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Abstract

We show that the Virasoro conjecture in Gromov—Witten theory holds for the the total space of a toric bundle
E — B if and only if it holds for the base B. The main steps are: (i) We establish a localization formula that
expresses Gromov—Witten invariants of E, equivariant with respect to the fiberwise torus action in terms of genus-
zero invariants of the toric fiber and all-genus invariants of B, and (ii) we pass to the nonequivariant limit in this
formula, using Brown’s mirror theorem for toric bundles.

To the memory of Bumsig Kim.
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1. Introduction

Virasoro constraints are differential relations between generating functions for Gromov—Witten invari-
ants of a compact Kéhler manifold X. In order to formulate these relations, we begin with a refresher on
the structure of Gromov—Witten invariants in genus zero. We assume that the reader is familiar with the
basic assumptions and results in Gromov—Witten theory; introductions to the subject, from a compatible
point of view, can be found in [4, 6, 13, 15].

1.1. Genus-zero Gromov-Witten theory

Let H denote the classical cohomology algebra of X, which we equip with coefficients in the Novikov
ring 2 of X. Following [13, 15], we encode genus-zero Gromov—Witten invariants of X by an overruled
Lagrangian cone Lx in the symplectic loop space (H, Q). Here, H := H((z™")) is the Z,-graded module
over the Novikov ring consisting of Laurent series in z~! with vector coefficients. The symplectic form
on H is

Q(f.8) =Res,— (f(-2),8(2)) dz,

where (-, -) is the Poincaré pairing on H with values in Z. The subspaces H, := H[z] and H_ :=
7z 'H[[z']] form a Lagrangian polarization of (#,Q), thus identifying it with T*#,. The Lagrangian
cone Lx is a germ of a Lagrangian section over the point —1z € #,, where 1 is the unit vector in H.
This section is therefore the graph of differential of a formal function on #,, the genus-zero descendant
potential of X, although with the domain translated by the dilaton shift t — t — 1z. The statement that
Lx is overruled means that each tangent space T to Lx is a E[z]-module and is in fact tangent to Lx
exactly along zT'.

1.2. Grading

The fact that Lx is an overruled cone with the vertex at the origin of H puts constraints on the genus-
zero descendant potential of X which are exactly equivalent to the dilaton equation, string equation and
topological recursion relations [15]. In particular, the string equation can be formulated as invariance of
Lx under the flow of the linear vector field on H defined by the operator, denoted /_;, of multiplication
by z7 L.

To introduce the Virasoro constraints, one needs to invoke one more structure in Gromov—Witten
theory: grading. Consider the twisted loop group, that is, the group of operators on H commuting with
z and preserving the symplectic form. An element a of the Lie algebra of the twisted loop group is
an End(H)-valued function of z satisfying a(—z)* = —a(z), where the asterisk = denotes adjoint with
respect to the Poincaré pairing on H. The grading condition in Gromov—Witten theory can be formulated
as invariance of Lx with respect to the flow of the linear vector field defined by an operator, denoted /o,
of the form:

lo=zd/dz+1/2+a,

where a is a suitable element of the Lie algebra of the twisted loop group. Since zd/dz + 1/2 =
vz (d/dz)+/z is antisymmetric with respect to Q, the operator [ is also antisymmetric with respect to Q.
In the case of Gromov—Witten theory of the Kéhler manifold X, a = u + p/z, where u: H — H is the
Hodge grading operator (i.e., the operator of grading in cohomology measured from the middle degree
and taking half-integer values), and p is the operator of multiplication by c;(Tx) using the classical
cup-product on H.
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The grading property of Ly is the consequence of dimensional constraints: Gromov—Witten invari-
ants, being integrals of cohomology classes against the virtual fundamental cycle of a moduli space of
stable maps, vanish unless the degree of the class matches the dimension of the cycle. For such con-
straints to translate into the grading property on 7 it is necessary that constants, that is, elements of
the ground ring, have degree zero. For example, there is no grading property in equivariant Gromov—
Witten theory because generators of the coefficient ring of equivariant cohomology theory have nonzero
degrees. In nonequivariant Gromov—Witten theory, Novikov variables also have nontrivial degrees,
deg 04 = /d ¢1(Tx), but nevertheless the grading property holds due to the divisor equation, which
allows one to recast the nontrivial grading of constants into the correction p/z to the grading opera-
tor ly. The following description of Virasoro operators, though in a Fourier-dual form, goes back to E.
Getzler’s paper [10].

1.3. Virasoro constraints in genus zero
We have [ly,[-1] = —I_;. Consequently, the operators:

Iy =71, lo, Iy := Izl I = lozlpzlo, cees Ik == lo(zlo)*,

commute as vector fields x+! d% ontheline: [/, [,,] = (n—m)l 1, The genus-zero Virasoro constraints,
which were first proved by X. Liu—G. Tian [25], can be stated and proved as follows.

Proposition 1.1 (see [15, Theorem 6]). If the linear vector field on ‘H defined by ly is tangent to the
overruled Lagrangian cone Lx C H, then the linear vector fields defined by the operators l,,, m > —1,
are all tangent to Lx.

Proof. Let T be the tangent space to Lx at a point f. Then [y f € T (by hypothesis), and so zly f € zT.
Thus, lozlof € T, which implies that zlyzlof € zT and hence lyzlozlof € T and so on. m]

1.4. Virasoro constraints in higher genus

Genus-g Gromov—Witten invariants of X are encoded by the genus-g descendant potential F&, which is
a formal function on H., (with coefficients in the Novikov ring) defined near the origin. The totality of
Gromov—Witten invariants of X is encoded by the expression:

[

Dx =exp| y h¢' 7Y (1)
g=0

called the total descendant potential which, after the dilaton shift by —1z, is interpreted as an ‘asymptotic
element’ of the Fock space associated through quantization with the symplectic loop space (H,<):
See [13]. The quantization rules by which quadratic Hamiltonians on H act on elements of the Fock space
are as follows. In a Darboux coordinate system {g“, p } compatible with the polarization H = H, ®H_,
we have:

qq” = 5, a“pp = q° 55, PaPb = ga 555

The linear operators /i are infinitesimal symplectic transformations and thus correspond to quadratic
Hamiltonians. Their quantizations, /,,, satisfy:

(s In] = (1 = M) lygin + Con s

where ¢, n = —cpu,m forms a 2-cocycle due to the Jacobi identity. On the Lie algebra of vector fields,
any such cocycle is a coboundary, that is, the commutation relations can be restored by adding to the
generators [y suitable constants. Namely, ¢, = (m —n)cpan0/(m+n) whenm+n #0,andm+n =0
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only when (m, n) = (-1, 1). So, the following corrected quantized operators commute as the classical

ones:
~ O ifk+£0

Ly =1 +cy, where ¢ = { .k
kT ek k {Clil ifk =0.

Virasoro constraints, first conjectured by T. Eguchi, K. Hori, M. Jinzenji, C.-S. Xiong and S. Katz in
[8, 9], can be stated as follows.

Conjecture 1.2 (Virasoro conjecture). If a total descendant potential D satisfies the string and grading
constraints, that is, if L_1D = 0 and LoD = 0, then it satisfies all higher Virasoro constraints: L;D = 0
fork=1,2,....

This formulation can be understood as a statement about total descendant potentials D of abstract,
axiomatically described Gromov—Witten-like theories as introduced by Kontsevich—-Manin [20] (see
also [28]). When D is the total descendant potential Dx of a target space X, the string equation
always holds and the grading constraint LyDx = 0 holds in nonequivariant Gromov—Witten theory for
dimensional reasons: See, for example, [ 10, Theorem 2.1], where it is referred to as Hori’s equation. In
this case, the central constants are

o = X (X) N str(pp”)
"~ 6 4

and cx = 0 for k # 0. The fact that Dx is an eigenfunction of T, the grading operator per se, with
eigenvalue —co comes from the anomalous term in the dilaton equation arising from the ‘missing’
genus-one degree-zero moduli space of stable maps to X. The fact that the eigenvalue, which comes
from some Hodge integral over Ml,l X X, coincides with the constant ¢ dictated by the commutation
relations, can be considered nontrivial evidence in favor of the Virasoro conjecture.

In [13], Givental described an approach to the Virasoro conjecture for target spaces X with semisim-
ple quantum cohomology and proved the Conjecture for toric Fano manifolds. Subsequently, this ap-
proach was used to prove the conjecture for general toric manifolds [18], complete flag manifolds [19],
Grassmanians [3] and all compact Kihler manifolds with semisimple quantum cohomology
algebras [28]. The Virasoro conjecture holds for Calabi—Yau manifolds for dimensional reasons [10]. It
has also been proved for nonsingular curves [26], using an entirely different set of techniques.

1.5. Loop group covariance

The Lie algebra of the twisted loop group acts by infinitesimal symplectic transformations on (#, Q),
and the central extension of this Lie algebra acts via quantization on elements of the Fock space.
Exponentiating, one defines the action of the twisted loop group elements: M = exp(m). As a word
of warning, we should add that in practice we will need the action of certain elements of completions
of the loop group (completions into infinite z- or z~'-series). Not all such operators can be applied
to all elements of the Fock space nor can such operators be composed arbitrarily. In practice, we will
use only particular types of quantized loop group elements applied to specific asymptotic elements of
the Fock space in such an order that, due to certain nice analytic properties of the functions involved,
the application makes sense (sometimes even when the product of infinite matrix series is ill defined in
the loop group itself). With these warnings out of the way, let us assume that two asymptotical elements
of the Fock space, D’ and D", are related by such a loop group transformation: D"’ = MD’. We claim
that Virasoro constraints behave covariantly with respect to loop group transformations.

