

16



So for all v ∈ TmM1, ω2 (XH (φ(m)) , v)) = ω2 ((dϕ)m ·XH◦φ(m), v). Thus by non-
degeneracy of ω2 we conclude (dφ)m ·XH◦φ(m) = XH (φ(m)).

Conversely, suppose ϕ satisfies 1.4. We show that for all v, w ∈ TmM1,

ω1(v, w) = ω2(dφm · v, dφm · w)

Choosing a smooth function H ∈ C∞(M2) such that XH◦ϕ(m) = v, we have

ω1(v, w) = ω1(XH◦ϕ(m), v)
= ω2 ((XH(ϕ(m)), dϕm · w)
= ω2 (dϕm · v, dϕm · w)

which shows that ϕ is a symplectomorphism.

We shall now define the Poisson bracket on a symplectic manifold, which will enable
us to give a particularly elegant description of Hamiltonian mechanical systems.

Definition 1.25 (Poisson bracket on a symplectic manifold) Let
(M,ω) be a symplectic manifold, and let F,G : M → R be two smooth
functions on M . The Poisson bracket of F and G is the smooth function on
M defined by

{F,G}(m) := ω (XF (m), XG(m))

Example 1.26 If our symplectic manifold is R2n equipped with the canoni-
cal symplectic form, we recover the familiar form of the Poisson bracket from
classical mechanics:

{F,G} =
n∑
i=1

∂F

∂qi

∂G

∂pi
− ∂F

∂pi

∂G

∂qi

Poisson brackets enable us to give another useful characterisation of symplectomor-
phism:

Proposition 1.27 (Symplectomorphisms preserve Poisson brackets)
Let (M1, ω1), (M2, ω2) be symplectic manifolds. A diffeomorphism ϕ : M1 →
M2 is a symplectomorphism if and only if it preserves Poisson brackets, that
is,

{F,G} ◦ ϕ = {F ◦ ϕ,G ◦ ϕ}

for all F,G ∈ C∞(M2).

Proof. This is essentially a restatement of Proposition 1.24. If F,G ∈ C∞(M2),

{F,G} ◦ ϕ(m) = d(F ◦ ϕ)m · (dϕ−1)ϕ(m) ·XG(ϕ(m))

while
{F ◦ ϕ,G ◦ ϕ}(m) = d(F ◦ ϕ)m ·XG◦ϕ(m)

Applying Proposition 1.24, the result follows.
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We can also write down an important relation between the Poisson bracket of func-
tions and the Lie bracket of their Hamiltonian vector fields:

Proposition 1.28 For all F,G, we have

X{F,G} = −[XF , XG]

Proof. To avoid a proliferation of subscripts, we set X = XF , Y = XG. Now using the
identity

i[X,Y ]ω = LX iY ω − iY LXω
together with Cartan’s magic formula and the fact that ω is closed, we compute

i[X,Y ]ω = LX iY ω − iY LXω = diX iY ω + iXdiY ω − iY diXω − iY iXdω
= diX iY ω + iXd(dF )− iY d(dG)
= d (ω(Y,X))
= d ({g, f})

which yields the result.

Together with the Jacobi identity for the Lie bracket of vector fields, Proposition
1.28 immediately yields

Corollary 1.29 The Poisson bracket satisfies the Jacobi identity, that is,

{F, {G,H}}+ {H, {F,G}}+ {G, {H,F}} = 0

Thus the Poisson bracket makes C∞(M) into an (infinite dimensional) Lie algebra2.
Finally, Poisson brackets enable us to elegantly describe the time evolution of an

observable F ∈ C∞(M):

Proposition 1.30 Let H be a Hamiltonian function, XH the corresponding
Hamiltonian vector field, and ϕt the flow of XH . Then

d

dt
(F ◦ ϕt) = {F ◦ ϕt, H} = {F,H} ◦ ϕt

Proof. By the chain rule,

d

dt
(F ◦ ϕt)(m) = dFϕt(m) ·XH (ϕt(m)) = {F,H}(ϕt(m))

Now since ϕt is a symplectomorphism it preserves Poisson brackets, and we have

{F,H}(ϕt(m)) = {F ◦ ϕt(m), H ◦ ϕt(m)} = {F ◦ ϕt, H}(m)

since H ◦ ϕt = H by the conservation of energy lemma.
2Moreover, Proposition 1.28 states that the mapping C∞(M)→ Vect(M), H 7→ XH is a Lie algebra

anti-homomorphism.
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1.2 Group Actions

The notion of a symmetry of a physical system plays an important role in most for-
mulations of classical mechanics. In the context of Hamiltonian mechanics, this idea is
formalised by considering the actions of Lie groups on symplectic manifolds.

Definition 1.31 (Lie group) A Lie group is a group G which is also
a smooth manifold on which inversion G → G and group multiplication
G×G→ G are smooth maps.

Perhaps the most basic example of example of a Lie group is the group GLn(R) of
invertible n × n real matrices. Since GLn(R) is an open subset of the vector space of
all n×n real matrices, it is evidently a smooth manifold of dimension n2 and the group
multiplication and inversion are readily seen to be smooth maps. One can show (see
[1], page 253) that if G is a Lie group and H is a subgroup which is a closed subset of
G, then H is a submanifold of G and hence a Lie group in its own right. Thus closed
subgroups of Gln(R) such as SLn, On, SOn, Sp2n also define Lie groups. Such groups
are referred to as matrix Lie groups. We now introduce the notion of the action of a
Lie group on a smooth manifold.

Definition 1.32 (Group action) Let G be a Lie group with identity
element e and let M be a smooth manifold. A (left) action of G on M is a
smooth map Φ : G×M →M such that

Φ(e, x) = x for all x ∈M ; and

Φ(g,Φ(h, x)) = Φ(gh, x) for all g, h ∈ G and x ∈M

When describing the action of a group, we shall interchangeably use the notations
Φ(g, x) = Φg(x) = g · x.

To illustrate the definition of a group action, we note that any Lie group G acts on
itself by left-multiplication:

g 7→ Lg : G→ G

Lg(h) = gh

A Lie group G can also act on itself by conjugation, or inner automorphisms:

g 7→ Ig : G→ G

Ig(h) = ghg−1

Before proceeding further, we must make some general remarks on group actions.
An action of G on M is said to be

1. Free if Φg(x) = x implies x = e

2. Transitive if for any m,n ∈M , there exists g ∈ G such that Φ(g,m) = n

3. Proper if the mapping Φ̃ : G×M → M ×M defined by Φ̃(g,m) = (m,Φ(g,m))
is a proper map3.

3Recall that a map is proper if the preimage of a compact set is compact
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Let Φg be an action of a Lie group G on a manifold M . For m ∈M , the stabilizer
(or isotropy subgroup) of m is the subgroup Gm ⊂ G defined by

Gm := {g ∈ G|Φg(m) = m}

By the continuity of the map Φm : G → M , g 7→ Φ(g,m), the stabilizer Gm = Φ−1
m (m)

is closed in G and is thus a submanifold of G. If m ∈ M , the orbit through m under
the action of G is the subset Ωm ⊂M defined by

Ωm = {Φ(g,m)|g ∈ G}

The relation of belonging to the same orbit defines an equivalence relation on M , and
we call the set of equivalence classes the orbit space of M under G, denoted M/G. An
important special case is when M is a Lie group K and G is a closed subgroup of K,
with the action of G on K given by left-multiplication. This action is free and proper4,
and the orbit space K/G is the space of left cosets of G in K. It turns out that the orbit
space of M under a free and proper Lie group action can be given a natural smooth
manifold structure:

Proposition 1.33 If Φ : G ×M → M is a proper and free action, then
the orbit space M/G can be given the structure of a smooth manifold of
dimension dimM − dimG such that the orbit projection π : M →M/G is a
smooth submersion.

For a proof, the reader is referred to page 153 of [22]
This result implies that orbits in M under the action of G can also be given a natural

smooth manifold structure. This structure is defined by the requirement that the natural
bijection of the coset space G/Gm with the orbit Ωm be a diffeomorphism, where the
smooth structure on G/Gm comes from Proposition 1.33. It can be shown (see [1], p.265)
that an orbit Ωm ↪→ M is an injectively immersed submanifold of M . Thus, we shall
always regard the orbits Ωm as injectively immersed submanifolds of M diffeomorphic
to G/Gm.

If the Lie group G is compact, then one can show (again, see [1]) that the orbits of
its action are closed embedded submanifolds of M .

For g ∈ G, let Lg : G→ G denote left multiplication by g. We say that a vector field
X ∈ Vect(G) is left-invariant if for all g, h ∈ G we have

d (Lg)h ·X(h) = X(gh)

Observe that since the action of G on itself by left-multiplication is transitive, there
exists a unique left-invariant vector field Xξ on G such that Xξ(e) = ξ ∈ TeG. Thus,
the space of left-invariant vector fields on G is finite-dimensional, and can be identified
with TeG, the tangent space to G at the identity.

It can be shown (see Lemma 15.15 of [22]) that any left-invariant vector fields Xξ

is complete, so that there exists a unique integral curve γξ(t) : R → G defined for all t
such that γξ(0) = e and γ′ξ(t) = Xξ(γξ(t)). Moreover, we have5 that

γξ(s+ t) = γξ(s)γξ(t)

4See [22] p. 160, Theorem 7.15
5Indeed, considered as functions of t, the left invariance of Xξ implies that both sides of the equation

above are solutions of the ODE ρ′(t) = Xρ(t) which agree at t = 0, and thus they must agree for all
time.
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where the product on the right-hand-side is group multiplication in G). In view of this
fact, we say that the integral curve γξ(t) defines a 1-parameter subgroup of G.

Definition 1.34 (Exponential map) The exponential map exp : TeG→
G is defined by

exp(ξ) = γξ(1)

One can check (see [22] p.385) that the exponential map is smooth, a local diffeomor-
phism, and satisfies exp(tξ) = γξ(t). If G is a matrix Lie group, so that its Lie algebra g
is identified with a subspace of the space of n×n matrices, one finds that the exponential
map defined above agrees with the familiar notion of the matrix exponential. We also
note that by definition of the exponential map, the flow of the left-invariant vector field
Xξ is given by ϕt(g) = Rexp tξg, where Rh : G→ G denotes right multiplication by h.

We now introduce the concept of a Lie algebra, which plays a central role in the
theory of integrable systems.

Definition 1.35 (Lie algebra) A Lie algebra is a vector space g together
with a bilinear, skew-symmetric bracket

[·, ·] : g→ g

(called the Lie bracket) which satisfies the Jacobi identity

[X, [Y, Z]] + [Z, [X,Y ]] + [Y, [Z,X]] = 0

for all X,Y, Z ∈ g.

Example 1.36 The vector space R3 with the Lie bracket given by the cross
product of vectors is a Lie algebra.

Given a Lie group G, we can equip the vector space g = TeG with the structure of
a Lie algebra in the following fashion. Recall that g can be identified with the space of
left-invariant vector fields on G via

Xξ 7−→ Xξ(e)

Since the Lie-bracket of left-invariant vector fields is again left-invariant, and the Lie
bracket of vector fields satisfies the Jacobi identity, it follows that the Lie bracket of
vector fields gives g the structure of a Lie algebra. If ξ, η ∈ TeG, we have

[ξ, η] = [Xξ, Xη](e)

Let us now return to the conjugation action of G on itself by the inner automorphisms
Ig. Since the inner automorphisms fix the identity element e ∈ G, differentiating at e
yields an action of G on the tangent space TeG. Thus we obtain an action of G on its
Lie algebra g given by

g 7→ Adg : g→ g

where Adg(ξ) = d(Ig)e(ξ). This action is called the adjoint action of G on g.

21



Definition 1.37 (Infinitesimal generator)Let Φ : G ×M → M be an
action of a Lie group G on a smooth manifold M , and let ξ ∈ g. Then the
infinitesimal generator of the action corresponding to ξ is the vector field ξM
on M defined by

ξm(x) =
d

dt
Φ (exp(tξ), x)

∣∣∣∣
t=0

To illustrate this concept, let us compute the infinitesimal generators for the adjoint
action of G on g. The standard notation for the infinitesimal generator of the adjoint
action corresponding to an element ξ ∈ g is adξ. Now by the definition above, we have

adξ =
d

dt
Adexp tξ(η)

∣∣∣∣
t=0

=
d

dt
d (Lexp tξ ◦Rexp−tξ)e (η)

∣∣∣∣
t=0

Since the flow of the left invariant vector field Xξ is given by ϕt(g) = Rexp tξg, by the
dynamic definition of the Lie bracket of vector fields we can write

d

dt
d (Rexp−tξ ◦ Lexp tξ)e (η)

∣∣∣∣
t=0

=
d

dt
d(ϕ−1

t )ϕt(e) ·Xη(ϕt(e))
∣∣∣∣
t=0

= [Xξ, Xη](e)
= [ξ, η]

and thus we see that adξ(η) = [ξ, η].
Let us unravel these definitions in the familiar context of matrix Lie groups. Let

G ⊂ GLn(R) be a matrix Lie group, and let g be its tangent space at the identity, which
is identified with a subspace of the space of n×n matrices. In this case, the exponential
map is given by

exp(ξ) =
∞∑
k=0

ξk

k!

We see that the adjoint action of G on g is given by

AdA(ξ) =
d

dt
A exp(tξ)A−1

∣∣∣∣
t=0

= AξA−1

The infinitesimal generator adη is also easily computed:

adη(ξ) =
d

dt
Adexp tη(ξ)

∣∣∣∣
t=0

=
d

dt
exp(tη)ξ exp(−tη)

∣∣∣∣
t=0

= ηξ − ξη

and we see that the Lie bracket on g is given by the commutator of matrices.

22



Returning to the general setting, let g be the Lie algebra of a Lie group G and let
g∗ be the dual vector space of linear functionals on g. The adjoint action of G on g
naturally induces an action of G on g∗ called the coadjoint action, which is defined by

〈Ad∗gα,X〉 = 〈α,Adg−1X〉

where 〈·, ·〉 denotes the natural pairing between vectors and linear functionals.
The infinitesimal generator of the coadjoint action corresponding to ξ ∈ g, denoted

ad∗ξ , satisfies
〈ad∗ξ(α), η〉 = 〈α, ad−ξ(η)〉 = −〈α, [ξ, η]〉

Suppose that there exists a symmetric, non-degenerate, bilinear form 〈 , 〉 on g such
that for all X,Y ∈ g and for all g ∈ G,

〈AdgX,AdgY 〉 = 〈X,Y 〉 (1.4)

A form satisfying this relation above is said to be adjoint-invariant6. Differentiating
the condition (1.4) yields the following equality:

〈X, adY(Z)〉+ 〈Y, adZ(X)〉 = 0, X, Y, Z ∈ g

We will call a form satisfying this differentiated relation ad∗-invariant. An adjoint-
invariant form establishes an isomorphism g ∼= g∗ under which the adjoint action of G
on g is identified with its coadjoint action on g∗: if X ∈ g, this identification is given by

X 7−→ 〈X, · 〉, Adg(X) 7−→ Ad∗g−1(〈X, · 〉)

Under this isomorphism, we identify a function H on g∗ with the function f on g defined
by

f(X) = H(〈X, · 〉)
The form 〈·, ·〉 also allows us to define gradients of functions on g, which will be used

in Chapter 3 to write Hamilton’s equations in Lax form.

Definition 1.38 (Gradient of a function) Let V be a vector space with
a symmetric bilinear form 〈·, ·〉 and let f be a smooth function on V . Making
the usual identification TvV ∼ V , the gradient of f is the unique vector field
∇f on V such that for all X ∈ V ,

df(X) = 〈∇f,X〉

Let us now focus on the coadjoint action of a Lie group G. It turns out that the
orbits in g∗ under the coadjoint action of G are examples of symplectic manifolds. In
Chapter 3, we will construct integrable Hamiltonian systems on these manifolds whose
equations of motion take the Lax form.

Definition 1.39 (Coadjoint orbit) Let G be a Lie group with Lie algebra
g and denote by g∗ the vector space dual to g. Write Ad∗g : g∗ → g∗ for the
coadjoint action of G on g∗. Then if α ∈ g∗, the orbit

Ωα =
{
Ad∗g · α|g ∈ G

}
is said to be the coadjoint orbit through α.

6If g is semisimple, the Killing form is an example of such a form
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Example 1.40 We consider the example of the matrix Lie group G =
SO(3), the group of rotations of 3-dimensional Euclidean space:

SO(3) = {g ∈M3(R)|det(g) = 1, gT g = e}

We let the reader verify that the SO(3) is a submanifold of M3(R), and that
its Lie algebra TeSO(3) = so(3) is the vector space of skew-symmetric 3× 3
matrices

so(3) = {X ∈M3(R)|X +XT = 0}

with Lie bracket given by the commutator of matrices. Consider the vector
space isomorphism

φ : R3 → so(3)

(x, y, z) 7→

 0 −z y
z 0 −x
−y x 0


If make R3 into a Lie algebra with Lie bracket given by the cross product, a
simple calculation shows that φ is a Lie algebra homomorphism, that is,

φ ([v, w]R3) = φ(v × w) = φ(v)φ(w)− φ(w)φ(v) = [φ(v), φ(w)]so(3)

and thus we may identify so(3) with the Lie algebra (R3,×). Recall that
if ξ ∈ so(3), the adjoint action of SO(3) is given by Adg(ξ) = gξg−1. One
checks that for all matrices A ∈ SO(3)

φ(A · v) = Aφ(v)A−1

and7 so we see that the adjoint action of SO(3) is identified with the action
of SO(3) on R3 by matrix multiplication. Now the Euclidean dot product on
R3 defines a non-degenerate symmetric bilinear form on R3 ∼ so(3). By the
condition ATA = e in the definition of the group SO(3), this form is adjoint
invariant. Thus, we may use the dot product to identify the coadjoint and
adjoint actions of SO(3). If w ∈ R3 ∼= (R3)∗ ∼= so(3)∗, we have

Ad∗A(w) = A−1 · w

and thus the coadjoint orbit through w is

Ωw = {Ad∗A(w)|A ∈ SO(3)} = {Aw|A ∈ SO(3)}

So if w 6= 0, the coadjoint orbit through w is the sphere of radius ‖w‖, while
the coadjoint orbit through 0 consists of a single point.

As we have mentioned, the reason for our interest in coadjoint orbits is that they
are natural examples of symplectic manifolds. The tangent space to a coadjoint orbit
Ω through α ∈ g∗ is easily described. Recall that by Proposition 1.33, the natural
projection map

ϕα : G→ Ω

g 7→ Ad∗g · α

is a smooth submersion. Thus its derivative at the identity

d(ϕα)e : g→ Tαg∗

7Where A · v denotes the matrix A multiplying the vector v
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X 7→ ad∗X(α)

establishes an isomorphism
g/ker (d(ϕα)e)→ TαΩ

Now for any α ∈ g∗, we can define a skew-symmetric bilinear form on the Lie algebra
g by

ωα(X,Y ) = 〈α, [X,Y ]〉 = −〈ad∗X(α), Y 〉

where once again the angle brackets denote the natural pairing between functionals and
vectors. Observe that this form may be degenerate if there exists a non-zero vector
X ∈ g is such that ad∗Xα = 0. However ωα does define a non-degenerate form on the
quotient space g/ker (d(ϕα)e). Thus, we can define a non-degenerate 2-form ω on the
coadjoint orbit Ω by

ω(ad∗X(α), ad∗Y (α)) = ωα(X,Y ) = 〈α, [X,Y ]〉

Proposition 1.41 The 2-form ω is closed, and thus defines a symplectic
form on the coadjoint orbit Ω.

Proof. We claim that for any X,Y, Z ∈ g and for any α ∈ g∗, we have

dω(ad∗X(α), ad∗Y (α), ad∗Z(α)) = 0

For each X ∈ g, define a function HX on Ω by HX(α) = 〈α,X〉. Note that for all
tangent vector fields ad∗Y we have

ω(ad∗Y (α), ad∗X(α)) = 〈α, [Y,X]〉 = −〈ad∗Y (α), X〉 = HX(ad∗Y (α))

where as usual, we are making the identification Tα(g∗) ∼= g∗. Since the function HX is
linear, we recognise HX(ad∗Y (α)) as the derivative of HX in the direction ad∗Y (α). Thus
for all tangent vector fields ad∗Y , we have

ω(ad∗Y , ad∗X) = −dHX(ad∗Y )

and thus iad∗X
ω = dHX . Observe that by construction, ω is G-invariant: that is, for all

g ∈ G, (
Ad∗g

)∗
ω = ω

Thus the Lie derivative of ω satisfies Lad∗Y
ω = 0 for all Y ∈ g. Now, by Cartan’s magic

formula, we have

0 = Lad∗X
ω = d(iad∗X

ω) + iad∗X
dω = −d(dHX) + iad∗X

dω = iad∗X
dω

Hence we conclude that iad∗X
dω = 0 for all X ∈ g, and since the vector fields of the form

ad∗X span the tangent spaces to Ω, this implies dω = 0 as claimed.

Corollary 1.42 All coadjoint orbits are even dimensional

25



Example 1.43 Recall that the generic orbits of the coadjoint action of
SO(3) on so(3)∗ ∼= R3 are spheres centered at the origin. Let Π be such a
sphere, and let v ∈ Π. Then if X,Y ∈ TvΠ, the coadjoint orbit symplectic
form on Π is given by

ω(X,Y ) = 〈v,X × Y 〉

where × is the cross product of vectors, which we recognise as the standard
Euclidean area form on the sphere.

1.3 Poisson Manifolds

In order to interpret Lax equations as Hamiltonian dynamical systems, it will be nec-
essary to describe Hamiltonian mechanics on a broader class of spaces than symplectic
manifolds. This is accomplished by generalising the structure of the symplectic Poisson
bracket as follows.

Definition 1.44 (Poisson manifold) A Poisson manifold (P, {, }) is
a manifold P together with a bilinear Poisson bracket {·, ·} : C∞(P ) ×
C∞(P )→ C∞(P ) satisfying

P1: {·, ·} is a derivation: for all f, g, h ∈ C∞(P ),

{fg, h} = {f, h}g + f{g, h}

P2: Considered as a Lie bracket on C∞ (P ), {·, ·} makes C∞ (P ) into a
Lie algebra; that is is {·, ·} is skew-symmetric and satisfies the Jacobi
identity

We see that the canonical Poisson bracket defined on a symplectic manifold indeed
meets the requirements of this definition. In the symplectic case, the starting point
for our formulation of Hamiltonian mechanics was the notion of Hamiltonian vector
fields. We can easily define a similar notion on a Poisson manifold using the natural
correspondence between derivations of C∞(P ) and vector fields on P ; every derivation
determines a unique vector field on P and vice versa. Since by the definition above
{·, h} :C∞(P ) → C∞(P ) is a derivation, we can associate a unique vector field to h in
the following fashion:

Definition 1.45 (Hamiltonian vector field) The Hamiltonian vector
field associated to the function h ∈ C∞ (P ) is the unique vector field Xh

such that for all f ∈ C∞ (P )

Xh[f ] = df(Xh) = {f, h}

Since {·, G} : C∞(P ) → C∞(P ) is a derivation, we see that {F,G}(p) depends on
F only through the cotangent vector dFp ∈ T ∗pP . Similarly, {F,G}(p) depends on G
only through the covector dGp ∈ T ∗pP. Since the differentials of functions are sections
of the cotangent bundle T ∗P , it follows that the Poisson bracket is equivalent to a
skew-symmetric, bilinear map

B : T ∗P × T ∗P → R
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such that
Bp(dFp, dGp) = {F,G} (p) (1.5)

Hence we may think of B as a section of
∧2

TP , that is, a contravariant 2-tensor field
on P . We call this tensor the Poisson tensor associated to the Poisson manifold P . In
local coordinates (x1, . . . , xn) on M , we can expand the tensor B as

B =
n∑

i,j=1

Bij(x1 . . . , xn)
∂

∂xi
⊗ ∂

∂xj

From the defining relation 1.5, it follows that the components Bij are given by

Bij = {xi, xj}

Thus, the Poisson bracket on a Poisson manifold is entirely determined by the Poisson
bracket of coordinate functions on P . This observation proves particularly useful in
computations.

Suppose that (M,ω) is a connected symplectic manifold. By the non-degeneracy of
ω, any function H ∈ C∞(M) such that {H,F} ≡ 0 for all F ∈ C∞(M) must be a
constant function. For a Poisson manifold, however, the situation may be very different:

Definition 1.46 (Casimir function) Let P be a Poisson manifold. A
function H ∈ C∞(P ) such that {H,F} = 0 for all F ∈ C∞(M) is called a
Casimir function on P .

We now present an important example of a class of Poisson manifolds which are not
in general symplectic.

