LINEAR PROGRAMMING AND HAMILTON-JACOBI-BELLMAN EQUATIONS

1. INTRODUCTION

In linear programming, problems appear in pairs—a primal problem has its dual,
which contains useful information about the primal problem, reviewed in the next
section. We want to apply this technique to optimal control problems. But optimal con-
trol problems are in general non-linear. However, we can relax the problem—instead
of looking for an optimal trajectory/control, we search for a measure y to minimize
the “generalized” cost functional, with constraints that generalize the restrictions in
the original optimal control problem (dynamics, initial condition, etc.). The “relaxed”
problem becomes linear and we can find its dual and then use the dual to study the
primal problem.

2. LINEAR PROGRAMMING

2.1. Finite Dimensional Case. Recall thatinlinear programming, we are given a vector
c € R",b € R" and a matrix A € R"™". The primal problem is to find £ € R" to

minimizec - x
P
(P) {s.t. Ax=b,x > 0.
and the corresponding dual problem is to find § € R™ to
maximizey - b
D
) {s. t. Aly<ec

A vector x € R" is called feasible for (P) if Ax = b,x > 0; Similarly a vector y € R™ is
called feasible for problem dual if ATy < c. The main theorem in finite dimensional linear
programming is the following

Theorem 2.1 (Strong Duality). Assume that the sets of feasible vectors for (P) and (D) are
both nonempty. Then

(1) problem (P) has a solution % and problem (D) has a solution j.
(2) We have

(1) c-X=7-0,
or equivalently,

2) £-(AT)-c)=0.
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The last equality gives complementary slackness condition:

(3) (AT) — ¢); = 0 whenever %; # 0.

2.2. Infinite Dimensional Case. An infinite dimensional analogue of the linear pro-
gramming problem discussed above is this. Let X, Y be real topological vector spaces,
and assume X is endowed with a partial ordering, which is compatible with the linear
structure and which induces a partial ordering on its dual space X*. We denote the
pairing between a space and its dual by (-, -).

We are give c* € X*,b € Y and a bounded linear operator A : X — Y whose adjoint is
A" :Y" — X*. The primal problem is to find £ € X to

minimize(c*, x)
®) {s. t. Ax=0b,x>0.
and the corresponding dual problem is to find §* € Y to
maximize{y*, b)
(D) { A
s.t. Ay <c.

In the infinite dimensional case, we don’t in general have strong duality as finite
dimensional case. But we do have the weak duality:

Theorem 2.2 (Weak Duality).
(1) If x is feasible for (P) and y* is feasible for (D), then
(c",x) 2y, b).
(2) If for some feasible £ and §J* satisfying
(e, %) = (7", b,
then % is optimal for (P) and i is optimal for (D).
The above identity is equivalent to the complementary slackness condition

(A" =c",%)=0.
It’s useful to define the duality gap
4) A = inf{{c’, x)|Ax = b,x > 0} — sup{(y’, D)|A"y" < c*}.
Clearly, by Theorem 2.2, A > 0.

3. APPLICATIONS TO DYNAMIC PROGRAMMING

3.1. Ergodic Case.
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3.1.1. Setup of the Problem. The original problem is to find a measurable control function
a(-) (or progressively measurable process, in the stochastic case) with values in V' to
minimize the cost criterion

T
(5) Cost = %1_1}?210 % ‘[0 L(x(t), a(t))dt,

where the state x(t) is governed by some dynamics (deterministic or stochastic) of the
form

©) {dx = f(t, x(t), a(t))dt + o(t, x(t), a(t))dw

x(0) =x

where w is n—dimensional Wiener process. We assume all functions are periodic in
x. This minimization problem isn’t linear. But if we relax the problem and search for
instead a measure yon Q :=T" XV to

minimize f L(x,v)du
o}

s.t. u>0,u(Q)= 1,f T(x,v)pdu = 0,Yd = p(x)

o
where T(x,v) : C*(T") — C*(Q) is an operator with parameters x € T",v € V. The last
condition, u being flow invariant, generalizes the classical requirement that the cost is
computed along a curve.

(P1)

Remark 3.1. Of course, the operator T depends on the dynamics (6) if we want the
generalized problem (P1) to be related to the original problem. For instance [5], if the
dynamics are

dx = a(t)dt + odw,
o > 0 is deterministic, then T(x, v) should be the infinitesimal generator of the controlled
diffusion [4]

T(x,v)¢ = v-D(x) + %2Aqb.

3.1.2. Discrete Approximation and Dual. We discretize the problem and do some formal
calculation and then get the dual problem. We want to use the dual problem of the
discrete primal problem to guess the dual problem of (P1).

