QUANTUM COBORDISMS
AND FORMAL GROUP LAWS

TOM COATES AND ALEXANDER GIVENTAL

To I. M. Gelfand, who teaches us the unity of mathematics

We would like to congratulate Israel Moiseevich Gelfand orhe oc-
casion of his 90th birthday and to thank the organizers P. Eftigof, V.
Retakh and I. Singer for the opportunity to take part in the cédebra-
tion. The present paper is closely based on the lecture givéy the
second author atThe Unity of Mathematics Symposium and is based
on our joint work in progress on Gromov{Witten invariants with values
in complex cobordisms. We will mostly consider here only tr@mplest
example, elucidating one of the key aspects of the theory. Wefer the
reader to [9] for a more comprehensive survey of the subjecidato [5]
for all further details. ConsiderMg,; n 3, the Deligne{Mumford
compacti cation of the moduli space of con gurations ofn distinct
ordered points on the Riemann spher€P*. Obviously, M3 = pt,
Mo.4 = CP?, while M5 is known to be isomorphic toCP? blown up
at 4 points. In general,M., is a compact complex manifold of dimen-
sionn 3, and it makes sense to ask what is the complex cobordism
class of this manifold. The Thom ring of complex cobordismsfter
tensoring with Q, is known to be isomorphic to = Q[CP?!; CP?;::],
the polynomial algebra with generator<CP¥ of degree 2k. Thus our
question is to expres$l o.,,, modulo the relation of complex cobordism,
as a polynomial in complex projective spaces.

This problem can be generalized in the following three dirgons.

Firstly, one can develop intersection theory for complex b@rdism
classes from the complex cobordism ring (Mo.,). Such intersection
numbers take values in the coe cient algebrdJ = U (pt) of complex
cobordism theory.

Secondly, one can consider the Deligne{Mumford moduli spe&M g.,
of stable n-pointed genusg complex curves. They are known to be
compact complexorbifolds and for an orbifold, one can mimic (as

This material is based upon work supported by the National Science Foundation
under Grant No. DMS-0306316.
1



2 TOM COATES AND ALEXANDER GIVENTAL

explained below) cobordism-valued intersection theory gy cohomo-
logical intersection theory overQ against a certain characteristic class
of the tangent orbibundle.

Thirdly, one can introduce [12, 3] more general moduli spagkl 4., (X; d)
of degreed stable mapsfrom n-pointed genusg complex curves to a
compact Kahler (or almost-Kahler) target manifold X. One de nes
Gromov{Witten invariants of X using virtual intersection theory in
these spaces (see [2, 8, 13, 15, 16]). Furthermore, usirgual tangent
bundlesof the moduli spaces of stable maps and their characteristic
classes, one can extend Gromov{Witten invariants to take \aes in
the cobordism ringU .

The Quantum Hirzebruch{Riemann{Roch Theoren{see [5]) expresses
cobordism-valued Gromov{Witten invariants of X in terms of cohomo-
logical ones. Cobordism-valued intersection theory in Dghe{Mumford
spaces is included as the special ca¥e= pt. In these notes we will
mostly be concerned with this special case, and with curve$ genus
zero, i.e. with cobordism-valued intersection theory in the manifold
M. The cobordism classes &l ,, which we seek are then interpreted
as the self-intersections of the fundamental classes.

1. Cohomological intersection theory on Vo;n.

Let Li; i = 1;:::;n, denote the line bundle oveM,, formed by the
cotangent lines to the complex curves at the marked point wht the
index i. More precisely, consider thdorgetting mapft,s1 : Mon+1 !
Mo de ned by forgetting the last marked point. Let a pointp 2 Mg,
be represented by a stable genus-zero complex curve equggpwith
the marked points 1;::; ,. Then the ber ft % (p) can be canoni-
cally identi ed with . In particular, the map ft ,.; hasn canonical
sections ; de ned by the marked points, and the diagram formed by
the forgetting map and the sections can be considered as theiversal
family of stable n-pointed curves of genus zero. Thie;'s are de ned as
the conormal bundles to the sections; : Mg, ! Mygn+ and are often
calleduniversal cotangent linesat the marked points.