The dual vector space g∗ to a Lie algebra g is a natural example of a Poisson manifold.
We define a Poisson bracket on g∗ as follows: if f, g ∈ C∞(g∗) are two smooth functions
on g∗, at each point α ∈ g∗ their differentials dfα, dgα are linear functionals on the
tangent space Tαg∗. Making the usual identification Tαg∗ ∼= g∗, we can consider dfα
and dgα as elements of (g∗)∗ ∼= g. We shall make no notational distinction between the
differential dfα and its representative in the Lie algebra g. If we let 〈 , 〉 : g∗ × g → C
denote the natural pairing between covectors in g∗ and vectors in g, for all ξ ∈ Tα(g∗) ∼=
g∗, this identification reads

dfα(ξ) = 〈ξ, dfα〉

We then define the Lie-Poisson bracket of f and g to be the following function on g∗:

{f, g}(α) := 〈α, [dfα, dgα]〉

This bracket is evidently bilinear and skew-symmetric. The fact that is satisfies the
Leibniz rule follows easily from the Leibniz rule of exterior differentiation:

{f, gh}(α) = 〈α, [dfα, d(gh)α]〉
= 〈α, [dfα, g(α)dhα]〉+ 〈α, [dfα, h(α)dgα]〉
= g(α){f, h}(α) + h(α){f, g}
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In order to prove the Jacobi identity for the Lie-Poisson bracket, by our discussion of
the Poisson tensor it suffices to verify it for a set of linear coordinate functions {zi} on
g∗. If {Xi} is a basis for g such that 〈zi, Xj〉 = δij we have

{zi, {zj , zk}}(α) = 〈α, [dzi, d{zj , zk]}α〉 = 〈α, [Xi, [Xj , Xk]〉

and thus the Jacobi identity for the Lie-Poisson bracket follows from the Jacobi identity
in the Lie algebra g. Hence the Lie-Poisson bracket does indeed equip g∗ with the
structure of a Poisson manifold. Note that if the dimension of g∗ is odd, then it is an
example of Poisson manifold which is not symplectic.

The Hamiltonian vector field of a function with respect to the Lie-Poisson structure
on g∗ is easily described:

Proposition 1.47 The Hamiltonian vector field with respect to the Lie-
Poisson structure associated to H ∈ C∞(g∗) is

XH(α) = ad∗dHα(α)

Proof. By definition, the Hamiltonian vector field of H is the unique vector field XH ∈
Vect(M) such that for all f ∈ C∞(g∗)

{f,H} = XH [f ]

Evaluated at a point α ∈ g∗, this condition reads

〈α, [dfα, dHα]〉 = 〈XH(α), dfα〉

But recalling the definition of the infinitesimal adjoint action, we see that

〈α, [dfα, dHα]〉 = 〈α,−addHα(dfα)〉 = 〈ad∗dHα(α), dfα〉

and so we conclude that XH(α) = ad∗dHα(α) as claimed.

This description of the Hamiltonian vector fields with respect to the Lie-Poisson bracket
has some useful corollaries. Recall that h ∈ C∞(g∗) is (infinitesimally) coadjoint invari-
ant if for all α ∈ g∗, X ∈ g it satisfies

〈ad∗X(α) , dhα〉 = 0 = 〈α , [dhα, X]〉

Corollary 1.48 The set of coadjoint invariant functions on g∗ is precisely
the set of Casimir functions for the Lie-Poisson bracket, i.e. the set of
functions which Poisson commute with all other functions with respect to
the Lie-Poisson bracket.

Proof. This follows from the fact that for f, g ∈ C∞(g∗)

{f, g}(α) = 〈α, [dfα, dgα]〉 = 〈ad∗dgα(α), dfα〉
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Given a smooth function defined on our Poisson manifold P ,(i.e. an observable), we
want to understand how such a function varies along the integral curves of a Hamiltonian
vector field. This is the content of the following observation:

Lemma 1.49 Let f, h ∈ C∞(P ) and let ϕt be the flow of the Hamiltonian
vector field Xh. Then

d

dt
(f ◦ ϕt) = {f, h} ◦ ϕt = {f ◦ ϕt, h}

Proof. We simply compute

d

dt
(f ◦ ϕt)(p) = dfϕt(p)(Xh(ϕt(p))

= {f, h}(ϕt(p))
= dfϕt(p) ◦ (dϕt)z(Xh(p))

= d(f ◦ ϕt)z(Xh(p))
= {f ◦ ϕt, h}(p)

Next we consider smooth maps between Poisson manifolds:

Definition 1.50 (Poisson maps) A smooth map ϕ : (P1, {·, ·}1) →
(P2, {·, ·}2) is called a Poisson map if it preserves the Poisson bracket struc-
ture: that is

{f ◦ ϕ, g ◦ ϕ}1 = {f, g}2 ◦ ϕ

On a symplectic manifold, we know that the flow of a Hamiltonian vector field is a
1-parameter family of symplectomorphisms. By Proposition 1.27, this means that the
flow consists of transformations which preserve the symplectic Poisson bracket. The
analogue of this result is also true for Poisson manifolds:

Proposition 1.51

The flow ϕt of a Hamiltonian vector field Xh consists of Poisson maps: that
is for all t for which ϕt is defined,

{f ◦ ϕt, g ◦ ϕt} = {f, g} ◦ ϕt

Proof. Define a function K by

K = {f ◦ ϕt, g ◦ ϕt} − {f, g} ◦ ϕt

Using the Poisson bracket’s bilinearity, we compute the time derivative of K:

dK

dt
= { d

dt
(f ◦ ϕt), g ◦ ϕt}+ {f ◦ ϕt,

d

dt
(g ◦ ϕt)} −

d

dt
({f, g} ◦ ϕt)
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Now we rewrite this using the result of the previous lemma:

dK

dt
= {{f ◦ ϕt, h}, g ◦ ϕt}+ {f ◦ ϕt, {g ◦ ϕt, h}} − {{f, h} ◦ ϕt, h}

Applying the Jacobi identity yields dK
dt = {K,h} , which has the unique solution Kt =

K0 ◦ ϕt. But since K0(p) = 0 for all p ∈ P , we conclude Kt(p) = 0 for all t, proving the
proposition.

The next proposition shows how Poisson maps allow us to ‘pull back’ Hamiltonian
systems:

Proposition 1.52 Suppose ϕ : P1 → P2 is a Poisson map and let H ∈
C∞(P2) be a smooth function defined on P2. Denote by ψt the flow of the
Hamiltonian vector field XH and let ρt be the flow of the Hamiltonian vector
field XH◦ϕ . Then ϕ ◦ ρt = ψt ◦ ϕ, and (dϕ)p · (XH◦ϕ(p)) = XH(ϕ(p)) for
all p ∈ P1.

Proof. Observe that for any point p ∈ P1

d

dt
G((ϕ ◦ ρt)(p)) =

d

dt
(G ◦ ϕ)(ρt(p))

= d(G ◦ ϕ)ρt(p) ·XH◦ϕ(ρt(p))
= {G ◦ ϕ,H ◦ ϕ}(ρt(p))
= {G,H}(ϕ ◦ ρt)(p)

That is,

dGϕ◦ρt(z) ·
(
d

dt
(ϕ ◦ ρ t)(p)

)
= dGϕ◦ρt(p) ·XH(ϕ ◦ ρt(p))

So we see that (ϕ ◦ ρt)(p) is an integral curve of XH passing through the point ϕ(p) on
P2 at t = 0. But of course, by definition of ψt, (ψt ◦ ϕ)(p) is another such curve. So the
uniqueness of integral curves means that

(ϕ ◦ ρt)(z) = (ψt ◦ ϕ)(z) (1.6)

Differentiating the identity (1.6) with respect to time yields

(dϕ)p · (XH◦ϕ(p)) = XH(ϕ(p)) (1.7)

As in the symplectic case, we have:

Proposition 1.53 If f, h ∈ C∞(P ), and Xf , Xh are their respective Hamil-
tonian vector fields, then the following identity holds:

[Xf , Xh] = −X{f,h}

where [·, ·] denotes the Lie bracket of vector fields on P.
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Proof. This is a consequence of the Jacobi identity for the Poisson bracket. Considering
the actions of the vector fields as derivations, for any function K ∈ C∞(P ) we have

[Xf , Xh][K] = Xf [Xh[K]]−Xh[Xf [K]]
= {{K,h}, f} − {{K, f}, h}
= −{K, {f, h}}
= −X{f,h}[K]

1.4 Submanifolds of Poisson Manifolds

Given a submanifold S of a Poisson manifold P , it is natural to ask if we can use the
Poisson structure of P to S make into a Poisson manifold in its own right.

Definition 1.54 (Poisson immersion) Let P be a Poisson manifold
and let i : S → P be an injective immersion. Then i is a Poisson immersion
if any Hamiltonian vector field defined on some open subset of P containing
i(S) is in the range of the derivative map dpi at all points i(p) for p ∈ S.

Proposition 1.55 An immersion i : S → P is Poisson if and only if the
following condition is satisfied: if F,G : V ⊂ S → R are functions defined on
an open subset V ⊂ S and F̄ , Ḡ : U → R are extensions of F ◦ i−1, G ◦ i−1

to an open neighbourhood U of i(V ) in P , then {F̄ , Ḡ} is well-defined and
independent of the extensions.

For the proof, the reader is referred to page 301 of [24]. Proposition 1.55 implies that an
injectively immersed submanifold of a Poisson manifold inherits a well-defined Poisson
structure precisely when the inclusion I : S ↪→ P is a Poisson immersion. Note also
that by definition of a Poisson immersion, this means that a submanifold S of a Poisson
manifold is Poisson if and only if every locally defined Hamiltonian vector field is tangent
to S.

Example 1.56 We consider the Poisson manifold g∗ equipped with the Lie-
Poisson bracket. Recall from Proposition 1.55 that the Hamiltonian vector
field associated to H ∈ C∞(g∗) is XH(α) = ad∗dHα(α). Thus, Proposition
1.54 implies that the coadjoint orbits are injectively immersed Poisson sub-
manifolds of g∗, and thus inherit a Poisson bracket from the Lie-Poisson
bracket on g∗. We now show that this Poisson bracket agrees with the sym-
plectic Poisson bracket arising from the coadjoint orbit symplectic structure
we constructed previously. To see this, note that the Hamiltonian vector
field of a function F ∈ C∞(Ω) with respect to the orbit symplectic structure
is given by XΩ

F (α) = ad∗dF (α), since for any tangent vector ad∗Y (α) ∈ TαΩ
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we have

dFα · ad∗Y (α) = 〈ad∗Y (α), dFα〉
= 〈α, [dFα, Y ]〉
= ωα(dFα, Y )
= ω(ad∗dF (α), ad∗Y (α))

So we see that the Hamiltonian vector field of F with respect to the orbit
symplectic structure is the same as the Hamiltonian vector field with respect
to the inherited Lie-Poisson structure, and thus the two Poisson structures
coincide.
We will say that submanifold M ⊂ g∗ is ad∗-invariant if for all X ∈ g, m ∈M

ad∗X(m) ∈ TmM

Note that Proposition 1.55 implies that the Poisson submanifolds of g∗ are
precisely the ad∗-invariant submanifolds.

Let us return to the description of the Poisson manifold g∗ given in the example
above: g∗ is a disjoint union of its coadjoint orbits, which are injectively immersed
symplectic submanifolds. Moreover, the restriction of the Lie-Poisson bracket to the
coadjoint orbits is equivalent to the natural symplectic structure on the orbits. It turns
out that a similar picture also holds for a general Poisson manifold:

Definition 1.57 (Symplectic leaves) If P is a Poisson manifold, we say
two points z1,z2 are on the same symplectic leaf if there is a piecewise-smooth
curve joining z1 and z2, and each piece of this curve is an integral curve of
a locally defined Hamiltonian vector field.

We then have

Theorem 1.58 (Symplectic stratification theorem) If P is a finite
dimensional Poisson manifold, then P is the disjoint union of its symplectic
leaves. Each symplectic leaf is an injectively immersed Poisson submanifold,
and is also a symplectic manifold with symplectic form induced by the Poisson
structure.

For a proof, the reader is directed to [1], page 302.

1.5 Moment Maps

Let M be a Poisson manifold, G be a Lie group and let Φ : G ×M → M be an action
of G on M . As usual, we use the notations Φ(g,m) = Φg(m) = g ·m interchangeably.
We say that the action is canonical if for all g ∈ G, the maps Φg : M →M are Poisson
maps: that is, for all g ∈ G and F1, F2 ∈ C∞(M)

{F1, F2} ◦ Φg = {F1 ◦ Φg, F2 ◦ Φg}

If we denote by ξM the infinitesimal generator of the action corresponding to ξ ∈ g,
differentiating this condition yields

ξM [{F1, F2}] = {ξM [F1], F2}+ {F1, ξM [F2]}
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Definition 1.59 (Poisson action) Let M be a Poisson manifold and let
G be a Lie group acting canonically on M . We say that the action of G
on M is a Poisson action if for all ξ ∈ g there exists a smooth function
Jξ ∈ C∞(M) such that ξM is the Hamiltonian vector field of Jξ, that is,

XJξ = ξM

Let us note that the functions Jξ are not unique, since any two functions whose
difference is a Casimir will have the same Hamiltonian vector field. Moreover, we might
as well assume that the map J : g → C∞(M), ξ 7→ Jξ is linear: if {ei} is a basis for g,
then the new functions J̃ξ defined by

J̃ξ1e1+...ξnen =
∑
i

ξiJ
ei

also satisfy the definition.
Thus a Poisson action of G on M gives rise to a map

g×M → R, (ξ,m) 7→ Jξ(m)

such that if we fix a point m ∈M , we obtain a linear map

µm : g→ R

or, in other words, a linear functional µm ∈ g∗. So the assignment

m 7→ µm

determines a map µ : M → g∗ such that

〈µ(m), ξ〉 = Jξ(m)

Definition 1.60 (Moment map) Let G be a Lie group acting canonically
on a Poisson manifold M , and suppose that there is a linear map J : g →
C∞(M) such that

XJξ = ξM

for all ξ ∈ g. Then the map µ : M → g∗ satisfying

〈µ(m), ξ〉 = Jξ(m)

for all ξ ∈ g,m ∈M is called a moment map for the G-action.

One reason for the importance of moment maps in mechanics is that they make
explicit the connection between symmetries of a Hamiltonian system and its conserved
quantities:

Theorem 1.61 (Noether’s theorem) Let M be a Poisson manifold ad-
mitting a Poisson group action by a Lie group G, with corresponding moment
map µ. Then if a function H is a G-invariant, that is,

H ◦ Φg = H

for all g ∈ G, the moment map is a conserved quantity for the Hamiltonian
dynamical system on M with Hamiltonian H. That is, if ϕt is the flow of
the Hamiltonian vector field XH , then

µ ◦ ϕt = µ
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Proof. Differentiating the invariance condition H ◦ Φg = H along suitable curves in G
implies that ξM [H] = 0. But by definition of Jξ this implies {Jξ, H} = 0, and we see
that Jξ, and thus µ, is a conserved quantity under the Hamiltonian flow of H.

The moment maps of interest to us will satisfy the following compatibility condition
with the coadjoint action:

Definition 1.62 (Equivariant moment map) Let M be a Poisson man-
ifold admitting a Poisson group action by a Lie group G, with corresponding
moment map µ. The moment map µ is said to be equivariant if for all g ∈ G,

µ ◦ Φg = Ad∗g−1 ◦ µ

Lemma 1.63 If µ is an equivariant moment map, then for all ξ, η ∈ g the
corresponding linear map J : g→ C∞(M) satisfies

J [ξ,η] = {Jξ, Jη}

Proof. By the equivariance condition µ ◦ Φg = Ad∗g−1 ◦ µ, for all ξ ∈ g , g ∈ G and
m ∈M we have

〈Ad∗g−1µ(m), ξ〉 = 〈µ(m),Adgξ〉
= Jξ(g ·m)

Differentiating this equality along a smooth path g = g(t) with g(0) = e and g′(0) = η
at t = 0 yields

〈µ(m), [ξ, η]〉 = J [ξ,η] = dJξ(ηM (m))

and noticing dJξ(ηM (m)) = {Jξ, Jη} we obtain the result.

Corollary 1.64 An equivariant moment map is a Poisson map with respect
to the Lie-Poisson structure on g∗

Proof. Given a point µ(m) = α ∈ g∗ and F,G ∈ C∞(g∗), write ξ = dFα, η = dGα.
Using the Lemma 1.63, we can compute

{F,G} ◦ µ(m) = 〈α, [ξ, η]〉 = J [η,ξ](m) = {Jξ, Jη}

Now for all v ∈ TmM , by the chain rule we have

d(F ◦ µ)m · v = (dF )α · (dJ)m · v
= 〈ξ, (dJ)m · v〉
= (dJξ)m · v

and so we see that the differentials of the functions F ◦ µ and Jξ on M are equal. Since
by its derivation property the Poisson bracket depends only on these differentials, we
conclude that

{F,G} ◦ µ(m) = {Jξ, Jη}(m) = {F ◦ µ,G ◦ µ}(m)

and thus µ is a Poisson map
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1.6 Symplectic Reduction

We conclude our overview of Hamiltonian mechanics by with a discussion of the reduction
of a Hamiltonian system on a symplectic manifold with respect to a symmetry. Let
(M,ω) be a symplectic manifold and let G be a Lie group G acting canonically M and
admitting an equivariant moment map µ : M → g∗. From this data, we aim to construct
a new symplectic manifold N which we interpret as the symplectic quotient of M by G.
The manifold N is called the symplectic (or Marsden-Weinstein) reduction of M by G.
If m ∈M , let gp denote the Gp denote the stabilizer subgroup of p, and let gp be its Lie
algebra. Let Ωp be the G-orbit in M through the point p, which, as usual, we regard as
injectively immersed submanifold of M diffeomorphic to G/Gp. Recall that the tangent
space TpΩp ⊂ TpM is identified as

TpΩp = {ξM (p)|ξ ∈ g}

where ξM is the infinitesimal generator corresponding to ξ ∈ g.

Proposition 1.65 If dµp is the derivative of the moment map at p ∈ M
and g0

p ⊂ g∗ is the annihilator of the stabilizer algebra gp, then im (dµp) = g0
p

Proof. By definition of the moment map, for all v ∈ TpM and ξ ∈ g we have

〈dµp(v), ξ〉 = dJξp (v) = ωp(ξM (p), v)

Thus, since α = 0 ⇐⇒ 〈α, ξ〉 = 0 for all ξ ∈ g we find

ker (dµp) = {v ∈ TpM |ωp(ξM (p), v) = 0 for all ξ ∈ g} = (TpΩp)ωp

where (TpΩp)ωp is the orthogonal complement of the subspace TpΩp ⊂ TpM with respect
to the form ωp on TpM . Moreover, observe that by definition of the stabilizer subgroup,
the infinitesimal generator corresponding to ξ ∈ gp satisfies ξM (p) = 0. Hence, for all
v ∈ TpM , ξ ∈ gp

〈dµp(v), ξ〉 = ωp(ξM (p), v) = 0

and so we see that the image of TpM under dµp is contained in g0
p ⊂ g∗, the annihilator

of the subspace gp ⊂ g. Counting dimensions, we see that indeed im (dµp) = g0
p.

Let us now consider µ−1(0) ⊂ M , the preimage of 0 ∈ g∗ under the moment map.
Observe that by the equivariance of µ, µ−1(0) is preserved by the action of G. Suppose
that the action of G on µ−1(0) is free, so that for each p ∈ µ−1(0), the stabilizer
subgroups Gp are all trivial. Then gp = {0} for all p ∈ µ−1(0), which means g0

p = g∗

and we conclude that dµp is surjective. So under the assumption that G acts freely on
µ−1(0), 0 is a regular value of the moment map, and thus µ−1(0) is a submanifold of M
of dimension dimM − dimG. Moreover, the tangent space Tpµ−1(0) is given by

Tpµ
−1(0) = ker (dµp) = (TpΩp)ωp

and so we find that Tpµ−1(0) and TpΩp are symplectic orthogonal complements. Since
TPΩp ⊂ Tpµ−1(0) this means that the G-orbits are isotropic.

The symplectic reduction procedure relies on the following result8 in linear algebra:
8In [6], Audin refers to this fact as ‘a minor miracle of symplectic geometry’
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Lemma 1.66 Let (V, ω) be a symplectic vector space and let I ⊂ V be an
isotropic subspace and let Iω be its orthogonal complement. Then ω induces
a canonical symplectic form ω̃ on the quotient space Iω/I

Proof. If [u], [v] denote equivalence classes in Iω/I with representatives u, v ∈ Iω, the
form ω̃ is defined by

ω̃([u], [v]) = ω(u, v)

Since ω(i, j) = 0 for all i, j ∈ I, the form ω̃ is well-defined. To check that ω̃ is non-
degenerate, note that if u ∈ Iω satisfies ω(u, v) = 0 for all v ∈ Iω, then u ∈ (Iω)ω = I,
and thus [u] = 0

With this result in mind, we can construct the Marsden-Weinstein reduction of M by G.
If we assume that the action of G on µ−1(0) is proper in addition to being free, then the
orbit space N := µ−1(0)/G is a smooth manifold of (even)dimension dimM − 2 dimG,
whose tangent space at [p] is identified with the quotient space Tpµ−1(0)/TpΩp, where
Ωp is the G-orbit through p.

Now recall that at each point p ∈ µ−1(0), TpΩp, is an isotropic subspace of the
symplectic vector space TpM,ωp. So by the preceding lemma, ωp defines a symplectic
form ω̃p on the quotient space Tpµ−1(0)/TpΩp ∼ T[p] ∼ T[p]N . And our definition is
independent of the choice of representative [p], since the action of G is canonical, so that
Φ∗gω = ω for all g ∈ G. Thus letting [p] vary, we obtain a non-degenerate 2-form ω̃ on
N .

It remains to show that ω̃ is closed. Let i : µ−1(0) → M be inclusion and π :
µ−1(0) → N be the natural projection. Then, by construction, the reduced form ω̃ on
N satisfies i∗ω = π∗ω̃. So by naturality of d,

π∗dω̃ = dπ∗ω̃ = di∗ω = i∗dω = 0

Since the natural projection π is a submersion, the fact that π∗dω̃ = 0 implies dω̃ = 0.
So we see that ω̃ is indeed closed, and thus defines a symplectic form on N .

Example 1.67 (The Neumann model) We apply the technique of sym-
plectic reduction to the Neumann model, which describes the motion of a
point particle constrained to the surface of the unit sphere Sn−1 ⊂ Rn and
subjected to harmonic oscillator forces. The system’s phase space M is the
cotangent bundle of the sphere Sn−1 ⊂ Rn−1, which can be identified with
the tangent bundle via the Euclidean metric:

M = T ∗Sn−1 ∼=
{

(x,y) ∈ Rn × Rn : xTx = 1,xTy = 0
}
⊂ Rn × Rn

Fix a diagonal n× n matrix A with distinct eigenvalues

A = diag(α1, . . . , αn) , αi 6= αj if i 6= j

Then the Neumann Hamiltonian corresponding to the oscillator strengths
{αi}ni=1 is

H : M → R, H(x,y) =
1
2
(
xTAx + yTy

)
(1.8)

It is in fact easier to understand the Hamiltonian formulation of the Neu-
mann model by first passing to the larger phase space T ∗Rn ∼= R2n and
then performing a symplectic reduction with to a symmetry. Because of the
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constraints xTx = 1, xTy = 0, the Hamiltonian may be equivalently chosen
as

φ(x,y) =
1
2

[(xTx)(yTy) + xTAx− (xTy)2] (1.9)

If we define an angular momentum matrix Jkl = [xkyl − xlyk]k,l=1,...,n, ob-
serve that the Hamiltonian φ can also be expressed as

φ(x,y) =
1
2

n∑
i=1

αix
2
i +

1
4

∑
k 6=l

J2
kl

Now the Hamiltonian φ is invariant under the 1-parameter group T of dif-
feomorphisms

(x,y) 7→ (x,y + λx), λ ∈ R

Moreover, this action is canonical with respect to the standard symplectic
structure ω = dx ∧ dy on R2n. Indeed, it admits a moment map

J(x,y) =
1
2
(
xTx− 1

)
Hence we can perform a Marsden-Weinstein reduction with respect to this
group. Fixing the value of the moment to J = 0, we have

J−1(0) =
{

(x,y) ∈ Rn × Rn : xTx = 1
}

To complete the symplectic reduction, we must take the quotient of J−1(0)
under the action of T . We observe that orbit space J−1(0)/T can be identified
with the original Neumann phase space T ∗Sn−1 via the symplectomorphism

ϕ : J−1(0)/T 7→ T ∗Sn−1 ⊂ R2n, [(x,y)] 7→ (x,y − (yTx)x)

Hence the flows generated by the Neumann Hamiltonian (1.9) are obtained
from the unconstrained flows generated by the Hamiltonian (1.10) by the
‘orthogonal projection’:

(x(t),y(t)) 7−→
(
x(t),y(t)− xT (t)y(t)x(t)

)
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Chapter 2

The Liouville-Arnold Theorem

In classical mechanics, it is often possible to use principles such as conservation of energy
and conservation of momentum to obtain both quantitative and qualitative information
about a physical problem. Intuitively, we expect that the more conserved quantities
one can identify, the more one should be able to say about a system. In the context
of Hamiltonian mechanics on symplectic manifolds, this intuition is supported by the
Liouville-Arnold theorem. The statement and proof of the Liouville-Arnold theorem
that we present are based on Arnold’s classic book [4] There exist several refinements of
the theorem that describe a locally defined set of action variables Ij in addition to the
angle coordinates ϕj discussed here. Together, the complete set of action-angle variables
Ij , ϕj forms a system of local Darboux coordinates. For a proof of the existence of these
coordinates, the reader is directed to [6]. In general, obtaining an explicit parameter-
isation of a system’s action variables is highly non-trivial. In Babelon’s book [7], this
problem is discussed at length. Duistermaat’s article [11] gives a detailed discussion of
the topological obstructions to extending the action-angle coordinates globally.
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2.1 The statement

Theorem 2.1 (Liouville-Arnold Theorem) Let (M ω) be a 2n-dimensional
symplectic manifold, and let F1, . . . , Fn be a set of n smooth functions on M
whose Poisson brackets satisfy {Fi, Fj} ≡ 0, i, j = 1, 2 . . . , n. Suppose that
on the level set

Mc = {x ∈M |Fi(x) = ci, i = 1, . . . , n}

the Fi are functionally independent; that is at each point of Mc their differ-
entials satisfy dF1 ∧ . . . ∧ dFn 6= 0. Then

1. The level set Mc is a smooth Lagrangian submanifold of M which is
invariant under the flow of the Hamiltonian system with Hamiltonian
function1 H = F1.