Take points x; € T"(1 <i < M) and vj(1 < j < N) € V, and assume u is accumulated
at points (x;, v;) with u(x;, v;) = y;;. Denote A;; = L(x;, v;) and T;]. is the formal adjoint of
T(x;,v;). Then the discrete primal problem is

minimize Z Aijpij

e T
s. t. Z T;]["ll] = O,VZ,Z ‘Lll] = 1, [J.l] 2 0
j ij
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Then the above problem is of form (P) with

X = (Hn,"' sHINy UMY, ,HMN)T
c= (Alll.'. IA].NI... //\Mll"' //\MN)T
b=(0,---,0,1)T € RM*

and an (M + 1) X (MN) matrix

Ti - Ty 0 o o oo e 0
0 - 0 Ty - Ty 0O -+ 0
0 o+ oo e e 0 Thy o Tin

Accordingly, the discrete dual problem is
(D1) maximize f8 . '
s. t. Ti]'yi-i'ﬁSAi]’,VlSlSM,lS]SN.
where the unknown is y = (y1,- -+, ym, p)-
Based on the discrete dual problem, we guess the dual problem of (P1) is

(D1) {maximize B

s.t. T(x,v)u(x)+p < L(x,v),¥(x,0) € Q,

where the unknown is y = (u(x), ).

3.1.3. Interpretations of Complementary Slackness. Suppose that u and 7 = (4(x), §) are
optimal to (P1) and (D1). Then the complementary slackness condition says that

(7) T(x, v)il(x) + ﬁ = L(x,v), on spt(u).
If we write L := —f3, we have
(8) mee‘i/x{T(x, v)i(x) — L(x,0)} <L,

with equality on spt(c), where o := proj_ fl.
3.2. Finite Horizon Case.

3.2.1. Setup of the Problem. We consider the measure formulation of the problem directly.
Let T" and V be the state space and control space respectively. We are looking for a
measure pon Q X [0, T] :=T" x V x [0, T] to minimize the total cost

T
Costzfo Lf(x,t,v)dy(x,t,v)+ng(x)dle(x,v),
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where |7 is a measure on Q with p|r(Z) := pu(Z x {T}), and running cost f and terminal
cost g are given. We need some kind of flow invariant condition

Lﬂiﬁx¢r+uxvmg¢l:Q

for all ¢ = @(x,t) with ¢p(x, 0) = ¢(x, T) = 0 and another condition which generalize the
initial condition of the dynamics

fmmmw=%,
1%

the measure being defined in a similar way as p|r. Note that we don’t require the
measure [ to be a probability measure.
In summary, the primal problem is

T
. b o)du(xt, J o),
mmlmlzifo Lf(xtv) y(xtv)+fgg(x) ulr(x,v)
(P2) t. ¢+ L(x,0)d)du = 0,Yp € C([0, T]; C(T)),
5.t fofg(m(xv)qb)u ¢ € C([0, T]; C=(T™)

flultZO(xl U) = 6360/ lu 2 0
|4

3.2.2. Dual Problem via Discretization. The discrete analogue of (P2) is
minimize Z i’; yfjh + Z Qi yf]
i,jk ik
©) st Y (b~ -y pE) =01 <i<T0<j<] -1,

k
k _ sio k
Zl“i,o—éi/ wi; =0,

k

where i € {1,---,1},j € {0,1,---,]J},k € {1,---,K} are indices for discretization of
T",[0,T] and V respectively and 6;; is Kronecker’s delta symbol. Note that in the

tirst constraint above, we integrate the corresponding continuum version by parts and
approximate —d,;u by difference quotients with step size At = h. (We also multiplied it
by —h to simplify the notation.)

Use the same notations as Section 2,

1 1 1 K K.
X = (F‘l,of" flluf.“é,o"' Y A Y VA /.UI,])I
c= (hfll,orfll,lf"' ’fll,]—lfhfll,] + glfhle,mle,lr“' rle,]—yhle,] T 82,

hffo f o o hAS + g0
b: (0/ /0/1/0/"' /0)/

where 1 lies at the (I] + iy)-th slot.