Put ; = cl(Li)@d de ne the correlator h Xt;:::; Knign to be the

intersection index k1. kn_ These correlators are not too hard to

compute (see [17, 1i]). Moreover, it turns out that interseion theory
in the spacesMy., is governed by the \universal monotone function".
Namely, one introduces thegenuso potential
| I | I | te ot
Fo(to;tl;tz;:::) = h kl;:::; Enio;n kl.r;.l kn,

It is a formal function of tg; t1; to; ::: whose Taylor coe cients are the
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correlators. Then

L 11 1
(1) Fo = critical value of % i Q*(x)dx ;
where N
Q(X):= X+ to+ tyx+ i+ t”ﬁ+ -
More precisely, the \monotone function™" of the variable depending
on the parameterdy; ty;::: has the critical point = (tg;ty;::). It can

be computed as a formal function of;'s from the relation Q( ) = 0
which has the form of the \universal xed point equation™:
n
= to+ty ++ t”ﬁ+ :::
Then termwise integration in (1) yields the critical value & a formal
function of t;'s which is claimed to coincide withF.

The formula (1) describingF, can be easily derived by the method
of characteristics applied to the following PDE (called thestring equa-
tion):

@Fo tl@oFO tz@lFo = t(2):2:
The initial condition Fo = 0 at to = 0 holds for dimensional reasons:
dimg Mo, < 2n = deg( 1:: n). The string equation itself expresses
the well-known fact that for i = 1;:::;n, the class ; on Mgn.1 does
not coincide with the pull-back ft.,, ( ;) of its counterpart from Mg,

but di ers from it by the class of the divisor ;(Mgy).

The family of \monotone functions” in (1) can alternatively be viewed
as a family of quadratic forms inQ depending on one parameter. This
leads to the following description ofF in terms of linear symplectic
geometry.

Let H denote the space of Laurent serie®((z 1)) in one indetermi-
nate z 1. Given two such L%rent serie$; g 2 H, we put

(f9)= 5 f( D@ dz= (gif)

This pairing is a symplectic form onH, and

f=: pz3+pz? pz i+ zl+ qz?+ z?+
is a Darboux coordinate system.
The subspacesH. = Q[z] and H := z !Q[[z !]] form a La-

grangian polarization of {; ) and identify the symplectic space with
T H.. Next, we considerF, as a formal function onH. near the
shifted origin  z by putting:

(2) Qg+ qz+ i+ gz"+ = Z+ o+ tiz+ i+t +
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This convention | called the dilaton shift | makes many ingredients

of the theory homogeneous, as is illustrated by the followgrpxarples:
the vector eld on th .S. of the string equation is G+1 @, ;
Q(x) jpAL)ybecomes  qgx*=K!; Fo becomes homogeneous of degree 2,
i.e. k@.Fo = 2F¢. Furthermore, we de ne a (formal germ of a)
Lagrangian submanifoldL  H as the graph of the di erential of Fy:

L=f(Pqg)jp=0dsqFog H=T H.:
ThenL H is the Lagrangian cone
L=[ e™zH, =fze™q(z)jq2 Q[z]; 2 Qg:

ZH + Z \

H+ \

Figure 1. The Lagrangian conel.

We make a few remarks about this formula. The tangent spaces t
the coneL form a l-parametric family T = e H. of semi-in nite
Lagrangian subspaces. These are graphs of the di erentiakthe qua-
dratic forms from (1). The subspaced§ are invariant under multipli-
cation by z and form avariation of semi-in nite Hodge structuresin
the sense of S. Barannikov [1]. The graph of dF, is therefore the
envelope to such a variation. Moreovethe tangent space§ of L are
tangent to L exactly alongzT . All these facts, properly generalized,
remain true in genus-zero Gromov{Witten theory with a non-tivial
target spaceX (see [9]).

2. Complex cobordism theory.
Complex cobordism is an extraordinary cohomology theory ()
de ned in terms of homotopy classes of maps to the spectrunv U (k)
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of the Thom spaces of universdl,-,-bundles:
u"(B) = |ki|rln ( *B;MU(n+ k)):

The dual homology theory, calledbordism can be described geometri-
cally as

Un(B):= f mapsZ"! B g=bordism;
whereZ" is a compact stably almost complex manifold of real dimen-
sionn, and the bordism manifold should carry a stably almost compk
structure compatible in the obvious sense with that of the bhandary.

f ¢ ¢ r

Figure 2. A bordism between Z%f 9 and (Z%9f 9.

When B itself is a compact stably almost complex manifold of real
dimensionm, the celebrated Pontryagin{Thom construction identi es
U™ (B) with Uy, »(B) and plays the role of the Poincae isomorphism.