2. Provided Mc is compact and connected, it is diffeomorphic to an n-
dimensional torus

Tn = {(ϕ1, . . . , ϕn) mod 2π}

3. The flow of the Hamiltonian system with Hamiltonian function H = F1

is linear on the torus Mc, so that the angular coordinates ϕ1, . . . , ϕn on
Mc satisfy

dϕi
dt

= ωi

for some constants ωi ∈ R.

Proof. 1. By the assumption that dF1 ∧ . . . ∧ dFn 6= 0 on Mc, it follows immediately
from the inverse function theorem that Mc is an n-dimensional embedded subman-
ifold of M . Observe that the n Hamiltonian vector fields XFi are all tangent to
Mc, since for all 1 ≤ i, j 6= n,

{Fi, Fj} = dFi ·XFj = 0

Moreover, since the map

T ∗xM → TxM, dFx 7→ XF (x)

is an isomorphism, and the n 1-forms dFi are linearly independent at each point on
Mc, we see that the n Hamiltonian vector fields XF1 , . . . , XFn span each tangent
space TxMc. But then since ω(XFi , XFj ) = {Fi, Fj} = 0, we see that the restriction
of ω to TxMc is identically zero, showing that Mc is a Lagrangian submanifold of
M . And since under the Hamiltonian flow of H = F1 we have dFi

dt = {Fi, F1} = 0,
we see that Mc is invariant under this flow.

2. Let us now assume that the level set Mc is compact and connected. By the
compactness assumption, the flow of any vector field on Mc is complete. By
Proposition 1.28 of Chapter 1, the Lie brackets of the Hamiltonian vector fields
XFi , XFj satisfy [XFj , XFi ] = −X{Fi,Fj} = 0. Consequently, their flows ρtii :

1Or indeed any Hamiltonian dynamical system whose Hamiltonian function H can be expressed as
a function of the Fi
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Mc × R → Mc all commute: that is, ρtii ◦ ρ
tj
j = ρ

tj
j ◦ ρ

ti
i . Since all these flows are

complete, we can use them to define an action of the abelian group Rn on Mc by

(t1, . . . , tn) · x = ρt11 ◦ . . . ◦ ρtnn (x)

for (t1, . . . , tn) ∈ Rn and x ∈Mc. We claim that this action of Rn on Mc is transi-
tive: that is, for each x ∈Mc, the map Φx : R2n →Mc, (t1, . . . , tn) 7→(t1, . . . , tn)·x,
whose image is a priori the Rn-orbit through x, is in fact surjective. Indeed by the
independence of the vector fields XFi , the map ρx is a local diffeomorphism, and
thus its image is an open subset of Mc. Hence the orbits are disjoint open subsets
of Mc, and so if Mc is connected it must consist of a single orbit.

We now fix a point x ∈ Mc. Let Σ = {(t1, . . . , tn) ∈ Rn|ρt11 ◦ . . . ◦ ρtnn (x) = x}
be the stabilizer subgroup of x. Recall from our discussion of group actions in
Chapter 1 that the orbit of x, which is all of Mc, is diffeomorphic to Rn/Σ. Since
the mapping Φx is a local diffeomorphism, we see that the subgroup Σ must be
discrete. We now appeal to the following fact: any discrete subgroup Σ ⊂ Rn is a
integral lattice Zk generated by some k-tuple of vectors, i.e.

Σ = {a1e1 + . . .+ akek|ai ∈ Z} ∼= Zk

This is can be easily proved inductively: in the case n = 1, it is clear that a
discrete subgroup Σ ⊂ R is must consist of integer multiples of a vector e1 ⊂ Σ
with smallest Euclidean length. Indeed, if there were a vector v ∈ Σ and some
k ∈ Z such that v = re1 and k < r < k + 1, then the length of the vector v − ke1

would be strictly less than that of e1 itself, a contradiction. If n = 2, we again
choose e1 ∈ Σ to be a vector with smallest Euclidean length. Let V1 = span(e1). If
Σ ⊂ V1, then by analysis of the case n = 1 the proof is complete. If not, we choose
a vector e2 at (non-zero) minimal distance from the line V1. We claim that Σ
consists of integer linear combinations of e1, e2. For a contradiction, suppose that
exists a vector v which is not contained in the integer lattice spanned by e1, e2. If
we think of this lattice as partitioning the plane into parallelograms spanned by
the vectors e1, e2 as shown in Figure 2.1, then the vector v cannot coincide with
any of the vertices of these parallelograms. So as in the case n = 1, by translating
v by a suitable integer linear combination of e1 and e2 we can obtain a vector v′

which is closer to V1 than e2, a contradiction.

Continuing similarly, we eventually obtain a set of linearly independent vectors
e1, . . . , ek such that Σ = {a1e1 + . . .+ akek|ai ∈ Z}.
Now the quotient space Rn/Zk is diffeomorphic to the cylinder T k × Rn−k. Since
Mc is compact, we must have k = n, and we see that Mc is indeed diffeomorphic
to an n-torus.

3. Finally, the angular coordinates {(ϕ1, . . . , ϕn) mod 2π} are defined as follows: if
y ∈ Mc satisfies y = Φx(v), where v = v1e1 + . . . + vnen, then ϕi(y) = 2πvi.
Observe that by construction, under the flow of XF1 these coordinates satisfy

dϕi
dt

= ωi

for some constants ωi, which are determined by the writing the first standard basis
vector (1, 0, . . . , 0) ∈ Rn as a linear combination of the vectors ei.
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Figure 2.1: The partition of the plane into parallelograms whose vertices represent
integral linear combinations of the vectors e1 and e2.

2.2 Examples of integrable systems

Example 2.2 (Two-dimensional systems) Observe that any Hamiltonian
system defined on a two-dimensional symplectic manifold is trivially Liouville
integrable: the Hamiltonian provides the required conserved quantity.

Example 2.3 (The Kepler Problem) The classical two-body (Kepler)
problem is a Hamiltonian system defined on the symplectic manifold (T ∗R3 =
{(q1, q2, q3, p1, p2, p3)}, ω =

∑n
i=1 dqi ∧ dpi). The Hamiltonian is

H =
1
2

3∑
i=1

p2
i + V (r)

where V is a smooth function of r =
√
q2
1 + q2

2 + q2
3 . Define the components2

of angular momentum Ji by J1 = q2p3 − p3q2, J2 = q3p1 − p1q3, J3 = q1p2 −
p1q2. Then one verifies by direct computation that the functions H,J3 and
J2 := J2

1 +J2
2 +J2

3 pairwise Poisson commute and are generically functionally
independent. Hence the Kepler problem is a Liouville integrable system.

Example 2.4 (The Euler Top) The Euler top is a Hamiltonian system
that describes a rotating rigid body in R3 that is attached to a fixed point but
not subjected to any external forces. The system is defined on the Poisson
manifold so(3)∗ equipped with the Lie-Poisson bracket. Let J1, J2, J3 be
coordinate functions on (so3)∗ ∼= R3. For fixed distinct constants3 I1, I2, I3 ∈
R, the Hamiltonian for the Euler top is

H =
1
2

3∑
i=1

J2
i

Ii

2As a vector, (J1, J2, J3) = J = q× p
3These are the principal moments of inertia. See [4] for a discussion of their physical meaning
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Observe that the function J2 = J2
1 + J2

2 + J2
3 is a Casimir. Restricting to a

symplectic leaf Σ = J−1(c) ⊂ so(3)∗, we obtain a Hamiltonian system on a
symplectic manifold of dimension 2, which is necessarily integrable.

Example 2.5 (The Neumann Model) The Neumann model is another ex-
ample of a Liouville integrable system. Recall that the system’s Hamiltonian
can be taken to be

φ(x,y) =
1
2

n∑
i=1

αix
2
i +

1
4

∑
k 6=l

J2
kl

where Jkl = [xkyl − xlyk]k,l=1,...,n is the angular momentum matrix.

Define a rational function in the parameter λ by

∆(λ) = −1
8

n∑
k=1

∑
l 6=k

J2
kl

(λ− αk)(λ− αl)
+

1
4

n∑
k=1

x2
k

λ− αk

Writing a(λ) =
∏n
i=1(λ− αi), observe that

P(λ) = a(λ)∆(λ) =: Pn−1λ
n−1 + Pn−2λ

n−2 + . . .+ P0

is a polynomial in λ of degree n− 1. Let us define n functions Hk by

P(λ) = a(λ)
n∑
k=1

Hk

λ− αk

Using the fact that P(αk) =
∏
i6=k(αi − αk)Hk, we see that

Hk =
1
4

n∑
l 6=k

J2
kl

αk − αl
+

1
4
x2
k

Computing directly from the definition of P(λ), we find4

Pn−1 =
1
4

n∑
k=1

x2
k =

1
4

and

Pn−2 =
1
2
φ(x,y)− 1

4

n∑
k=1

αk

However from the definition of the Hk,

Pn−1 =
n∑
k=1

Hk

Pn−2 =
n∑
k=1

αkHk −
n∑
k=1

αk

n∑
j=1

Hj =
n∑
k=1

αkHk −
1
4

n∑
k=1

αk

4In view of the constraint xTx = 1

42



since
∑n
j=1Hj = Pn−1 = 1/4.

Thus, we see that the functions Hk satisfy
∑n
k=1Hk = 1

4 , and the Hamilto-
nian φ can be expressed in terms of the Hk as

φ(x,y) = 2
n∑
k=1

Hk

A lengthy but direct computation using the canonical commutation rela-
tions {xi, xj} = 0 = {yi, yj}, {xi, yj} = δij shows that the Hk Poisson com-
mute, and that any n − 1 of them are generically functionally independent
on T ∗Sn−1 ⊂ R2n. The functions Hk are known as the Devaney-Uhlenbeck
conserved quantities. Thus, the Neumann model is a Liouville integrable
system.
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Chapter 3

Lax equations as Hamiltonian
flows

This chapter is a bridge between the integrable Hamiltonian systems discussed in Chap-
ter 2 and the Lax equations we shall consider in Chapter 5. We describe the AKS method
of constructing integrable Hamiltonian systems on coadjoint orbits, whose equations of
motion are of the Lax form. The treatment given here closely follows that of Audin in [6].
Other useful references include the encyclopaedic survey of [31] and the articles [2],[3].
Following the paper [26] of Adams, Harnad and Hurtubise, we shall apply the AKS
construction to the case of a loop algebra to obtain Lax pairs with a spectral parameter.
In particular, we shall see how the example of the Neumann model fits naturally into
this framework.

3.1 Classical R-matrices

Let (g, [·, ·]) be a Lie algebra, and let R : g → g be a linear operator on g. Such an
operator allows us to define a new bracket operation [·, ·]R : g× g→ g by

[X,Y ]R = [RX,Y ] + [X,RY ]

For any choice of operator R, the bracket [·, ·]R is evidently bilinear and skew-symmetric.
If it satisfies the Jacobi identity, we say that R is an R-matrix for the Lie algebra g.
By definition, an R-matrix defines new Lie algebra structure (g, [·, ·]R) on the vector
space g. We will denote this modified Lie algebra gR.

Let us examine a situation in which such an R-matrix arises naturally. Suppose the
Lie algebra g has a decomposition as a vector space direct sum of two Lie subalgebras a
and b:

g = a⊕ b

Note that we do not require that [a, b] = 0 for a ∈ a, b ∈ b; this is a direct sum of vector
spaces, not Lie algebras. Let P+ denote the linear operator corresponding to orthogonal
projection onto the subspace a with respect to this decomposition, and let P− denote the
orthogonal projection onto b. For X ∈ g, we shall write P+X = X+, and P−X = X−.

Proposition 3.1 The following operator R defines an R-matrix:

R : g→ g , X 7→ 1
2

(P+ − P−)
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Proof. To see that the Jacobi identity is satisfied by the modified bracket [·, ·]R, we
observe that

[X,Y ]R =
1
2

([X+ −X−, Y ] + [X,Y+ − Y−])

=
1
2

([X+ −X−, Y+ + Y−] + [X+ +X−, Y+ − Y−])

= [X+, Y+]− [X−, Y−]

Then since

[[X,Y ]R, Z]R = [([X,Y ]R)+ , Z+]− [([X,Y ]R)− , Z−]

= [[X+, Y+], Z+]− [[X−, Y−], Z−]

it is evident that the Jacobi identity for [·, ·]R follows from the Jacobi identity in the Lie
algebras a and b.

Using the Lie bracket [·, ·]R on g defined by an R-matrix, we obtain a new Lie-Poisson
bracket {·, ·}R on the vector space1 g∗ :

{f, g}R := 〈α, [dfα, dgα]R〉 = 〈α, [Rdfα, dgα]〉+ 〈α, [dfα, Rdgα]〉

Given a function h ∈ C∞(g∗) we can consider its Hamiltonian vector field XR
h with

respect to the new Poisson bracket {·, ·}R. If h is a Casimir function on (g∗, {·, ·}), its
Hamiltonian vector field with respect to the Poisson bracket {·, ·}R has a particularly
simple form:

Proposition 3.2 If h is a Casimir function on the Poisson manifold
(g∗, {·, ·}) then its Hamiltonian vector field XR

h with respect to the Poisson
bracket {·, ·}R is given by

XR
h (α) = ad∗Rdhα(α)

Proof. For all f ∈ C∞(g∗), the Hamiltonian vector field XR
h must satisfy

XR
h [f ] = {f, h}R

= 〈α, [dfα, dhα]R〉
= 〈α, [Rdfα, dhα]〉+ 〈α, [dfα, Rdhα]〉
= 〈XR

h (α), dfα〉

Since h is a Casimir function, for all X ∈ g we have

〈ad∗X(α) , dhα〉 = −〈α , [X, dhα]〉 = 0

Hence 〈α, [Rdfα, dhα]〉 = 0, and thus

〈α, [dfα, dhα]R〉 = 〈α, [dfα, Rdhα]〉 = 〈ad∗R·dhα(α), dfα〉

from which we observe that XR
h (α) = ad∗Rdhα(α) as claimed.

1(Recall that via the natural isomorphism (g∗)∗ ∼ g, we identify dfα with an element of g).
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Let us also observe that this proposition implies that any two Casimirs f and g with
respect to the unmodified Lie-Poisson bracket {·, ·} Poisson commute with respect to
the modified bracket {·, ·}R.

What relevance does all this have to the construction of integrable systems? By defi-
nition, any Casimir function H on g∗ is in the centre of the Poisson algebra (g∗ {·, ·}).
Hence the Hamiltonian dynamical system on (g∗ {·, ·}) generated by taking H as the
Hamiltonian will be trivial: the equation of motion in g∗ takes the form

α̇ = ad∗dH(α) = 0

and the values of all observables will be constant in time. However, these Casimir
functions will not in general lie in the centre of the Poisson algebra (g∗ {·, ·}R). Crucially,
we have seen that all these functions still Poisson commute with respect to the bracket
{·, ·}R. Choosing such a function H as a Hamiltonian for a dynamical system on the
Poisson manifold (g∗ , {·, ·}R) yields the equation of motion

α̇ = XR
h (α) = ad∗R·dH(α)

Restricting to a symplectic leaf Σ of the Poisson manifold (g∗, {·, ·}R), we obtain a
symplectic manifold whose Poisson bracket is simply the restriction of the Lie-Poisson
bracket {·, ·}R on g∗. Hence any Casimir function on the Poisson manifold (g∗, {·, ·})
restricts to a function on the symplectic manifold Σ which Poisson commutes2 with the
restriction of any other such Casimir function. Choosing such a function as the Hamilto-
nian for a dynamical system on Σ, we obtain a non-trivial Hamiltonian system equipped
with a set of commuting functions: the restrictions of the ring of Casimir invariant func-
tions on (g∗, {·, ·}). This suggests the possibility of constructing integrable systems in
the sense of the Liouville-Arnold theorem.

In order make the connection with Lax equations, suppose that there exists a non-
degenerate, adjoint invariant form on g. As described in Chapter 1, such a form estab-
lishes an isomorphism of g with g∗ which allows us to identify a function H on g∗ with
a function f on g. Under this isomorphism, the coadjoint action on g∗ is transformed to
the adjoint action on g. Then with these identifications, the Hamiltonian flow of f ∼ H
in g ∼ g∗ above takes the Lax form:

dA

dt
= −adRdH(A) = [A,RdH] = [A,R∇f ]

where A ∈ g, and ∇f is the gradient of f with respect to the form 〈·, ·〉 as defined in
Chapter 1.

3.2 The AKS construction

We now specialize to the case in which our Lie algebra admits a vector space decompo-
sition into two subalgebras, so that we can write g = a⊕ b. There is a method, known
as the Adler-Kostant-Symes (AKS) construction, which allows us to build Hamiltonian
systems on the dual a∗ of the subalgebra a which possess many conserved quantities
in involution. The main idea of the construction is to use an embedding a∗ ↪→ g∗ to
consider Hamiltonian systems on a∗ as restrictions of Hamiltonian systems on g∗.

We begin by fixing some notation. As before, let P+ and P− be the projection op-
erators onto a and b respectively with respect to the decomposition g = a⊕ b. We will

2With respect to the restriction of {·, ·}R
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again assume that we have a bilinear, symmetric, non-degenerate and adjoint-invariant
form 〈·, ·〉 on g, which allows us to identify g with g∗ in the fashion described previously.
We let [·, ·] denote the natural Lie bracket on g, and let [·, ·]R denote the bracket arising
from the R-matrix R = 1

2 (P+ − P−). The corresponding Lie-Poisson brackets on g∗ are
denoted {·, ·} and {·, ·}R respectively. Now let H be a Casimir function on the Poisson
manifold (g∗, {·, ·}). As we have already noted, the invariant bilinear form allows us to
view H as an adjoint-invariant function f on the Lie algebra g.

Let b0 be the annihilator in g∗ of the subspace b ⊂ g, and let a0 be the corresponding
annihilator of a. We may identify g∗ with a∗ ⊕ b∗ by identifying a∗ with b0, and identi-
fying b∗ with a0. The invariant bilinear form establishes an isomorphism of g∗ with g in
the usual fashion. Under this isomorphism we see that a∗ ∼ b0 is identified with b⊥, the
orthogonal complement of b with respect to the form, while b∗ ∼ a0 is identified with
a⊥. With these identifications in place, we can write the ad∗ action of a on a∗ ∼ b⊥ in
terms of the Lie bracket in g. For X ∈ a and Y ∈ b⊥ ∼ a∗, we have

(ad∗a)X (Y ) = Pb⊥ [X,Y ]

where Pb⊥ denotes the orthogonal projection onto b⊥ with respect to the decomposition
g = a⊥ ⊕ b⊥.

Now let Γ ⊂ b⊥ ∼ a∗ be a Poisson submanifold of a∗, and let f ∈ C∞(g) be the
representative of a Casimir function H on g∗. Notice that the restriction of the form
〈·, ·〉 to the subspace b⊥ ⊂ g remains non-degenerate. Therefore if we restrict f and
consider it as a function on the b⊥, it has a gradient ∇b⊥f , defined as the unique vector
field on b⊥ such that for all c in b⊥

df(c) = 〈∇b⊥f, c〉

If we consider f as a function defined on all of g, however, its g-gradient is defined by

df(X) = 〈∇f,X〉 = 〈(P+ + P−)∇f,X〉

If X ∈ b⊥ comparing these two formulas yields

∇b⊥f(X) = P+∇f(X)

The standard Lie-Poisson bracket on a∗ ∼= b⊥ is

{f, g}(c) = 〈c, [∇b⊥f,∇b⊥g]〉 = 〈c, [P+∇f, P+∇g]〉

However, the restriction of the R-matrix bracket {·, ·}R to b⊥ is given by

{f, g}(c) = 〈c, [∇f,∇g]R〉 = 〈c, [P+∇f, P+∇g]〉 − 〈c, [P−∇f, P−∇g]〉
= 〈c, [P+∇f, P+∇g]〉

since [P−∇f, P−∇g] ∈ b. Hence the Lie-Poisson bracket on a∗ agrees with the restriction
of the R-modified Poisson bracket to a∗ ⊂ g∗. This allows us to bring the results about
R-matrices from the previous section to bear on the situation. Recall that the R-matrix
is given by R = 1/2(P+ − P−). Observe that if H is a Casimir function on g∗, then

0 = ad∗dHα(α) = ad∗(dHα)+(α) + ad∗(dHα)−(α)

and thus
ad∗RdHα(α) = −ad∗(dHα)−(α)
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So if H ∈ C∞(a∗) is the restriction of a Casimir for g∗, and f ∈ C∞(b⊥) is the corre-
sponding function on b⊥ ∼ a∗, then the Hamiltonian system defined by H on Γ has the
equation of motion

dX

dt
= [X,RdH] = [X,P−∇f ]

Observe that since P−∇f ∈ b , X ∈ b⊥ and the form is adjoint-invariant, we have
[c, P−∇f ] ∈ b⊥, so that the Hamiltonian flows remain within b⊥. Moreover, we know
that all restrictions of Casimir functions Poisson commute with respect to the bracket
{·, ·}R, and hence with respect to the natural Lie-Poisson bracket on a∗. In summary,
we have proved:

Theorem 3.3 (AKS Theorem) Let g = a ⊕ b be a Lie algebra which is
the vector space direct sum of two Lie subalgebras. Assume that g is endowed
with an adjoint-invariant, non-degenerate symmetric bilinear form, so that
g = a⊥⊕ b⊥, and b⊥ is identified with a∗. Let Γ ⊂ b⊥ be a Poisson subspace
of a∗ ∼ b⊥ with respect to the Lie-Poisson structure on a∗, and let H be
the restriction to Γ of a Casimir function for the Lie-Poisson bracket on
g. Identifying H with a function f on g, the differential equation for the
Hamiltonian flow of H is

dX

dt
= [X, (∇f)−]

where the subscript denotes the orthogonal projection onto b with respect to
the decomposition g = a ⊕ b. Additionally, the restrictions of all Casimir
functions on g∗ to Γ pairwise Poisson-commute with respect to the Lie-
Poisson bracket on a∗.

We conclude our discussion of the AKS construction by mentioning a slight general-
isation of the statement above. Let a be a Lie algebra. An element α ∈ a∗ is called an
infinitesimal character of a∗ if ad∗X(α) = 0 for all X ∈ a.

Now suppose as before that we have a Lie algebra admitting a decomposition g =a⊕b.
An element Y ∈ a∗ ∼ b⊥ will be an infinitesimal character of a if Pb⊥ [X,Y ] = 0 for all
X ∈ a. If Y is an infinitesimal character of a and H : g∗ → R is a Casimir function on
g∗, we define the shifted Hamiltonian HY by

HY (α) = H(α+ Y )

Observe that (dHY )α = (dH)α+Y . So by the AKS theorem, we see that if f, g are two
Casimir functions on g∗, then the restrictions to a∗ of the shifted Hamiltonians fY , gY
satisfy {fY , gY }a∗ = 0, where {·, ·}a∗ is the Lie-Poisson bracket in a∗. Moreover, the
differential equation for the Hamiltonian flow corresponding to the shifted Hamiltonian
fY is

dX

dt
= [X + Y, (dX+Y f)−]

where X ∈ b⊥ ∼ a∗ and (dX+Y f)− ∈ b.