Proposition 1.3 (Loop group covariance). Suppose that D’ and D" = MDD’ both satisfy the grading
constraints LD’ = 0, LiD"”" = 0 for suitable grading operators 1| and I on H. Suppose that M

respects the grading in the sense that [ = MIiM =1, Then D’ satisfies Virasoro constraints if and only
if D" satisfies Virasoro constraints.
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Proof. It suffices to show that L}’ = M L]'(M ! for all k. We have that
=M M 2)

since ; =[] (zl('))k Iy =1zl ")k and M commutes with z. After quantization the left- and right-hand
sides of Equation (2) can dlffer only by central constants ck. Yet ¢o = 0, for otherwise D”’, which is
annihilated by both L{ and M L} M~', would be annihilated by ¢o # 0, implying that D" = D’ = 0.
Notice that for k # 0, the commutatlon relation in the Virasoro Lie algebra [Lj, Lk] = kLk is restored
by adding a constant to L. Since L, satisfies the same commutation relations as M L, M~ it follows
that ¢, = 0 for all k. m]

This covariant behavior of Virasoro constraints was the basis for the proof of the Virasoro Conjecture
for target spaces with generically semisimple quantum cohomology algebras. Namely, Teleman has
proven that the twisted loop group acts transitively on abstract semisimple theories obeying the string
equation [28]. More precisely, the ‘upper-triangular’ part of the group, consisting of power series
in z, acts on all Gromov—Witten-like theories in the Kontsevich—-Manin sense and in particular acts on
the corresponding ancestor potentials, whilst the ‘lower-triangular’ part, consisting of power series in
z~!, transforms ancestor into descendant potentials. The combined action transforms (as conjectured
in [13]) the descendant potential Dx of a semisimple target X into the descendant potential D]?;)?;?‘H of
a zero-dimensional target. The fact that the descendant potential of the point target satisfies Virasoro
constraints is equivalent to the celebrated Witten—Kontsevich theorem [29, 22] relating intersection
theory on Deligne-Mumford spaces to the Korteweg-de Vries (KdV) hierarchy.

1.6. Toric bundles

It is well known that a compact projective toric manifold X can be obtained by symplectic reduction
from a linear space, X = CN /K, by a subtorus K := (S')¥ of the maximal torus 7 := (S')N of diagonal
unitary matrices: See, for example, [1, 12]. We assume without loss of generality that k = rk H(X).
Let B be a compact Kéhler manifold, and let L; @ --- @ Ly — B be a rank N complex vector bundle
decomposed as a direct sum of line bundles. The maximal torus T acts fiberwise on this bundle, and one
can perform symplectic reduction by the subtorus K fiberwise, thus obtaining a toric bundle E — B
with fiber X. The group 7 is abelian, so E still carries a canonical (fiberwise) left action of T := (CX)V.
Let us denote by E” the fixed point locus of this action. It consists of n := rk H*(X) copies of B, which
are sections of the bundle £ — B. The main result of this paper is:

Theorem 1.4. There exists a grading-respecting loop group operator which relates the total descendant
potential of a toric bundle space E to that of the fixed point manifold ET : Dg = MD%”.

The discussion in the preceding two sections then yields:
Corollary 1.5. The Virasoro conjecture holds for the total space E if and only if it holds for the base B.

Corollary 1.6. The Virasoro conjecture holds for the total space of a toric bundle over a base B in any
of the following cases:

1. the quantum cohomology algebra of B is generically semisimple.
2. Bis a compact Riemann surface.

3. Bis a K3 surface.

4. B is a Calabi—Yau manifold of dimension at least 3.

Note that in case (2) the quantum cohomology of B is semisimple only if B = P!. In cases (3) and (4),
the quantum cohomology of B is never semisimple.
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2. The proof of Theorem 1.4

Our proof of Theorem 1.4 consists of two steps: (i) relating T-equivariant counterparts of the descendant
potential of E and ET by a loop group transformation M; and (ii) establishing the existence of a
nonequivariant limit of M. The first step relies on fixed point localization in T-equivariant Gromov—
Witten theory; for the second step, we use Brown’s relative mirror theorem for toric bundles [4].

2.1. Descendant-ancestor correspondence

To elucidate step (i), we first recall the descendant/ancestor correspondence [6, Appendix 2]:
D=e"TS(1)1 A1),

Here, D is the total descendant, and A the total ancestor potential of E. The latter is defined [6, 13]
by replacing the y-classes in the definition of Gromov—Witten invariants with their counterparts pulled
back from Deligne-Mumford spaces by the contraction maps ct: ﬂg,wm(E ,d) — ﬂ“ and also
inserting a primary class 7 € H at each of the m free marked points (which results in the dependence
of A on the parameter 7). The function F in the exponent is the potential for primary (no descendants)
genus-1 Gromov—Witten invariants. The operator S is lower-triangular (i.e., represented by a series in
z~!) and is uniquely determined by the overruled Lagrangian cone Lg, as follows. Each tangent space
to L is tangent to Lg at a point of the form —1z + 7 + O(1/z), and thus the tangent spaces depend on
a parameter 7. For a tangent space T, the E[z]-linear projection H, — T, along H_ determines (and
is determined by) the lower-triangular loop group element S(7)~': H ¢ H, — T, c H.

The operator S can be expressed in terms of Gromov—Witten invariants and thus it is subject to
dimensional constraints. This guarantees that conjugation by S respects the grading operators, that
is, transforms the grading operator [y for Gromov—Witten theory into the grading operator for the
ancestor theory. Thus, it remains to find another grading-preserving loop group transformation relating
eF (D A(1) with Dgr.

2.2. Fixed-point localization

In the torus-equivariant version of Gromov—Witten theory, there exists an ‘upper-triangular’ element
R(7) of the loop group which provides the following relationship between suitable ancestor potentials
of the target space E and its fixed point locus E7 :

A9(r) =R(@) [ | Ag™ (wal)), 3)

aclF

Here, A°? refers to the total ancestor potential of E in T-equivariant Gromov—Witten theory (of which
we are reminded by the superscript eq), and Ag’tw is a similar ancestor potential of one component
E® = B of the fixed point locus ET . The superscript tw indicates that we are dealing here not with the
Gromov—Witten theory of E® = B per se, but with the Gromov—Witten theory of the normal bundle of
E“ in E; this is the local theory! of E“, or in other words the twisted theory of B. The product over
the fixed point set F = X7 means that each function depends on its own group of variables according
to the decomposition Hr := Hj}. (E;E) = @4crpHy (E®;E) of equivariant cohomology induced by
the embedding ET ¢ E and localization. Let us write 7 = @®,7, using the same decomposition. The
quantities u 4 (7) in Equation (3) are certain block-canonical coordinates on Hr, defined in §3.4 below,
which have the property that u,(7) = 7, modulo Novikov variables. The operator R(7) here is a power
series in z, and it does not have a nonequivariant limit. The existence of the operator R(7) and the
validity of formula (3) are established in §3 below.

IThis is necessarily an equivariant theory, as the target space is noncompact.
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Next, the ancestor potential of the normal bundle of £ in E is related to the corresponding descendant
potential by the equivariant version of the descendant/ancestor correspondence:

ALY (4, (7)) = e—Fg’”“(ua(r))SgJW(MQ(T))DZJW foreacha € F.

Finally, according to the Quantum Riemann—Roch theorem? [6]:
atw _ —1e
DI = TIDEY. “)

That is, the twisted equivariant descendant potential is obtained from the untwisted equivariant descen-
dant potential of the fixed point manifold (i.e., |F| copies of the base B of the toric bundle in our case)
by quantized loop group transformations. The operators involved have the form

F;l = exp (Z pr(:;ZZm—l) ,

m>0

where p;; are certain operators of multiplication in the classical equivariant cohomology of E¢; see [0]
for the precise definition.
Composing the above transformations, we obtain

e A9 (1) = M(7) I_[ D;q where M(7) = & (D"2a Fg'rw(“d(T))I’?\(‘r) (@ Sg’tw (ua(‘r))ﬁ;l .

a€eF a€eF

Both e “/(") A¢4(7) and [] 4 Dy have nonequivariant limits, but some ingredients of the operator
M (7) do not. Nonetheless, we prove:

Claim. The operator M (1) has a well-defined nonequivariant limit, which is grading preserving.

This implies Theorem 1.4.

2.3. Why does the limit exist?

To understand why the nonequivariant limit of M (1) exists, consider the equivariant descendant/ancestor
relation

P (D g4 (1) = §ed (1) D

The descendant potential here does not depend on the parameter 7 € Hr. The upper-triangular loop
group element $°?(7) is a fundamental solution to the (equivariant) quantum differential equations?
for E:

20, 8(1) =v e, S(7) v € Hr,

where e, is the equivariant big quantum product with parameter T € Hy. Therefore, the function
e peq depends on 7 in the same way, that is, satisfies:

d, (eF“]“)Aeq(T)) - (%)(J““”A@q(r)) v € Hy.