6 LINEAR PROGRAMMING AND HAMILTON-JACOBI-BELLMAN EQUATIONS

We haven’t written the matrix A explicitly, but if y = (u;;, w;),1 <i<[,0<j<]-1,
then

x-(ATy) = Ax-y
J-1
)

J-1

k k ky+ k k
Z (#i,j+1 = i — W(Ly) P‘ij) Uij + HioWi
=0
- k (—ui0 — hLFu , K (=uii + u; i1 — hLKu;; S
= lui,O( ul,O iul,() + wl) + [‘ll]( 1/[1] + ul,]—l iulj) + #i}ulrl_l .
ik

j
! j=1
Then, formally, the dual is
maximize w;,
0 s.t. —uig—hLYuo +w; < fih,  Vik,
(10) —EEE - Lug < ff, ik Vj=1,--,]
Ujj1 < fll;h +gi, Vik,

where the unknown is y = (u;, w;),1 <i < 1,0 < j < ] - 1. And we can guess the dual
problem of (P2) by letting & — 0,

maximize w(xp),
(11) s.t. —uy—L(x,0)u < f(x,t,0),
—u(x,0) + w(x) < 0,u(x, T) < g(x),

with unknown y = (u(x, t), w(x)). Clearly, the maximum can only be attained when
w(x) = u(x,0), so the above problem is equivalent to

maximize u(xg,0),
(D2) s.t. w+L(x,0)u+ f(x,t,v) >0,
u(x, T) < g(x).

3.2.3. Weak Duality. We can check the weak duality directly. For any feasible y and

(u(x, t), v(x)).
T
[ [ ret e [ seouinteo
0 Q Q

T
Z—j{; fQ(ut+L(x,v)u)dy+‘Lu(x,T)dy|T(x,v)

T T
:fo fQu(&tu—L(x,v)*y)—Lu(x,t)dyo+fQu(x,T)dH|T(x,v)

=u(xp, 0).
Therefore, min(P2)>max(D2).
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3.3. Discounted Infinite Horizon Case. Suppose the discount factoris A > 0and T", V
are state space and control space respectively. We search for a measure p on the space
QX [0,4+00) =T" X V X [0, +0) to minimize the cost

Cost = f f e Mf(x, t,v)dy,
0o Jo

with the same constraints as the finite horizon case. In other words, the primal problem

is
minimize f f e Mf(x, t,v)dy,
Jo. Jo

(P3) 5. t. fo fQ (@ + L(x, 0)p) dpt = 0,¥¢p € C2([0, +00); C=(T")),

‘ult:O(x/ U) = 6x0/ 1% > 0.
v
Similar to the finite horizon case, we get the dual problem

maximize u(xy,0),
(D3) s.t. w+L(x,0)u+ f(x, t,0)e™ >0,
}im u(x,t) <0.

with unknown u(x, t). It's readily to check that the weak duality holds.
3.4. Optimal Stopping Problems.

3.4.1. Setup of the Classical Problem. Let’s first recall the classical framework of optimal
stopping problems. Let U C IR” be a bounded, smooth domain. Suppose b : R" —
R", B : R" — M™" satisfy the usual assumptions, in the sense that, for each x € U, the
stochastic differential equation

(12) {dX = b(X)dt + B(X)dW

X(0) =x

has a unique solution, where W is standard m—dimensional Wiener process.
Let 7 = 7, be the exit time from U, and 0 be any stopping time with respect to the
filtration # . For each 0 we define the expected cost

OAT

(13) 161 := E( FOX(5))ds + g(X(6 A T»).

0
We are searching for an optimal stopping time 0 to minimize the J,[0].

As before, we relax the problem by looking for some measure that minimizes the
“generalized” cost. This has been studied by Cho and Stockbridge [1]. In our case,
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since the running cost f and terminal cost g are time-independent, we can simplify
their result a little. The linear programming formulation for this problem is to

minimize f fdu + f gdv

(P4) s.t. [ ¢dv— [Lodu = ¢(x),Yp € D
fv=1Lu=0v20,

where the unknowns are measures 1 and v on U, x is the initial point of X, and L is the
infinitesimal generator of the process X(-):

1 ) do y L
S ij i ij — ik1,jk
Lowy) Zzij 4 8xi8xj+2 b&xi’ 4 Zk brer,

1

for all ¢ € O, the domain of L.
Heuristically, the measure u is the occupation measure of X(-):

TAO
u(D) = E( f Xr(X(S))dS),

and the measure v is the distribution of the random variable X(t A 0).

3.4.2. Dual problem and weak duality. Repeat the process of discretization and finding
the dual as before, we get the dual problem

maximize u(x) +
(14) s.t. Lu+f>0inlU
sy =uy)+p, Vyeld

where the unknown is (u(y), f). Note that L = 0 since § is a constant, we can absorb j
into u(y) and the above problem is equivalent to

maximize u(x)
(D4) s.t. Lu+f>0inlU
sy zuly), VYyel
It’s easy to prove the weak duality,

(15) ffdy+fgdv2—fLudy+fudv:u(x).