3.3 Construction of Lax equations with a spectral pa-
rameter

We will now show how the AKS formalism leads naturally to Hamiltonian systems
whose dynamics are described by Lax equations with a spectral parameter. Let g̃lr =
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glr(C) ⊗ C[λ, λ−1]] be the loop algebra of semi-infinite formal Laurent series in λ with
coefficients in glr(C). An element X(λ) ∈ g̃lr has the form

X(λ) =
m∑

i=−∞
Xiλ

i

If Y (λ) =
∑l
j=−∞ Yjλ

j the bracket [X(λ), Y (λ)] is defined by

[X(λ), Y (λ)] :=
m+l∑
k=−∞

∑
i+j=k

[Xi, Yj ]λk

The inner sums are all finite, while the outer one is formal. The algebra g̃lr has a
non-degenerate, ad-invariant bilinear form defined by

〈X(λ), Y (λ)〉 := tr (X(λ)Y (λ))0

where (X(λ))0 is the constant term in the series X(λ). Observe that if X(λ) =∑m
i=−∞Xiλ

i,
〈X(λ), λk1〉 = a−k

In order to apply the AKS theorem, we consider the vector space direct sum decompo-
sition

g̃lr = g̃l
+

r ⊕ g̃l
−
r

where g̃l
+

r is the subalgebra consisting of polynomials in λ and g̃l
−
r the subalgebra of

series with strictly negative powers of λ. The bilinear form gives identifications(
g̃l

+

r

)∗ ∼= (g̃lr

)⊥
=
(
g̃lr

)
0

where
(
g̃lr

)
0

= λg̃l
−
r . In order to find some candidates for Hamiltonians, we must

identify some Casimir functions on
(
g̃lr

)∗
.

Proposition 3.4 (AKS Hamiltonians) The functions φjk on g̃l
∗
r defined

by

φjk(X(λ)) =
1
k

tr
(
λjXk(λ))

)
0

are Casimirs.

Proof. We begin by observing that

dφjk(X(λ)) = λjXk−1(λ)

since given a curve X(λ)(t) with X(λ)(0) = X(λ), X(λ)′(0) = Y (λ), in view of the fact
that the trace is cyclic we have

d

dt
φjk(X(λ)(t))

∣∣∣∣
t=0

=
1
k

d

dt
tr
(
λjXk(λ)(t))

)
0

∣∣∣∣
t=0

= tr
(
(λjXk−1(λ)Y (λ))

)
0

= 〈λjXk−1(λ), Y (λ)〉
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Hence for all X(λ) ∈
(
g̃l
∗
r

)
and all Y (λ) ∈ g̃lr, we have

〈X(λ), [dφjk, Y (λ)]〉 = tr
(
λj(Xk(λ)Y (λ)

)
0
− tr

(
λjX(λ)Y (λ)Xk−1(λ)

)
0

= 0

again since the trace is cyclic. We conclude that the φjk are coadjoint invariant and
thus Casimirs.

The final step in applying the AKS theorem is to identify some suitable finite-
dimensional Poisson subspaces of

(
g̃l

+

r

)∗
. To this end, we fix n distinct complex numbers

{α1, . . . αn}. Define a polynomial a(λ) ∈ C[λ] by

a(λ) =
n∏
i=1

(λ− αi)

Since X(λ) ∈ g̃l
+

r is a matrix polynomial in λ, evaluation at λ = αi gives an element
X(αi) ∈ glr(C). For n ≤ N , write

Gnr := GLr(C)× . . .×GLr(C) (n times)

Denote by
gnr = glr(C)× . . . glr(C) (n times)

its Lie algebra. We define a surjective Lie algebra homomorphism

A :
(
g̃l

+

r

)
→ gnr

X(λ) 7→ (X(α1), . . . , X(αn))

Since A is surjective, the dual map A∗ : (gnr )∗ →
(
g̃l

+

r

)∗
is injective. If we identify

(gnr )∗ ∼= gnr by taking traces componentwise, and identify
(
g̃l

+

r

)∗ ∼= (g̃lr

)
0
, we have

A∗(Y1, . . . Yn) =
∞∑
k=0

(
n∑
i=1

Yiα
k
i

)
λ−k (3.1)

Because of the geometric series identity

(λ− αi)
∞∑
k=0

Yiα
k
i λ
−k = λYi

we will use the notation
∞∑
k=0

(
n∑
i=1

Yiα
k
i

)
λ−k = λ

n∑
i=1

Yi
λ− αi

We now argue that the map A∗ is in fact a Poisson map. This follows from the
following more general proposition:

Lemma 3.5 If φ : g → h is a Lie algebra homomorphism, the dual map
φ∗ : h∗ → g∗ is a Poisson map with respect to the standard Lie-Poisson
structures on the Poisson manifolds g∗ and h∗.
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Proof. Given functions F,G defined on g∗, we have

{F ◦ φ∗, G ◦ φ∗}(µ) = 〈µ, [d(F ◦ φ∗)µ, d(G ◦ φ∗)µ]〉

However since φ is a linear map, we have

d(F ◦ φ∗)µ = φ · dFφ(µ)

Thus,

{F ◦ φ∗, G ◦ φ∗}(µ) = 〈µ, [φ · dFφ(µ), φ · dGφ(µ)]〉
= 〈µ, φ · [dFφ(µ), dGφ(µ)] = 〈φ∗µ, [dFφ(µ), dGφ(µ)]〉
= {F,G} ◦ φ∗

and we conclude that φ∗ is indeed Poisson.

So in view of the preceding proposition, the fact that A is a homomorphism of Lie
algebras implies that the dual map A∗ is a Poisson map with respect to the standard
Lie-Poisson structures on the Poisson manifolds (gnr )∗ and

(
g̃l

+

r

)∗
. Moreover, it is

evident from the explicit formula for A∗ that its image is ad
g̃l

+
r

-invariant, and thus a

Poisson subspace of
(
g̃l

+

r

)∗
:

Proposition 3.6 The Poisson map A∗ is an isomorphism of (gnr )∗ with
the finite-dimensional Poisson subspace(

gl+r
)∗
A

=

{
n∑
i=1

λXi

λ− αi
: Xi ⊂ glr

}

It follows that the restriction of A∗ to a symplectic leaf of (gnr )∗ is a symplectomorphism
onto a symplectic leaf in

(
gl+r
)∗

. But the symplectic leaves of (gnr )∗ are simply the
orbits under coadjoint action of Gnr . We naturally identify such an orbit as the product
of n GLr(C) coadjoint orbits. So we have realised our goal of describing some finite-
dimensional symplectic leaves of

(
gl+r
)∗

. Explicitly, if

N (λ) =
n∑
i=1

λXi

λ− αi

then the symplectic leaf ON (λ) through N (λ) is given by

ON (λ) =

{
n∑
i=1

λgiXig
−1
i

λ− αi
: gi ∈ GLr(C)

}
Applying the AKS theorem, we obtain:

Theorem 3.7 Let F denote the restriction of the ring of Casimir functions
on g̃l

∗
r to the symplectic leaf ON (λ) through the point N (λ) ∈

(
gl+r
)∗

. Then
the ring F Poisson commutes with respect to the Poisson structure on ON (λ),
and if φ ∈ F , the Hamiltonian flow for φ on ON (λ) through the point N (λ)
is given by

d

dt
N (λ; t) = [(dφ(N (λ; t))+ ,N (λ; t)]

Note that although the intermediate stages of this construction occur in an infinite-
dimensional loop algebra, the resulting Hamiltonian dynamical systems obtained by
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the restriction described above are defined on finite-dimensional symplectic manifolds
isomorphic to coadjoint orbits.

The restriction to a finite-dimensional Poisson submanifold of
(
gl+r
)∗

also allows us to
recast the Hamiltonian flow above into a convenient form involving matrix polynomials.
Specifically, if N (λ) ∈ OM(λ), then we can equally well think of N (λ) as a matrix
polynomial A(λ) of degree d = n− 1, by writing

A(λ) = λ−1a(λ)N (λ)

Thus the Hamiltonian flow corresponding to an AKS Hamiltonian φ ∈ F is equivalent
to the following matrix polynomial Lax equation:

d

dt
A(λ; t) =

[
(dφ(N (λ; t))+ , A(λ; t)

]
(3.2)

The following proposition gives an alternative characterisation of these equations of
motion:

Proposition 3.8 Let A(λ; t) be the solution of a Lax equation of the form

d

dt
A(λ; t) =

[(
P (A(λ; t), λ−1)

)
+
, A(λ; t)

]
(3.3)

where P (x, λ−1) is a formal polynomial in the variables x and λ−1. Write

N (λ; t) =
λ

a(λ)
A(λ; t)

Then there exists a coadjoint invariant function φ ∈ F such that N (λ; t)
describes the Hamiltonian flow for φ on

(
gl+r
)∗

.

Proof. Observe from considerations of linearity that it suffices to prove the proposition
when P is a monomial P (A(λ), λ−1) = λ−j (A(λ))k. In this case, equation (3.3) implies

dN (λ; t)
dt

=
[(
λ−j

(
λ−1a(λ)N (λ)

)k)
+
,N (λ; t)

]
Therefore we must find a Casimir function φ ∈ F such that

dφ(X(λ)) = λ−j−kak(λ)Xk(λ)

But recall that the differentials of the AKS Hamiltonians φmn defined in Proposition
3.4 satisfy

dφmn(X(λ)) = λmXn−1(λ)

Hence it follows that the desired Hamiltonian φ can be expressed as a linear combination
of the functions φmn, which proves the proposition.

In summary, applying the AKS construction in a loop algebra yields Hamiltonian
systems defined on finite-dimensional coadjoint orbits which possess a non-trivial ring
of Poisson-commuting functions. Moreover, Hamilton’s equations for these systems can
be cast in the characteristic Lax form (3.3).
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Example 3.9 (The Neumann model) We show how the methods of this
section can be used to interpret the Neumann model as describing Hamil-
tonian flow on the dual of the positive part of the loop algebra s̃l2(R). Re-
call that the unreduced Neumann phase space is the symplectic manifold
(R2n, ω), where ω = dx∧dy is the canonical symplectic form on T ∗Rn ∼= R2n

Following the approach in [26], we will use a moment map to embed this
phase space in s̃l2(R)∗. It will be useful identify points (x,y) of R2n with
n-tuples of row vectors, i.e.

(x,y) ∼ (v1, . . . , vn) = ((x1 y1), . . . (xn yn))

Define a matrix J by

J =
(

0 1
−1 0

)
If ξ = (ξ1, . . . , ξn) and η = (η1, . . . , ηn) are tangent vectors, then we can
express the symplectic form ω as

ω(ξ, η) =
1
2

n∑
i=1

[
ξiJη

T
i + ηiJ

T ξTi
]

Define a group G by

G := SL2(R)× . . .× SL2(R) (n times)

Denote by sln2 the Lie algebra of G, noting that

sln2
∼= sl2(R)× · · · × sl2(R) (n times)

The group G acts on R2n by right multiplication: if g = (g1 . . . , gn) ∈ G,

g · (v1, . . . , vn) =
(
v1g
−1
1 , . . . , vng

−1
1

)
This action is Poisson, with equivariant moment map

I : R2n → (slnr )∗

I(v1, . . . , vn)(X1, . . . Xn) = −
n∑
i=1

tr(viXiJv
T
i )

for (X1, . . . , Xn) ∈ sln2 . If we identify sln2 ∼ (sln2 )∗ by taking traces compo-
nentwise, we can write this as

I(v1, . . . , vn) =
(
−JvT1 v1, . . . ,−JvTn vn

)
Now I is a Poisson map, since equivariant moment maps are Poisson with
respect to the Lie-Poisson structure. Let

A∗ : (sln2 )∗ →
(
s̃l

+

2

)∗
(Y1, . . . Yn) 7→ λ

n∑
i=1

Yi
λ− αi
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be the Poisson map defined in equation 3.1. Then the composite σ = A∗ ◦ I
defines a Poisson map from R2n to

(
s̃l2(R)

)∗
. Explicitly, we have

σ(x,y) = λ

n∑
i=1

(
−xiyi
λ−αi

−y2
i

λ−αi
x2
i

λ−αi
xiyi
λ−αi

)

Now observe that for any Y ∈ sl2, the element λY ∈
(
s̃lr

)
0
∼
(
s̃l2

)∗
is an

infinitesimal character of
(
s̃l2

)∗
. So taking

Y =
(

0 − 1
2

0 0

)
we consider the Hamiltonian flow on

(
s̃l

+

2

)∗
generated by the shifted Hamil-

tonian
φ(X(λ)) =

1
2

tr
(
(λY +X(λ))2

)
0

The pullback by σ of φ yields the following Hamiltonian H on R2n:

H(x,y) =
1
2

[(xTx)(yTy) + xTAx− (xTy)2]

and we recognise this as the Neumann Hamiltonian of Section 2.2.

Although σ is not injective, its fibres are simply the orbits of a finite group
of reflections generated by

(xi, yi) 7→ (−xi,−yi)

Thus, up to a quotient by this group3, the Neumann model is equivalent
to the Hamiltonian flow on

(
s̃l

+

2

)∗
generated by the Hamiltonian φ. The

Hamiltonian flow on
(
s̃l

+

2

)∗
is described by the Lax equation

d

dt
N (λ) = [N (λ), B(λ)] (3.4)

where
B(λ) = (dφ(N ))+ (3.5)

Expressed in terms of the Neumann dynamical variables via the Poisson map
σ, the matrices N (λ) and B(λ) are given by

N (λ) = λ

n∑
i=1

(
−xiyi
λ−αi − 1

2 −
−y2

i

λ−αi
x2
i

λ−αi
xiyi
λ−αi

)

B(λ) =
(

xTx λ+ yTy
−xTx −xTx

)
Writing a(λ) =

∏n
i=1(λ− αi), define a matrix polynomial A(λ) by

A(λ) =
−2a(λ)
λ
N (λ)

3Indeed, the ambiguity can be resolved along the flows by continuity
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Then the Hamiltonian flow (3.6) is equivalent to the Lax equation

dA(λ)
dt

= [A(λ), B(λ)]

Observe that the matrix B(λ) can be expressed

B(λ) = P (x, λ−1)+

for the polynomial P (x, λ−1) = xλ1−n.
Let us concluding by noting that we can now give an elegant proof of the
fact that the Devaney-Uhlenbeck functions Hk Poisson commute. Indeed,
observe that we can write

Hk = Resλ=0

(
a(λ)detN (λ)

λk+1

)
Since we can express the determinant detN (λ) as a sum of traces of various
powers of N(λ), it follows that each Hk is a linear combination of the AKS
conserved quantities φjk defined in Proposition 3.4. In the language of Sec-
tion 2.1, the determinant detN (λ) nothing but the rational function ∆(λ)
used to define the Devaney-Uhlenbeck invariants.
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Chapter 4

Riemann Surfaces

In this chapter, we present the elements of the theory of Riemann surfaces that we will
use to study Lax equations with a spectral parameter. Just as in the case of Hamiltonian
mechanics, this is an enormous subject that has been studied in the literature from
almost every angle imaginable1. Our treatment is necessarily cursory, and we shall
omit the proofs of most results. Of the many excellent references on Riemann surfaces,
the author particularly recommends Gunning’s three volumes [14],[16],[15] as well as
Miranda’s book [25].

4.1 Basic Definitions

Suppose that M is a 2-dimensional topological manifold with an atlas of coordinate
charts A = {Uα, zα}, where each map zα is a bijection of an (open) subset Uα ⊂M with
an open subset zα(Uα) ⊂ R2. Making the identification of R2 with the complex line C,
the coordinate transition functions

fαβ = zα ◦ z−1
β : zβ(Uα ∩ Uβ) ⊂ R2 ∼ C→ zα(Uα ∩ Uβ) ⊂ C

can be thought of as continuous complex-valued functions defined on various open sub-
sets of C.

Definition 4.1 (Riemann surface) Let M be a 2-dimensional smooth
manifold with an atlas of coordinate charts A = {Uα, zα}. The atlas A is
called a complex analytic atlas for M if the coordinate transition functions
zα ◦ z−1

β are all holomorphic functions. Two complex analytic atlases on M
are equivalent if their union is also a complex analytic atlas, and an equiv-
alence class of complex analytic atlas is called a complex analytic structure
on M . The pair (M,A) where A is a complex analytic structure is called a
Riemann surface.

Remark: In a similar spirit, we can identify the target spaces of the coordinate charts
on a smooth manifold M of dimension 2n with the complex space Cn, leading to
an analogous definition of an n-dimensional complex manifold.

1Note the title of Jost’s book [20]
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Simple examples of Riemann surfaces are given by the complex line C and its open
subsets. For us, however, the compact Riemann surfaces will be the main objects of
interest. Notice that a Riemann surface is always orientable: an orientation is induced
by the holomorphic transition functions in its complex analytic atlas. So by the clas-
sification of surfaces, it follows that any compact and connected Riemann surface is
homeomorphic to a surface of genus g. The simplest example of a compact Riemann
surface is the Riemann sphere P1, which is the 2-sphere endowed with a complex ana-
lytic structure. This complex analytic structure be described as follows: take the unit
sphere S2 ⊂ R3, and project stereographically from the north pole N onto the sphere’s
equatorial plane, which we identify with the complex line C. This defines a bijection
z0 : S2 − {N} → R2 ∼ C. Similarly, projecting from the south pole onto the equatorial
plane yields z1 : S2 − {S} → C. Examining the geometry of the situation, we check
that the transition map z1 ◦ z−1

0 :→ C − {0} → C − {0} is given by z 7→ 1
z and is thus

holomorphic, making S2 into a compact Riemann surface called the Riemann sphere.
Since every point except for the north pole N is contained in the chart z0, it is useful
to think of the Riemann sphere as the complex line of the variable z0 together with an
extra point, ∞. We will use the notation P1 for the Riemann sphere. The reason for
this is that one obtains the same Riemann surface by considering the complex projec-
tive space CP1 of lines in C2. As a set, CP1 can be described as the quotient space of
C2 − {0} = {[v1, v2] 6= (0, 0) ∈ C2} under the relation

[v1, v2] ∼ [λv1, λv2], λ ∈ C∗

where C∗ = C− {0}. Thus CP1 can be covered by the sets

U0 = {[v1, v2] : v1 6= 0}, U1 = {[v1, v2] : v2 6= 0}

and the maps
z0 : U0 → C, [v1, v2]→ v2

v1

z1 : U1 → C, [v1, v2]→ v1

v2

define bijections of U1 and U2 respectively with C. Evidently, the transition map z1 ◦
z−1

0 :C − {0} → C − {0} is given by z 7→ 1
z , and so we see that CP1 and the Riemann

sphere share the same complex analytic structure.
We now consider some further examples of Riemann surfaces:

Example 4.2 (Graphs of holomorphic functions) If V ⊂ C is an open
connected subset of the complex line and f is a holomorphic function defined
on V , then the graph

Γ =
{

(z, f(z)) ⊂ C2|z ∈ V
}

has the structure of a Riemann surface: it has a complex analytic atlas
composed of a single chart, the whole set Γ, together with the projection
map π : Γ→ V, (z, f(z)) 7→ z.

Example 4.3 (Smooth affine plane curves) Suppose that f ∈ C[z, w]
is a polynomial, and let

X =
{

(z, w) ∈ C2|f(z, w) = 0
}
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be the zero set of f . The set X ⊂ C2 is called an affine plane curve. In
order to give X the structure of a Riemann surface, it will be necessary
to impose an extra condition on the polynomial f , which is related to the
holomorphic implicit function theorem:

Theorem 4.4 (Holomorphic Implicit Function Theorem)
Let f(z, w) ∈ C2 be a polynomial, let X =

{
(z, w) ∈ C2|f(z, w) = 0

}
be its zero set, and let p be a point of X. Then if ∂f

∂w (p) 6= 0 there
exists a holomorphic function g(z) defined in an open neighbour-
hood of z0 such that, near p, X is equal to the graph {w = g(z)} ⊂
C2.

For a proof of the holomorphic implicit function theorem, see [13]. In view of
this result, we say that the algebraic plane curveX =

{
(z, w) ∈ C2|f(z, w) = 0

}
is smooth if at all points p ∈ X, at least one of the partial derivatives ∂f

∂w (p)
and ∂f

∂z (p) is non-zero. By the holomorphic implicit function theorem, it fol-
lows that each point of X has an open neighbourhood which is the graph of a
holomorphic function, and we can take the union of these neighbourhoods to
obtain a complex analytic atlas on X. Thus smooth affine plane curves are
examples of Riemann surfaces. We shall say that an affine plane curve is ir-
reducible if its defining polynomial f(z, w) is irreducible. It can be shown2

that an irreducible affine plane curve is a connected subset of C2. Moreover,
given irreducible affine plane curve X, there is a unique3 compact Riemann
surface MX and an inclusion X ↪→MX such that X and MX coincide except
for a finite number of points: that is, there exist two finite subsets E ⊂ X
and F ⊂ MX with X − E = MX − F . We say that the compact Riemann
surface MX is the completion of the affine plane curve X.

Example 4.5 (Complex tori) We now come to an example of complex
analytic manifolds of dimension greater than 1. Any n-dimensional com-
plex vector space Cn can also be considered as a 2n-dimensional real vector
space R2n. Recall from our discussion of the Liouville-Arnold theorem that
a lattice subgroup of the real vector space R2n is an additive subgroup
Zk ⊂ R2n generated by k vectors e1, . . . , ek which are linearly independent
over R. We define a lattice in a complex vector space Cn to be a lattice
subgroup of the associated real vector space R2n. Now let Λ ∼= Z2n be a
lattice in Cn of maximal dimension 2n. Then as a smooth manifold, the
quotient space Cn/Λ ∼= R2n/Λ is diffeomorphic to a 2n-dimensional torus
T 2n. Moreover, we can use the orbit projection π : R2n ∼ Cn → T 2n to
define a complex analytic structure on the quotient space T 2n: to obtain
a complex analytic chart containing a point in T 2n, we simply restrict to
sufficiently small open neighbourhood so that the restriction of the covering
projection is a bijection.

Now if Λ and Λ′ are two maximal lattices in Cn, the tori R2n/Λ and R2n/Λ′

are always diffeomorphic as smooth manifolds. In general, however, they are
not isomorphic as complex manifolds. For an introduction to the surprisingly
subtle geometry of complex tori, the reader is directed to [14].

2See [13]
3Up to holomorphic isomorphism
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Figure 4.1: A maximal lattice in C ∼= R2.

A complex analytic structure on a 2-dimensional manifold M allows us to define the
notion of a holomorphic function on M :

Definition 4.6 (Holomorphic functions) Let M be a Riemann surface
with complex analytic atlas {Uα, zα}. If V ⊂ M is an open subset of M , a
map f : M → C is called a holomorphic function on V if for each nonempty
intersection V ∩ Uα the function

f ◦ z−1
α : zα(V ∩ Uα) ⊂ C→ C

is a holomorphic. We say that a function f : M → C is holomorphic at a
point p ∈ M if there exists an open set V ⊂ M containing p such that f is
holomorphic on V .

It turns out that the theory of holomorphic functions on compact Riemann surfaces
is rather poor:

Proposition 4.7 If M is a compact, connected Riemann surface, every
holomorphic function defined on M is constant.

Proof. Since M is compact, the continuous function |f | attains its maximum at a point
p ∈M . So in a coordinate chart (Uα, zα) containing p, the modulus of the holomorphic
function f ◦ z−1

α has an interior maximum. By the maximum modulus principle, we
see that f is locally constant on the neighborhood Uα. Then by the identity theorem
together with the connectedness of M it follows that f must be constant on all of M .

Thus the ring of holomorphic functions on a compact connected Riemann surface is
an object of little interest. However since Riemann surfaces are locally isomorphic to
the complex line C, it makes sense to generalize the idea of holomorphic functions to
holomorphic maps between Riemann surfaces:
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Definition 4.8 (Holomorphic maps) A map f : M̃ → M between two
Riemann surfaces M̃ and M is called holomorphic if for each point p ∈ M
there exist coordinate charts z̃α : Ũα → C and zβ : Uβ → C such that p ∈ Ũα
and f(p) ∈ Uβ , and the map zβ ◦ f ◦ z̃−1

α is holomorphic in some open
neighbourhood of z̃α(p) ∈ C.

Suppose that f is a meromorphic function defined on an open subsetD of the complex
line. At points where f(z) has a pole, the function 1

f(z) is holomorphic. So thinking of
the Riemann sphere as P1 = C ∪∞, we can define a holomorphic map F : D → P1 by

F (z) =

{
f(z) if z is not a pole of f ,
∞ if z is a pole of f .

Thus meromorphic functions on domains in C can be interpreted as holomorphic maps
to P1. We can generalise this example to define meromorphic functions on arbitrary
Riemann surfaces:

Definition 4.9 (Meromorphic functions) A meromorphic function on
a Riemann surface M is a holomorphic map F : M → P1.