2To simplify discussion, we omit a constant factor in the quantum Riemann-Roch formula.
3This is the equivariant version of the Dubrovin connection.
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On the other hand, " A°? = M(7) [14cr P! and [] 4er D does not depend on . Therefore, the
dependence of M on T is governed by the same connection:

720, M(7) =v e M(7) v € Hr.

The main result of the paper [4] about toric bundles provides, informally speaking, a fundamental
solution to this connection for the total space E of a toric bundle assuming that the fundamental solution
for the base B is known. The solution is given in the form of an oscillating integral — the ‘equivariant
mirror’ to the toric fiber X. The proof of the above claim is based on the identification of M with
another form of this solution, obtained by replacing the oscillating integrals with their stationary phase
asymptotics. In the nonequivariant limit of the oscillating integrals, the stationary phase asymptotics
tend to a well-defined limit because the critical points of the phase function remain well defined and
nondegenerate in the limit — this is equivalent to the semisimplicity of the nonequivariant quantum
cohomology algebra of the toric fiber [ 18]. We explain this in detail in §4 below. In the next section, we
discuss localization in T-equivariant Gromov—Witten theory of toric bundles.

3. Fixed-point localization
3.1. The T-action on E

Letn: E — B be a toric bundle with fiber X, constructed as in §1.6. Let f and t denote the Lie algebras
of K = (SY)* and T = (S")V, respectively. Our assumption that rk H>(X) = k implies* that there is a
canonical isomorphism ¥V = H?(X;R), and so the symplectic form on the toric fiber X determines a
point w € Y. The embedding K — T determines and is determined by a linear map £ — t; this map
is given by a k X N matrix with integer entries (m;;)1<i<k,1<j<n. The columns of (m;;) determine
elements Dy,...,Dy € HZ(X; R), the toric divisors on X.

As discussed above, the total space E of the toric bundle carries a fiberwise left action of the big
torus T. The T-fixed set ET consists of n = tk H*(X) copies of B, which are the images of sections
of . The T-fixed points on X, and also the 7-fixed strata on E, are indexed by subsets @ C {1,2,...,N}
of size k such that w lies in the cone spanned by {D; : i € a}. Denote the set of all such subsets a
by F. Given such a subset @ € F, we write x for the corresponding 7-fixed point in X and E® for
the corresponding 7T-fixed stratum in E. One-dimensional T-orbits on E are nonisolated (unless B is a
point), and components of this space are indexed by one-dimensional T-orbits on X. A one-dimensional
T-orbit in X that connects x® to x# corresponds to the component of the space of one-dimensional orbits
in E consisting of orbits that connect E® to E#; this component is again a copy of the base B. We write
B — a if there is a one-dimensional T-orbit in X from x@ to x#. For each 8 € F such that 8 — «a there
is a line bundle over E* = B formed by tangent lines (at £?) to closures of the one-dimensional orbits
connecting E“ to EF; we denote the first Chern class of this line bundle by yap-

3.2. The T-action on the moduli space of stable maps

In this section and the next, we describe the technique of fixed point localization on moduli spaces of
stable maps. This material, which is well known, is included for completeness, but we will need very
little of it in what follows. In what comes afterwards, torus-invariant stable maps will be chopped into
‘macroscopic’ pieces. What one needs to digest from the ‘microscopic’ description given here is that
the moduli spaces of torus-invariant stable maps factor according to the pieces, that integrals over the
factors are naturally assembled into appropriate Gromov—Witten invariants, and that the only integrands
which do not behave multiplicatively with respect to the pieces are the ‘smoothing factors’ defined
below. The impatient reader should therefore skip straight to §3.4, pausing only to examine the explicit
forms of the smoothing factors, which are given just after Equation (6).

4See [1] or [12] for details.
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Let Eg ,, 4 denote the moduli space of degree-d stable maps to E from curves of genus g with n
marked points; here, g and n are nonnegative integers and d € H(E;Z). The action of T on E induces
anactionof T on E, ,, 4. Astablemap f: C — E, ,, 4 representing a T-fixed point in E, ,, 4 necessarily
has Tc-invariant image, which lies therefore in the union of zero- and one-dimensional T¢-orbits in E.
More precisely, some rational irreducible components of C are mapped onto one-dimensional T¢-orbit
closures as multiple covers z — zX (in obvious coordinates). We call them legs of multiplicity k. After
removing the legs, the domain curve C falls into connected components C,,, and the restrictions f|c,
are stable® maps to E7 which we call stable pieces. Note that each leg maps z = 0 and z = o to the
T-fixed locus ET c E, and each of z = 0 and z =  is one of:

1. anode, connecting to a stable piece;
2. anode, connecting to another leg;
3. a marked point;

4. an unmarked smooth point.

We associate to possibilities (1)-(4) vertices of I', of types 1-4, respectively, thereby ensuring that
each leg connects precisely two vertices. The combinatorial structure of a T-fixed stable map can be
represented by a decorated graph I', with vertices as above and an edge for each leg. The edge e of
I' is decorated by the multiplicity k. of the corresponding leg. The vertex v of I' is decorated with
(ay,gv,ny,dy), where a, € F is the component of the T-fixed set determined by v, and (g, n,,d,)
record the genus, number of marked points and degree of the stable map f|c, for vertices of type 1, and:

(0,2,0) for type 2
(gv,ny,dy) =4(0,1,0) for type 3
(0,0,0) for type 4.

As a T-fixed stable map varies continuously, the combinatorial type I" does not change. Each connected
component® is isomorphic to a substack of:

( l_[ Bg, n,.d,

/Aut(F)x [T zkz|. (5)

vertices v of I' edges e of I'

Here, By, .4, is the moduli space of stable maps to B, and the ‘missing’ moduli spaces By 2,0, Bo,1,0
and By oo are taken to be copies of B. The substack is defined by insisting that, for each edge e between
vertices v, w of I, the evaluation maps

eve: Bg,ony.d, — B and eve: B d, — B

wshw,

determined by the edge e have the same image. These constraints reflect the fact that the one-dimensional
orbit in E determined by the edge e runs along a fiber of the toric bundle £ — B.

3.3. Virtual localization

We will compute Gromov—Witten invariants of E by virtual localization. The localization theorem in
equivariant cohomology states that, given a holomorphic action of a complex torus 7z on a compact
complex manifold M and w € H3. (M), we have

‘/[‘M] /MT] Euler(NM7)

SMarked points on C,, here are marked points from C and the attaching points of legs.
SThere are many such components corresponding to each decorated graph I', which differ by the numbering of the marked
points assigned to each vertex.
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where i: MT — M is the inclusion of the T-fixed submanifold, N m is the normal bundle to M T inM,
Euler denotes the T-equivariant Euler class, and the integrals denote the evaluation of a T-equivariant
cohomology class against the T-equivariant fundamental cycle. According to Graber—Pandharipande
[17], the same formula holds when M is the moduli space of stable maps to a smooth projective
T-variety; [M] and [M” ] denote T-equivariant virtual fundamental classes [24, 2]; and N,,r denotes
the virtual normal bundle to M7 , that is, the moving part of the virtual tangent bundle to M restricted to
MT . To apply this virtual localization formula, we need to describe [ M | and Euler(N,,r ). The T-fixed
components (5) come equipped with virtual fundamental classes from the Gromov—Witten theory of B,
and these give the virtual fundamental class [M7 ]. We next describe Euler(N,,r).

Consider a connected component (5) consisting of stable maps with combinatorial type I". The
analysis of the virtual tangent bundle to the moduli space of stable maps in [17, 23] shows that
Euler(N,,r) takes the form:

Euler(Nyr) = Csmoothing Cvertices Cedges- (6)

Here, the factor Csmoothing T€cords the contribution from deformations which smooth nodes in the T-fixed
stable maps of type I'. To each type-1 flag, that is, each pair (v, ¢), where v is a type-1 vertex and e is
an edge of I" incident to v, there corresponds a one-dimensional smoothing mode which contributes

X
Ve Xa.p _

. Ye

t0 Csmoothing- Here, ¥, is the cotangent line class (on By, n, 4,) at the marked point determined by e.
To each type-2 flag, there corresponds a one-dimensional smoothing mode which contributes

Xa.pi | Xap
—_— + —_—
ki ko

t0 Csmoothing, Where the legs incident to the type-2 vertex connect E< to EP' and EP2, with multiplicities
k1 and k, respectively. Flags of types 3 and 4 do not contribute to Csmoothing-

The factor Cyerices in Equation (6) is a product over the vertices of I'. A type-1 vertex contributes
the T-equivariant Euler class of the virtual vector bundle N;Vv,l’lv, a, Over Bg, n, 4, with fiber at a stable
map f: C — B given by:”

HY(C, f* N™) e H'(C, f*N®).

Here, N®» — B is the normal bundle to E* = B in E. Vertices of type 2, 3, and 4 contribute,
respectively:

Eulery (N)

Eulerr (N?), Eulerr (N?V), and
/\/av ’ﬁ/ke

where the leg terminating at a type-4 vertex has multiplicity k. and connects E® to EA.