Also note that if we have ({1, 7) admissible to (P4) and 7i admissible to (D4), such that

ffd/ft + gd¥ = 1i(x),

then ({1, 7) and # are solutions. Moreover,

f(Lu+f)dﬁ = 0,f(g—ﬁ)d19 =0.
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3.5. Optimal Switching Control Problems.

3.5.1. Introduction.

We consider the following stochastic control problem. Suppose we have a set of
m regimes (or controls) K = {1,2,--- ,m}. For a given regime k € K, the state process
evolves according to the Ito stochastic differential equation

(16) dek(t) = b (EXB)dt + o (E-(t))dw(),

where w is a n—dimensional standard Brownian motion and b, o* given.

Let #; = o{w(s) : s < t} be the history up to time t. We shall choose a sequence
of regimes {a,a,,---} from K and a sequence of ¥;—stopping times {73, 75, -} with
T1 < Tp < --- and 7,— o0 as i— oco. Suppose the initial state x, and initial regime a, are
given. To simplify the expressions, denote 79 = 0. Now the state process £(+) is defined
piecewisely,

EB)=&(t), Ti<t<Ty, i=0,1,2---,
where &' solves
de’ = b (E)dt + 0"(O)dw, T << Tua,

with initial condition &'(t;) = &7Y(1;), fori > 1 or £°(0) = x, for i = 0.

Ty

|| aw &t t) '

az, &2 (t)
as, &3 (t)

ag, 91t

Let O c R" be an open region with smooth boundary. 7 is the exit time of the process
from O. For a given policy 0 = (11,41, T2, 42, - - - }, the criteria (total cost) that we want to
minimize, among all possible policies, is

Jx0.2,[0] := E (Z f e FUEB) <, dt + Z e "e(aiy, ai)li<p |,
i=0 YT i=1
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where a > 0 is the discount factor, f*(x) is the running cost when the system is evolving
with regime k, and c(k, I) is the switching cost from regime k to regime /. Note that the
indicator functions suggest that we stop the system before the exit time 1.

3.5.2. Formal Derivation of Linear Programming Formulation.
Define the occupation measures u' € M(O x R*) by

w'(T) == E( f Ir(&(s), s)ds), i=0,1,2,---

and let the measure v/ € P(O x R*) be the joint distribution of (&(7;),7;), 1 =0,1,2,---.
Note that by definition 1° = § 4, ) is the Dirac mass.

a0, €% (t), 1° .

By a similar argument as in [1], we get

17) Fonl01 = Y [ e—affﬂ«x)mi" [ [ectarar
= .

Moreover, the measures ', v satisfy the following “flow-invariant” condition

(18) f Y+t — f Y - f f W+ L)' =0, i=0,1,2,---,
OxR* OxR* OxR*

for all test functions of the form ¢ = (x, t) = @(x)p(t) with f(t) — 0 as t— oo, where the
operators L¥(k = 1,--- ,m) are the infinitesimal generators associated to the processes
(16), namely

Ly = %ak(x) : DX+ b (x)- Dy, =00
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11

We don’t want the undetermined regimes {a;, a5, - - - } to appear in the cost functional

and conditions, so let’s define

(19) Zy, v;‘.—Zvi, Vk1=1,2,- mk#1.

1>0 iZl,ﬂizl
aj_1=k

Then the cost functional becomes

) ha= Y [[ e Y]] et

If we sum the equations (18) over those i > 1 witha; =k, we getforallk=1,---

for all test functions ¢ = p(x)B(t) with f(t)— oo,

S Sl N

1=1
Now we get the linear programming formulation of the problem

(22)
minimize [y, = Z f f e )" + Z f f e~ c(k, 1)k
=1 OxR* kl=1 OXR*

ik > 0,7 > 0,Vk,I
the unknowns are (i1, 7)), k, 1 = 1,--- ,m

If we define
#®) = [[ e
OxR*

=k _ —at ~k
7/(B) = ffoxwe Ip(x)dv|(x, t),

,m and

B[ - [ o) [ e or -t

for any set B C O, and relax the linear programming problem (22) by requiring that the
restriction identity only holds for test functions of the form ¢ (x, t) = e *¢(x), then (22)

reduces to

minimize [, = fok(xy +Zf (k, vk

k=1

(P5) - .
5.t Z( fo P - fo M)— fo (—ag + L'p)u = 5p(x0), Yk, ¢,

=1
uE > 0,vF >0, Vk, I

here we omit the bar on i* and 7 to simplify the notations.



12 LINEAR PROGRAMMING AND HAMILTON-JACOBI-BELLMAN EQUATIONS

Finally, it’s readily to obtain the dual problem

maximize u"(xy)
(D5) s.t. auf(x) — Luk(x) < fA(x),
uk(x) —ut(x) < ck, ), Y1<kl<m
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