We now present some basic properties of holomorphic maps between Riemann sur-
faces. Proofs can be found in [25]. The first of these is another illustration of the rigidity
of holomorphic maps defined on compact Riemann surfaces:

Proposition 4.10 Let M be a compact Riemann surface. If there exists a
non-constant holomorphic map F : M → N from M to a Riemann surface
N , then N must be compact, and F is surjective

Together with the fact that the zeroes of a holomorphic function form a discrete set,
this implies:

Proposition 4.11 Let F : M → N be a non-constant holomorphic map
between compact Riemann surfaces. Then for each point q ∈ N , the preimage
F−1(q) ⊂M is a non-empty finite set.

Another useful result is the following:

Proposition 4.12 (Local normal form of a holomorphic map) Let
F : M → N be a non-constant holomorphic map between Riemann surfaces.
Then for each point p ∈ M there is a unique natural number m ∈ N such
that the following property holds: for every chart z2 : U2 → C on N centered
at F (p) there exists a chart z1 : U1 → C on M centered at p such that

z2 ◦ F ◦ z1(p) = z1(p)m

The proof, which is based on the holomorphic implicit function theorem, can be found
on page 44 of [25]. The integer mp that describes the normal form of F : M → N at
p ∈ M is called the multiplicity of F at p. A point p ∈ M is called a ramification
point of F if mp > 1. The ramification index of F at p is the integer ep = mp − 1.
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The image in N of a ramification point under F is called a branch point of F . The
ramification points of F correspond to points where the the derivative of F vanishes in
local coordinates. So by the results above, the ramification points and branch points of
a holomorphic map between compact Riemann surfaces are finite sets. It is possible to
show (see [25], p.47) that the sum of the multiplicities of a holomorphic map F over the
point in a fibre of F is an invariant:

Proposition 4.13 Let F : M → N be a nonconstant holomorphic map
between compact Riemann surfaces. Then the integer

dq(F ) =
∑

p∈F−1(q)

mp(F )

is a constant independent of the point q, called the degree of the map F .

Example 4.14 (Affine plane curves) Consider a smooth affine plane
curve X = {(z, w) ∈ C2|f(z, w) = 0} equipped with the holomorphic pro-
jection map π : C → C, π(z, w) = z. A point p ∈ C is a ramification point
of π if and only if ∂f

∂w (p) = 0. Indeed, if ∂f
∂w (p) 6= 0, then in a neighbour-

hood of p the map π defines a chart on C, and hence π is a bijection and
has multiplicity one at p. Conversely, suppose that ∂f

∂w (p) = 0. Since C is
smooth, we must have ∂f

∂z (p) 6= 0, so the coordinate w defines a chart on
C in a neighbourhood of p. By the holomorphic implicit function theorem,
in this neighbourhood C is the graph of a holomorphic function g(w), and
in this chart the map π is given by w 7→ g(w). Differentiating the relation
f(g(w), w) = 0 with respect to w at p, we obtain

∂f

∂z
(p)g′(w0) +

∂f

∂w
(p) = 0

Since ∂f
∂z (p) 6= 0 and ∂f

∂w (p) = 0, it follows that g′(w0) = 0, and hence π is
ramified at p. Similarly, a point p ∈ C is a ramification point of the map
(z, w) 7→ w if and only if ∂f

∂z (p) = 0.

Recall that a non-constant meromorphic function on a compact Riemann surfaceM is
equivalent to a non-constant holomorphic map F : M → P1. In view of Proposition 4.12,
we say that such a map F of degree r exhibits M as an r-sheeted branched covering of
P1. Knowledge of the ramification points of the map F allows us to compute the genus of
M . Let Q denote the set of ramification points of F . Choose a triangulation4 of P1 with v
vertices, e edges and f faces, such that each branch point of F is a vertex. This is always
possible since the branch points of F form a finite set. Since the Euler characteristic
of the sphere is 2, we have v − e + f = 2. Now via the map F this triangulation lifts
to a triangulation of M which also has rf faces and re edges. However since every
ramification point F is a vertex in the lifted triangulation, the number of vertices in the
lifted triangulation will be given by

v′ = rv −
∑
q∈Q

eq

4A triangulation of M is a decomposition of M into disjoint closed subsets, each homeomorphic to
a triangle, such that any two triangles are either disjoint, intersect only at single vertex, or intersect
along a single edge. The existence of triangulations is a standard result; see [25]
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where eq is the ramification index of F at q. Now recall that the genus of a surface is
related to its Euler characteristic χ by the formula

χ = 2− 2g

Since the genus of the Riemann sphere is 0, we conclude that the genus of M determined
by the relation

2− 2g = rf − re+ rv −
∑
q∈Q

eq = 2r −
∑
q∈Q

eq

This is known as the Riemann-Hurwitz formula.

4.2 Complex Line Bundles

As we have emphasised, the requirement that a function on a compact Riemann surface
be globally holomorphic is a rigid one. In order to obtain a greater variety of maps which
still respect the complex analytic structure, we defined meromorphic functions and more
generally holomorphic maps between Riemann surfaces. It turns out that we can make
a slightly more subtle generalisation by allowing the target spaces of our functions to
vary from point to point. This leads to the concept of a complex line bundle.

Definition 4.15 (Holomorphic line bundles) A holomorphic line bun-
dle over a Riemann surface M is a pair (L, π) where L is a complex manifold
and π is a surjective holomorphic map π : L→M such that

1. For every point p on M , the fibre π−1(p) is a one-dimensional complex
vector space

2. There exists an open covering {Uα} of M and homeomorphisms ϕα :
π−1(Uα)→ Uα×C such that projC◦ϕα = π, where projC is the canonical
projection projC : Uα × C→Uα, and,

3. The maps ϕβ◦ϕ−1
α : Uα×C→ Uβ×C take the form (p, v) 7→(p, fβα (p)v),

where fβα(p) is a non-vanishing holomorphic function defined on Uα ∩
Uβ.

We will also wish to consider bundles whose standard fibre is not the complex line
C, but rather some higher dimensional complex vector space:

Definition 4.16 (Holomorphic vector bundles) A holomorphic vector
bundle of rank n over a Riemann surface M is a pair (E, π) where complex
manifold E and π is a surjective holomorphic map π : V →M such that

1. For every point p on M , the fibre π−1(p) has the structure of an n
dimensional complex vector space, called the standard fibre.

2. There exists an open covering {Uα} of M and homeomorphisms ϕα :
π−1(Uα)→ Uα×Cn such that pr◦ϕα = π, where projC is the canonical
projection projC : Uα × Cn → Uα, and,

3. The maps ϕβ ◦ ϕ−1
α : Uα × Cn → Uβ × Cn take the form (p, v) 7→

(p, fβα (p)v), where fβα : Uα ∩ Uβ → GLn(C) is a holomorphic map
defined from Uα ∩ Uβ into the space of invertible n× n complex-valued
matrices.

The maps ϕα in the definitions above are called local trivializations of a bundle,
since they guarantee that the bundle is locally isomorphic to a trivial bundle. We call
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the maps fαβ the transition functions of the bundle. Since fαβ = ϕα ◦ ϕ−1
β , we see

that
fβα = f−1

βα , fαβ .fβγ .fγα = 1

This second identity is known as the cocycle condition. Let us note that given an
open cover {Uα} of M and holomorphic maps fαβ : Uα ∩ Uβ → GLn(C) satisfying the
two conditions above, we can define a rank n vector bundle by gluing together the trivial
bundles Uα × Cn using the fαβ . More precisely, we take the disjoint union of all the
Uα × Cn, and then quotient by the following equivalence relation: if (m, v) ∈ Uα × Cn
and (m′, v′) ∈ Uβ × Cn , (m, v) ∼ (m′, v′) if and only if m = m′ and v′ = fβα (p)v.
The cocycle condition guarantees that this is indeed an equivalence relation, and we
denote an equivalence class by [(p, v)]. It is a straightforward matter (see [22]) to check
that that the space obtained from this construction together with the projection map
π defined by π([p, v]) = p, does indeed have the structure of a holomorphic line bundle
over M .

For the moment, let us restrict our attention to holomorphic line bundles. The sim-
plest example of a holomorphic line bundle is just the Cartesian product M × C of a
Riemann surface with the complex line. The projection map is just the canonical pro-
jection into the first factor of the product. This is known as the trivial line bundle over
M . The following are some non-trivial examples of holomorphic line bundles:

Example 4.17 (Point bundles) Let p be a point on a compact Riemann
surface M , and let (U0, z) be a coordinate chart with local analytic parameter
z containing p such that z(p) = 0. Define another open set U1 on M by U1 =
M−{p}. Then since the function z(p) does not vanish on U0∩U1 = U0−{p},
we define a line bundle over M with a single5 transition function f01 = z.
This is called the point bundle associated to the point p ∈ M , and is often
denoted Lp.

Example 4.18 (The line bundle O(n)) Let P1 be the Riemann sphere and
let U0 be the chart with analytic coordinate z(p) obtained by stereographic
projection from the north pole. Let U1 be the chart obtained from projection
from the south pole. Then on U0 ∩ U1

∼= C∗, the functions zn(p), n ∈ Z are
holomorphic and non-vanishing, so we can use them as a transition functions
to define line bundles over the sphere. We shall denote these bundles byO(n).
Note that O(1) = LS , where S is the south pole.

Example 4.19 (Canonical bundle) Let {Uα, zα} be a complex analytic
atlas of a Riemann surface M . Then on each non-empty intersection Uα∩Uβ ,
the coordinate zβ can be expressed as an analytic function of zα. Since the
transition maps in the complex analytic atlas are invertible, the functions
fαβ = dzβ

dzα
are non-vanishing and holomorphic. Moreover, the chain rule

implies that the fαβ satisfy the cocycle condition fαβ .fβγ .fγα = 1, and so
they define a holomorphic line bundle over M . This line bundle is called the
canonical bundle, or holomorphic cotangent bundle, of M .

5Note that the cocycle condition is automatically satisfied whenever an open cover consists of only
two open sets
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We now explain what is meant by a morphism in the category of holomorphic vector
bundles over a Riemann surface M :

Definition 4.20 (Vector bundle morphisms) A morphism between
holomorphic vector bundles π : E → M and π̃ : Ẽ → M over the same
Riemann surface M is a holomorphic map Ψ : E → Ẽ such that π̃ ◦Ψ = π,
and the map from π−1(p) to π̃−1(p) given by the restriction of Ψ to a fibre
is a linear map between complex vector spaces.

Let us again return to the rank 1 case of holomorphic line bundles. If we think of line
bundles of being built from their transition functions, it is important to know when two
sets of transition functions define the isomorphic line bundles overM . Firstly, notice that
if L is a line bundle with local trivialisations (Uα, ϕα) and V = {Vα} is any refinement
of the open cover U = {Uα}, then the pairs (Vα, ϕα|Vα) also define local trivialisations
of L.

Thus if we have two bundles over M defined via transition functions over different
open coverings of M , by passing to a common refinement we may assume that the
bundles are trivialised with respect to the same open cover of M .

Suppose now that the holomorphic line bundles π : L → M and π̃ : L̃ → M are
isomorphic. This means that there is a bijective holomorphic map I : L→ L̃ satisfying
π̃ ◦ I = π, and such that the restriction of I to each fibre is a linear isomorphism. If L
and L̃ are have local trivialisations {Uα, ϕα} and {Uα, ψα} by refining again if necessary,
we may assume that

I(π−1(Uα)) = (π̃)−1(Uα)

Observe that we can define holomorphic maps λα : Uα → C∗ by

λα(p) = projC(ψα ◦ I ◦ ϕ−1
α )(p)

Then if {fαβ} are the transition functions of L and {f̃αβ} are the transition functions
of L̃, on the intersection Uα ∩ Uβ we find that

f̃αβ = λαfαβλ
−1
β (4.1)

Now suppose conversely that the we begin with two line bundles L, L̃ on M defined
by transition functions fαβ , f̃αβ respectively with respect to an open cover {Uα} of M .
Suppose further that for each Uα there exists a holomorphic map λα : Uα → C∗ such
that on each intersection Uα ∩ Uβ

f̃αβ = λαfαβλ
−1
β

Then if we think of points of L as being the equivalence classes [p, v] in the quotient
construction of the line bundle L, and points of L̃ as equivalence classes {p, v}, then
the map I : L → L̃ sending [p, v] to {p, v} defines an isomorphism of holomorphic line
bundles. Thus, we see that two line bundles are isomorphic if and only if they admit
local trivialisations satisfying the condition (4.1) for some collection of nonvanishing
holomorphic maps λα defined on each open set Uα.

Given vector spaces V and W , we can form the direct sum V ⊕ W , or their tensor
product V ⊗W , or their consider their dual spaces V ∗ and W ∗. We can adapt these
constructions to vector bundles over a fixed Riemann surface in straightforward ways by
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performing suitable operations on transition functions. For instance, the tensor prod-
uct of bundles E and F is defined as follows: if eαβ : Uα → GLn(C) and fαβ are the
transition functions for E and F respectively, then the transition functions for E ⊗ F
are given by tαβ = eαβ ⊗ fαβ . Similarly, given a vector bundle E with standard fibre V
and transition functions tαβ , we can build the dual bundle E∗, whose standard fiber is
V ∗ and whose transition functions are given by (tTαβ)−1, where tTαβ the transpose of the
matrix tαβ . In the case of a line bundle L with non-vanishing holomorphic transition
functions fαβ , the dual bundle L∗ has transition functions 1

fαβ
. For this reason, it is

sometimes called the inverse bundle to L.

Given a rank m vector bundle V over a Riemann surface M , we can build a line
bundle detV over M called the determinant bundle of V . If the transition maps of V
are given by m×m invertible matrices gαβ defined over Uα ∩Uβ , then the determinant
bundle is the holomorphic line bundle with transition functions given by det gαβ . It
follows from the basic properties of matrix determinants that these transition functions
obey the cocycle conditions and hence define a holomorphic line bundle over M .

Finally, suppose that f : M → N is a holomorphic map between compact Riemann
surfaces that exhibits M as an r-sheeted branched covering of N . If L is a line bundle
over N , then the map f induces a line bundle f∗L over M called the pullback bundle
of L by f , defined as follows: if Uα is an open cover of N and L is defined by transition
functions {Uα, gαβ}, then f∗L is defined by the transition functions gαβ ◦ f with respect
to the open cover {f−1(Uα)} of M . Categorically speaking, as a complex manifold f∗L
is the fibre product

f∗L = {(x, q) ∈ L×M : π(x) = f(q)}

4.3 Sections of Holomorphic Line Bundles

Definition 4.21 (Holomorphic sections) A holomorphic section s of a
holomorphic line bundle π : L → M is a holomorphic map s : M → L such
that π ◦ s = idM

When a section is restricted to a local trivialization ϕα : π−1(Uα)→ Uα×C, it is repre-
sented by a holomorphic function sα such that ϕα ◦ s = (idUα , sα). In the trivialization
ϕβ we also have ϕβ ◦s = (idUβ , sβ), so on the overlap Uα∩Uβ , we must have sα = fαβsβ .
Hence we can also think of a section of a line bundle as a collection of locally defined
holomorphic functions sα which patch together via the bundle’s transition functions.
We define a zero of a holomorphic section to be any point p ∈ M such that in a local
trivialization ϕα around p, the local function sα satisfies sα(p) = 0. Notice that since
the bundle’s transition functions are non-vanishing, the notion of a zero of a section is
well-defined and independent of the local trivialization we chose to examine. Since we
can add sections pointwise and multiply them by complex numbers, the set of all holo-
morphic sections of a line bundle forms forms a complex vector space. Any holomorphic
line bundle has a holomorphic section called the zero section, which is identically zero in
each local trivialization. We now look at some more interesting examples of holomorphic
sections:

Example 4.22 (Sections of the trivial bundle) If M × C is the trivial
bundle over M , then a holomorphic section of M is simply a holomorphic
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function f : M → C. So by Proposition 4.7, we see that the sections of a
trivial bundle must all be constant. Also, observe that if a line bundle L over
a Riemann surface M has a non-vanishing, holomorphic section s, then L is
isomorphic to the trivial bundle via the following map:

Ψ : M × C→ L, (p, v) 7→ v.s(p)

Example 4.23 (Sections of point bundles) If Lp is the point bundle
associated to the point p on a Riemann surface M , then we can define a non-
trivial section as follows. Using the cover M = U0∪U1 from the definition of
Lp, we define a section s by the pair of local functions s0 = z, s1 = 1, where
z is the local analytic coordinate centered at p on U0. Since f01 = z, we see
that this indeed defines a section of Lp.

Example 4.24 (Sections of O(n)) In the case of the bundle O(n) over P1,
we can give a very concrete description of the vector space of holomorphic
sections. In the chart U0 with local coordinate z, a section is represented by
a holomorphic function s0 defined on U0, with Taylor series s0 =

∑∞
k=0 akz

k.
On U1 with local parameter w, we have s1 =

∑∞
k=0 bkw

k. On the intersection
U0 ∩ U1, we have z = 1

w , and s0 = f01s1 = zns1. That is,

∞∑
k=0

akz
k = zn

∞∑
k=0

bkw
k =

∞∑
k=0

bkz
n−k

Equating coefficients and requiring both sides to be holomorphic tells us that
ak = 0 for k > n, and ak = bn−k for 0 ≤ k ≤ n. So any section is described
by the n+ 1 non-zero coefficients of its Taylor series, and hence the space of
holomorphic sections of O(n) is of dimension n+ 1.

Example 4.25 (Sections of the canonical bundle) Let K be the canon-
ical bundle over a Riemann surface M . A global section of K is a collection
of holomorphic functions sα defined on a coordinate covering (Uα, zα) of M
which satisfy sα = dzβ

dzα
sβ on each non-empty intersection Uα ∩ Uβ . Given

the form of these transition functions, we can interpret such a section as a
globally defined complex valued holomorphic 1-form on M . The transition
functions of K are equivalent to the consistency requirement that

sαdzα = sβdzβ

Suppose now that {Uα} is an open cover of a Riemann surface M and L is a holo-
morphic line bundle over M defined by transition functions fαβ . If sα is a collection of
meromorphic functions defined on each open set Uα which satisfies sα = fαβsβ on each
non-empty intersection Uα ∩Uβ , then we say the {sα} define a meromorphic section
s of L. A holomorphic section t = {tα} of a line bundle L gives rise to a meromorphic
section t−1 of the line bundle L∗, where t−1 is defined by the collection of locally defined
meromorphic functions 1

tα
. Similarly, given a holomorphic section r of a line bundle L̃
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defined by local holomorphic functions rα, we can define a the product of t and r to be
a section t · r of L⊗ L̃ which is defined by the local functions tαrα. Note that the ratio
of two sections r and s of a holomorphic line bundle L defines a meromorphic section of
the trivial bundle, that is, a meromorphic function on M .

The divisor of a holomorphic section is its set of zeroes, counted with multiplicity. It
is traditional to represent divisors as weighted sums of points. For instance, if a section
s has a simple zero at p1 and a zero of order 3 at p2, then the divisor of s is written
D(s) = p1 + 3p2. The divisors of holomorphic sections of a line bundle actually reveal
a great deal of information about the bundle itself. For instance, suppose that a line
bundle L has a non-trivial holomorphic section s which has zeroes at points p1, ..., pn,
with the zero at pk having multiplicity mk. Let L−mp denote the tensor product of m
copies of the dual of the point bundle Lp associated to p ∈M , and let s−mp be the product
of m copies of the meromorphic section s−1

p , where sp is a section of Lp with a simple
zero at p. Then the line bundle L⊗L−m1

p1 ⊗· · ·⊗L−mnpn has a non-vanishing holomorphic
section s · s−m1

p1 · · · s−mkpk
. This implies that the bundle L⊗L−m1

p1 ⊗· · ·⊗L−mnpn is trivial,
and so we find that L is isomorphic to Lm1

p1 ⊗ · · · ⊗L
mn
pn . In other words, we have shown

that if a holomorphic line bundle admits a non-trivial holomorphic section, then it is
isomorphic to a tensor product of point bundles.

4.4 Sheaves

Many fundamental objects in topology and geometry, such as manifolds and vector
bundles, are required to be locally ‘standard’. In the case of holomorphic line bundles, we
were able to use the bundle’s local structure to describe global sections as a collections of
functions defined on open sets obeying certain transformation laws on their intersections.
The technology of sheaves gives us a systematic way to understand the interaction
between this sort of local data and the corresponding global objects.

Definition 4.26 (Presheaf) Let M be a topological space and let C be
a category. A presheaf F on M with values in the category C associates
to each open set U ⊂ M an object F(U) ∈ Obj(C), and to each inclusion
U ⊂ V of open sets U and V a restriction morphism rUV : F(V)→ F(U) ∈
MorC(F(V ),F(U) such that the following conditions hold:

1. rUU = id

2. if U ⊂ V ⊂W, then rUV ◦ rVW = rUW .

Remark: Observe that if OpenM is the category whose objects are the open sets of M
and whose morphisms are inclusions of open sets, then a presheaf is a contravariant
functor from OpenM to the category C.

Notice that in the setting of presheaves, we do not yet have a means of ‘gluing’
together local data. This motivates the next definition, that of a sheaf:

Definition 4.27 (Sheaf) A presheaf F over M is called a sheaf if the
following condition (the sheaf axiom) is satisfied whenever we can write an
open set U ⊂M as U =

⋃
α Uα for some collection of open sets {Uα}:
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Given a collection of elements sα ∈ F(Uα) such that for each pair of open
sets Uα, Uβ , rUα∩UβUα(sα) = rUα∩UβUβ (sβ), there exists a unique s ∈ F(U)
such that rUαU (s) = sα for all α.

Example 4.28 (Some examples of sheaves)

1. If M is a Riemann surface, we can define a presheaf of abelian groups
OM which associates to each open subset U ⊂ M the abelian group
of holomorphic functions defined on U , the group multiplication being
pointwise addition of functions. The restriction homomorphisms are
the natural ones obtained by restricting the domain of a function. The
sheaf axiom is easily seen to hold6, so that OM defines a sheaf of abelian
groups.

2. We can also define a sheaf O∗M which associates to each U the abelian
group of non-vanishing holomorphic functions on U , where we take the
group operation to be pointwise multiplication of functions, equipped
with the natural restriction homomorphisms.

3. Let G be an abelian group, and let p be a point of M . The skyscraper
sheaf Gp is defined by

Gp(U) =

{
G if p ∈ U ,
0 otherwise

4. The constant sheaves C and Z associate to U the locally constant func-
tions over U taking values in C or Z, again with the natural restriction
homomorphisms.

5. If π : L → M is a holomorphic line(or vector) bundle over a Riemann
surface M , then we can form a sheaf O(L) which associates to an open
set U ∈ M the space of holomorphic sections of the restricted bundle
π−1(U) over U . Note that if L is the trivial line bundle its sections are
just holomorphic functions, and so O(L) = OM . Also note that in the
case of the canonical bundle, we obtain a sheaf Ω1

M which associates to
each open set U the holomorphic one-forms defined over U .

Although the sheaf axiom was easily seen to hold in the examples above, it is important
to realise that there do exist presheaves which are not sheaves:

Example 4.29 (Failure of the sheaf axiom) Let M be a topological
space and G be an abelian group. Observe that we can define a presheaf GM

by associating to each open set U ⊂M the constant functions from U to G,
and using the natural restriction maps. However, considering an open set
with multiple connected components, we observe that the sheaf axiom does
not hold for the presheaf GM .

Our next task is to define a morphism in the category of sheaves:
6As it will for any presheaf of functions satisfying a ‘local’ property such as continuity or smoothness,

equipped with the natural restriction maps.
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Definition 4.30 (Morphism of sheaves) A morphism or sheaf map
φ : S → T between sheaves S and T over a Riemann surface M is a collection
of homomorphisms φU : S → T for each open set U ⊂M , such that for all
open subsets V ⊂ U , the φU commute with the restriction homomorphisms
of S and T :

S(U)
φU //

rV U

��

T (U)

r′V U
��

S(V )
φV // T (V )

Example 4.31 The identity sheaf map IdS : S → S assigns to each abelian
group S(U) the identity homomorphism φU = idS(U). Clearly the φU com-
mute with the restriction homomorphisms of S, so Id is indeed a sheaf map.

In order to extract very local information about a sheaf, it is useful to introduce the
concept of a stalk.

Definition 4.32 (Stalk) If S is a sheaf of abelian groups on a topological
space M , then the stalk Sp of S at the point p ∈ M is the abelian group
defined as the direct limit

Sp = lim
→
{S(U) : p ∈ U}

The direct limit in the definition above is perhaps best spelled out in words: the
stalk at p is the set of all pairs (U, s) where U is an open set containing p, modulo the
equivalence relation (U, s) ∼ (V, t) if and only if there exits an open subset W ⊂ U ∩ V
such that rWV t = rWUs. The stalk has the structure of an abelian group, with addition
defined by

[(U, s)] + [(V, t)] = [(U ∩ V, rU∩V Us+ rU∩V V )]

If U is an open set containing the point p, and s ∈ S(U), then we denote by sp the
equivalence class of s in the stalk Sp. An element sp ∈ Sp is called the germ of s at p.

