
REGULARITY OF THE FREE BOUNDARY FOR THE
OBSTACLE PROBLEM

1. (n− 1)-Dimension Hausdorff Measure of Free Boundary

Given an bounded open set U , and a function f on U , we try to minimize
the energy integral

I[w] =
∫

U

1
2
|Dw|2 − fwdx (1)

subject to the condition that

w ∈ H1(U), w ≥ 0.

It’s well-known that if u is a minimizer, then
−∆u ≥ f in U

u ≥ 0 in U

u(−∆u− f) = 0 a.e. in U,

(2)

as illustrated in Figure 1.
We define the coincidence set C, non-coincidence set N and the free

boundary Γ as follows,

C = {x ∈ U : u(x) = 0}, (3)

N = {x ∈ U : u(x) > 0}, (4)

Γ = ∂N ∩ U. (5)

u = 0

u = 0
u > 0

−∆u = f

Γ

N = {u > 0}

C = {u = 0}

Figure 1. Free Boundary
1
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t
βε(t)

0

Figure 2. Graph of βε

Remark 1. Note that along the free boundary Γ,

u = Du = 0.

In stead of writing the obstacle problem in the form of (2), it is convenient
to write it as

−∆u + β(u) 3 f, (6)

where β is a set valued function defined as

β(t) =


{0}, t > 0
(−∞, 0], t = 0
∅, t < 0.

Now we can approximate (6) with a family of equations,

−∆uε + βε(uε) = f, (7)

where βε are smooth functions, whose graphs converge to β and satisfy (See
Figure 2): {

βε(t) = 0, t ≥ 0; β′ε(t) > 0, t < 0;
β′′ε ≤ 0; βε(t) → −∞, t < 0.

By means of approximation, we have the following theorem

Theorem 1.1. There exists a constant C > 0, independent of ε, so that

‖uε‖W 2,p(U) ≤ C;

‖uε‖C1,1(V ) ≤ C, ∀V b U ;

and uε → u, solution of (2), in C1(U), and

‖u‖W 2,p(U) ≤ C; ‖u‖C1,1(V ) ≤ C, ∀V b U.

Proof. Cf. [2]. �

Remark 2. In general, D2u /∈ C(U).
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N N

u = |x + 1|2 − 1 u = |x − 1|2 − 1

C u = 0

O

Figure 3. Example of Nonsmooth Free Boundary

Now we start to study the properties of the free boundary Γ. Clearly, Γ
need not be smooth. In fact, it may have cusps. For example, as in Figure
3, the free boundary Γ is two tangent circles.

However, we have the following theorem about the smoothness of the free
boundary.

Theorem 1.2. [Caffarelli] If x0 ∈ Γ satisfies

lim
r→0

|B(x0, r) ∩ C|
|B(x0, r)|

≥ ν > 0, (8)

then Γ is smooth near x0.

For simplicity, we will assume f ≡ −1, i.e.,

∆u = 1, in N . (9)

We first show that the (n − 1)-dimension Hausdorff measure of Γ (away
from the boundary of U) is finite, i.e.,

Theorem 1.3. For any V b U , there exists a constant C > 0, such that

Hn−1(Γ ∩ V ) ≤ C.

Before proving the theorem, let’s give some lemmas.

Lemma 1.4. Suppose x0 ∈ Γ, B(x0, r) ⊂ U , then there is y ∈ ∂B(x0, r)∩N
such that

u(y) = max
∂B(x0,r)

u ≥ cr2,

where c = 1
2n .
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x0

xk

N C

u > 0

−∆u ≥ −1

y

Γ

u = 0
∆u = 1

rαr

Figure 4. Lemma 1.4 & 1.5

Proof. Let’s take a sequence xk, k = 1, 2, · · · , such that xk ∈ N ∩ B(x0, r),
and xk → x0. Define

wk(x) = u(x)− u(xk)−
1
2n
|x− xk|2.

Then,

∆wk(x) = ∆u(x)− 1 = 0, ∀x ∈ N ∩B(x0, r), by (9);

wk(xk) = 0; w(x) < 0 ∀x ∈ Γ.