One can de ne characteristic classes of complex vector buad which
take values in complex cobordism. The splitting principlen the the-
ory of vector bundles identiesU (BU,) with the symmetric part of
U ((BU1)"). Thus to de ne cobordism-valued Chern classes it su ces
to describe the rst Chern classu 2 U?(CP?!) of the universal com-
plex line bundle. By de nition, the rst Chern class of O(1) over CPN
is Poincae-dual to the embeddingCPN 11 CPN of a hyperplane
section.

The operation of tensor product of line bundles de nes a forat com-
mutative group law on the line with co-ordinateu. Namely, the tensor
product of the line bundles with rst Chern classesv and w has the
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rst Chern classu = F(v;w) = v+ w+ ::.. The group properties follow
from associativity of tensor product and invertibility of line bundles.
Henceforth we use the notatiorlJ () for the cobordism theoryten-
sored with Q.
Much as in complex K-theory, there is theChern{Dold character
which provides natural multiplicative isomorphisms

Ch:U (B)! H (B;U):

HereU = U (pt) is the coe cient ring of the theory and is isomorphic
to the polynomial algebra on the generators of degree2k Poincae-
dual to the bordism classesTPX]. We refer to, say, [4] for the construc-
tion. The Chern{Dold character applies, in particular, to the universal
cobordism-valued rst Chern class of complex line bundles:

(3) Ch(u)= u(z) = z+ a1z?+ az2® + :::;

where z is the cohomological rst Chern of the universal line bundle
O(1) over CP! , andf acgis another set of generators itV . The series
u(z) can be interpreted as an isomorphism between the formal gno
corresponding to complex cobordism and the additive groupx;ly) 7!
X+ y:

F(v;w) = u(z(v) + z(w));

wherez( ) is the series inverse tai(z). This is known as thelogarithm
of the formal group law and takes the form

2 3 4
_ 1Y 21U~ UL
3) z—u+[CP]2+[CP]3+[CP]4+...

Much as in K-theory, one can compute push-forwards in comple
cobordism in terms of cohomology theory. In particular, foa map

: B I ptfrom a stably almost complex manifoldB to a point, we
have the HirzebruchI{IIRiemann { Roch formula

(4) Y9= Ch(c) Td(Tg) 2 U 8c2 U (B)

B
where Td(Tg) is the Todd genusof the tangent bundle. By de ni-
tion, the push-forward Y of the cobordism class represented by the
Poincae-dual bordism class represented bg ! B is the class of the
manifold Z in U . In cobordism theory, the Todd genus is theniversal
cohomology-valued stable multiplicative characteristiclass of complex
vector bundles:

—1
Td()=exp  smchn();

m=1
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wheres = (s1; Sp; S3; ii2) is yet another set of generators of the coe cient
algebraU . To nd out which one, use the fact that on the universal
line bundle Td(O(1) = -%: and so

u(z)
L 1 uk(z)
exp  Smo— = [CP"]k+1:
m=1 k 0

3. Cobordism-valued intersection theory of M.

Let ; 2 U (Mgn); i = 1;::;n, denote the cobordism-valued rst
Chern classes of the universal cotangent lingés over My,,. We intro-
duce the correlators

h kl;:::; ﬁ"ig;n = U( |J(-l::: ﬁ”)
and the genus-0 potential
— ty, it
Fg(to;tl; )= h kl; 5 E”io;n klnI =

which take values in the coe cient ring U of comeordism the-
ory. In particular, the generating functionFy := — ,[Mon]ti=n! for
the bordism classes o, is obtained fromF§ by putting t; = t, =
;2= 0. Our present goal is to computeF .

According to the Hirzebruch{Riemann{Roch formula (4), thecom-
putation can be reduced to cohomological intersection thgoin M.,
between -classes and characteristic classes of the tangent bundle.
the more general context of (higher genus) Gromov{Witten taory, one
can consider intersection numbers involving characteristclasses of the
virtual tangent bundles of moduli spaces of stable maps as ataral
generalization of \usual” Gromov{Witten invariants. It tu rns out that
it is possible to express these generalized Gromov{Wittemvariants
in terms of the usual ones, but the explicit formulas seem uranage-
able unlessone interprets the generalized invariants as the R.H.S. of
the Hirzebruch{Riemann{Roch formula in complex cobordisntheory.
This interpretation of the (cohomological) intersection heory prob-
lem in terms of cobordism theory dictates a change of the synegtic
formalism described in Section 1, and this change alone nitdously
provides a radical simpli cation of the otherwise unmanageble formu-
las. In this section, we describe how this happens in the expla of
the spacedMo.,.