Example 4.33 Let M be a Riemann surface and let OM be the sheaf of
holomorphic functions on M . At a point p ∈M , let z a local analytic coor-
dinate on M centered at p. Then the stalk (OM )p is given by the convergent
power series in z. If Sp is the skyscraper sheaf considered previously, then
the stalk of Sp is G at p and the trivial group everywhere else.

We observe that a sheaf map φ : S → T naturally induces homomorphisms of stalks
φp : Sp → Tp for all p ∈M as follows:

φp · [(U, s)] = [(U, φU (s))]

At this point we must mention a somewhat technical point concerning sheaves and
presheaves. Recall from Example 4.29 that it is possible that a presheaf over a topological
space may not satisfy the sheaf axiom. However, it can be shown (see Chapter 1 of [14])
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that given any presheaf S over a space M one naturally associate a sheaf S to S called
the sheafification of S whose stalks will be isomorphic to those of the presheaf S. If S
is already a sheaf, then the sheafification of S is simply S itself. For the details of this
construction, the reader is referred to [14].

The following Proposition, whose proof can be found on page 287 of [25], clarifies
the notions of injectivity and surjectivity for sheaf maps.

Lemma 4.34 Let φ : Q → R be a sheaf map. Then the following are
equivalent:

1. For each open subset U ⊂ M , the map φU : Q(U) → R(U) is injective
(respectively, bijective)

2. Each map of stalks induced by φ is injective (respectively, bijective).

Crucially, this lemma is false if we replace the words ‘injective’ or ‘bijective’ with
‘surjective’. Indeed, let X = C−{0}, and let OM be the sheaf of holomorphic functions
on M . Then the sheaf map defined by φU (f) = exp(2πif) can be easily seen to be
surjective on each stalk (OM )p: one simply considers a open neighbourhood of p small
enough that a single-valued complex logarithm may be locally defined. Since there is no
continuous, let alone holomorphic, logarithm defined C− {0}, however, we see that the
map φM fails to be surjective.

With Lemma 4.35 in mind, we define an exact sequence of sheaves as follows:

Definition 4.35 (Exact sequence of sheaves) The sequence

· · · −→ T −→ S −→ Q −→ · · ·

is said to be exact at S if the sequence of stalks

· · · −→ Tp −→ Sp −→ Qp → · · ·

is exact for all p ∈M .

The following are examples of short exact sequences of sheaves:

Example 4.36 (Exponential sheaf sequence) On a Riemann surface
M , the exponential sheaf sequence is

0 // Z // OM
exp // O∗M // 0

where the map Z → OM is the natural inclusion, and the exponentiation
map exp is defined by expU : OM (U) → O∗M (U), f 7→ exp(2πif). The
sequence is exact, since the kernel of the map expU is precisely the locally
constant integer-valued functions over U . And the exponentiation map from
OM to O∗M is surjective, since when restricted to a sufficiently small simply
connected open set U , every non-vanishing holomorphic function has a well-
defined complex logarithm.
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Example 4.37 If we let K denote the canonical bundle of holomorphic
1-forms on a Riemann surface M , and O(K) denote its sheaf of holomorphic
sections, we have the following exact sequence of sheaves:

0 // C // OM
d // O(K) // 0

where d denotes the sheaf map OM (U) → O(K)(U), f(zα) 7→ df
dzα

dzα cor-
responding to taking the differential of a holomorphic function to obtain a
holomorphic 1-form. That this sequence is exact follows from the Poincare
lemma7.

Example 4.38 Let L be a holomorphic line bundle over a Riemann surface
M , and let Lp be the point bundle associated to a point p ∈M . Let L−np be
the tensor product of n copies of the dual bundle L∗p, and let snp be a section
of Lp which has a zero of order n at p and no other zeroes. Then there is a
short exact sequence of sheaves

0 // O(L⊗ L−np )
snp // O(L) // Q // 0

where the sheaf map sp is given by multiplication by the section sp, and
where Q is the skyscraper sheaf

Q(U) =

{
Cn if p ∈ U ,
0 otherwise

To see this, note that the stalk of Q at any point q 6= p must be zero, since for
a sufficiently small open set U containing q, multiplication by snp establishes
an isomorphism of O(L⊗L−np )(U) with O(L)(U). The stalk of Q at p is the
quotient of the space of germs of sections of L at p by the subspace consisting
germs of sections of L vanishing to order n at p. Using the description of
germs of holomorphic sections in terms of convergent power series, we see
that a section of L vanishing to order n at p is represented by a series of the
form

∑
k≥0 akz

n−k. Hence the stalkQp is isomorphic to Cn, the isomorphism
being given by associating to any germ

∑
k≥0 akz

k the n-tuple (a0, . . . , an)

In order to study the sheaves of sections of holomorphic vector bundles in more detail,
it will be necessary to introduce a further concept, that of locally free sheaves.

Definition 4.39 (Ringed space) A ringed space is a topological space M
together with a sheaf of commutative rings OM on M .

For us, the most important example of a ringed space is a compact Riemann surface M
together with the sheaf of holomorphic functions on M , OM . On a locally ringed space,
it is possible to define sheaves of modules:

7See [14], p.68.
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Definition 4.40 (Sheaf of modules) A sheaf of abelian groups S on a
ringed space (M,OM ) is called a sheaf of OM -modules if for each open set
U ⊂M , the abelian group S(U) has the structure of an OM (U)-module, and
the restriction maps of S are compatible with the module structures induced
by the restriction maps of OM .

Observe that the stalk Sp of a sheaf S of OM -modules naturally inherits the structure of
an (OM )p-module. A sheaf of OM -modules S is called locally free of rank m if for all
p ∈ M , the stalk Sp is a free (OM )p-module of rank m. The prototypical example of a
locally free sheaf on a compact Riemann surface M is the sheaf of holomorphic sections
of a vector bundle on M . Indeed, it can be shown (see [16], page 14) that the functor
associating to a holomorphic vector bundle E its sheaf of holomorphic sections O(E) is
an equivalence of categories, so that every locally free sheaf of OM -modules arises as the
sheaf of sections of a holomorphic vector bundle. Because of this correspondence, the
terms ‘holomorphic vector bundle’ and ‘locally free sheaf of OM -modules’ are often used
interchangeably. Locally free sheaves of rank 1, which correspond to sheaves of sections
of holomorphic line bundles, are also referred to as invertible sheaves8.

Given sheaves of OM modules, we can consider their direct sums and tensor prod-
ucts: for instance, if S2,S2 are two sheaves of OM -modules over M , then their tensor
product is defined as the sheafification of the presheaf {S2(U)⊗OM (U) S2(U)}.

Finally, we want to understand how locally free sheaves behave under holomorphic
maps bewteen Riemann surfaces. Suppose that M and N are two compact Riemann
surfaces and f : M → N is a holomorphic map. Given a sheaf F of ON -modules over
N , there exists an induced sheaf f∗S of OM -modules called the inverse image sheaf of
F over M which is defined as follows.

Firstly, given any sheaf of abelian groups S over N , we define a sheaf f−1(S) of
abelian groups over M as the sheafification of the presheaf of abelian groups on M
which associates to an open set U ⊂ M the abelian group S(f(U)). Observe that
in the case of our sheaf of ON -modules F , the sheaf f−1(F) has the structure of an
f−1(ON )-module. Now since the sheaf of rings f−1(ON ) can be naturally identified
with a subsheaf of OM , we can view OM as a sheaf of modules over f−1(ON ). So we
define the inverse image sheaf f∗S of OM by

f∗S := OM ⊗f−1(ON ) f
−1(F)

The reader is invited to check that if O(L) is the sheaf of holomorphic sections of a line
bundle L over N , then the inverse image f∗(O(L)) can be identified with the sheaf of
holomorphic sections of the pullback bundle f∗L over M .

Given a sheaf S abelian groups over M , we can also define an induced sheaf of abelian
groups f∗(S) over N , called the direct image sheaf, as the presheaf9 that associates
to an open set U ⊂ N the group S(f−1(U)). Observe that the sheaf of rings ON is
naturally identified as a subsheaf10 of OM . Therefore if F is a sheaf of OM -modules,
the direct image sheaf f∗(S) can be considered as a sheaf of ON -modules over N .

The following Proposition summarises some of the key properties of inverse image
and direct image sheaves. The proof can be found in [16], page 54.

8Inversion corresponds to passing to the sheaf of sections of the dual bundle
9Note that this presheaf is indeed a sheaf, and thus requires no sheafification.

10via the embedding h 7→ h ◦ f of f∗(OM ) for h ∈ ON (U)).
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Proposition 4.41 (Induced mappings of locally free sheaves) Let
f :M → N be a complex analytic mapping between compact Riemann surfaces
which exhibits M as an r-sheeted branched covering of N , let L be a line
bundle over M , and let O(L) be its sheaf of sections, which is a rank 1
locally free sheaf of OM -modules over M . Then:

1. The direct image f∗(O(L)) is a locally free sheaf of ON -modules of rank
r.

2. (Projection formula) For any locally free sheaf B of rank 1 over N ,

f∗ (f∗O(B)⊗OM L) ∼= O(B)⊗ON f∗(O(L)) (4.2)

Proof. For the proof of the projection formula, which is an exercise in applying the
definitions of tensor products and inverse images, we refer the reader to [16], page 54.
The proof of item 1, however, is quite instructive. To show that f∗(O(L)) is a locally free
sheaf ofON -modules of rank r, we must show that each point p ∈ N has a neighbourhood
U on which

f∗(O(L))(U) ∼= ON (U)⊕ · · · ⊕ ON (U) r times

If p is not a branch point of the covering map f , then the preimage f−1(U) of a sufficiently
small neighbourhood U of p will consist of r disjoint open sets Vi such that the restriction
of f to each Vi is a holomorphic bijection of Vi with U . So by definition of the direct
image, we have

f∗(O(L))(U) = O(L)(f−1(U)) =
r⊕
i=1

ON (Vi)

as required. If p is a branch point, so that the fibre f−1(p) contains a ramification point
q, the situation is slightly different. In a local coordinate patch (V, z) on M centered at
q, the Local Normal Form theorem 4.12 implies f takes the form z 7→ zk for some integer
k > 1, so that w = zk gives a local coordinate on f(V ). Assuming that V is sufficiently
small, the holomorphic sections of L over V correspond to power series in the variable z
convergent on V . Now observe that for suitable power series h0(w), . . . , hk−1(w) in the
variable w, any convergent power series H(z) in the coordinate z can be written

H(z) = h0(w) + zh1(w) + · · ·+ zk−1hk−1(w)

Thus, O(L)(V ) is isomorphic to the direct sum of k copies of the space of holomorphic
functions on f(V ):

O(L)(V ) =
k−1⊕
i=0

zi · ON (f(V ))

Since the map f has degree r, by applying this reasoning to each point in the fibre
f−1(p) we can obtain an neighbourhood U of p on which f∗(O(L)) is again isomorphic
to the direct sum of r copies of ON (U). We conclude that f∗(O(L))) is a locally free
sheaf of ON -modules of rank r.

In view of the fact proved above, given a degree r holomorphic map F : M → N we
can consider the direct image construction as an operation which converts a line bundle
L over M to rank r vector bundle f∗L over N .
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4.5 Sheaf Cohomology

Although the language of sheaves makes many local statements easy to formulate, we
would like to be able to draw global conclusions. We now introduce the fundamentals
of the theory of sheaf cohomology, which allows us to define groups which reflect the
global structure of a sheaf.
We begin by defining the cohomology of a sheaf with respect to an open cover. Let M
be a topological space, and let U = {Uα} be a locally finite open cover of M . We can
use this data to define a simplicial complex N(U), called the nerve of U , as follows.
For the vertices of N(U), we simply take the entire collection of open sets Uα of the
covering. If (Uα0 , . . . , Uαp) is a collection of p+ 1 open sets in U with Uα0 ∩ . . .∩Uαp 6=
φ, we say that Uα0 , . . . , Uαp span a p-simplex σ = (Uα0 , . . . , Uαp). The intersection
|σ| = Uα0 ∩ . . . ∩ Uαp is called the support of σ. Now suppose that S is a sheaf of
abelian groups on M . A p-cochain of the cover U with coefficients in the sheaf
S is a function f which assigns to each p-simplex σ ∈ N(N ) an element f(σ) ∈ S(|σ|).
We denote the set of all p-cochains by Cp(U ,S). Observe that Cp(U ,S) has a natural
abelian group structure: if f, g ∈ Cp(U ,S), we define (f + g)(σ) := f(σ) + g(σ). For
brevity, if σ = (Uα0 , . . . , Uαp), we shall often write fα0,...,αp := f(σ). Now we can define
boundary homomorphisms δp : Cp → Cp+1 as follows:

{δp(f)}α0....αp+1 =
p+1∑
i=0

(−1)iri(fα0...α̂i...αp+1)

where ri denotes the restriction homomorphism from S(Uα0 ∩ · · · ∩ Ûαi ∩ · · · ∩ Uαp+1)
to S(Uα0 ∩ · · · ∩ Uαp+1). To illustrate the definition of these maps, if f ∈ C0, (δ0 ·
f)αβ =fβ − fα. And if h ∈ C1, (δ1 · h)αβγ = fβγ − fαγ + fαβ . A simple calculation
shows that δp+1 ◦ δp=0, allowing us to define the pth cohomology group of S relative to
the cover Uα by

Hp({Uα},S) =
ker(δp+1)

im(δp)

In order to remove the dependence of these groups on the choice of covering, one takes
the direct limit of these groups over all locally finite open coverings of M , with respect
to the partial order on coverings given by one covering being a refinement of another.
As a result of this process we obtain sequence of groups Hp(M,S). However for almost
all practical purposes, this definition proves extremely cumbersome. Fortunately, we are
able to appeal to the following useful result:

Theorem 4.42 (Leray’s theorem) Let M be a topological space and S a
sheaf of abelian groups on M . Let U = {Uα} be a locally finite open covering
of M such that for every q-fold intersection σ = Uα0 ∩ ...∩Uαk , Hq(σ,S) = 0
for q ≥ 1. Then Hp(U ,S) = Hp(M,S) for all p.

For a proof, see [14]. An open cover satisfying the hypotheses of Leray’s theorem for a
sheaf S is called Leray open cover with respect to S.

Although their definitions may seem complicated, many sheaf cohomology groups have
very natural geometric interpretations. If π : L→M is a holomorphic line bundle over
a Riemann surface M , and O(L) is its sheaf of holomorphic sections, then we can think
of an element of H0(M,O(L)) as a collection of local sections fα defined over each open
set Uα in a Leray cover of M , such that on an intersection Uα∩Uβ , δ0 · f = fβ−fα = 0.
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But this is precisely the condition for our local sections fα to patch together consis-
tently to give us a well-defined global section of L. Hence the group H0(M,O(L)) is
identified with the space of global holomorphic sections of the line bundle L. We shall
sometimes abbreviate the notation for this group to simply H0(M,L). Similarly, the
group H0(M,OM ) is identified with the globally defined holomorphic functions on M .

Another important sheaf cohomology group, which we have actually already consid-
ered, is the group H1(M,O∗M ), where M is a Riemann surface and O∗M is the sheaf
of non-vanishing holomorphic functions on M . To interpret this group, recall that an
element f of ker

(
δ1 : C1 → C2

)
assigns to each non-empty intersection of open sets

Uα ∩ Uβ in a Leray cover of M a non-vanishing holomorphic function fαβ such that
(δ1 · f)αβγ = fαβ .fβγ .fγα = 1. But recall that this is precisely the condition required
for the collection of functions fαβ to define the transition functions for a holomorphic
line bundle L over M . Moreover, we’ve already seen that two sets of transition func-
tions fαβ and gαβ define the same holomorphic line bundle if and only if we can write
fαβ = hα

hβ
· gαβ for some nonvanishing holomorphic functions hα and hβ defined on

Uα and Uβ respectively. We can think of the functions hα as representing a 0-cochain
h ∈ C0. But by definition of the coboundary map, hα

hβ
= (δ0 · h)αβ . So we see that we

can identify the group

H1(M,O∗M ) =
ker
(
δ1 : C1 → C2

)
im (δ0 : C0 → C1)

with the space of isomorphism classes of holomorphic line bundles over the Riemann
surface M .

We now present, without proof, some fundamental technical results from the theory
of sheaf cohomology. The proofs can be found in Chapter 3 of [14]. We begin with
some important finiteness theorems. For brevity, if O(L) is the sheaf of holomorphic
sections of a holomorphic line bundle over M , we shall write Hp(M,L) for the p-th sheaf
cohomology group of O(L).

Theorem 4.43 If M is a compact Riemann surface, and L is a holomorphic
line bundle over M , then the cohomology groups Hp(M,O(L)) vanish for
p ≥ 2. Moreover, the cohomology groups Hp(M,Z) and Hp(M,C) vanish
for p ≥ 3.

This last assertion follows from the fact that the sheaf cohomology groups Hp(M,Z) are
isomorphic to the usual singular cohomology groups of M . We also have:

Theorem 4.44 If M is a compact Riemann surface, and L is a holomorphic
line bundle over M , then the cohomology groups Hp(M,O(L)) are finite
dimensional complex vector spaces for p = 0, 1.

Following the general pattern of a cohomology theory, sheaf maps induce homomorphims
of the cochain groups which commute with the coboundary maps, and a short exact
sequence

0 −→ T −→ S −→ Q −→ 0

of sheaves over M induces a long exact sequence of sheaf cohomology groups:

0→ H0(M, T )→ H0(M,S)→ H0(M,Q)→ H1(M, T )→

75



→ H1(M,S)→ H1(M,Q)→ H2(M, T )→ · · ·

The connecting homomorphism ∆ from Hp(M,Q) to Hp+1(M, T ) is obtained by the
usual diagram chasing: if f ∈ Cp(Q) represents a class in Hp(M,Q), then by the short
exact sequence of sheaves, there exists11 an element h ∈ Cp(S) such that h 7→ f under
the induced mapping of cochain groups . Since these induced homomorphisms commute
with coboundary maps, we see that the element δp · h of Cp+1(S) lies in the kernel of
the induced map from Cp+1(S)→ Cp+1(Q), so again using the short exact sequence, we
can identify h with a unique element t ∈ Cp+1(Q). It is straightforward to check that
δp+1 · t = 0, and that t does not depend on our arbitrary choice of element h ∈ Cp(S), so
we can define ∆([f ]) = [t], where the square brackets denote taking cohomology classes.

Let us look at some applications of the long exact sequence of sheaf cohomology groups.
Recall the exponential exact sequence for a compact, connected Riemann surface M :

0 // Z // OM
exp // O∗M // 0

The corresponding long exact sequence reads

0→ H0(M,Z)→ H0(M,OM )→ H0(M,O∗M )→ H1(M,Z)→ (4.3)

→ H1(M,OM )→ H1(M,O∗M )→ H2(M,Z)→ 0

Now since M is connected, H0(M,Z) ∼= Z, and since M is topologically a compact
orientable surface of genus g, H1(M,Z) ∼= Z2g and H2(M,Z) ∼= Z. Further, since the
only holomorphic functions on a compact Riemann surface are the constants, we have
that H0(M,OM ) ∼= C, and H0(M,O∗M ) ∼= C∗ . We also know that the exponentiation
map from C to C∗ is surjective. So by exactness, we see that H1(M,Z) = Z2g injects
into H1(M,OM ). Hence we can write the interesting part of our long exact sequence as

0 −→ H1(M,OM )
Z2g

−→ H1(M,O∗M ) −→ Z −→ 0 (4.4)

Now recall that we can interpret the space H1(M,O∗M ) as the space of holomorphic
isomorphism classes of holomorphic line bundles over M . The coboundary homomor-
phism c : H1(M,O∗M ) → H2(M,Z) in the sequence above is called the characteristic
homomorphism, and if L ∈ H1(M,O∗M ) represents an such an isomorphism class, the
image c(L) is called the Chern class of L. The class c(L) ∈ H2(M,Z) measures the
topological properties of L. Indeed, it can be shown12 that c(L) = c(L̃) if and only
if there is a C∞ line bundle isomorphism L ∼= L̃. It is important to note that this
isomorphism need not be holomorphic, however: on Riemann surfaces of genus g > 0
there exist holomorphic line bundles with equal Chern class which are not holomorphi-
cally isomorphic. Now since a compact Riemann surface M is a compact, orientable
2-manifold, it follows that H2(M,Z) ∼= Z. Thus, an isomorphism H2(M,Z) ∼= Z allows
us to consider c(L) as an integer, which we call the degree of L, and denote deg(L). For
more details regarding this identification, the reader is directed to [14], page 101.

We now present a few basic facts about the degree of a holomorphic line bundle. Firstly,
since the trivial bundle is represented by identity element of H1(M,O∗M ) and the char-
acteristic map is a homomorphism, the degree of the trivial line bundle is zero. Further,

11Note that h may not be unique
12See[14] page 99
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since the tensor product of line bundles corresponds to multiplication of transition func-
tions, we have that deg(L⊗L̃) = degL+deg L̃. One can also show13 that if a line bundle
L over M has a holomorphic section s with zeroes at points p1, ..., pn, with the zero at
pk having multiplicity mk, then degL =

∑
kmk.

Returning to the exact sequence 4.2, it can be shown 14 that the image ofH1(M,Z) ∼=Z2g

inH1(M,OM ) ∼= Cg is a lattice subgroup. Hence it follows that the space of isomorphism
classes of degree 0 line bundles on M has the structure of a g-dimensional complex torus
Cg/Z2g. This complex torus is called the Jacobian15 of the Riemann surface Γ, which
we shall denote Jac(M). Observe that via the bijective map given by tensoring with any
fixed line bundle of degree d, we can also regard the space of isomorphism classes of line
bundles of degree d over M as a complex torus isomorphic to Jac(M). Consequently,
we shall write Jacd(M) for this latter space. A complex torus that is isomorphic to the
Jacobian of some compact Riemann surface is called an abelian variety16.
In Chapter 5, we will consider a Riemann surface M of genus g and the space Jacg−1(M)
of isomorphism classes of degree g − 1 holomorphic line bundles over M . The theta
divisor Θ ⊂ Jacg−1(M) is the subset of Jacg−1(M) defined by

Θ =
{
L ∈ Jacg−1(M)|L ∼= Lp1 · · ·Lpg−1 for some p1, . . . , pg−1 ∈M

}
In words, a degree g− 1 line bundle represents a point of the theta divisor if and only if
it is isomorphic to a product of point bundles over M . Equivalently, a line bundle repre-
sents a point of the theta divisor if and only if it admits a non-trivial holomorphic section.
The complement of the theta divisor in Jacg−1(M) is called the affine Jacobian17 of M .

We now state a useful analytic result, the Serre duality theorem, which enables us
to efficiently count the dimensions of sheaf cohomology groups:

Theorem 4.45 (Serre Duality) Let M be a Riemann surface, L be a
line bundle over M , and K be the canonical bundle of M . Then there is an
non-degenerate, bilinear pairing of finite dimensional complex vector spaces

Ω : H1(M,L)×H0(M,K ⊗ L∗) −→ C

which induces an isomorphism of complex vector spaces

H1(M,L) ∼= H0(M,K ⊗ L∗)∗

.

For a self-contained proof of Serre’s duality theorem, the reader is directed to chapter 6
of [14].

Let us apply Serre duality to the long exact sequence of cohomology groups arising
from the following short exact sequence of sheaves over a compact connected Riemann
surface M of genus g:

0 // C // OM
d // O(K) // 0

13See [14], page 103
14see [14], p.136
15There are other possible definitions of the Jacobian of a compact Riemann surface, but all describe

isomorphic complex tori
16For an explanation of the terminology, see [13]
17It can be identified with an affine algebraic variety; again see [13]
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If we let K denote the canonical bundle on M , we obtain the following long exact
sequence of complex vector spaces:

0→ H0(M,C)→ H0(M,OM )→ H0(M,K)→ H1(M,C)→

→ H1(M,OM )→ H1(M,K)→ H2(M,C)→ 0

Now as usual we know that H0(M,OM ) ∼= C, and the connectedness, compactness and
orientability of M ensure that H0(M,C) ∼= C ∼= H2(M,C). And since M has genus g,
we have H1(M,C) ∼= C2g. Moreover, by the Serre duality theorem, we have

dimH1(M,OM ) = dimH1(M,M × C) = dimH0(M,K)∗ = dimH0(M,K)

where M × C is the trivial line bundle over M . Using Serre duality again yields

dimH1(M,K) = dimH0(M,K ⊗K∗) = dimH0(M,OM ) = 1

We now appeal to the fact that in an exact sequence of vector spaces beginning and
ending with the trivial space 0, the alternating sum of the dimensions of the spaces in
the sequence vanishes18. Summing dimensions in the cohomology long exact sequence,
we obtain

1− 1 + dimH0(M,K)− 2g + dimH0(M,K)− 1 + 1 = 0

Hence dimH0(M,K) = g: that is, the dimension of the space of holomorphic 1-forms on
M is equal to the topological genus of M . This is an example of the interplay between
analytic and topological invariants in the theory of Riemann surfaces which foreshadows
the nature of the powerful Riemann-Roch theorem.