By maximum principle, there exists yk ∈ ∂B(x0, r) ∩N , such that

wk(yk) = max
N∩B(x0,r)

wk.

Hence,

0 = wk(xk) ≤ wk(yk) = u(yk)− u(xk)−
1
2n
|yk − xk|2.

Extract a subsequence of yk that converge to some y ∈ ∂B(x0, r) and let
n →∞ in the above inequality,

u(y) ≥ 1
2n

r2.

�

Lemma 1.5. Suppose x0 ∈ Γ, then
(1) there exists ν > 0, such that

|B(x0, r) ∩N|
|B(x0, r)|

≥ ν > 0.

(2) |Γ| = 0. (n-dim Lebesgue measure.)
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Proof. According to the previous lemma, there exists y ∈ ∂B(x0, r), such
that

u(y) ≥ cr2.

Also, since u(x0) = Du(x0) = 0, |D2u| ≤ C, we have

|Du| ≤ Cr, in B(x0, r).

Let z ∈ B(y, αr), where 0 < α < c/C fixed, then

u(z) ≥ u(y)− Cαr2

≥ cr2 − Cαr2 > 0.

So B(y, αr) ⊂ N . Therefore,

|B(x0, r) ∩N|
|B(x0, r)|

≥ |B(x0, r) ∩B(y, αr)|
|B(x0, r)|

≥ Cαnrn

rn
=: ν > 0.

�

Lemma 1.6. Let V b U, Vδ := {x ∈ V |0 < |Du(x)| < δ}, then

|Vδ| ≤ Cδ.

Proof. Consider the penalizing problem, and differentiate it

−∆uε + βε(uε) = −1 ⇒ −∆uε
xi

+ β′ε(u
ε)uε

xi
= 0

Use γ(uε
xi

) as a test function, where γ is defined as γ(t) = t for |t| ≤ δ, and
γ(t) = δ, t ≥ δ; γ(t) = −δ, t ≤ −δ. Then∫

V
γ′(uε

xi
)uε

xixk
uε

xixk
+ β′ε(u

ε)︸ ︷︷ ︸
≥0

uε
xi

γ(uε
xi

)︸ ︷︷ ︸
≥0

dx =
∫

∂V
−

∂uε
xi

∂n
γ(uε

xi
)dS ≤ Cδ.

Note that the last inequality is because the normal derivative is bounded
(since |D2uε| is bounded) by some constant C, and |γ| ≤ δ. Using the fact
that γ′ = 1 on [−δ, δ], and sending ε → 0,∫

V ∩{|uxi |≤δ}
|Duxi |2dx ≤ Cδ,

hence ∫
Vδ

|D2u|2 ≤ Cδ.

Finally, note that in Vδ, |Du| > 0 and thus

1 = |∆u|2 ≤ |D2u|2.

This completes the proof. �

Now let’s prove the theorem.
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Proof of Theorem 1.3. Fix r > 0, by Vitali Covering Lemma, there is an
integer N and disjoint balls {B(xi, r)}i=1,··· ,N such that xi ∈ Γ, and

Γ ∩ V ⊂
N⋃

i=1

B(xi, 5r).

However, by Lemma 1.5,

|B(xi, 5r)| ≤ C|B(xi, r)|
≤ C|B(xi, r) ∩N|
≤ C|B(xi, r) ∩ VCr|.

The last inequality is because, for any z ∈ B(xi, r) ∩ N , 0 < |Du(z)| < Cr
since Du(xi) = 0, |D2u| ≤ C. Sum over i and note that the balls B(xi, r)
are disjoint, we have

n∑
i=1

|B(xi, 5r)| ≤ C|VCr| ≤ Cr,

by Lemma 1.6. So
Nrn−1 ≤ C,

and C independent of r. Hence

Hn−1(Γ ∩ V ) ≤ C. �

2. Lipschitz Free Boundary is C1,α

In this section we will prove that if the free boundary Γ is locally a
Lipschitz graph, then Γ is C1,α.