Let U denote the formal series completion of the algebtd in the
topology de ned by the grading. Introduce the symplectic sace !

IWe continue to call it “space” although it is a U-module.



8 TOM COATES AND ALEXANDER GIVENTAL

(p;:ul) de ned over U. Let U denote the space of Laurent series

27 F kUK with coe cients f, 2 U which are possibly in nite in both
directions but satisfy the condition lim, +; fx =0 in the topology of
U. We will call such seriesconvergentand write U = Uff u 'gg. For
f.g2 Uwedene Y(f;g)2 U by

; — U
U(fg) = o7 [CP"] f(u)g(u) u" du;

n=0

whereu is the inverse tou in the formal group law described in Section
2. Using the formal group isomorphismu = u(z) we nd u (z) =
u( z(u)). The formula (§)-fef the logarithm z = z(u) shows that
our integration measure [CP"Ju"du coincides withdz. Thus the
following quantum Chern characterqCh is a symplectic isomorphism,
qCh = Y:

1 1
(5) qCh:U 7! H"U; fuk 7! f uk(2):

k2Z k2Z

The \hat" over the tensor product sign indicates the necessa com-
pletion by convergent Laurent series.

The next step is to de ne a Lagrangian submanifold Y U as the
graph of the di erential of the generating functionF§. This requires
a Lagrangian polarizationU = U, U . We de ne U, = Ufug to be
the space of convergent power series. However there is nosoeafor
the opposite subspacer 'Uff u 'ggto be Lagrangian relative to Y.
We need a more conceptual construction of the polarizationThis is
provided by the following residue formula:

. 4z Ty Xk <izi<liyi
= sy T IYi <020 < X]
¥ xy
uiz xyut z ) 0 otherwise

=

N

The integrand here has the rst order polesaz = x andz= vy, and
the integral depends on the property of the contour to enclesboth,
neither or one of them.

One can pick a topological basisuy(z) j k = 0;1;2;:::g in the U-
module Ufug =4cn Ufzg (e.g. L;u(z); u(z)? ::: or 1;z;2%::2) and ex-
pand u(x + y) in the regionjxj < jyj as

1 —1

(6) m = . Uk (X) Vk(Y);
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where thevy are convergent Laurent series ity * (or equivalently in
u 1. The residue formulas then show that
1

Uk (X)Vk(Y)

v (Vi; Um) Ui (X)Vim (Y)

I;m k 0

U(UI; Um)Vi (X)Vim (Y) 0

0

2 (Vi Vin ) Ui (X) Um ()
im0
or in other words, f vo; Ug; v1; U1; :::g is a Darboux basis in U; V). For
example, in cohomology theory (which we recover by settirg = a, =
.. = 0), the Darboux basisf z 1;1;z 2;z; z 3;z%::gis obtained
from the expansion

S
X y k 0

We de ne U to be the LalgEIngian subspace s%ned by 0:

u = f k VK, f Kk 2 U
k O
A di erent choice uy = cq U, of basis inU, yields
1" @ ) [ — )
ur(x)vi(y) = U v (y) = Ui (X) Ga Vi (Y);
| k ki

L1 .
sothatvi = | cqVvp. Thus the subspaceJ spanned byv? remains
the same.

As before, the Lagrangian polarizationU = U, U identies
(U; Y)ywith T U.. We de ne a (formal germ of a) Lagrangian section

LY =f(p;g) 2T Us jp=d 4 +qF’g U:
Note that the dilaton shift is de ned by the formula
(7) O+ U+ U+ 1= U (U)+ to+ tyu+ tou? + i

involving the inversionu (u) in the formal group. This reduces to the
dilaton shift z in the cohomological theory when we sed; = a, =
=0.

Our goal is to express the image qCh() in terms of the Lagrangian
cone

L:[ 2Uze:2 (H+AU) HAU

de ned by cohomological intersection theory inMy,,. The answer is
given by the following theorem (see [5]).
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Theorem. qCh (LY) = L.

Corollary. LY is a Lagrangian cone with the property that its tan-
gent spaced are tangent toL Y exactly alonguT.

4. Extracting intersection indices.

In this section, we unpack the information hidden in the absact
formulation of Theorem to compute the fundamental classeM[.,] in
U . We succeed for small values af, but things become messy soon.
A lesson to learn is that there is no conceptual advantage iroahg this,
and that Theorem as stated provides a better way of represeng the
answers.