The factor Cegees in Equation (6) contains all other contributions from the moving part of the
virtual tangent bundle. We will not need the explicit formula in what follows, but include it here for
completeness. The factor Ceqges is a product over edges of I'. An edge of multiplicity k connecting fixed
points indexed by a, 8 € F contributes

ﬁ 10 (Uj(@) + m¥eL)

D;-d-1 @
j=1 Hmj:—oo (U}'(a)"'m/\/k’ﬁ),

7It is shown in Appendix 1 in [6] that Ng”vvnv a, is a well-defined element of K% (Bg,, ,ny,dy)-
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where Uj (@) € H% (E) is the T-equivariant class of the jth toric divisor, restricted to the fixed locus E¢
and D - d is the intersection index of that divisor with the degree of the corresponding multiply-covered
one-dimensional T-orbit. See [12] and [4] for details.

3.4. Virtual localization in genus zero

Consider the following generating functions for genus-zero Gromov—Witten invariants:

e the J-function J(7,z) € Hy (E) defined by J(7,z2) = X, J (7, 2)" ¢, where

) d E
J(r, " = (1,¢")z+7H + Z Z%<T,T,...,T _ > (7)

b
deH,(E) n=0 2= Yns 0,n+1,d

e the fundamental solution S(7,z): Hy (E) — Hj. (E) defined by

R Qd ¢ E
S(r", = (¢ )+ Y > = <¢M,T, T __> )
dem(Ey n=0 2= Yn2lons2,a
e the bilinear form V (7, w, z) on Hy (E) defined by
(60, b)) © E
V(T,W,Z)MV=M+ Z ZQ—' Pu I SO L ) 9)
w+z deH,(E) n=0 nl \w =i 2= Yna 0,n+2,d
Here, ¢1,. .., i nz (k) and ¢!, ..., ¢ HT (E) are bases for Hj.(E) that are dual with respect to the

T-equivariant Poincaré pairing on E, endomorphisms M of H3. (E) have matrix coefficients such that
M(¢y) = 2, M", ¢, and bilinear forms V on Hy.(E) have matrix coeflicients such that V(¢,, ¢,) =
Viy.

The fundamental solution S(7, z) satisfies the T-equivariant quantum differential equations:

70,S(1,2) =v e S(1,2) v € H}(E) (10)
together with the normalization condition S(r,z) = Id+O(z™!). Standard results in Gromov—Witten
theory imply that

S s *S b}
J(1,2) = 28(1,2)"1 and Vir,w,z) = S S(@2) (11)

w+Z

where S(7, z)* denotes the adjoint of S(7, z) with respect to the equivariant Poincaré pairing on H3. (E),
and we identify H3 (E) with its dual space via the equivariant Poincaré pairing (thus equating the
bilinear form V with an operator). The analogous statements hold in the Gromov—Witten theory of B
twisted by the normal bundle N to the T-fixed locus £ = B.

We begin by processing S(7, z) by fixed-point localization. Henceforth, we work over the field of
fractions of the coefficient ring H3.(pt) = H*(BT) of T-equivariant cohomology theory and insist that
our basis ¢1, ..., ¢ uy () for Hy. (E) is compatible with the fixed-point localization isomorphism

H;.(E) — (D) H7 (E)
acF
in the sense that each ¢; restricts to zero on all except one of the T-fixed loci, which we denote by
E% CE.
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Proposition 3.1. The fundamental solution S(t,z) can be factorized as the product
S(7,2) = R(7,2) Spiock (T, 2), (12)

where R has no pole at z = 0, and Spiocr (T, 2) is the block-diagonal transformation

Splock(T,2) = @ SUM (ug(1),2).

a€eF

Here, S*" (u, 7) is the fundamental solution in the Gromov—Witten theory of B twisted by the normal
bundle N to the T-fixed locus E® = B, and T +— ®4u o(7) is a certain nonlinear change of coordinates
withuy(t) € H*(EY) Cc H*(E).

Remark 3.2. Comparing the definition of u, (7) given in the proof below with [14, 13], one sees that
the u, (7) can be regarded as ‘block-canonical coordinates’ of 7.

Remark 3.3. Since both multiplication by S(7,z) and multiplication by Sp;ock (7,z) define linear
symplectomorphisms H — H so does multiplication by R(t, z). That is, R(t,—z)*R(t,z) = Id.

Proof of Proposition 3.1. The z-dependence in S(7,z)*, arises only from the input Z_‘Z/Vﬂ in

Equation (8) at the last marked point. Let E“ denote the fixed-point component on which ¢, is sup-
ported. By fixed-point localization, we see that S(t,z)*, is a sum of contributions from fixed-point
components Eg .d where the graphs I' can be described as follows. A typical I has a distinguished

vertex, called the head vertex, that carries the (n + 2)nd marked point with insertion - . The head
vertex is a stable map to E'“; it is incident to m trees (the ends) that do not carry the first marked point and
also to one distinguished tree (the tail) that carries the first marked point. Thus, S(7, z)#,, has the form

o (75, (6. 0]
B.a i
v+ Z Z Xap +
phoak=t  k tZ 03
00 Qd 00 T[Ig(a,((bﬂ) B,w,a
7 m=o " ghoaka & — V1 Wm+2
0,m+2,d

where the correlators represent integration over the moduli space of stable maps given by the head
vertex, €, represents the contribution of all possible ends, the linear map Tk : Hy (E) — Hyp (EY;
records the contribution of all possible tails that approach £ along an edge from the T-fixed component
EP c E with multiplicity k and y o is the cohomology class on E* = B defined in Section 3.1. The sum
is over degrees d € H»(B;Z), and Qd represents, in the Novikov ring of E, the degree of these curves in
E® = B. Here, €, = 7 modulo Novikov variables, as we include in our definition of €, the degenerate
case where the end consists just of a single marked point attached to the head vertex. Except ¢#,,, the
terms on the first line of Equation (13) arise from those exceptional graphs I" where the head vertex is
unstable as a map to E® = B, that is, where the head vertex is a type-3 vertex in the sense of §3.2.
In fact, Equation (13) can be written as

a,tw

v+ Z 7 + XeB Xaﬁ SO (ua(7), XZB)Tﬁk,a(‘ﬁH)’ SUM (ua(1).2) ¢y ’ (14)
Bp—a k=1

where (-, -)®"" is the twisted Poincaré pairing on E®. This is a consequence of a general result about
the structure of genus-zero Gromov—Witten invariants, applied to the Gromov—Witten theory® of E<.

8By the Gromov-Witten theory of E“ here we mean the Gromov—Witten theory of B twisted by the normal bundle N ¢ to
E® = B and the equivariant inverse Euler class.
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Recall that the tangent space to the Lagrangian cone LY, at the point t € #, is the graph of the
differential of the quadratic form on H, given by

€ —> Res o Res,—o V(t,-w, —2) (e(2), e(w)) dz dw,

where

a, B,a,mw
V(t’ w, Z) (615 62) = M + Z Z n! < EI_(Z) t(¢2) t(lﬁ3) t(wn+l)’ ﬂ> .

W d n=0 W —n 0,n+2,d

But this tangent space has the form S* (u, z) "' H, for some point u,, € H3.(E®) that is determined
by t. In fact,

u(,:ZZi%—T<1,¢f,t,...,t>g;gd¢e, (15)
€ d n=0

where the sum is over € such that ¢, is supported on E?; this is the Dijkgraaf—-Witten formula
[7, Equation (2.2)] (in the context of Gromov-Witten theory, see also the proof of [15, Theorem 1] and
[11, Section 4.4]). As a result,

a,tw

1
V(t’ w, Z) (El s 62) = V(u(n w, Z) (El > 62) = Z+_W (SU’JW (u(l7 Z)E] (Z)7 S(YJW (uﬂ/’ W)El (W) >

where we used Equation (11). Applying this to Equation (13) yields Equation (14), where u,(7) is
given by Equation (15) with t replaced by the contribution €, from all possible ends.

Setting
R =ld+ Yy 3 Z m( o) 8T (ua(r), ) (16)
acF Bhoak=1 T
yields the result. This expression has no pole at z = 0. O

Remark 3.4. The end contribution €, occurring in the proof of Proposition 3.1 can be identified in
terms of fixed-point localization for the J-function:

v B,a,tw
J(1.=2)|ga = = 1z+ea(Z)+ZZZ <6a(l!f1),-..,ea(wm),z_¢T>o 1d<75v|Ea,
=0 v m+ e+,

where we processed the virtual localization formulas exactly as in the proof of Proposition 3.1. Since
Y41 is nilpotent, the correlator terms have poles (and no regular part) at z = 0. At the same time, the

summand €,(z) has no pole at z = 0, as it is equal to 7|ge plus a sum of terms of the form W,
where c is independent of z. Thus,

=z+|J(1,- r,]=—[S,—*1a], 17

ea(z)z[(r z)|E+z S(r z)|E+ 17

where [-]; denotes taking the power series part of the Laurent expansion at z = 0. For the last equality
here, we used Equation (11).