2.1. Flatten the Boundary. Suppose that Γ is a locally Lipschitz graph,
i.e.,

Γ = {(x′, xn)|xn = γ(x′), γ is Lipschitz}, (10)

where x′ = (x1, · · · , xn−1). We make a change of coordinates Φ : Rn → Rn :
x 7→ y defined by {

yi = xi, i = 1, 2, · · · , n− 1
yn = xn − γ(x′).

Denote by Ψ the inverse transformation of Φ and write

ṽ(y) = v(Ψ(y)).

Lemma 2.1. Suppose ∆v = 0 in N and v = 0 in C. then
(1) (aklṽyk

)yl
= 0 for yn > 0, where akl(y) = Φk

xi
(Ψ(y))Φl

xi
(Ψ(y)).

(2) aklξkξl ≥ ν|ξ|2, for all ξ ∈ Rn for some ν > 0.

Note that v will be the slot where we plug in the partial derivatives of the
solution u.
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∆u = 1

C = {u = 0}

N

Rn−1

Φ

Ψ

Figure 5. Change of Coordinates

Proof. (1) Since

∆v(x) = ∂xi

(
ṽyk

Φk
xi

)
= aklṽykyl

+ ṽyk
= 0,

we need only to check that Φk
xixi

= ∂yl
akl.

Φk
xixi

= −δn
k ∆γ(x′);

∂yl
akl = ∂yl

(
Φk

xi
Φl

xi

)
= ∂yl

(
Φk

xi

)
Φl

xi
+ ∂yl

(
Φl

xi

)
Φk

xi

= δn
k ∂yl

(
Φn

xi

)
Φl

xi
+ ∂yn

(
Φn

xi

)︸ ︷︷ ︸
=0

Φk
xi

= −δn
k ∆γ(x′) (l = i or Φl

xi
= 0).

(2) We have

aklξkξl =
(
Φk

xi
ξk

) (
Φl

xi
ξl

)
= |(DΦ)ξ|2 ≥ ν|ξ|2,

since (DΦ)−1 exists. Indeed, detDΦ = 1. �

2.2. Boundary Harnack Inequalities. At this point, we need to intro-
duce the so-called Boundary Harnack Inequalities. We define

Q+(z, r) = {(x′, xn) : |x′ − z′| < r, 0 < xn − zn < r},
for all z = (z′, zn) ∈ Rn.

Theorem 2.2. Suppose akl ∈ L∞, akl = alk, and λ|ξ|2 ≤ aklξkξl ≤ Λ|ξ|2.
Suppose u ≥ 0 is a solution of −(akluxk

)xl
= 0 in Q+(0, 2r) with u = 0 on

{xn = 0}. Then there exists constants C only depending on λ and Λ such
that

max
Q+(0,r)

u ≤ Cu(ren),

where en = (0, · · · , 0, 1).

Proof. Cf. [3, Theorem 1.1]. �

A variant of Theorem 2.2 is the following
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2r

0

Q+(0, r)

2r
xn = 0

Q+(0, 2r)

ren

Figure 6. Theorem 2.2

Theorem 2.3. Suppose v, w ≥ 0 are both solutions of{
−(akluxk

)xl
= 0 in Q+(0, 2r)

u = 0 on {xn = 0}

in Q+(0, 2r), where akl ∈ L∞, akl = alk, and λ|ξ|2 ≤ aklξkξl ≤ Λ|ξ|2. Also
w > 0. Then there exists constants C only depending on λ and Λ such that

sup
Q+(0,r)

( v

w

)
≤ C

v(ren)
w(ren)

.

Proof. Cf. [3, Theorem 1.4]. �

We want to apply the theorem to the case when v need not be nonnegative,
so we prove

Theorem 2.4. Assume the same conditions as in Theorem 2.3, but v need
not be nonnegative. Then there exists 0 < α < 1 such that∥∥∥ v

w

∥∥∥
C0,α(Q+(0,r))

≤ C
‖v‖L∞

w(3
2ren)

.

Proof. (Cf. [1]) Given z ∈ {|x′| < r, xn = 0}, R < r, define

M(R) := sup
Q+(z,R)

( v

w

)
; m(R) := inf

Q+(z,R)

( v

w

)
;

ω(R) := M(R)−m(R).