The Theorem together with our conventions (6)(7) on the polar-
ization and dilaton shift encode cobordism-valued interséion indices
in Mg.n. We may view qChU ) as a family of Lagrangian subspaces
depending on the parametersa); a,; :::). The dilaton shift u( z) can
be interpreted in the a similar parametric sense. First, thealue of F§
consideredpas—g function on the conical graph' of dFy is equal at a
point f =  (p«Vk + GkUk) to the value of the quadratic form
I 1 1 I }

PG =5 G T (Fu:

k

k O 0

NI =

The projection  ouk of f to U, alongU is

L 1 | 1 I
Gk Uk (X) = u(x) Y(

k O k O

]

S f(z) dz
vi;f)= — —
“ 21 jxj<jz Uz Xx)

Combining, we nd that the value of F§ atthe pointf = ze=? q(z) 2

L is given by the double residue

1 dzdx

— " _xz q(x)q(z) & G20 ;
8 2 ixi<jzi U(Z+ X) q( )q( ) e[
The integral vanishes at = 0. Di erentiating in krirgg down the
factor (z+ x)=zx. We expand ¢+ x)=u(z+ x) =1+ | b(z+ x),
where (o;; bp; ::}) is one more set of generators i) | \the Bernoulli
polynomials”. Each factor ¢ + x) can be replaced byzx and di eren-
tiation in . Using this we express the double integrals via the product
of single integrals. After some elementary calculations wabtain the
result in the form

- L E—
5. Q' YyiPdy 5

k 1
2 2., d

(8) [QU * V()%
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L 1Im+l

d
h (Hhey=(—) ! = N
where Q' "()=(57) 'Q)=  dne
m O
Thus (8) gives the value of the potentialF§ at the point (to;ty;:::)
which is computed as
L]
to+ tiX + tox?+ = u( X) 1 ze” q() az,
o ? 2i ixi<iz uz x) -
. . L1
To evaluate the latter expression we write %z x) = x° 1z5,
expand ¢ u)=u(z u) as before and use the binomial formula for
(z x)". The resulting expression is

 — e N e N A
o0 ) (0 Q0 T e

k 0 k 0 I 0
It leads to the sequence of equations (we pat 1 =0;a = bp =1):

1 DR Dk 1
k!

1
9 t+( Lfa 1+ b QX IN() =0:

I 0

These equations are homogeneous relative to the grading
deg =1; degty =1 k; degax =degh.=degg = Kk

and need to be solved fotp; o4;:::2 U and 2 U [[to; tq; 2]

With the aim of computing FJ (t) := Fyjip=tt,=t,=::=0 modulo (t’)
we work modulo elements ity of degree< 3 and set up the equations
(9) with k =0;1;2;3;4:

t+ o +op 2=2 +p 36 +p 4=24
th(p =2 +q 6+ 1=24)
+(0p 36 +q *=24)

+hap 4=24 =0
®» 1 +a +tp =2+ b
b =2 +qu °<6)

2 36 =0
at+ G + + 2=

+hyp =2 =0

Lt T =0

az+ g =0

We solve this system consecutivelyymoduje-elgments th of degree
n< 0, 1, 2 3. Therelation bx*=( ax*) !implies

— . — 2 . — 3.
b= a; bpb=a; a; b=2aa, a; ai:
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Taking this into account we nd (using MAPLE):

=t +( a%:\?) 8.2:2)t3 +(7 a llaya, + Sa§)t4:12
p=1 ait +aft?=2 +(a a3 2a;3,=3)t3
Q= a; +apt +(ag aap+ ad=2)t?
= ay agt
&= az

From (8), we nd FJ (t) modulo (t*):

FU = % o%t € %% 4% ° 9% °
07 mdth g 8 40 30 72 144
2 3 4 2 3 3 4 7 2 6

E Cb + ql + q2 )2 bZ(Cb + ql )(Cb + ql ) b300 .