3.5. Virtual Localization for the ancestor potential

We will use virtual localization to express generating functions for Gromov—Witten invariants of E in
terms of generating functions for twisted Gromov—Witten invariants of E7. The T-equivariant total
ancestor potential of E is
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A(r;t) = exp Zhg_l}_'g(‘r;t) , (18)

=0

where ]:'g is the T-equivariant genus-g ancestor potential:®

VACHERDY Z Z o ﬁ (ievj(tk)&f) nﬁ eviT.

deH, (E) m=0 n=0 Egminal™ =) i=m+1

Here, 7 € Hy. (E), t =to +t1z+ 1’ +-- € H3 (E)[z], 04 is the representative of d € H»(E;Z) in
the Novikov ring, ev;: Eg , ¢ — E is the evaluation map at the ith marked point, and the ‘ith ancestor
class’ §; € H% (Eg.m+n,a; Q) is the pullback of the cotangent line class y; € H? (/\_/lg,m; Q) along the
contraction morphism ct: Eg ;y4n,0 — ./Vg,m that forgets the map and the last n marked points and
then stabilizes the resulting m-pointed curve. We will express the total ancestor potential .4, via virtual
localization in terms of the total ancestor potentials Ag”w of the base manifold B twisted [6] by the
T-equivariant inverse Euler class of the normal bundle N to the T-fixed locus E* = B in E. These
are defined exactly as above, but replacing £ by B and replacing the virtual class [E g,mm,d]“r by
[Bgmemal™ N e (mem ) for an appropriate twisting class Ng ina € K2 (Bg min,a)-

Theorem 3.5.
A(r;t) = R(7) l_[ A (o (1) te),

a€eF
wheret = @4crty withty, € HY. (E®)[z] and R(7) is the quantization of the linear symplectomorphism
f P R(t,2)f, and the map T — @qeruo(T) is defined by Equation (15).

The rest of this Section contains a proof of Theorem 3.5. According to [13, Proposition 7.3], the
action of R(7) is given by a Wick-type formula

t-R(7,2)"t4z(ld-R(r,2)-H 1> (19)

E(—T\) 1—1 Ag’tw (“a(T)Qta)) = (eXP(A) ]_[ Ag’tw (MQ(T), ta))

acF a€eF

where the propagator A, which depends on 7, is defined by

L . R(r,w)*R(7,z) - 1d
a_
ZZZ Mlazﬂa# and ZZAZ/‘(_I)HJWZ% _( Wtz P
iy 2

i,j A,u

We will compute the T-equivariant total ancestor potential A(7;t) using virtual localization, obtaining
a Wick-type formula which matches precisely with Equation (19).

We begin by factoring the fixed point loci EZ min.q N0 ° macroscopic’ pieces called stable vertices,
stable edges, tails and ends, which are defined somewhat informally as follows. Given a T-fixed stable
map C — E with m + n marked points, forgetting the last » marked points yields a stable curve
C’ with m marked points, and a stabilization morphism C — C’ given by contracting the unstable
components. We label points of C according to their fate under the stabilization morphism: a tree of
rational components of C which contracts to a node, a marked point or a regular point of C’ is called,
respectively, a stable edge, a tail or an end, while each maximal connected component of C which
remains intact in C’ is called a stable vertex. Under virtual localization, the contribution of Eg min.d
into Ag can be assembled from these pieces. We will see that the contributions from stable edges, tails
and ends together give rise to the operator R, while the contribution of stable vertices gives [ [ ,cr Ag’tw .

9Integrals over nonexisting moduli spaces are defined to be 0.
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More formally, virtual localization expresses A(7;t) as a sum over T-fixed strata E gF d in Eg min,d
which are indexed by decorated graphs I" as in §3.2. Consider a prestable curve C with combinatorial
structure I" and the curve C’ obtained from C by forgetting the last n marked points and contracting
unstable components. The curve C can be partitioned into pieces according to the fate of points of C
under this process. Those components of C that survive as components of C” are called stable vertices
of C. Maximal connected subsets which contract to nodes of C’ are called stable edges of C. Maximal
connected subsets which contract to a marked point of C’ are called fails. Maximal connected subsets
which contract to smooth unmarked points of C” are called ends. We denote by ct(I") the combinatorial
structure of C’, that is, the graph y with vertices and edges given respectively by the stable vertices and
stable edges and with each vertex decorated by its genus and number of tails. We arrange the sum over
I'" from virtual localization according to the stable graphs ct(I"):

A(r;t) = Zcr Z Z
vy [et(D)=y

We begin by analysing certain integrals over stable vertices which occur in the virtual localization
formulas. These take the form

T (¢1) T (¥rm) o
< id seees m(Ym v€aWme1), - €a(Wmen) s (20)
- l,[ll - l/’m g,m+n,d
where T}, . . ., T}, arise from tails and/or stable edges, €, arises from ends, and each y; is equal to & "5

for some ﬂ — a and some k € N. Note the presence of descendant classes ;. Our first task is to express
these vertex integrals in terms of ancestor potentials, where no descendant classes occur. Consider the
sum

a,tw

7€n(¢’m+l)’-~-a5n(‘//m+n)> (21)

g.m+n,d

Z Q_d < T (J’l) Tm(‘r/;m)
S\ =01 X = Y
and note the identity
L) _ LG «-yTG)

xi—x  xi=y i-x0i-y)

(22)

in H3. (E)[[x, y]l. We can replace the insertion '(w'

Equation (22) with x = ; and y = i;, and then by

wz Ly Z%( 2 et ea(wn+1),¢v>’ (¢M) 23)

— i n,d RY 0,n42,d Xi—Yi

in Equation (21) first by the right-hand side of

Here, we used the fact, first exploited by Getzler [11] and Kontsevich-Manin [21], that y; — ¢, is
Poincaré-dual to the virtual divisor which is total range of the gluing map

u EO,n1+2,d1 XE Eg,m—l+n2+l,d2 — Eg,m+n,d
nj+ny=n
di+dry=d

that attaches a genus-zero stable map carrying the ith marked point and n; marked points with insertions

in{m+1,...,m+n} to a genus-g stable map carrying the marked points 1, ..., m omitting i, and n;
marked points with insertions in {m + 1, ..., m + n}. The insertion (23) simplifies to
SO (g (1), xi)T (i
(u ,(r)&x T () o
—¥i
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using [ 15, equation 2] and the fact that the contribution €, from ends here coincides with the contribution
€, from ends in genus zero which occurred in Equation (15). In what follows, we will see that whenever
contributions from tails and stable edges are expressed in terms of i;-classes, the transformations
S (14 (1), xi) will occur. We call these transformations the dressing factors.

Consider the following generating function which we call the mixed potential:

A(e:t) = exp Z Z Z

g=0m,n=0 d

t(‘/fl) t(‘/_’m)§5(wm+l),~--vf(l//m+n)>g’m+n,d .

Note that specializing € € H, to T € Hy.(E) C H, recovers the ancestor potential A(7; t). The notion of
mixed potential makes sense for a general Gromov—Witten-type theory, including the Gromov—Witten
theory of arbitrary target spaces (equivariant or not), twisted Gromov—Witten theory, and so on and
Proposition 3.6 below expresses the mixed potential of such a theory in terms of the ancestor potential for
that theory. The argument just given showed that the sum (21) can be expressed by including appropriate
dressing factors, in terms of the mixed potential associated to the twisted Gromov—Witten theory of the
T-fixed locus E“.

Proposition 3.6.

Alest) = A(u(@):t+ [S(u(e). ) (e(2) —u(e))] ).
where u(€) € H is characterized by
[S(u(e), 2)(e(z) = u(e))], € 2Hs.
Proof. Sety(z) = €(z) — u(€) so that

0o o]

Ale; t)—exp(z > Z k,l, t(m) t(&m);ywmm,...,y<wm+k>,u<e>,...,u<e>>g,k+,+m,d).

g=0 k,l,m=0

Then consider the morphism Xg jik41,a — ﬂgmk forgetting the map and the last / marked points
and then stabilizing; the Getzler/Kontsevich—-Manin ancestor-to-descendant argument discussed above
then gives

oo

Ae: t)—exp(i > Z w2 ... t@m),x(&ml),...,x«ﬁmk);u(e),.‘.,u<e))g,k+l+m’d),

1
0 k,l,m=0 klilm

where x(z) = [S (u(e), z)y(z)] and the classes 1//, differ from the ancestor classes y; by being lifts of

y-classes from M ¢,m Tather than from M ¢,m+k- For yy-classes on Deligne-Mumford spaces, we have
m+k
(l_[ z//r)u(z//i—n*wi)zO fori=1,2,...,m
r=m+1

where 7: ﬂg,mk — Mg,m is the map that forgets the last k¥ marked points and then stabilizes. This is
because ; — m*y; is the divisor in M .4k given by the image of the gluing map

|_| Mg m-1+k41 X Mo g+1 = Mg mk,

ki+hka=k
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where the second factor carries k| marked points with indices in {m +1, ..., m+k}, and on this divisor
the product HT;mk .1 ¥r vanishes for dimensional reasons. Thus,

m+k
(]_[ y},)u(y}i—lz,-)=o fori=1,2,...,m
r=m+1

and, since x(z) is divisible by z — this is exactly how we chose u(€) — we may replace Jis by ;s in our
expression for A(e, t) above. Polylinearity then gives the proposition. O

Now, we apply Proposition 3.6 to the twisted Gromov—Witten theory of the T-fixed locus E“ so that S
there is S*". We will show that if we set € equal to the end contribution €, in the vertex integrals (21),
then u(€) becomes the block-canonical coordinate u, (7) defined in Proposition 3.1 and that

[S(X’IW(MQ(T),Z)(fa(Z) _ MQ(T))]+ — Z(Id —R(T,Z)_l)l- (25)

Note that this precisely matches the contribution to Wick’s formula in Equation (19). Since
S (u,(1), 7) is a power series in z~!, we have

[SQ,IW(MO(T)’Z) [A]+]+ = [s“,tW(ua(T),z)AL

for any A. From Equation (17), we have

€(2) =2~— [zS(T, —z)*1|Ea]+

and Proposition 3.1 gives
S(r,=2)" 1 o = ST (ua(7), —z)*(R(T, —z)*l|Ea).
We compute
[ST"™ (a(7), 2) (€a(2) —ua ()], = 2+ ta(?) = 2R(T,=2) 1| 0 — Ua (1),

where the first two terms are [S*"" (u4(7),2)z],, the last term is [S™"" (uq(T),2)ua(7)], and we
used SU™ (ug(7),2)S"" (e (1), —z)* = Id. The right-hand side here lies in z,, and therefore
u(€ey) = uq(7), as claimed; furthermore, since R(t, —z)*R(7, z) = Id we obtain Equation (25).