We shall prove that there exists a constant η < 1 depending only on the
ellipticity, such that, in both of the following two cases,

ω(R/2) < ηω(R). (11)

Case 1.
v

w
(z +

R

2
en) ≥ M(R) + m(R)

2
.
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Let v∗(x) = v(x) − m(R)w(x) and w∗(x) = w(x), then v∗(x) ≥ 0 for
x ∈ Q+(z,R). So by Theorem 2.3,

sup
Q+(z,R/2)

w∗

v∗
≤ C

w∗

v∗
(z +

R

2
en)

=
C

v
w (z + R

2 en)−m(R)
(by definition of v∗, w∗)

≤ C

M(R)−m(R)
(by assumption).

Therefore,
M(R)−m(R)

C
≤ inf

Q+(z,R/2)

( v

w

)
−m(R) = m(R/2)−m(R)

⇒ ω(R/2) = M(R/2)−m(R/2) ≤ M(R)−m(R)− M(R)−m(R)
C

= ηω(R),

where η = 1− 1/C < 1 depending only on the ellipticity.

Case 2.
v

w
(z +

R

2
en) <

M(R) + m(R)
2

.

Repeat the same argument as above, replacing v∗ by v∗(x) = M(R)w(x)−
v(x) ≥ 0. We will get the same result (11).

Now that we have (11), a standard trick (Cf., for instance, [6, Page 201,
Lemma 8.23]) gives,

ω(R) ≤ CRαω(r), ∀R < r.

where α > 0 depends only on the ellipticity. �

2.3. Application to Obstacle Problem. Denote by v = uxi , w = uxn .
Then ∆v = ∆w = 0 in N and v = w = 0 on Γ. By Lemma 2.1, after chang-
ing of coordinates, ṽ, w̃ are both solutions of elliptic equation of divergence
form, with ṽ = w̃ = 0 on {yn = 0}. Therefore, we can apply the previous
results.

Theorem 2.5. Suppose uxn > 0 in N and the free boundary Γ is locally
Lipschitz given by (10). Then γ ∈ C1,α.

Proof. Consider the level surfaces Γλ = {u = λ}. Assume Γλ is given by
xn = γλ(x′).

Claim: There exists α > 0, such that ‖γλ‖C1,α ≤ C, independent of λ.
By definition,

u(x′, γλ(x′)) = λ

⇒uxi + uxn · (γλ)xi = 0,∀i = 1, · · · , n− 1

⇒(γλ)xi = − uxi

uxn

= − v

w
.

Note that
v

w
=

ṽ

w̃
(Ψ(x)) ∈ Cα,
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since ṽ/w̃ ∈ Cα by Theorem 2.4, and Ψ is Lipschitz.
Sending λ → 0 and notice that the Cα norm of Dγλ is independent of λ,

we prove that γ ∈ C1,α. �

3. Lipschitz Continuity of Free Boundary

In this section, we shall prove that, under some relatively weak condi-
tions, the free boundary Γ is locally Lipschitz and satisfies the conditions of
Theorem 2.5, and therefore, C1,α.

To this end, we need to study the smoothness of the free boundary of the
global solution (blow-up limit) u∞ defined below.

Suppose 0 ∈ Γ. Denote by

ur(x) =
1
r2

u(rx).

Then
‖ur‖C1,1 ≤ C,

and extracting a subsequence {urj},

urj → u∞,

locally uniformly as rj → 0.
From now on, we will denote w = u∞. Then{

∆w = 1 in w > 0,

w ≥ 0, in Rn,
(12)

and 0 ∈ Γ∞, where

Γ∞ := ∂{w > 0}. (13)

This is because sup
B(0,δ)

ur ≥ Cδ2 and therefore sup
B(0,δ)

w ≥ Cδ2.

Similarly, we use C∞ andN∞ to denote the coincidence and non-coincidence
set of the solution w = u∞ in Rn.

3.1. Convexity of Blow-up Limits. The main result of this section is

Theorem 3.1. w : Rn → R is convex. In particular, C∞ = {w = 0} is
convex.