2 2 6 24 2 6 6 24 144
Substituting the previous formulas into this mess we compat
U t3 ¢ 2 t5 3 tG 7
FO = g a11—2+(6 do 2a1)1—20+(10a1 1%.13.2 34a3)7—20+ O(t ):
Expressingu(x) = x + a;x? + axx3 + azx* + ::: as the inverse function
to x(u) = u+ pu?=2 + pou3=3 + psu*=4 + ::;, we nd

= p=2 @ = pi=2 =3, a3 = 5pi=8+5p ;=6 p:=4

and nally arrive at
t3 t4 t> 45 t®
FY= _+p—+(4p? —+(— —
0 = 5 Pyt 350t (5 720
The coe cients in this series mean that Mg3] = [pt], [ Mo.4] = [CP1],
that each blow-up of a complex surfac® (= CP? in our case) adds
[CP! CP!] [CP?]to its cobordism class? and that

3

17
Pi 30pipz+ ps) +O(t"):

Moz 2 17
[Mos] = ;[Cpl CcP! CPl] 30[C|:>1 CP2]+ 5[0P3]:

The coe cients' sum (45=2 30+17=2) yields the arithmetical genus of
[Mo.6] (which is equal to 1 for allM ., since they are rational manifolds).

5. Quantum Hirzebruch—Riemann—Roch Theorem.

Assuming that the reader is familiar with generalities of Gsmov{
Witten theory we brie y explain below how the Theorem of Sedbn 3
generalizes to higher genera and arbitrary target spaces.

2This is not hard to VeF{fy by studyingthe behavior under blow-ups of the Chern
characteristic numbers |, ¢1(Tm )? and v C2(Tm ), or simply using the fact that
CP! CP!is obtained from CP? by two blow-ups and one blow-down.
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Let X be a compact almost Kahler manifold. Gromov{Witten in-
variants of X with values in complex cobordism are de ned by

10

(10) -

ho o frigs = Td(Tg)  ew(Ch( ) u( i)

[Mg,n(X;d)] i=1

Here Mg (X; d)] is the virtual fundamental class of the moduli space

of degreed stable pseudo-holomorphic maps tX from genusg curves

with n marked points, ; 2 U (X) are cobordism classes oKX, eV :

Mgn(X;d) ! X are evaluation maps at the marked points, ; are (co-

homological) rst Chern classes of the universal cotangeiite bundles

over M ¢ (X; d), and TXd is the virtual tangent bundleof M g.,(X; d).
The genusg potentlal of X is the generating function

Fg;x = = h |, 5on . k”lxd tkl e
where f g is a basis of the freeU (pt)-module U (X), QY is the
monomial in the Novikov ring representing the degred 2 H,(X), and
ft,; k=0;1,;2 :::gare formal variables. Thetotal potential of X is the

expression
1

(11) Dy :=exp [T Fgx

g=0
The exponent is a formal function (with values in a coe cientring
that includes U (pt), the Novikov ring and Laurent series in [)_bn the
spacqe_f—pplynomialst = to+ t; + t, 2+ :: with vector coe cients
tk = tk .

We prefer to consideDy as a family of formal expressions depending
on the sequence of parameters= (s1; sz; 1) | generators =Y (pt)
featuring in the de nition of the Todd genusTd() = exp sk chg().
The specializations = 0 yields the total potential Dx of cohomological
Gromov{Witten theory on X. Our goal is to expresDy, in terms of
Dx .

To formulate our answer we interpreD} as anasymptotic elemenbf
some Fock space, the quantization of an appropriate symptacspace
de ned as follows. LetU now denote the super-space (X) tensored
with Q and with the Novikov ring and completed, as before, in the
formal series topology of the coe cient ringU (pt). Let (a;b" denote
the cobordism-valued Poincae pairing:

(a;b" := Y(ab 2 U:;
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where :X ! pt. We put
T —
U:=Uffufgg °(fig)= 5 [CP"] (F(u)if(w)” u"du
0

n
and de ne a Lagrangian polarization of U; Y) using (6):
L1 L1

1
U, = Ufug; U = PcVk j Pk 2 U
k 0

Using the dilaton shift q(u) = 1u + t(u) (where 1 is the unit element
of U) we identify Dx with an asymptotic functionof q 2 U,. By
de nition, this means that the exponent inDy is a formal function of
g near the shifted origin. The Heisenberg Lie algebra oftJ( V) acts
on functions onU invariant under translations by U , and this action
extends to the (non-linear) space of asymptotic functions.

In the specializations = 0 the above structure degenerates into
its cohomological counterpart introduced in [10]: H;) = T H.
where H := H((z 1)) consists of Laurent series irz ! with vector
coe cients in the cohomology super-spaceH = H (X; Q) tensored
with thgNovikov ring, H. = H[z], H = z H[lz ], (f;g) =
i)' (f( 2);9(2) dz, and (a;b := « abis the cohomological
Poincae pairing. The total potential Dy is identi ed via the dilaton
shift q(z) = t(z) z with an asymptotic element of the corresponding
Fock space.