We return now to the integrals (20) over stable vertices. Here, tails — which carry one nonforgotten
marked point each — give rise to insertions of

@+y Y S JThatl))
k

acF B:p—a k=1

where the linear maps TX ., were defined in the proof of Proposition 3.1 and t is the argument of the

ancestor potential (18). Applying Equations (22—24), we can write this in terms of ¢ only by including
dressing factors:

_ = 1 _
MW+, D, D T 75" wa (). TG oM.
k

aceF B:—a k=1

with z = ¢. Again,

From Equation (16) and R(7, —z)*R(7, z) = 1d, we see that this is (R (7, z)‘lt(z)) |E“

this precisely matches the contribution to Wick’s formula in Equation (19).
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In the localization formula for the ancestor potential, the edge contributions occur in the form

k,k’

IPIPNN oy

B—oapf —a k=1k'=1 e _lﬁ’),

each functioning as two vertex insertions (which may be to the same vertex or different vertices). Here,
Y and ¢’ are the -classes on the vertex moduli spaces at the corresponding marked points, and the class
E é_"w poa € H3.(B) ® H3.(B) is pulled back to these moduli spaces by the product ev x ev’ of the
corresponding evaluation maps. This expression participates, in the same role, in localization formulas
for the genus-zero quantity V (7, w, z). As before, we can replace /-classes by y-classes provided that

we introduce dressing factors:

oL ) 8 (g (1), 42) @ ST (g (), 252 (ER L L) -
Z Z Z Z Xop \(Xarp _ = Ea,a’(w,lﬁ )
B—oap—a k=1k'= (T - tl/)(—k, - l//’)
Computing V(7,w,z) by virtual localization, as in the proof of Proposition 3.1, and applying the

identities

*
.t .t Xap
S W(umz) S W(um Z )

Xap
&

X
‘r(l,lw(u 7, (,3)

foreacha € F, B — a,and k € {1,2,...} yields

V(T’ Zs Z/) = Sblock(T, Z)* ° ( ; + @ Ea af’(Z’Z )) o Sblock(T < )
Z+

a,a’€F
where we regard the bivector E,, o as an operator via the twisted Poincaré pairing. But

S(,2)"S(7,2) _ Sblock (7, 2)"R(7, 2)"R(T, 2') Spiock (7, 2')
z+7 z+7

V(r,z,7) =
from Equation (11) and Proposition 3.1, and we conclude that

, R(7,2)*R(7,7’) —1d
@Ea,m(z,z)= (r,2)"R(7,7) .

z+z7

a,a’€F

In other words, the edge contributions E, o (Which include dressing factors) are precisely what is
inserted by the propagator in Wick’s formula (19). This completes the proof of Theorem 3.5.

Remark 3.7. Consider a Kihler manifold E equipped with the action of a torus 7, with no further as-
sumptions about the structure of the fixed point manifold E” or the one-dimensional orbits. Theorem 3.5
can be extended to this general situation. First, virtual localization in genus zero shows, as in §3.4, that
the fundamental solution matrix Sg (7, z) can be factored as

Se(7,2) = R(7,2) Sy (u(7), 2),

where R is a power series in z, and 7 — u(7) is a certain nonlinear diffeomorphism between the
parameter spaces Hy. (E) and Hy. (ET) which is defined over the field of fractions of the coefficient
ring Hy. ({point}) tensored with suitable Novikov ring (and can be specified in terms of genus-zero
Gromov—Witten invariants). Then, virtual localization in all genera shows that

Ag(t:t) = R(1) o (u(r)tlpr).
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However, we refrained from phrasing our proof of Theorem 3.5 in this abstract setting. In the context
of general torus actions, one-dimensional T-orbits — called legs in §3.2 — may depend on parameters.
Some foundational work is needed here — a systematic description of leg moduli spaces and their
virtual fundamental cycles — and establishing these details, which are unimportant to the essence of our
argument, would carry us too far away from the current aim. This is the only reason why we limit the
proof of Theorem 3.5 to the case of toric bundles.

4. The nonequivariant limit

As discussed in the Introduction, combining Theorem 3.5 with the quantum Riemann—Roch theorem
yields

74 (1) = O P e D R Sk (DT | | Do 26)

a€eF

where Tpiock = ®acrla and Spiock () = @aer S (uq(7)). Thus, the T-equivariant ancestor

potential .44 () for E is obtained from DglFl by the application of quantized loop group operators.
We need to show that the same is true for the nonequivariant ancestor potential Ag (1) of E, and so we
need to analyse the nonequivariant limit of Equation (26).

Note first that the products S*" (u,) T';! can be Birkhoff-factorized as

gatw (ua, Z) F;1 (Z) = R(t(ua/, Z) SB (T;(ud)9 Z),

where R, is an operator-valued power series in z, and u +— 7, (1) is a nonlinear change of coordinates
on H*(B). Indeed, the quantum Riemann—Roch theorem [6] implies that I';' transforms the overruled
Lagrangian cone Lp defined by the genus-zero Gromov—Witten theory of B into the overruled cone
L% for the twisted theory: L% = I';! Lp. Thus, the operator R, on the space HZ = Hp[[z]] is
obtained from the following composition:

Sa,tw (u)fl SB(T:;)

R,': HB HE

TLom — 1 T rp

and so

R(7) Sptock (1) Tyhyer = R'(7) (6]9 Sk (T;‘,(ua(r)))) ,

acF

where R'(7) := R(T)(@agF Rd(ua(r))) is an operator-valued power series in z. Consequently, for
some scalar functions ¢ and ¢, we have

A (@) =eOR@ [ [ As(rh)  and Dy = Osp (R @ [ | SsaDs. D)

a€eF a€eF

Note that the relation between 7 € H3 (E) and @,cr 7, € Hj (ET) here is a complicated change of
variables, given by composing the Dijkgraaf—~Witten maps 7 + u4(7) with the mirror maps u, —
To(Ua).

In this section, we show that, at least for some range' of 7, the operator R’ has a well-defined
nonequivariant limit. The ingredients here are Brown’s mirror theorem for toric bundles [4], which
provides a certain family of elements /g (¢, 75, —z) on the Lagrangian cone Lg for the T-equivariant

10This is the ‘mirror map’.
1]t suffices to establish that the nonequivariant limit exists for a single value of 7 since qu and Dp are independent of 7.
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Gromov—Witten theory of E and an analysis of the stationary phase asymptotics of the oscillating
integrals that form the mirror for the toric fiber X of E. Since all other ingredients in Equation (27) —
qu, Apg, D;q, Dp, Sk and Sp — also have well-defined nonequivariant limits, it follows that the same

is true for ¢ and c. Thus, the entire formula (27) relating D to ng by the action of a quantized loop
group operator admits a nonequivariant limit. Finally, in §4.4 we complete the proof of Theorem 1.4,
by checking that, in the nonequivariant limit, this loop group operator is grading preserving.

4.1. The I-function of E

Recall that our toric bundle E — B is obtained from the total space of a direct sum of line bundles
L &---® Ly — B by fiberwise symplectic reduction for the action of a subtorus K = (S')* of
T = (S")N. Let u denote the moment map for the action of K on the total space of L| & --- & Ly — B
so that E = u~!(w)/K. The quotient map 1~ ! (w) — E exhibits u~' (w) as a principal K-bundle over E.
Since K = (S 1)k, this defines k tautological S I_bundles over E, each of which carries an action of 7. Let

Pi,....,Pr € H% (E;Z) be the T-equivariant first Chern classes of the corresponding antitautological
bundles, and let py, ..., pr be the restrictions of Py, ..., Pk to the fiber X. Without loss of generality,
by changing the identification of K with (S')¥ if necessary, we may assume that the classes py, ..., px
are ample. The classes p1, ..., px generate the T-equivariant cohomology algebra Hy.(X); let
Ag(pt1,-...pk) (28)
be monomials in py, ..., pk, indexed by S, that together form a basis for H3. (X).
Let A, ..., Ax denote the first Chern classes of the N antitautological bundles on BT = (CP*)" so

that Ry := H3 ({point}; Q) = Q[Ay, ..., An]. The T-equivariant cohomology algebra H3.(E) has basis
Ag(Py,...,Py) over H*(B) ® Ry (cf. [27]). Let A; denote the first Chern class of the dual bundle LJV.
so that the T-equivariant first Chern class of L; is —A; — 4;, and define

k

k
ujzzmijpi—/lj Uf:ZmijPi_Aj_/lj I<j=N.
i=1 =1

Then u; is the T-equivariant cohomology class Poincaré dual to the jth toric divisor in X, and U} is the
T-equivariant cohomology class Poincaré dual to the jth toric divisor in E.
Let JB (g, z) denote the J-function of B, and write