The above theorem follows directly from the following one:

Theorem 3.2. Let 0 ∈ Γ. Then there exists a universal modulus of conti-
nuity σ(r), σ(0+) = 0, such that for any unit vector ξ ∈ Rn,

uξξ ≥ −σ(|x|).

In order to prove Theorem 3.2, we start with the lemmas.
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Lemma 3.3. Let x ∈ N = {u > 0}, and B(x, r) the largest ball in N .
Suppose infB(x,r) uξξ = −α, α > 0. Then

uξξ(x) ≥ −α + Cαm,

where C > 0,m > 0 depending only on dimension.

Proof. Without loss of generality, assume r = 1. Denote by x0 the point for
which |x0 − x| = dist(x,C) = r. Let h > 0 (selected later) and x1 ∈ [x, x0]
with |x0 − x1| = h. Choose +ξ or −ξ so that the direction points inwards
to the ball, say ξ. (Note that Dξξ = D−ξ,−ξ.)

Let x2 = x1 +
√

h
4 ξ ∈ B(x, 1), when h small. Thus,

0 ≤ u(x2)

= u(x1)︸ ︷︷ ︸
≤Ch2

+〈∇u(x1)︸ ︷︷ ︸
O(h)

, x2 − x1︸ ︷︷ ︸
O(h1/2)

〉+ 〈∇2u(ϑ)(x2 − x1), x2 − x1〉, ϑ ∈ [x1, x2]

≤ Ch2 + Ch3/2 + sup
[x1,x2]

uξξCh.

So there exists x3 ∈ [x1, x2] so that

uξξ(x3) ≥ −Ch1/2.

If we write v := uξξ + α and choose h s.t. Ch1/2 = α/2, then{
∆v = 0, v ≥ 0 in B(x, 1),
v(x3) = uξξ(x3) + α ≥ −Ch1/2 + α = α/2.

We conclude that (Cf. [5, P86])

v(x) ≥ (1− |x3|)n−1

1 + |x3|
v(x3) ≥ Cαm,

since 1− |x3| ≥ Ch1/2 ≥ Cα, v(x3) ≥ α/2. �

Based on the above lemma, we have

Lemma 3.4. Suppose 0 ∈ Γ, B(0, r) ⊂ U , and infB(0,r) uξξ ≥ −α. Then

inf
B(0,r/2)

uξξ ≥ −α + Cαm.

Proof. For any x ∈ B(0, r/2)∩N , r0 = dist(x, C) < r/2 and hence infB(x,r0) uξξ ≥
infB(0,r) uξξ ≥ −α. Applying Lemma 3.3, and using the arbitrariness of x,
we get the desired result. �

Proof of Theorem 3.2. Let rj = 2−j and αj = − infB(0,rj) uξξ. Then by
Lemma 3.4, αj+1 ≤ αj − Cαm

j . Thus,

CLαm
L ≤ C

L∑
j=1

αm
j ≤

L∑
j=1

(αj − αj+1) ⇒ αL ≤ (C/L)1/m → 0, L→∞.

This completes the proof of the theorem (e.g., σ(r) = C| log r|−1/m). �
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Figure 7. Lemma 3.3

xn

O

C∞

B(−ten, ρ)

Γ∞

N∞
σ

R

O

Γ∞

N∞

x

B((x′, γ(x′)), ρ
16 |xn − γ(x′)|)
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Figure 8. Lemma 3.5

3.2. Smoothness of Γ∞.

Lemma 3.5. 0 ∈ Γ∞. Suppose B(−ten, ρ) ⊂ C∞ for 0 < t < 1
2 , ρ > 0.

Consider the region R = {(x′, xn) : |x′| < ρ
8 ,−t < xn < 1},

(1) wσ(x) ≥ 0, for all σ = (σ′, σn), |σ| = 1, |σ′| ≤ ρ
8 .

(2) The level sets {w = λ} of w are Lipschitz graphs.

xn = γλ(x′), ‖γλ‖Lip ≤ C/ρ.

(3) wxn(x) ≥ C(ρ) dist(x, Γ∞).
(4) wσ(x) ≥ C(ρ) dist(x,Γ∞) for |σ′| < ρ/16.