The quantum Chern-Dold character of Section 3 is generalidé the
following way

1 I | L 1
qCh(  fuf):=  Td(Tx)  Ch(fe) u(2):

k2z k2Z

1

The factor  Td(Tx) is needed to match the cobordism-valued Poincae
pairing Y(ab = , Td(Tx) Ch(a) Ch(b) with the cohomological one.
The quantum Chern-Dold character provides a symplectic isworphism
of (U; V) with (H "U; ). This isomorphism identi es the Heisenberg
Lie algebras and thus | due to the Stone{von Neumann Theorem
| gives a projective identi cation of the corresponding Fock spaces.
Understanding the quantum Chern{Dold character in this sese we
obtain a family of \quantum states"

hD$ i := qChhDYi:
These are 1-dimensional spaces depending formally on thegmaeter

s = (s1;S;::1) and spanned by asymptotic elements of the Fock space
associated with {; ). We have D% ijs=o = Dxi.
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Introduce the virtual bundle E = Tx  C over X, and identify
z2 H (CP?!) with the equivariant rst Chern class of the trivial line
bundle L over X equipped with the standard berwiseS*-action.

Theorem (see [5]).Let " be the quantization of the linear symplectic
transformation given by multiplication (in the algebraH) by the
asymptotic expansion of the in nite product

| 1 1 1
Td(E) Td(E L ™):
m=1
Then
i = { s) hDi:

We need to add to this formulation the following comments. Ta
asymptotic expansion in question is obtained using the fame formula
relating integration with its nite-di erence version via the Bernoulli
numbers:

s(x) T—1 1+ 700k g(x)
IR A e

m=1
L g, ,2m 1 d?™ ts(x),

, (2m)! dxzm 1

_ —1 _
Taking s(x) = 0skx":k! and leting x run over Chern roots ofE
we nd that

TT11 Bom

In = Som 1+1 m

ch(E) z2™ *;
m=0 =0
whereD =dim c(X). The operatorsA on H de ned as multiplication
by ch(E) z?2™ ! are in nitesimal symplectic transformations | they
arer anti-symmetric with respectto | and so de ne quadrati ¢ Hamil-
tonians ( Af;f )=2 onH. We use the quantization rule of quadratic
Hamiltonians written in a Darboux coordinate systenfp ;q g:

@ |
p@p

The rule de nes the quantization,& and the action on the quantum
state Dy i of "= exp(In Y

A more precise version of this Quantum{Hirzebruch{RiemanfiRoch
theorem provides also the proportionality coe cient betwen " Dy and

(qq)"— (qp)"—q (pp)"
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D5 . Namely, let us write = 1 2 Where In 5, consists of thez -

terms in (11) and In ; contains the rest. Let us agree that” D«
N N B . . .

means ;" ,Dyx (this is important since the two operators commute

only up to a scalar factor). Then (see [5])

1 P R
(12) Dy =(sdet Td(E))*™2* ez =08 1 xM(E) o 1D T g) Dy ;
wherecp ;isthe (D 1)-st Chern class, and sdet stands for Beresinian.

Taking the quasi-classical limit 1 0, we obtain the genus-zero
version of the theorem. As in section 3, the graph of the di emtial
dF}){X of the cobordism-valued genus-zero potential de nes a (foal
germ of a) Lagrangian submanifold_y, of U.

Corollary. The image qCh(LY) of the Lagrangian submanifold
LY, U is obtained from the Lagrangian coné x H representing
dF$ by the family of linear symplectic transformations( s):

qCh(Ly)= Lx:

In particular, LY is a Lagrangian cone with the property that its tangent
spaces T are tangent td.} exactly alonguT.

When X =ptwe have In = m> 0S2m 1B2mz?™ 1=(2m)! In the
caseg = 0, sincelL  is invariant under multiplication by z we see that
gCh(L gt) = L. This is our Theorem from Section 3.

6. Outline of the proof of the QHRR theorem.

The proof proceeds by showing that the derivatives irsy, k =
1,2;:::, of the L.H.S. and the R.H.S. of (12) are equal. Di erenti-
ating the L.H.S. in s¢ brings down a factor of ch(TgX;;]d) inside all the
correlators (10). Since the R.H.S. contains the generatirignction D
for intersection numbers involving the classes;, our main problem
now is to express the Chern character clﬁgf;]d) in terms of -classes.