Let us now make some brief remarks about the classification of holomorphic line
bundles and vector bundles over the Riemann sphere P1. Returning to the exact sequence
(4.4) and setting M = P1, we obtain

0→ 0→ H1(P1,O∗)→ Z→ 0

Thus there is exactly one isomorphism class of holomorphic line bundles on P1 of each
degree d ∈ Z. So two line bundles over P1 are isomorphic if and only if they have the
same degree. There is also a very simple classification of the rank n holomorphic vector
bundles over P1 which we will use in Chapter 5.

Theorem 4.46 (Birkhoff-Grothendieck) If E is a rank n holomorphic
vector bundle over P1, then

E ∼= O(a1)⊕ · · ·O(an)

for some integers a1, . . . , an ∈ Z.

Although the Birkhoff-Grothendieck theorem can be proved using the technology
developed in this chapter, for reasons of space we refer the reader to the proof on page
30 of [18]. We often encounter Riemann surfaces exhibited as n-sheeted branched covers
of P1. Via the direct image construction, we can transform the problem of studying a
line bundle over such a Riemann surface to the study of a rank n vector bundle on P1,
and these bundles are classified by the Birkhoff-Grothendieck theorem.

18This is easy to prove by induction on the length of the sequence
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4.6 The Riemann-Roch Theorem

We now state a fundamental theorem in the theory of Riemann surfaces, the Riemann-
Roch theorem. Given a holomorphic line bundle L over a compact Riemann surface
M , Riemann-Roch relates the bundle’s analytic data (the dimensions of the cohomology
groups of its sheaf of holomorphic sections) to its topological data (the Chern class of L
and the genus of M).

Theorem 4.47 (Riemann-Roch) Let L be a holomorphic line bundle
over a compact, connected Riemann surface M of genus g. Then

dimH0(M,L)− dimH1(M,L) = degL+ 1− g (4.5)

Proof. We begin by noting that for the trivial line bundle L = M ×C, dimH0(M,L) =
dimH0(M,OM ) = 1, and by Serre duality, dimH1(M,L) = dimH0(M,K) = g. Since
the trivial bundle has degree zero, we see that indeed

dimH0(M,L)− dimH1(M,L) = 1− g = 0 + 1 · (1− g)

So the Riemann-Roch formula holds for the trivial line bundle. We now proceed induc-
tively: assuming that the formula holds for a bundle L, we show that it holds for the
bundle L⊗Lp, where Lp is the point bundle associated to p ∈M . Consider the following
short exact sequence of sheaves, discussed in Example 4.38:

0 −→ O(L⊗ L∗p) −→ O(L) −→ Q −→ 0

This induces the following long exact sequence of cohomology groups:

0→ H0(M,L⊗ L∗p)→ H0(M,L)→ H0(M,Q)→ H1(M,L⊗ L∗p)→

→ H1(M,L)→ H1(M,Q)→ 0

Since the sheaf Q is a skyscraper sheaf with stalk C at p, we have that H0(M,Q) = C
and H1(M,Q) = 0. Now since in an exact sequence of vector spaces beginning and
ending with {0}, the alternating sum of the dimensions of the spaces in the sequence
vanishes, we have

dimH0(M,L⊗ L∗p)− dimH1(M,L⊗ L∗p) = dimH0(M,L)− dimH1(M,L)− 1

Now since the characteristic map is a homomorphism and degL∗p = −1, we have that
deg(L⊗ L∗p) = degL− 1. From this, and our assumption that

dimH0(M,L)− dimH1(M,L) = degL+ (1− g) (4.6)

we see that

dimH0(M,L⊗ L∗p)− dimH1(M,L⊗ L∗p) = deg(L⊗ L∗p) + 1− g

so if the formula holds for L, then it also holds for L⊗L∗p for any p ∈M . An analogous
argument shows that if the formula holds for L, then it also holds for L⊗ Lp.

In order to prove the theorem for a general line bundle, we show that any holomorphic
line bundle L is isomorphic to the tensor product of a finite number of point bundles and
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their inverses. To this end, let sq be a holomorphic section of Lq with a single simple
zero at q, and consider the short exact sequence of sheaves

0 −→ O(L) −→ O(L⊗ Lnq ) −→ R −→ 0

where the map from O(L) −→ O(L⊗Lnq ) is given by multiplication by the section snq of
Lnq . Recall that the sheaf R is a skyscraper sheaf whose only non-zero stalk is Rq = Cn.
Hence, H0(M,R) = Cn and Hp(M,R) = 0 for p ≥ 1. Summing dimensions in the
corresponding long exact sequence of cohomology spaces yields

dimH0(M,L⊗ Lnq ) = dimH1(M,L⊗ Lnq ) + dimH0(M,L)− dimH1(M,L) + n

≥ dimH0(M,L)− dimH1(M,L) + n

Now since all the vector spaces above are finite dimensional, we can choose n sufficiently
large that the right hand side is strictly positive. Hence for such n, dimH0(M,L⊗Lnq ) ≥
0, so L ⊗ Lnq has a non-trivial holomorphic section σ, which has some finite number of
zeroes at points p1, ..., pk, each having multiplicity m1, ...,mk. Consequently, the bundle
L ⊗ Lnq ⊗ L−m1

p1 ⊗ · · ·L−mkpk
has a nowhere vanishing holomorphic section, and is thus

trivial. Therefore L = L−nq ⊗ Lm1
p1 ⊗ · · ·L

mk
pk

, so we see that we can indeed write an
arbitrary holomorphic line bundle as tensor product of finitely of point bundles and
their inverses. But the Riemann-Roch theorem was shown to hold for the trivial bundle,
and we have also shown that if it holds for L, it must also hold for L∗p and Lp. It
therefore follows that the Riemann-Roch theorem holds for any holomorphic line bundle
L.

Remark: The Riemann-Roch formula can also be shown to hold for a rank m vector
bundle V over a Riemann surface M . We refer the reader to [18] for the proof,
which proceeds by induction on the rank of the bundle.

We conclude our discussion of Riemann surfaces by mentioning a consequence of the
Riemann-Roch theorem that will prove useful in Chapter 5.

Proposition 4.48 Let M and N be Riemann surfaces, and let π : M → N
be a holomorphic map that exhibits M as an r-fold branched covering of N .
If V is a rank n-vector bundle M , g and g̃ are the genera of N and M
respectively, and d, d̃ the degrees of V and π∗V respectively, then following
relationship holds

d̃− rn(g̃ − 1) = d− n(g − 1)
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Chapter 5

Lax equations and Riemann
surfaces

We shall now apply the machinery assembled in Chapter 4 to give a geometric interpre-
tation of Lax equations with a spectral parameter. We shall see that for the Lax pairs
Ȧ = [A,B] arising from the AKS construction, we can interpret the differential equation
as describing the linear motion of a point on a complex torus which is the Jacobian of a
compact Riemann surface. The treatment given here is based on the articles [26],[28] as
well as the survey [31]. The proof of the linearization theorem that we present follows
closely Hitchin’s treatment in [18]. A proof can also be found in the Griffiths’ paper
[13]. Other useful references on the subject include Chapter 5 of Babelon’s book [7], as
well as the article [3] by Adler and van Moerbeke. The specific example of the Neumann
model is treated extensively in Harnad’s lecture notes [17]

5.1 Matrix Polynomials and Spectral Curves

Let M(r, d) be the set of all degree d polynomials with coefficients in the space of r × r
complex matrices:

M(r, d) =
{
Adz

d +Ad−1z
d−1 + . . .+A0 : Ai ∈ glr(C)

}
If A(z) ∈M(r, d) is such a matrix polynomial, its characteristic equation defines an

element P (z, w) of the polynomial ring C[z, w]:

P (z, w) = det(A(z)− w1) = wr + a1(z)wr−1 + . . .+ ar(z)

Observe that each ai ∈ C[z] satisfies deg(ai) ≤ id.

Definition 5.1 The affine spectral curve of a matrix polynomial A(z) ∈
M(r, d) is the affine plane curve

C0 =
{

(z, w) ∈ C2 : P (z, w) = 0
}

Consider the complex projective line P1 with its standard covering by two affine
coordinate charts (U0, z) and (U1, z̃). At a point p in the intersection U0 ∩ U1

∼= C∗
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these coordinates are related by z̃(p) = 1/z(p). Recall that with respect to this covering
of P1, the line bundle O(d) is defined by the transition function

t01 : U0 ∩ U1 → C∗ , p 7→ zd(p)

Let T be the total space of the line bundle O(d), and ρ : T → P1 the bundle projection.
Given a matrix polynomial A(z), we will construct the completion of its affine spectral
curve inside the complex manifold T . We can cover T by two open sets, W0 = ρ−1(U0)
and W1 = ρ−1(U1). Since the restriction of O(d) to each Ui is trivial, both W0 and W1

are isomorphic to C2. Take1 (z, w) to be analytic coordinates on W0 and (z̃, w̃) to be
analytic coordinates on W1. On the intersection W0 ∩W1, these coordinates are related
by

z̃ =
1
z

w̃ =
w

zd

Let us now consider the line bundle ρ∗O(rd) over T . With respect to the cover
T = W0 ∪W1, this line bundle is defined by the transition function

τ01 : W0 ∩W1 → C∗, p 7→ zrd(p)

Let A(z) ∈ M(r, d) be a matrix polynomial with characteristic polynomial P (z, w).
We define a section P(A) of ρ∗O(rd) by the following pair of locally defined functions

P(A)W0 : W0 → C, (z, w) 7→ P (z, w)

P(A)W1 : W1 → C, (z̃, w̃) 7→ z̃rdP (z̃−1, z̃−dw̃)

Definition 5.2 (Spectral curve of a matrix polynomial) The spectral
curve C of a matrix polynomial A(z) ∈M(r, d) is the zero set of the section
P(A):

C = {p ∈ T : P(A)(p) = 0}

Suppose that A(z) has characteristic polynomial

P (z, w) = det(A(z)− w1) = wr + a1(z)wr−1 + . . .+ ar(z)

Then
z̃rdP (z̃−1, z̃−dw̃) = w̃r + ã1(z̃)w̃r−1 + . . .+ ãr(z̃)

where ãi is a polynomial in z̃ of degree less than or equal to ir. Since for any fixed
value of z or z̃ the coefficients of wr in P (z, w) and w̃r in z̃rdP (z̃, w̃) never vanish,
the map π = ρ|C exhibits C as an r-fold branched cover of P1. Hence the spectral
curve is a (possibly singular) curve C embedded in the complex surface T , whose ‘affine
part’ C ∩W0 is exactly the affine spectral curve we defined previously. From now on
we shall assume that all spectral curves are smooth and all characteristic polynomials
are irreducible. Under these assumptions, the spectral curve C associated to a matrix
polynomial A(z) ∈M(r, d) defines a compact, connected Riemann surface. Note that a
branch point z ∈ P1 of the covering map π : C → P1 corresponds to the matrix A(z)
having fewer than r distinct eigenvalues, while a branch point at z =∞ corresponds to
the leading coefficient Ad of A(z) having fewer than r distinct eigenvalues.

1We think of z as the base coordinate and w as the fibre coordinate.
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Example 5.3 An affine hyperelliptic curve C0 is the locus of points

C0 = {(z, w) ∈ C2 : w2 = P (z)}

where
P (z) = (z − α1)(z − α2) · · · (z − αn)

is a polynomial with n distinct roots α1, ..., αn ∈ C. Following Mumford in
[29], we consider matrices of the form

A(z) =
(
V (z) W (z)
U(z) −V (z)

)
where U(z) and W (z) are monic polynomials of degree d − 1 and d respec-
tively, and V (z) is of degree ≤ d − 2 for some fixed positive integer d. The
characteristic polynomial of A(z) is given by

P (z, w) = w2 − (V 2 + UW )(z) =: w2 − F (z)

Assume that the polynomials U,W, V are generic in the sense that F (z) has
no repeated roots:

F (z) =
2d−1∏
i=1

(z − αi), , αi 6= αj if i 6= j

In this case, the affine spectral curve of A(z) is hyperelliptic. Following the
method outlined above, we think of

P (z, w) = w2 −
2d−1∏
i=1

(z − αi)

as being the local representative of a global section of ρ∗O(2d) in the local
trivialization (z, w) ∈ V1 × C. It follows that in the other trivialization
(z̃, w̃) ∈ V2 × C, this section is represented by the local function

P̃(z̃, w̃) = w̃2 − z̃
2d−1∏
i=1

(1− αiz̃)

The spectral curve C of A(z) is the zero set in O(d) of this section. We
observe that there is only one ’point at infinity’, the point (z̃ = 0, w̃ = 0).
This is readily seen to be a smooth point. It is, however, an order 2 branch
point of the covering π : C → P1. We also note that π : C → P1 has
2d− 1 order 2 branch points {(z = αi, w = 0)}2d−1

i=1 at finite distance. Hence
π : C → P1 has 2d branch points of order 2, and thus by the Riemann-
Hurwitz formula we compute its genus g to be

g = d− 1

We now study some general properties of spectral curves. Let T = W0 ∪W1 be the
open cover of the total space of the line bundle O(n) we defined previously. We begin
by making an important observation about this cover:

Lemma 5.4 The cover T = W0 ∪W1 is a Leray open cover with respect to
any coherent analytic sheaf F over T .
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Proof. We have seen that both W0 and W1 are isomorphic to C × C. So W0,W1 is a
cover of T by Stein manifolds. By Cartan’s Theorem B, such a covering is a Leray cover
with respect to any coherent analytic sheaf on T .

We will exploit this fact to give explicit descriptions of the cohomology groups of
sheaves on T . In particular, if OT denotes the sheaf of holomorphic functions on T , we
can compute H1(T,OT ). By definition, an element of H1(T,OT ) is represented by a
holomorphic function defined on U1∩U2

∼= C∗×C, given by a Laurent series of the form

∞∑
j=−∞

∞∑
k=0

aijz
jwk

modulo the functions which extend holomorphically to U1, which have the form

∞∑
j=0

∞∑
k=0

bijz
jwk

and modulo those which extend to U2, which are of the form

∞∑
j=0

∞∑
k=0

cijz
−dk−jwk

Hence we find that

Proposition 5.5 H1(T,OT ) is spanned by the monomials{
wizj , i > 0 , id < j < 0

}
By definition of the spectral curve C associated toA(z), multiplication by the defining

section P(A) gives a short exact sequence of sheaves

0→ ρ∗O(−rd)→ OT → OC → 0

where we identify the quotient sheaf with OC , the sheaf of holomorphic functions on C.
Consider the following portion of the corresponding long exact sequence in cohomology:

H1(T,OT )→ H1(C,OT )→ H2(T, ρ∗O(−rd))

Since there is Leray cover for T with respect to ρ∗O(−rd) which has only two open sets,
it follows that H2(T, ρ∗O(−rd)) = 0. Hence the map from H1(T,OT ) to H1(C,OC) is
surjective. So any element of H1(C,OC) can be described as an element of H1(T,OT )
modulo the relation det(A(z)−w1) = 0 defining the spectral curve. Since we can use this
relation to eliminate any powers of w higher than wr−1, we observe that the monomials
wizj , 0 < i ≤ r − 1 , id < j < 0 form a basis for H1(C,OC). Noting that

(d− 1) + (2d− 1) + · · ·+ (r − 1)(d− 1) =
1
2

(r − 1)(dr − 2)

we have:
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Proposition 5.6 Let C be the spectral curve associated to the matrix
polynomial A(z) ∈ M(r, d). If C is smooth, its genus is given by g =
1
2 (r−1)(dr − 2)

We will be also be interested pullback bundle π∗O(d) over the spectral curve C.
With respect to the covering of C by the two charts V1 = C ∩ U1 and V2 = C ∩ U2,
then this bundle is defined by the transition function t12 = zn(p), p ∈ V0 ∩ V1. We can
define a section w of this bundle by the two functions wV1 = w, wV2 = w̃. This section
contains the data of the eigenvalues of the matrix polynomial A(z). Of course, these
eigenvalues cannot be expressed as single-valued functions of a parameter on P1: there
are, after all, generically r eigenvalues corresponding to each value of z. However on the
r-fold cover of P1 given by the spectral curve, we find that we can indeed represent the
eigenvalues as a single-valued global section of the line bundle π∗O(n).
We conclude our discussion of spectral curves by noting a consequence of the smoothness
assumption:

Definition 5.7 (Regular matrix) A matrix M ∈ GLr(C) is regular if
the following equivalent conditions hold:

1. The minimal polynomial of M is equal to its characteristic polynomial
2. The conjugacy class of M in GLr(C) is of maximal dimension r2 − r
3. There exists a vector v ∈ Cr such that v,Mv,M2v, . . . span Cr

4. All the eigenspaces of M are of dimension 1

Proposition 5.8 Let A(z) ∈ M(r, d) be a matrix polynomial with smooth
spectral curve X. Then for all fixed a ∈ P1, the matrix A(a) is regular (for
z =∞, this means the leading matrix Ad is regular).

Proof. As usual, we write

A(z) = Adz
d +Ad−1z

d−1 + . . .+A0

Now suppose that at z0 ∈ C the matrix A(z0) is not regular. Then there exists w0

such that (z0, w0) ∈ C0 and rank (A(z0)− w0.1) ≤ r − 2. Let ∆ij(z, w) be the (i, j)-th
minor of the matrix A(z)− w1. Since A(z0) is of rank ≤ r − 2, ∆ij = 0 for all i, j. Set
Aij(z) := (A(z))ij . Then computing the partial derivatives

∂wP (z, w)|(z0, w0) =
r∑
i=1

∆ii(z0, w0) = 0

∂zP (z, w)|(z0, w0) =
r∑

i,j=1

∂Aij
∂z

(z0)∆ij(z0, w0) = 0

shows that z0, w0 is a singular point of C. Applying similar considerations to

z̃rdP (z̃−1, z̃−dw̃) = det
(
z̃dA

(
1
z̃

)
− w̃

)
and noting that

z̃dA

(
1
z̃

)∣∣∣∣
z̃=0

= Ad

we see that if Ad fails to be regular, then there exists w̃0 such that (z̃, w̃) = (0, w̃0) is a
singular point of C. This proves the proposition.
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5.2 The Eigenvector Bundle

Suppose that A(z) ∈M(r, d) is a matrix polynomial whose spectral curve C is smooth.
By Proposition 5.8, we know that for all z ∈ P1, the eigenspaces of A(z) are one-
dimensional. We will now study these eigenspaces in more detail. Let Ψ(p) =(ψ1(p), . . . , ψr(p))
be an eigenvector associated to the point p ∈ C: if p = (z, w), then Ψ(p) is an eigen-
vector of the matrix A(z) with eigenvalue w. Let e1, . . . , er be the standard basis for
Cr and 〈, 〉 the inner product defined by declaring the ei an orthonormal basis. Define
r open subsets of C by

Ui = {p ∈ C : ∃ v ∈ ker (A(z)− w1) such that 〈v, ei〉 6= 0}

Let us choose to normalize the eigenvector Ψ(p) by setting ψ1 ≡ 1. This defines r
functions ψ1 ≡ 1, ψ2, . . . ψr on the open set U1.

Proposition 5.9 The components (ψ1, ψ2, . . . ψr) of the normalized eigen-
vector Ψ(p) define meromorphic functions on the spectral curve C

Proof. At each point p ∈ U1 there is a unique eigenvector Ψ of A normalized by ψ1 = 1.
The unnormalized components of this eigenvector will be suitable minors of the matrix
A(z)− w1 and hence will depend polynomially on the two meromorphic functions z, w
on C. After dividing by the first component of this vector, all other components depend
rationally on z and w and are thus define meromorphic functions on C.

We will use this set of meromorphic functions to construct a line bundle over C which
encodes the data of the eigenspaces of A(z):

Proposition 5.10 Suppose that A(z) ∈ M(r, d) is a matrix polynomial
whose spectral curve C is smooth. Then there exists a unique line bundle L
over C, embedded as a subbundle of C×Cm, whose fibre over the point p ∈ C
is the one-dimensional eigenspace of the matrix A(z(p)) corresponding to the
eigenvalue w(p).

Proof. When restricted to the set U1 ⊂ C the r functions (1, ψ2, . . . ψr) are holomorphic.
Hence they define a holomorphic map

Ψ : U1 → Pr−1 p 7→ [1 : ψ2 : · · · : ψr]

This map can be extended to a holomorphic map Ψ : C → Pr−1 as follows. Let p be a
point where at least one of the ψi has a pole. Denote by k the maximum of the orders of
the poles of the ψi at p; by assumption k ≥ 1. Let (V, x) be a local analytic coordinate
chart on C centered at p. Then we define a holomorphic map V → P1

x→ [xk : xkψ2 : . . . : xkψr]

By definition of the homogeneous coordinates on P1 this map agrees with the map Ψ on
V ∩ U1. Applying this procedure at each point p ∈ C − U1 defines a unique extension
of Ψ to a holomorphic map Ψ : C → Pr−1. Now let T be the tautological bundle over
Pm−1; that is, the subbundle of Pm−1 × Cm whose fiber over the point p ∈ Pm−1 is the
one-dimensional subspace of Cm represented by p. Our line bundle L is then simply
Ψ∗T , the pullback by Ψ of the tautological bundle.
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It is in fact the dual bundle to L that will play a fundamental role in our discussion:

Definition 5.11 (Eigenvector bundle) Let A(z) ∈ M(r, d) be a matrix
polynomial with smooth spectral curve C and let L be the line bundle con-
structed in Proposition 5.10. The eigenvector bundle associated to A(z) is
the line bundle L = L∗.

We will now give a description of the line bundles L and L in terms of local trivi-
alizations and transition functions. Since % : L → C is a subbundle of C × Cr, points
x ∈ %−1(p) determine vectors in Cm. We define local trivializations ϕi : %−1(Ui)→ Ui×C
as follows:

ϕi(x) = (%(x), 〈x, ei〉)
The map ϕ is evidently analytic and fibrewise linear, and since 〈x, ei〉 6= 0 for

π(x) ∈Ui, ϕ is a bijection and hence defines a local trivialization of L over Ui.
We obtain transition functions tij on each intersection Ui ∩ Uj by

tij = ϕi ◦ ϕ−1
j

Explicitly, if p ∈ C we have

tij(p) =
〈v, ei〉
〈v, ej〉

, v ∈ %−1(p)

=
ψi
ψj

Note that these functions are well-defined: they are independent of the choice of vector
v(x) in the eigenspace %−1(x). By definition, the dual bundle L is described by the
transition functions

fij(x) =
1

tij(x)

The eigenvector bundle L has r natural holomorphic sections s1, . . . , sr which corre-
spond to projection onto the linear coordinates of Cr. With respect to the trivialization
of L we have constructed, the section sk is represented by the following collection of
holomorphic functions defined on the Ui

sk|Ui =
ψk
ψi

where the ψj are suitable restrictions of the meromorphic normalized eigenvector compo-
nents we constructed previously. Since for all but finitely many z ∈ P1 the eigenvectors
of A(z) span Cm, the sections si are linearly independent. By their construction in in
terms of components of eigenvectors, the sections si have the property :

Lemma 5.12

The standard basis sections si and the meromorphic function w on C satisfy

wsi =
r∑
j=1

Aij(z)sj

We now determine some basic properties of the line bundle L. We will use the
abbreviation

L(k) := L⊗ π∗O(k), k ∈ Z
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Proposition 5.13 Suppose that A(z) ∈ M(r, d) is a matrix polynomial
whose spectral curve C is smooth and has r distinct points above z = ∞.
Then the eigenvector bundle L corresponding to A(z) satisfies dimH0(C,L(−1)) =
0.

Proof. Let P∞ = (P1, . . . , Pr) be the r distinct points above z = ∞, and write C0 =
C − {P1, . . . Pr} for the affine spectral curve. Recall that C0 is the affine variety corre-
sponding to the ideal in C[z, w] generated by the characteristic polynomial P (z, w). Let
R0 = C[z, w]/〈P (z, w)〉 be the coordinate ring of the affine variety C0, and denote by R
the polynomial ring C[z]. Let V be the subspace of H0(C,L) generated by the sections
s1, . . . , sr. We begin the proof with a simple observation: if v ∈ V and zv ∈ H0(C,L),
then v = 0. Indeed if zv ∈ H0(C,L), then v must vanish at each point over infinity. But
since the eigenspaces at these points span Cr, this implies v = 0.

Let M be the space of meromorphic sections of L whose restrictions to C0 are
holomorphic. Since polynomials in z are holomorphic on C0,M has the structure of an
R0-module. We claim that the natural map r : V⊗R→M given by multiplication of sec-
tions by functions is surjective. Observe that by Lemma 5.12, r(V ⊗R) is an R0-module,
since the collection of linear coordinates (s1, . . . , sr) satisfy wsi =

∑r
j=1Aij(z)sj . Now

suppose for a contradiction that r(V ⊗R) is a proper R0 submodule of M. Then there
exists a maximal ideal m in R0 such that r(V ⊗R) ⊂ mM. Associated to any maximal
ideal in the coordinate ring R0 is a point p ∈ C0 such that m = {g ∈ R0 : g(p) = 0}.
Therefore every element of r(V ⊗ R) vanishes at p. This is absurd, since there must
exist a linear coordinate which does not vanish on the eigenspace of A(z) corresponding
to the point p = (z, w). Thus we see that r is indeed surjective.