Idea of Proof. (1) Consider the shaded cone in Figure 8. Clearly, this cone
lies in N∞ = {w > 0} since C∞ is convex (otherwise, 0 ∈ C∞). Select σ that
lies in this cone and |σ| = 1, then wσ is nondecreasing along the direction
σ since w is convex. Thus, wσ(0) ≥ 0. The same argument with 0 (vertex
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of the cone) replaced by any point x in the region R ∩ N gives the desired
result.

(2) The proof of (1) also implies that the level set {w = λ} (more precisely,
the portion of level set in R) can be touched by above with cones of opening
angle ≥ C/ρ, so the level sets (up to the free boundary Γ∞) are Lipschitz
with Lipschitz constant C/ρ.

(3) For x = (x′, xn) ∈ R, we claim that

w(x) ≥ cρ2|xn − γ(x′)|2.
Indeed, consider the ball B = B((x′, γ(x′)), ρ

16 |xn − γ(x′)|), there is a point
y ∈ ∂B s.t.

w(y) ≥ cρ2|xn − γ(x′)|2,
by Lemma 1.4. By the result of (1), w is nondecreasing along the ray from y
to x. (We might need to enlarge R there so that B ∈ R.) Hence the claim.

The claim implies that there exists z ∈ [x, (x′, γ(x′))] such that

wxn(z) ≥ cρ2|xn − γ(x′)|.
But this can happen only if dist(z, Γ∞) ≥ Cρ2|xn − γ(x′)|. By Harnack
inequality,

wxn(x) ≥ Cwxn(z) ≥ Cρ2|xn − γ(x′)| ≥ C(ρ) dist(x,Γ∞).

(4) follows by expressing such a direction σ as

σ = aσ̃ + ben,

where b ≥ b0 > 0, b0 a universal constant and σ̃ satisfies (1). �

3.3. Smoothness of Γ. In order to use the information known about Γ∞, w
to study Γ, u, we prove the following key lemma.

Lemma 3.6. Let ∆h = 0 in N ∩ B(0, 1), h ≥ 0 on Γ, h|Nε ≥ −ε, and
h|N\Nε

≥ 1, where Nε is the ε neighborhood of Γ in N . There exists ε0 > 0
such that if ε < ε0, then

h ≥ 0, in B(0,
1
2
) ∩N .

Proof. If not, there exists x0 ∈ B(0, 1
2)∩N with h(x0) < 0, so x0 ∈ B(0, 1

2)∩
Nε. Consider

v(x) = h(x)− δ

(
u(x)− 1

2n
|x− x0|2

)
,

we have {
∆v = 0 in Ω := B(x0,

1
4) ∩N

v(x0) = h(x0)− δu(x0) < 0.

Thus v < 0 somewhere on ∂Ω by maximum principle.
(a) Along Γ,

v ≥ δ

2n
|x− x0| > 0;
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C

N

Nε

x0O

Γ

h ≥ 1
h ≥ −ε

Ω

Figure 9. Lemma 3.6

(b) Along ∂B(x0,
1
4) ∩Nε,

v ≥ −ε− Cδε2 +
δ

2n

(
1
4

)2

> 0,

if ε ≥ Cε, and
(c) Along ∂B(x0,

1
4) ∩ (N \Nε),

v ≥ 1− Cδ > 0.

Contradiction. This proves the lemma. �

Lemma 3.7. Assume (8). Given ε > 0, there exists r > 0 (small) and
urj → w = u∞ locally uniformly (rj→∞) such that

‖u− w‖L∞(B(0,r)) < ε, ‖∇u−∇w‖L∞(B(0,r)) < ε, (14)

and moreover, there is a ball with radius ρ > 0 contained in C∞ ∩B(0, r).

Proof. Take a sequence rj→∞ and let urj (x) = 1
r2
j
u(rjx). Then {urj}∞j=1

is a compact family in C1,α in compact sets, since they all vanish with their
gradients at the origin and C1,1 in B(0, rj/2). Extract a subsequence (still
denoted by urj ) that converge locally uniformly to w. Then w is a global
solution, i.e., satisfying (12) and 0 ∈ Γ∞, w ∈ C1,1(V ) for all compact V .
So we can take r > 0 small enough such that (14) holds.

