Math 110, Summer 2012 : JCF review problems

Polynomials, representations

1. Determine the minimal polynomials of the following matrices:

3 1 1
-A=1|1 3 1],

11 3

2 1 -1
-A=10 2 -1{,

11 0

[1 0 2
-A=10 1 1

0 0 3

1 1 1 0

0 -1 10
“A=10 0 1 1|’

0 0 01

Solution:

- We have

xa(t) = (2= t)*(5 - 1),

and pa has the exact same roots as xa. Hence, we must have

_ ) XA
HAZ (¢ = 2)(t - 5).

(A—2B)(A—5k) =0,

Since

we have pua = (t — 2)(t —5).

- We have
xa(t) = (1= t)(t = (1 +V=2))(t — (1 - vV-2)).

Hence, we must have

HA = —XA-
- We have
xa(t) =1 —-1)?*(B—1),
so that
1—1t)(3—1t),
qu{( )(3-1)
—XA-
Since

(15— A)(35 — A) # 0s,

then we must have
HA = —XA-



- We have
xa=(1-1t>(-1-1),

so that
(t—1)(t+1),
pa =< (t—1)%(t+1),
XA-
Since

(A— hb)(A+ k) # 04, (A— h)?(A+ k) # 04,
we must have

HA = XA-

Canonical form of an endomorphism

Determine the Jordan canonical form J of the above matrices. Find P € GL,(C) such that
P1AP = J.

Solution:

- The JCF is

5
since up is a product of distinct linear factors, therefore A is diagonalisable.

- The JCF is

1- =2 ,
1+v-2

since A is diagonalisable (114 is a product of distinct linear factors).

- We have the JCF is
1 10
010
0 0 3

You can determine this following a similar approach as the solution to SH8, Q1.

- The JCF is
110 O
011 0
001 O
0 0 0 -1

You can determine this in a similar approach as the solution to SH8, Q1.

To determine P you must follow the same approach as for the solution to SH8, Q1, or
Practice Exam 2, Q1.



Jordan canonical form

Suppose that you are given a matrix A € Mats(C) such that 14 is one of the below polynomials.
What are the possibilities for the Jordan canonical form of A?

pa = (t+1)%(t — 2)?,

pa = t(t+4)(t —2),
- pa=t3(t—2),
- pa = (t=5)(t - 1)(t +3)*.
(Hint: recall that pa is an annihilating polynomial and we can use the Primary Decomposition

Theorem to determine a direct sum decomposition of C°. What are the allowed blocks of the
Jordan form of A?)

Solution:

- The JCF can't be a diagonal, as 4 is not a product of distinct linear factors. We can't
have the JCF of the form

S0 e 1 S

as then the minimal polynomial would be of the form (t +1)2(t —2) or (t + 1)(t — 2)2.
Here, A(—1) and A(2) are the —1 and 2 parts of the JCF. Hence, the JCF must be of

the form Jon1)
, J(,2) , or {J(a,3)
J(8,2)

where a, 8 € {—1,2}, a # 3, and J(«, i) is the i X i a-Jordan block.

J(B,2)] '

- The JCF is a diagonal matrix with entries 0, —4, 2, and where each possibility appears at
least once, and at most three times.
C(0)
20|

- The JCF is of the form

where C(0) is of the form

J(0,4), or [J(Oﬁ) 0], o [J(o,z) } J(0,2)

0,2)],or 0 . , or

J(0,3), or {J(O'z) 0}, or J(0.2).

where J(0, i) is the i x i 0-Jordan block.

- The JCF must take the form

J(-3,3)