J%(t8,2) = Z JE (15.2)0%,

BEEf(B)
Here, 73 € H®(B), which can be written as 7g = 3, T, ¢}, after choosing a basis ¢1, ..., ¢ g+ (p) for
H*(B).
The I-function of E is
N 0
- (Ui +mz)
._ Ptz B B d _dt m= oo( J
e(tmp.2) = ), ), Jfmn Qe | | HTE S @)
dezk BeER(B) j=1 [mtso  (Uj + mz)
where
k
ti=(t1,. .., tk) d=(dy,...,dy) Pt:=ZP[t,-
i=1
k k
d d
dt = Zd,‘l‘,’ qd Z=qll"'qkk Uj(d,ﬂ) = Zdimij—‘/ﬁl\j.
i=1 i=1
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We have that
Ip(t,75,2) = ze""/2e™/% + 0(Q). (30)

Brown proves [4, Theorem 1] that Ig(z,7p,—z) lies on the Lagrangian cone Lg defined by the
T-equivariant Gromov—Witten theory of E.
Recall the monomials Ag defined in Equation (28). The classes

Ag(Pi,...,Pr)dp, 3D

where {¢;, } is abasis for H*(B), form a basis for Hy.(E), and this basis has a well-defined nonequivariant
limit. Elements of this basis are indexed by pairs (8, b). Denote by T the following matrix whose column
vectors are also indexed by pairs (8, b):

T(2) = [Ap (e - 2 ) Do I (1,75, 0| (32)

More precisely, the column of 7'(z) corresponding to the pair (8,b) is Ag (Za%’ e ,z%)
a¢b1E(t7 B, Z)

The columns of 7' (—z) form a basis for T (;,r,,,—z) L over the ring E{z} of power seriesin g1, . .., gk

and Novikov variables of B with coefficients which are polynomials of z: See Equation (30). For an
appropriate value of 7, determined by ¢ and 7p, the columns of Sg(7,—z)* form another such basis,
which consists of series in z~!. Expressing the columns of T in terms of columns of S yields

T(-z) = Sg(r,-2)"L(7,2),

where L is a matrix with entries in E{z}; this is the Birkhoff factorization of 7. Since all other ingredients
in this identity admit a nonequivariant limit, L (7, z) does too.
The products

I_IO =—00(Uj + mZ)

(d,
rlr]Ll:(—ooB) (U] + mz)

that occur in Equation (29), and thus in Equation (32), are rational functions of z. When A; # 0 for
each j, we expand these as Laurent series near z = 0. We saw in §3.4 that the same operation applied to
Sg (1, 7) yields

SE(7,2) = R(T, 2)Shiock (T, 2).
Thus,
T(=2) ~ Sbiock (T, 2) ' R(7,2) ' L(1, 2),

where ~ denotes the expansion near z = 0. In the next two subsections, we will show that the expansion of
I'biock (z) T(—2z) near z = 0 has a nonequivariant limit by identifying this expansion with the stationary
phase expansion of certain oscillating integrals.

4.2. Oscillating integrals

Consider W = Z;VZI (xj +A;logx;), and oscillating integrals

N
/eW/z szldlong
v I dlog(gien).
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where 7 is a cycle in the subvariety of (CX)"V defined by

N
HXT” =q;e" l<i<k (33)
j=1

given by downward gradient flow of R (W/z) from a critical point of W. Such oscillating integrals, over
an appropriate set of cycles vy, together form the mirror to the 7T-equivariant quantum cohomology of
the toric manifold X [12]. We now relate these integrals to the g-series I (¢, g, z) by expanding the
integrand as a g-series, following [4].

Given a T-fixed point & on X, one can solve the Equations (33) for x;, i € a, in terms of x;, j € a:

k

_ —(m=Ym); :

o= [ JCarety " T ica, (34)
=1 JjEa

where m,, is the k x k submatrix of (m;;) given by taking the columns in «; this defines a chart on the
toric mirror (33). In this chart, the integrand eV'/Z becomes

—uj(d)
ngaxj !

b, = S —
@ Hjea uj(d)!Zuj(d)

k
l_[(qiet,-)ff(p,-)/z) eZjea(Xj—a (up)logx;)/z Z (qletl)dl . (qketk)dk
i=1

dezk:
uj(d) >0for jea

where u;(d) = YX dim;j; cf. the proof of [4, Theorem 3]. Note that u;(d) is the value of the
cohomology class u; € H?(X) on the element d € H,(X) such that p;(d) = d;, and that our ampleness
assumption guarantees that all d; are nonnegative. We thus consider

Ia(qet’ Z, /l) = / d)r, /\ leng

(Ry)jga jta

as a g-series of oscillating integrals with phase function 3¢, (x; — @"(u;)logx;) and monomial
amplitudes. Replacing the variables A; by the differential operator A; + zdj;, we can consider Z,, as an
operator to be applied to the J-function of the base B. According to the computation in [4, Section 5],
this gives

k
— *P'.
(l |qia( )z
i=1

To(ge',z,A+200)Jp(78,2) = & IE(t, 7B, 2) l_[ / @ WUploex)/z g1 .
jea 0
(35)
Applying the differential operators in Equation (32), we get expressions in terms of oscillating integrals
for each entry Ag (Za%’ cey 16%()6% Ig of T(z). The stationary phase asymptotics of the oscillating

integrals on the right (at the unique critical points x = &*(U;) of the phase functions) combine to give
(2mz)9me X121 (z); see [4, Section 5.2]. Consequently,

To(ge',z,A+20r0) 04,5 (18, 2), (36)

[l a9
- ﬁ q—a*m-)/z) AB(Za_“’ o Zﬁ_fk)
a

(Fblack(_z) T(Z)) ~ ( i 2 )ldim X
mrz)2 Hme

i=1

that is, the expansions near z = 0 of the entries of I'pjocx(—2) T(z) coincide with stationary phase
asymptotics of the oscillating integrals on the right-hand side of Equation (36). We now show that these
stationary phase asymptotics admit a nonequivariant limit.
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4.3. Stationary phase asymptotics

The expression

MY, dlogx;
Aﬁ(zﬁ,...,zﬁ)/ew/z# (37)
1 "y i=1 dlog(gie'’)

is an oscillating integral with the phase function Z;\/: 1 (xj +4;logx;) over a Lefschetz thimble y in the
complex torus with equations

N
]_[x;""f = g;e 1<i<k. (38)
J=1

In the classical limit ¢ — 0, this torus degenerates into a union of coordinate subspaces
(rporuBoTan-KoBbiii e3K) |Jgep C7F, where C%7F is the subspace of C" given by the equations
xj = 0, j € a. The equations for critical points of W under the constraints (38) in the coordinate
chart {x; : j ¢ a} take the form

0 =x; — a”(u;) + terms involving positive powers of g jéa.
In the classical limit ¢ — 0, exactly one of these critical points approaches the critical point
xj=a"(uj) Jéa 39)
of the phase function 3 4, (x; — a*(u;)logx;) on C~k_ Call this the ath critical point of W. On the
right-hand side of Equation (36), we first expanded the oscillating integral (37) as a g-series and then
took termwise stationary phase asymptotics at the critical point (39). General properties of oscillating
integrals [4, Corollary 8] guarantee that this coincides with the g-series expansion of the stationary phase
asymptotics of Equation (37) at the ath critical point of W. The key point here is that, for a generic value
of g, if we let 1; — 0 for all j along a generic path, then the critical points of W corresponding to « € F
remain nondegenerate. The stationary phase expansions at these critical points depend continuously
(indeed analytically) on 4, and at A = 0 remain well defined.
Arranging the integrals (37) into an |F| X |F| matrix and taking stationary phase asymptotics gives

(i a2
k=0

0

eW(Z/Z

0 .

where the factor on the right is a diagonal matrix, w, is the value of W at the ath critical point and
WYy is an |F| X |F| matrix. Here, ¥; and w, depend analytically on (g,¢, 1) and are well defined in
the limit A = 0; also ¥y is invertible, as a consequence of Ag(p1, ..., pi) forming a basis in Hy.(X).
The right-hand side of Equation (36) is obtained by replacing 4; here by 4; + zdy,;, and applying the
resulting differential operator to dg, J5 (73, 2).

For a function A — w(1) on H,(B) that depends on parameters (such as ¢; and ¢;), consider first the
action of ¢" (298)/z op Jp (7, 7). By the divisor equation, the action of zd on the J-function Jz(7g, 7)
coincides with the action of A + zQ8p where Qdp is the derivation of Novikov variables (for B)
corresponding to A € H*(B). For each D € H,(B), we have
=e

ew(A+zQ6Q)/zQD w(A+zD)/zQD

and so e* (A+2290)/2 gjves a well-defined operation on the space of cohomology-valued Laurent series
in z with coefficients that converge Q-adically, provided that w(0) = 0. Due to the string equation,

e 02 g (15, 2) = T (15 + W(0)1,2).
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On the other hand, e (A2Q90)/2=w(0)/2 4 (15 7). after flipping the sign of z, liesin 27y, (-« -;) L5 C LB
for some point 7* € H®(B) that depends on w and 7. This result was first used in [6] in the proof of
the quantum Lefschetz theorem but was proved incorrectly there; an accurate proof is given in [5] and
[16, Theorem 1].