Because of (8), we can take ρ > 0 so small that there is no strip with width
3nρ that covers B(0, r) ∩ C. We claim that there’s no strip with width 2nρ
that covers B(0, r)∩C∞. Suppose the contrary, B(0, r)∩C∞ is contained in
a strip S2nρ with width 2nρ. Take the δ-neighborhood of this strip, denoted
by S2nρ+2δ with (δ > 0 small). In B(0, r) \ S2nρ+2δ (contained in N∞ and
away from Γ∞), w ≥ α > 0. However, urj converge uniformly to w, for large
j, urj ≥ α/2 > 0 in B(0, r) \ S2nρ+2δ. Thus

B(0, r) ∩ C ⊂ S2nρ+2δ,

contradiction.
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Figure 10. Lemma 3.7
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Figure 11. Proof of Theorem 1.2

Finally, we apply a lemma of F. John, which says that if E is the largest
ellipsoid contained in a convex set, in our case, B(0, r) ∩ C∞(note that C∞
is convex), then nE ⊃ B(0, r) ∩ C∞. From the claim, the smallest diameter
of the ellipsoid E is at least 2ρ and therefore B(0, r)∩ C∞ contains a ball of
radius ρ. �

With these lemmas at hand, let’s prove the main theorem now.

Proof of Theorem 1.2. First, given ε > 0, take the blow-up limit w as in
Lemma 3.7. Then w satisfies the conditions of Lemma 3.5.

In this proof, we restrict ourselves only in the region R = {(x′, xn) : |x′| <
ρ
8 ,−t < xn < 1}.

We claim that
Γ ⊂ Nc

√
ε(Γ∞),

where Nδ(S) is the δ-neighborhood of S, and c is a (small) constant depend-
ing on ρ. Indeed, (1) if x0 ∈ N∞ and dist(x0,Γ∞) ≥ c

√
ε, then by Lemma

3.5, w(x0) ≥ C(ρ)(c
√

ε)2 ≥ 2ε. Therefore, u(x0) > 0 and x0 /∈ Γ. (2) On
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the other hand, x0 ∈ C∞ and dist(x0,Γ∞) ≥ c
√

ε, then x0 /∈ Γ, otherwise
B(x0, c

√
ε) ⊂ C∞, but by non-degeneracy (Lemma 1.4),

sup
∂B(x0,c

√
ε)

u ≥ C(c
√

ε)2 ≥ 2ε,

and w ≥ ε at the point where above maximum is attained. Contradiction.
As a consequence of the claim, together with Lemma 3.5, for |σ| = 1, |σ′|

small (say, ≤ ρ/32)

wσ(x) ≥ C(ρ) dist(x,Γ∞) ≥ C(ρ)[dist(x,Γ)− c
√

ε],

hence
uσ(x) ≥ C(ρ)[dist(x,Γ)− c

√
ε]− ε,

since ‖∇u−∇w‖∞ ≤ ε.
Now we want to apply Lemma 3.6 to h = ε−1/4uσ and ε = 2ε1/4

C(ρ) , where

we take ε so small that 2ε1/4

C(ρ) < (ρ/8)ε0. We also replace the ball B(0, 1)
with B(0, ρ/8). Let’s check the conditions of Lemma 3.6.

If dist(x, Γ) ≥ 2ε1/4

C(ρ) , then for ε small

h(x) ≥ 2− C(ρ)(cε1/4 + ε3/4) ≥ 1.

If dist(x, Γ) ≤ 2ε1/4

C(ρ) ,

h(x) ≥ −Cε1/4.

So we have h(x) ≥ 0 in B(0, ρ/16) by the lemma. Hence uσ ≥ 0 in this
ball and u also satisfies the conclusions (2)-(4) of Lemma 3.5 by repeating
the proof. In particular, the free boundary is a Lipschitz graph and uxn > 0,
we can now apply Theorem 2.5 to u and get the desired C1,α result. �
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