Math 110, Summer 2012 Short Homework 9 (SOME) SOLUTIONS

Due Thursday 7/26, 10.10am, in Etcheverry 3109. Late homework will not be accepted.

0. Was this homework assignment too easy/too difficult/about right? Any other comments are welcome.

Calculations

1. Give an example of a nondegenerate antisymmetric bilinear form on Q%

Solution: The bilinear form Ba € Bilg(Q*), where

= O O O

satisfies the required properties as A is antisymmetric and invertible.

2. Determine the matrix of B with respect to the given basis 3. State whether the bilinear form is
symmetric/antisymmetric/neither and if it is nondegenerate:

1 1 1
i) B:R3xR3 = R; (x,y) = xiy1 + 3x2y2 + yaxo — 10x3yn, B = 01,10/, |1
1 1 0

i) B : Mats(Q) x Mat3(Q) — Q; (X, Y) — tr(XY),

B = (e11, €12 — €21, €32, €13 — €31, €13 + €31, €2 + €33, €33, €23 — 2€32, €12 + €11).

Solution:

i) We have [B]g = P*[B]sw® P, where

1 0 0 1 11
[B]S(S) = 0 3 l f P = PS(3)<—B = 0 0 1
0 -10 O -1 1 0
Hence,
1 1 11
Bls=|1 1 -9
0 2 4

B is neither symmetric nor antisymmetric as the above matrix is neither. Since [B]g is invertible
then B is nondegenerate.

i) We have [B]g = P*[B] sz P, where

33) _
SG3 = (ey1, €12, €13, €1, €2, €23, €31, €32, €33),

and ~ _
1 0 0 0 00O O 1

0 1.0 0 O0O0O0O O 1

0O 0 0 1 100 O O

0O -1 0 0 00O0 O O

P=Pss,.pg=10 0 0 O 01 0 0 O

0O 0o 0 0 000 1 O

0O 0 0 -1 1 00 0O O

0o o 1 0 O0O0O0 -20

0 0 0 0 0 1 1 0 O0f




1 000 0 O0O0OTO
0 001 0O0O0TO0OTPO
0000 O0OOT1TTUO0OTPO
01000 O0O0O0OTO
[Bls@=1(0 0 0 01 00 00
0 00O O0OOOTI1TO
0 01 00 0 O0O0OTPO
0 00001 0 O0UDO
0 0000 0 O0O0 1
Then,
(1 0 0 0o 0 00 O 1]
0 20 0 0O0OO0O O -1
0 0 0 0 00O 1 0
0 0 0 -2 0 0 0 O 0
[Bls=|0 0 0 0 2 0 0 O 0
0O 0 0 0 021 0 0
0O 0 0 0 01 1 0O 0
0 0 1 0 00O -4 0
1 -1 0 0 00 0 O 1]

Since the matrix [B]p is symmetric and invertible, the bilinear form B is symmetric and nonde-
generate.

3. Determine the adjoint of f with respect to B:

i)B:R4xR4—>R;(§,X)»—>§~X, f:R* - R*; x — Ax, where

T -1 0 O

Al € V2 -1 0
0 1 1 0

—v5 0 10 1

i) B: Maty(Q) x Maty(Q) — Q; (X,Y) — tr(XY), f: Maty(Q) — Matr(Q) ; X - X,

Proofs

4. Let B € Bilg(V) and B C V be an ordered basis. Prove that [—]5 : Bilg(V) — Mat,(K) (n = dim V)
is linear and bijective.

Solution: Let B, B’ € Bilg(V), A\, p € K. Then,
[AB +uB'ls = [aj], aj = AB(bi, bj) + uB'(b;, by).
Also,
ABls+ulBls = Alcjl+uldy] = legl.  cj = B(bi, by), dj = B'(bj, by) = e = AB(bi, b)+uB'(bi, bj).
Hence, for every i, j, we have e; = aj; so that
[\B + 1Bl = A[Bls + u[B']5,

and [—]p is linear.

Suppose that B € Bilg(V) is such that [B]z = 0,. Then, for any u,v € V, we have
B(u,v) = [u]5[Bls[v]s = [u];0n[v]5 = O,

so that B = 0 is the zero bilinear form. Hence, [—] is injective.



Suppose that X € Mat,(K). Consider the function
B:VxV—=K; (uv)— [usX][v]s.
Then, you can check that B is a bilinear form and, moreover, since we have
[ulzX[V]s = B(u, v),

for every u, v € V, then we must have that X = [B]3, by the defining property of [B]z.
5. Prove that every bilinear form B € Bilg(K") is of the form B = By, for some A € Mat,(K).
Solution: Let B € Bilg(K"). Consider the matrix

[Blsm = A = [aj] € Mat,(K).
Then, claim that B = Bja: indeed, let u, v € K". Then, we have that
B(u, V) = [u]g(n)[B]S(n)[V]S(n) = utAv = BA(U, V).

Hence, as the functions B and By agree for all inputs (u, v) € K" x K", we must have that B = Ba.
6. Let B € Bilg(V). Prove that if og : V — V* is injective then B is nondegenerate.

Solution: Suppose that op is injective. Then, we have
kerog ={ve V|og(v)e V'} ={0v}.

So, if v € V is such that og(v) = Oy is the zero linear form (ie, for every u € V we have
(08(v))(u) =0 € K) then v = 0y.

Now, suppose that v € V is such that
B(u,v) =0, foreveryue V.
We want to show that v = 0y/: since
0= B(u,v) «f (o8(v))(u), foreveryucV,
then we must have that v = 0y, by injectivity of og. Hence, we see that B is nondegenerate.

7. Prove the polarisation identity: if B € Bilg(V') is symmetric then, for every u,v € V,

B(u,v) = %(B(u +v,u+v)— B(u,u) — B(v, v)).

8. Let B € Bilx(V) be antisymmetric. Prove that B(u, u) = 0, for every u € V.

Solution: Let u € V. Then, as B is antisymmetric we have that
B(u,u) = —=B(u,u) = 2B(u,u)=0€ K = B(u,u) =0.

Since u is arbitrary this holds for every u € V.