We conclude the argument by showing that H0(C,L) = V . By the surjectivity of r, any
element of M, and thus any element t ∈ H0(C,L), may be written t =

∑m
i=0 viz

i. Sup-
pose that vm ≥ 0. Then vmz = sz1−m −

∑
i≤0 vi+m−1z

i. Note that the right hand side
of this expression is manifestly holomorphic at z = ∞. Consequently vmz ∈ H0(C,L),
which shows vm = 0. Thus H0(C,L) = V as claimed. It now follows readily that
H0(C,L(−1)) = {0}, since any non-trivial section of L(−1) would give rise to a section
of L vanishing at each point Pi over infinity.

Corollary 5.14 Under the assumptions of Proposition 5.13, the dimension
of the space of holomorphic sections of L is dimH0(C,L) = r.

Proof. Suppose that p ∈ P1 is not a branch point of the r-fold covering π : C → P1,
and let sp be a section of the bundle O(1) over P1 with a single simple zero at p. Then
the composite sp ◦ π defines a section of the pullback bundle π∗O(1) over C which has
r distinct zeroes. Now consider the short exact sequence of sheaves

0→ O(L(−1))→ O(L)→ Q→ 0

where the map from O(L(−1)) to O(L) is multiplication by the section sp ◦ π. The
corresponding long exact sequence in cohomology reads

0→ H0(C,L(−1))→ H0(C,L)→ Cr → H1(C,L(−1))→ H1(C,L)→ 0 (5.1)
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By Proposition 5.13, dimH0(C,L(−1)) = 0, so that H0(C,L) injects into Cr. Thus
dimH0(C,L) ≤ r. But we have already explicitly constructed r linearly independent
elements of H0(C,L), the sections {si}. Hence dimH0(C,L) = r, and the {si} form a
basis.

We will refer to the basis si as the standard basis for H0(C,L). We can also compute
the degree of such an eigenvector bundle:

Proposition 5.15 Under the assumptions of Proposition 5.13, the degree
of the eigenvector bundle over a spectral curve C of genus g is given by

degL = r + g − 1

Proof. Counting dimensions in the long exact sequence (5.1), we observe that

dimH1(C,L(−1)) = dimH1(C,L)

. By Serre duality, we have

H1(C,L(−1)) ∼= H0(C,K(1)L−1)∗, H1(C,L) ∼= H0(C,KL−1)∗

We claim that dimH1(C,L) = dimH0(C,KL−1) = 0. Consider the injective maps from
H0(C,KL−1) to H0(C,K(1)L−1) given by multiplication by some non-trivial section of
the pullback bundle π∗O(1). Observe that given any point p ∈ C, there exists a section
of π∗O(1) which vanishes at p; this is a consequence of the fact that any two point
bundles on P1 are isomorphic. Since

dimH0(C,KL−1) = dimH0(C,K(1)L−1)

any injective map between these spaces is also surjective. But this means that every
section of K(1)L−1 vanishes at each point p ∈ C, which implies

dimH0(C,K(1)L−1) = 0 = dimH0(C,KL−1) = H1(C,L)

So applying the Riemann-Roch theorem to L,

dimH0(C,L)− dimH1(C,L) = r − 0 = degL+ 1− g

We conclude that deg(L) = r + g − 1 as claimed.

5.3 The Jacobian of a Spectral Curve

Suppose that C is a spectral curve of genus g with r distinct points above z = ∞.
Denote by MP the subset of M(r, d) consisting of matrix polynomials whose spectral
curve is C. Let Jacg−1(C) be the space of isomorphism classes of holomorphic line
bundles on C of degree g − 1. Recall from Chapter 4 that Jacg−1(C) has the structure
of a g-dimensional complex torus which is isomorphic to the Jacobian of C. From now
on, we will refer to Jacg−1(C) simply as the Jacobian of C. We also recall that the theta
divisor Θ ⊂ Jacg−1(C) is the subset of the Jacobian consisting of line bundles admitting
a non-trivial holomorphic section:

Θ =
{
B ∈ Jg−1(C) : H0(C,B) 6= 0

}
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Given a matrix polynomial A(z) ∈ MP , by Proposition 5.13 its eigenvector bundle L
has degree r + g − 1 and satisfies dimH0(C,L(−1)) = 0. Since the pullback bundle
π∗O(1) has a section with r distinct simple zeroes, it has degree r, which implies that
the bundle L(−1) must have degree g− 1. Therefore the construction of the eigenvector
bundle L from a matrix A(z) ∈MP defines a map

l : MP → Jg−1(C)−Θ, A(z) 7→ L(−1)

Using the direct image construction, we can also obtain matrix polynomials from a
line bundle B ∈ Jacg−1(C)−Θ.

Proposition 5.16 Let A(z), Ã(z) ∈MP , and let L, L̃ be the corresponding
eigenvector bundles. Suppose there exists a constant matrix P ∈ GLr(C)
such that A(z) = PÃ(z)P−1. Then L ∼= L̃.

Proof. Let si be the standard basis for H0(C,L) and let ti be the corresponding basis
for H0(C, L̃). Consider the section σ =

∑
j P1jtj of L̃. We claim the divisor of σ is

the same of that of the section s1 of L. Let p ∈ C be contained in a local trivialization
U . Denote by s the vector (s1|U , . . . sr|U ) where si|U is the local holomorphic function
representing the section si in the trivialization U ; define a vector t similarly. Since the
eigenspaces of A(z) are one-dimensional for each p there exists a function k(p) such that
s = k(p) · P t, that is,

si|U = k(p)
∑
j

Pijtj |U

By definition of the bases si, ti in terms of the components of normalized eigenvectors,
k(p) must be a non-vanishing holomorphic function. But then since s1 = k(p)σ, we see
that the holomorphic sections σ and s1 have the same divisor, from which it follows that
L ∼= L̃.

Proposition 5.17 Let L be a holomorphic line bundle over C such that
L(−1) ∈ Jg−1(C)−Θ. Then the direct image π∗L is isomorphic to the trivial
rank r vector bundle E over P1.

Proof. Since L(−1) ∈ Jg−1(C)−Θ, we have deg(L(−1)) = g−1 and H0(C,L(−1)) = 0.
It follows that degL = r + d− 1. By Proposition 4.41, we can identify the direct image
π∗L with a rank r vector bundle E over P1. Recall that from Proposition 4.48 that if
π : M → N is an r-fold branched covering and V is a rank n-vector bundle over M ,
then

d̃− rn(g̃ − 1) = d− n(g − 1)

where g and g̃ are the genera of N and M respectively, and d, d̃ the degrees of V and
π∗V respectively. In our case this formula yields deg π∗L(−1) = 0. So by the Birkhoff-
Grothendieck theorem,

π∗L(−1) = E ∼= O(a1)⊕ · · · ⊕ O(ak)

with
∑
i ai = 0. However, by the projection formula in Proposition 4.41, we have

π∗L ∼= E ⊗O(−1) ∼= O(a1 − 1)⊕ · · · ⊕ O(ar − 1)
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By definition of the direct image, H0(C,L) = H0(P1, π∗L) = 0. Hence each ai must
satisfy ai ≤ 0. Since

∑
i ai = 0 this implies ai = 0 for all i, and thus E is isomorphic to

the trivial bundle over P1.

Observe that by the projection formula, this proposition implies that π∗L(d) ∼= E(d),
where E(d) = E ⊗O(d).

Recall from our discussion of spectral curves in Section 5.1 that with respect to the
cover C = V1 ∪ V2, the line bundle π∗O(d) can be described by the cocycle zd. This
bundle has a canonical section w, which is described by the pair of local holomorphic
functions (w, w̃). Multiplication by w defines a map W : H0(C,L) → H0(C,L(d)). So
by definition of the direct image, W induces a map W̃ : H0(P1, E)→ H0(P1, E(d)).

Now recall that H0(P1, E) ∼= Cm. Let us fix a specific isomorphism by choosing a
basis (e1, . . . , em) for H0(P1, E). Recall that H0(P1,O(d)) can be identified with the
space of polynomials of degree less than or equal to d. Therefore our choice of basis for
H0(P1, E) determines a basis for H0(P1, E(d)) of the form

B = {ei ⊗ zk : 1 ≤ i ≤ r, 0 ≤ k ≤ d}

Thus W̃ defines a matrix A(z) ∈M(r, d):

W̃ (ei) =
r∑
j=1

Aij(z)⊗ ej

Observe that passing to a different choice of basis for H0(P1, E) corresponds to conju-
gation of A(z) by a matrix P ∈ GLr(C). Now by definition of the section w, the matrix
A(z) satisfies P (z,A(z)) = 0. Since the spectral polynomial P (z, w) was assumed to be
irreducible, the Cayley-Hamilton theorem implies that the characteristic polynomial of
A(z) is equal to P (z, w), so that A(z) ∈MP .

Hence we have defined a map from Jg−1(C) − Θ to the set of conjugacy classes of
matrix polynomials with spectral curve C. We claim that this map is an inverse to the
eigenvector mapping:

Theorem 5.18 (Beauville) Suppose that the spectral curve associated to
P is smooth with r distinct points above z =∞. Then the group GLr(C) acts
on MP by conjugation, and there is a bijection between the quotient space
and the affine Jacobian Jg−1(C)−Θ of C.

Proof. Let A(z) represent a conjugacy class in MP , and let LA be the image of this
conjugacy class under the eigenvector mapping. Let {si} be the standard basis of sections
of LA. The bundle LA can be described by the two local trivialisations V1×C and V2×C
which are related by a transition function f12 : V1 ∩ V2 → C∗. In these trivialisations,
the basis si of H0(C,L) is represented by pairs (bi, b̃i) where bi : V1 → C, b̃i : V2 → C
and bi = f12b̃i. By Lemma 5.12, we have that

wbi =
∑
j

Aij(z)bj

w̃b̃i =
r∑
j=1

z̃dAij(z)b̃j

Hence we recover the matrix A(z) as the matrix with respect to the basis si of the
map H0(P1, E)→ H0(P1, E(d)) induced by multiplication by the section w.
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Conversely, suppose we begin with a line bundle B ∈ Jg−1 − Θ. Denote L = B(1),
and let us assume again that L is trivialized over the two sets V1, V2. A choice of basis
of H0(C,L) is represented by r sets of pairs (bi, b̃i) where bi : V1 → C, b̃i : V2 → C
and bi = f12b̃i. The matrix associated to L and this choice of basis is defined by
wbi =

∑
j Aij(z)bj . Observe that since π∗(L) is trivial, at each point p ∈ C at least one

bi satisfies bi(p) 6= 0. Now let LA be the eigenvector bundle corresponding to the matrix
A(z), and let si be the usual canonical basis of sections. By an identical argument to
the one used in the proof of Proposition 5.17, we conclude that the divisors of bi and si
are equal. Hence L ∼= LA, which proves that the maps are indeed mutual inverses.

5.4 Geometric Interpretation of Lax Equations

Let A(z) and B(z) be matrix polynomials, and consider the Lax equation

dA(z; t)
dt

= [A(z; t), B(z; t)] , A(z; 0) = A0 (5.2)

Recall from Proposition 0.1 in the Introduction that the coefficients of the characteristic
polynomial of A(z) are preserved by the time evolution of this system. In particular,
this means that if we fix an initial condition A(z; 0) corresponding to a characteristic
polynomial P and spectral curve C, the Lax equation (5.2) describes a dynamical system
on MP , the subset of M(r, d) consisting of matrix polynomials whose spectral curve is
C. Thus, we can use the machinery assembled in this chapter to study the system’s
time evolution. By Beauville’s theorem, we can identify MP with the affine Jacobian
Jg−1(C) − Θ of C. Hence the Lax equation (5.2) describes a dynamical system on an
open subset of the complex torus

Jacg−1(C) ∼=
H1(C,OC)
H1(C,Z)

∼=
Cg

Z2g

We say that a curve c(t) in Jacg−1(C) represents linear motion on the Jacobian if
c(t) is the image of a line t 7→ β0 + tβ in H1(C,OC) under the covering map exp :
H1(C,OC)→Jacg−1(C).

Remarkably, for a familiar form of the matrix B(z), we shall see that the Lax equation
(5.2) describes linear motion on Jacg−1(C).
As we saw in Section 3.3, applying the AKS construction to the loop algebra g̃lm(C)
yields Hamiltonian dynamical systems whose equations of motion take the form

d

dt
A(z; t) =

[(
Q(A(z), z−1)

)
+
, A(z; t)

]
(5.3)

where A(z) is an m × m matrix polynomial, Q(x, z) is a polynomial in x and z−1,
and the subscript + denotes taking the holomorphic part of the matrix Laurent series
Q(A(z), z−1). Now let C be the invariant spectral curve of the matrix polynomial
A(z; t) corresponding to some fixed initial condition A(z; 0). Recall from our discussion
of spectral curves that H1(C,OC) can be explicitly described as the complex vector
space spanned by the monomials{

wizj , i > 0 , id < j < 0
}

As we will see, the matrix polynomial B(z) =
(
Q(A(z), z−1)

)
+

is related to a coho-
mology class β(z, w) ∈ H1(C,O(C)), which determines the direction of a linear flow on
Jacg−1(C)−Θ:
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Figure 5.1: Linear motion on a 1 dimensional complex torus.

93



Theorem 5.19 (Linearization of flows) Let β(z, w) be an element of
H1(C,OC), and let

B(z) = (β(z,A(z)))+

be the holomorphic part of the matrix Laurent series β (z,A(z)). Then the
image of a solution A(z; t) of the Lax equation

dA(z; t)
dt

= [A(z; t), B(z; t)] , A(z; 0) = A0 (5.4)

under the eigenvector map l : MP → Jg−1(C)−Θ is a line bundle L(t) defined
by the cocycle c exp(tβ) ∈ H1(C,O∗C), where L(0) = l (A(z; 0)). Hence L(t)
evolves linearly in Jacg−1(C).

Proof. In view of the Beauville correspondence, the strategy is to study the linear flow of
L(t) on Jg−1(C)−Θ in the direction β(z, w) and show that we can find representatives
Ã(z; t) of the corresponding conjugacy classes of matrix polynomials such that equation
(5.4) is satisfied. Consider the line bundle L(t) with transition function c exp(tβ(z, w)).
Let sk(t) denote the standard basis for the space of holomorphic sections of L(t). In
the C ∩ U trivialization, these sections are represented by locally defined holomorphic
functions which we shall also denote sk(t). We denote their representatives in the C∩V2

trivialization by s̃k(t). On the intersection V1 ∩ V2, we have

sk(t) = c exp(tβ(z, w)) · s̃k(t)

Differentiating with respect to time yields

dsk
dt

= β(z, w) · sk(t) + c exp(tβ(z, w)) · ds̃k
dt

(5.5)

Using Lemma 5.12, we have that

wsk(t) =
m∑
j=1

Akj(z)sj(t) (5.6)

Hence we can write equation (5.5) as

dsk
dt

=
∑
j

[β(z,A(z))]kj · sj(t) + c exp(tβ(z, w)) · ds̃k
dt

Also note that since the spectrum of A(z) is constant in time, differentiating (5.6) gives

w
dsk
dt

=
m∑
j=1

(
dAkj
dt

sj(t) +Akj(z)
dsj
dt

)
(5.7)

Now consider the matrix-valued Laurent series β(z,A(z)). We can split it into two
terms: one, β+, which contains powers of z greater than or equal to 0, and another, β−,
containing strictly negative powers of z. We then have

dsk
dt
−
∑
j

[β+]kj · sj(t) =
∑
j

[β−]kj · sj(t) + c exp(tβ(z, w)) · ds̃k
dt

= c exp(tβ(z, w))

∑
j

[β−]kj s̃j(t) +
ds̃k
dt
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By our splitting of the powers of z in β(z,A(z)), we see that this defines a set of global
holomorphic sections τ (k) of L(t). We can write these sections as a complex linear
combination of the standard basis sections si(t)of L(t):

τ (k) =
m∑
i=1

Ckisi(t)

In this fashion we obtain a new time-dependent matrix C(t). In the C∩V1 trivialization,
this statement reads

dsk
dt
−

m∑
i=1

[β+]ki · si(t) =
m∑
i=1

Ckisi(t)

Now, substituting this expression into (5.7) yields:

w
dsk
dt

=
m∑
j=1

(
dAkj
dt

sj +Akj
dsj
dt

)
=

m∑
j=1

(
dAkj
dt

sj +
m∑
i=1

Akj(Cji + [β+]ji) · si

)

However, we can also write

w
dsk
dt

= w

m∑
i=1

([β+]ki · si + Ckisi)

=
m∑

i,j=1

Aji ([β+]ki + Ckj) sj

Comparing these expressions, we have

m∑
i,j=1

Aji ([β+]ik + Ckj) sj =
m∑
j=1

(
dAjk
dt

sj +
m∑
i=1

Ajk(Cji + [β+]ij) · si

)

Equating coefficients of the basis section sl yields

d

dt
Akl =

∑
i

(Cki + (β+)ki)Ail −
∑
j

Akj −
(
Cjl + (β+)jl

)
Hence we find that

dA

dt
= [A, β+ + C(t)]

We want to eliminate the explicitly time-dependent term C(t) from this equation. In
order to accomplish this, we consider the conjugate Ã(z) = PA(z)P−1 of A(z), where
P is a time-dependent(but not z-dependent) invertible matrix satisfying

dP

dt
= P (t)C(t)

Then we find that we can express the time evolution of Ã(z) as

dÃ

dt
= [Ã, β+(z, Ã(z))]

where β+(z, Ã(z)) = Pβ+(z,A(z))P−1.

Let us once again emphasise the meaning of this result: it tells us that any Lax pair
with a spectral parameter obtained by applying the AKS construction in a loop algebra
describes the linear motion of a point in a Jacobian.
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Remark: Observe that if Q(z,A(z)) is a polynomial in z and A(z), making the trans-
formation

B(z) 7→ B(z) +Q(z,A(z))

has no effect on the form of the Lax equation. This is a reflection of the cohomo-
logical nature of B(z) we have just described.

Remark: As we have seen, we can interpret the Lax equation (5.2) as describing linear
flow on Jacg−1(C) − Θ. The solution A(z; t) of the equation must develop a
singularity when this flow meets the theta divisor.

Example 5.20 (Nahm’s equations) Following Hitchin in [18], we consider
Nahm’s equations, a set of 3 coupled nonlinear matrix ODE’s which arise
as a dimensional reduction of the self-dual Yang-Mills equations: for 2 × 2
matrices T1(t), T2(t), T3(t) ∈ gl2(C), they read

dT1

dt
= [T2, T3]

dT2

dt
= [T3, T1]

dT3

dt
= [T1, T2]

Setting
A(z) = (T1 + iT2) + 2T3z − (T1 − iT2)z2

we compute

dA

dt
= [T2 − iT1, T3] + 2[T1, T2]z − [T2 + iT1, T3]z2

= [A,−iT3 + i(T1 − iT2)z]

and we see that the dynamics can be expressed in Lax form. From Proposi-
tion 5.6, we see that a generic (i.e. smooth) spectral curve has genus

g =
1
2

(2− 1)(2 · 2− 2) = 1

Moreover, we note that the matrix B(z) may be written

B(z) = −i
(
A

z

)
+

Hence Nahm’s equations can be interpreted as describing a linear flow on
the Jacobian of C, in the direction described by the cocycle

β(z, w) = −iw
z

Let us also note an interesting special case of the Nahm equations: if

T1 = u1

(
i 0
0 −i

)
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T2 = u2

(
0 i
i 0

)
T3 = u3

(
0 −1
1 0

)
then we recover the Lax equation for the rigid body discussed in example
0.3.

Example 5.21 (The Neumann model revisited) The Neumann model
also fits into this geometric framework as follows. Let N (z) be the matrix-
valued rational function described in Section 3.3:

N (z) = N (z) = z

n∑
i=1

(
−xiyi
z−αi − 1

2 −
−y2

i

z−αi
x2
i

z−αi
xiyi
z−αi

)
Writing a(z) =

∏n
i=1(z − αi), and setting

A(z) =
−2a(z)
z
N (z) =:

(
V (z) U(z)
W (z) −V (z)

)
we recognise that the matrix A(z) is of the ‘Mumford’ type considered in
example 5.3: U is monic of degree n, while W,V are monic of degree n− 1.
Hence the spectral curve C is generically smooth and hyperelliptic of genus
g = n− 1. Recall that the dynamics can be written

dA

dt
= [A(z), B(z)]

where

B(z) =
n∑
i=1

(
xiyi z + y2

i

−x2
i −xiyi

)
The matrix B(z) can be expressed as

B(z) = (P (z,A(z)))+

where P (z, w) = (wz1−n). Hence the flow of the Neumann model is seen to
linearize on the affine hyperelliptic Jacobian Jacg−1(C)−Θ and the direction
of the linear flow is represented by the cohomology class β(z, w) = wz1−n.
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Chapter 6

Conclusion

6.1 Summary

Our discussion of classical integrable systems began within the framework of Hamilto-
nian mechanics. As we explained in Chapter 2, the Liouville-Arnold theorem guarantees
that the flow of a Hamiltonian system with sufficiently many Poisson commuting con-
served quantities is linearized on the common level sets of these quantitites. Moreover,
provided these level sets are compact and connected, they are diffeomorphic to tori.
The Adler-Kostant-Symes method was used to give a systematic construction of Hamil-
tonian systems with non-trivial rings of Poisson commuting functions. We showed in
Chapter 3 that the equations of motion for these systems can be cast in the form of Lax
equations involving matrix polynomials. In Chapter 5, we studied these Lax equations
in detail. From the data of a matrix polynomial A(z), we explained how to construct a
compact Riemann surface C and a holomorphic line bundle L over C. Crucially, since
the solutions A(z; t) of a Lax equation with spectral parameter have the same character-
istic polynomial, the Riemann surface C was seen to be invariant under time evolution.
As explained in Chapter 4, if C has genus g, the set of isomorphism classes of holomor-
phic line bundles of fixed degree over C has the structure of a g-dimensional complex
torus called the Jacobian of C. For the Lax equations corresponding to the equations
of motion for an AKS Hamiltonian system, it was shown that the image of the solution
A(z; t) evolves linearly in this Jacobian.

6.2 Further Developments

The algebraic-geometric machinery developed in Chapter 5 has a wide range of applica-
tions in the theory of integrable systems, as well as in broader areas of mathematics. In
[6], Audin uses the map associating a matrix polynomial A(z) to its eigenvector bundle
to obtain further topological information about Liouville integrable Hamiltonian sys-
tems. In particular, Audin’s methods allow her to elegantly determine which level sets
of a system’s conserved quantities are regular, as well as to study the behaviour of the
Liouville tori as one passes through a critical value.

The connection between Liouville integrability and Lax equations is further devel-
oped in [27]. Adams, Harnad and Hurtubise study Liouville integrable Hamiltonian
systems on a symplectic manifold M , and give an expression for the symplectic form on
M in terms of ‘spectral Darboux coordinates’ associated to line bundles over a family
of spectral curves embedded in a two-dimensional complex manifold. They show that

98



their construction is equivalent to the classical separation of variables technique used to
construct a system’s action-angle coordinates. This is applied to a range of examples,
including the Neumann model.

The Neumann model itself also has important applications. In particular, the quasi-
periodic ‘finite-gap’ solutions of the famous KdV equation can be studied as solutions
of the Neumann model. The reader interested in further details is referred to [12].

Finally, we mention a remarkable generalisation, due to Hitchin, of the algebraic-
geometric ideas explained in Chapter 5. One begins by fixing a compact Riemann surface
Σ of genus g. The space of isomorphism classes of stable1 vector bundles of degree d
and rank r over Σ has the structure of a complex manifold M, and the holomorphic
cotangent bundle of M is a complex symplectic manifold: that is, a complex manifold
equipped with a closed holomorphic 2-form. The definition of Liouville integrability can
be generalised to complex symplectic manifolds as follows: we say that a Hamiltonian
system on a complex symplectic manifold N of complex dimension 2n is algebraically
completely integrable if there exist n Poisson commuting holomorphic functions on N
whose generic common level set is isomorphic to an open subset of an abelian variety on
which the Hamiltonian vector fields of these functions are linear. In [19], Hitchin shows
that the cotangent bundle of M supports a natural algebraically completely integrable
system. In the case Σ = P1, we recover the Lax formalism discussed in Chapter 5.
When Σ is of higher genus, it becomes more difficult to explicitly obtain the form of the
equations of motion of Hitchin’s integrable system. In [7], however, it is explained that
the genus 1 case corresponds to a well-known classical integrable model, the Calogero-
Moser system.

1For a definition, see [19]
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