Applying these arguments with w = w,, for each @ € F, we obtain

e et gy (1, ~2) € 2Ty (20 L C L

for certain 7, € H*(B) depending on (g, t, A1) and 7. Differentiating with dy4, yields a basis, indexed
by b, for Ty, (++,-)Lp as a module over power series in z. These bases together give a basis for the direct
sum Qqer Ty, (+x,—z) L. Note that applying zda to a family of tangent vectors v(7,) € Ty, (,.-2)LB
— here the family depends on 7 via 7}, — yields another family of tangent vectors in Ty, (2 -7 Lp.
Therefore, applying the z-series of matrix-valued differential operators ZZ’:O(—z)k‘Pk (g, 1,4 —z0p) to
our basis for ®qcr Ty, (+:,—7)Lp yields another basis for this direct sum. This space, however, has a
standard basis, formed by the columns of Sz (7}, z)‘l, a € F. Expressing our basis in terms of the
standard one, we obtain

DK Wi(g,1,4 - 20y) e Wal@t A= Sp(r,2) = | Sp(Th, 0T | R7()
k=0 . .

(40)

for some invertible matrix-valued z-series R”’(z) with entries in the Novikov ring of B that depend
analytically on (g, t, 1). Here, we used the fact that the columns of Sz (75,z)”! are 0¢,JB(TB,—2). The
left-hand side of Equation (40) is the expansion near z = 0 of I'pjocx (2) T(—2), and the right-hand side
provides its analytic extension to the nonequivariant limit 4 = 0. Thus, the expansion near z = 0 of
Tpiock (—z) T(z) has a well-defined nonequivariant limit, as claimed.

4.4. Grading

To complete the proof of Theorem 1.4, it remains to show that the loop group operator just defined
respects the gradings. In the nonequivariant limit A = 0, all the functions of ¢, ¢, Q and 75 involved
satisfy homogeneity conditions that reflect the natural grading in cohomology theory. To describe these
conditions explicitly, introduce the Euler vector field

k r tk H*(B) (
1

0
&= Ciqia_q+z5aQa@+
i = a

i=1

_deg(n)) 0
2 b(’)‘rb'

Here, c; and ¢, are the coefficients of the first Chern class of E with respect to an appropriate basis:

k

N k N N r
C](E)ZZUJ'+7T*C1(B)=Z Zmij Pi+7l'* CI(B)_ZAJ' :Zcipi"'zéaﬂ*(ﬁm
J=1 1 \Jj=1 Jj=1 a=1

i= i=1 =

where we have chosen our basis ¢1, .. ., ¢ g+ (p) for H*(B) such that ¢y, . .., ¢, is a basis for H?(B).

In what follows, we abuse notations and use the same notation to denote both an equivariant object
and its nonequivariant limit. Let 4 denote the Hodge grading operator for E. That is, in a homogeneous
basis of H*(E), ug is the diagonal matrix whose diagonal entries are half-integers expressing the
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degrees of the basis elements measured relative to the middle (complex) dimension of the target

ngA/g + degq&b —dimcFE
2

HE(Ap(P) @ n°¢p) = (Ap(P) ® " ¢y).
Lemma 4.1. In its nonequivariant limit the matrix T, defined in Equation (32), satisfies the grading
condition

(Zdiz + 5) T(-z) =T(-2)ug — ueT(-2), 41

where ug is the Hodge grading operator for E.

Proof. Recall from Equation (29) that Ir is a homogeneous expression of overall degree 1 that takes
values in the cohomology of E. Its components, in the graded basis Ag(P) ® m*¢;, have degrees
1 —degAg/2 — deg ¢, /2 as functions of the variables z,¢, 7, g, Q. The columns of the matrix T — see
Equation (32) — are obtained from I by applying the differential operators Ag (z%)a% ; these increase
the degree by deg Ag/2 +deg ¢, /2 — 1. The commutator T'(—z)ug — T (—z) on the right of Equation
(41) simply multiplies each matrix entry of T by the difference of the column and row degrees, that is,
by the degree of the matrix entry as a homogeneous function of the variables z,7, 7, g, Q. It equals the
eigenvalue of this homogeneous function considered as an eigenvector of the Euler operator zdiZ +& on
the left-hand side of Equation (41). m]

We can rewrite the grading condition (4 1) using the divisor equations

qiaiqiT(—z)=((%+%)T(—z) and Qa Q T(-z) = ( ‘ja ¢“)T( 7)

to replace £ with d¢ + c1(E)/z, where
rk H*(B)

O = Z +Za Gt Z ( deg(‘b"))rba%.

From the nonequivariant version of the quantum differential equation (10) for Sg, we see that T(-z) =
SE(z)'L(z) satisfies the ordinary differential equation (ODE)

~20:T(~2) = T(-2)&(2), where £(z) = L7 (2)(0g®)L(z) — 2L (2) 9 L(2)
is regarded as a power series in z. Thus, considering T as an operator, we have

(Zi+,uE+ E )T( )—T( Z)(Zi+,u5+iz>) 42)
dz z z

On the other hand, the matrix Z of oscillating integrals, whose stationary phase asymptotics yield
Equation (40), in the nonequivariant limit assumes the form

Io)

Ag (_Z%“"_ZE) P) [1;dlogx;
I(-z) = —— / e il [N —L =" | Sp(1p,2)7"
@ (Congrdimex ), U J T dlog(gre) | 77"

Here, columns of 7 are indexed by pairs (8, b) that correspond to elements of the basis {Ag(P) ® 7% ¢y }
for H*(E), while the rows are indexed by pairs (@, a) where « determines the integration cycle v, and
¢, is an element of the basis for H*(B). Note that a and b are row and column indices in the matrix S;l.
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Lemma 4.2. In its nonequivariant limit, the matrix T satisfies the grading condition

d
z— +0g + c1(B)
dz Z

I(-z) = I(-z)pg — uBI(-2). 43)

Proof. The Hodge grading operator yg on the right is decomposed as ux + up (or, more precisely, as
tx ® 1 +1® up in the basis Ag(P) ® ¢, of H*(E) indexing columns of 7), and the part Z(—z)ux

dlmc X

arises here from the degrees of the operators Ag(—z0/0t)/(-2nz)2 with respect to zdi

We examine now how zd— +0g+ 4 (B) acts on the integral in the definition of Z(—z). Since the

Lie derivative of a closed form is exact to differentiate an integral along a vector field it suffices
to differentiate the integrand along a lift of the vector field to the domain of integration. The vector
field 3; ¢;0/dt; lifts along the projection (33) to the Euler operator Eu := }}; x;0/dx;. The latter acts

O\ : O
trivially on S5' but satisfies Eu [T, x; 7 = T1;x;" (Eu+X; dx,)- Since X, 6 a/amz-aA = 0e,(8)>
theactlonofzd + 0¢ +C‘( ) 1( ) 4
>b (1 - deg(2¢”) ) Tp w2 67‘ to SB instead.

It remains to refer to the grading condition for S;l which, taking into account the divisor equations
040/80aS5" = (0/074 + ¢a/2)S5', a=1,..., 1k H*(B), assumes the form

on the integral in Z(—z) amounts to applying z-= dz + 0cy(B) +

c1(B) deg(¢n)
b4 " Z (1 2

d 0 - _ _
(zd—z+3cl<3) + )Tbﬂ) S5 =S5 B ~ HBSE

See [13, Section 8]. Altogether, we obtain

Cli ))I( 2) =I(=2)px + L(=2)pp — ppI(=2)

as promised. O

As a function of (z,7p), Z satisfies the same differential equations as 7, since even before taking
the nonequivariant limit 7 and T differ only by I'-function factors that are independent of ¢ and 7. In
particular,

-20¢Z(-2) =Z(-2)&E(2).

Considering Z(—z) as an operator, we thus arrive at the following commutation relation:

I(—z)_1 (Zi+,u3+cliB)) = (zi+,uE+&) (- )_1. (44)

dz dz

Our previous results equate Dk, up to a constant factor, with

S LR (@M)) DelFl,

Here, SEI (z)L(z) coincides with T(—z), and R’(z) (®4Sg (7, 2)) is the matrix inverse to the stationary
phase asymptotics of Z(—z). Note that the values of the arguments 7 and 7}, in S EI and Sp are determined
by certain mirror maps and cannot be described here explicitly. Nevertheless the complicated relationship
between them holds automatically, because all ingredients of the formula were constructed from the
same function /r. Now, the commutation relations (42) and (44) show that commuting the Virasoro
grading operator lo(E) = zd/dz+ 1/2 + ug + ¢ (E)/z first across T(—z) and then across the matrix
inverse of the stationary phase asymptotics of Z(—z) yields lo(B) = zd/dz + 1/2 + ug + ¢1(B)/z, the
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Virasoro grading operator for B. Thus, the loop group transformation that relates Dg’lF‘ and Dg is
grading preserving, as claimed.
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