One can view the moduli spact 4. (X; d) as bered over the moduli

tangent bundle Tgx;;]d falls into three parts:
d —
TgX;n - T0+ T00+ TOOO

where TC is the virtual tangent bundle to the bers, T%is the (pull-
back of the) tangent sheaf to the moduli stackM., logarithmic with
respect to the divisor of nodal curves, and °s a sheaf supported
on the divisor. The subbundleT? | which is the index bundleof
the Cauchy{Riemann operator describing in nitesimal varations of
pseudo-holomorphic maps tX from a xed complex curve with a
xed con guration of marked points | can alternatively be de scribed
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in terms of the twisting bundlesconsidered in [6]. Namely, the dia-
gram formed by the forgetting map ft.1 : Mgna (X;d) ! Mgn(X;d)
and the evaluation map ey:; : Vg;m (X;d) ' X can be consid-
ered as the universal family of genug; n-pointed stable maps toX
of degreed. Let E be a complex bundle (or virtual bundle) overX .
The K-theoretic pull-back/push-forward Eéﬂ? = (ft he1) eV, (E) IS
an element, called awisting bundle of the Grothendieck group of or-
bibundles K (Mg.n(X;d)). The virtual bundle T° coincides with the
twisting bundle (T X))

Intersection numbers inMg.,(X; d) against characteristic classes of
twisting bundles Eéﬂ? are called Gromov{Witten invariants of X twisted
by E. The \Quantum Riemann{Roch" theorem of [6] expresses such
twisted Gromov{Witten invariants in terms of untwisted ones. The key
to this is an application of the Grothendieck{Riemann{Rochtheorem
to the universal family fty+1 : Mgns1 (X;d) I Mga(X; d), analogous to
Mumford's famous computation [14] of the Hodge classeslfg (and
to its generalization to M 4.,,(X;d) by Faber and Pandharipande [7]).
Applying the same idea here allows us to express the classeg €9 in
terms of -classes on the universal famil g.n.1 (X; d).

Next, bers of the logarithmic tangent bundle T%can be viewed as
dual to spaces of quadratic di erentials on twisted appropriately at
the marked points and nodes. More preciself;°=  (ftn.1) (Lo3),
wherelL .1 IS the universal cotangent line at the 1§ +1)st marked point
and (ft,+1) is the K-theoretic push-forward. Thus by applying the
Grothendieck{Riemann{Roch formula again we can express i} in
terms of -classes on the universal famil g.n.1 (X; d).

Finally, the sheaf T°can be expressed as the K-theoretic push-
forward (ftn.1) Oz of the structure sheaf of the locuZ  Mgn.1 (X; d)
of nodes of the curves . This has (virtual) complex codimensn 2 in
the universal family M g.n.q (X;d). It is parametrized by certain pairs
of stable maps with generay and g, whereg; + g = g, each of which
carry an extra marked point, and by stable maps of genug 1 which
carry two extra marked points; the extra marked points are gied to
form the node. Intersection numbers involving the classe&£T %% can
therefore be expressed in terms of intersections againstclasses in
(products of) \simpler" moduli spaces of stable maps.

Together, the previous three paragraphs give recursive foulas which
reduce intersection numbers involving the classesktﬁfrgx;;]d) to those in-
volving only -classes. Processing tts-derivative of the L.H.S. of (12)
in this way one nds, after some 20 pages of miraculous caniegiions
and coincidences, that it is equal to thes,-derivative of the R.H.S. We
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do not have any conceptual explanation for these cancellatis, which
often look quite surprising. For example, it turns out to be ital that
the orbifold Euler characteristic (M1.1) is equal to 512 (or, equiva-
lently, that cl(Tffl;O =10 ;). Were this not the case, a delicate cancel-
lation involving the cocycle coming from the projective resentation
of the Heisenberg Lie algebra would not have occurredanégtimulti-
plicativity of (12) with respect to the group Td( ) =exp sk che() of
characteristic classes would have been destroyed.

The three summandsT? T and T%%lay di ering roles in the ul-
timate formula, as we now explain. Comparing the QHRR theora
with the Quantum Riemann{Roch theorem from [6], one sees tha
the potentials D} coincide with the total potentials of X for coho-
mological Grpmey{Witten theory twisted by the characterigic class
Td() =exp skch() and the bundleE = TX C. But the total
potential D} for cobordism-valued Gromov{Witten theory ofX di ers
from D§, precisely because of the additiona-dependence coming from
the quantum Chern{Dold character,i.e. through the s-dependence of
the dilaton shift u( z) and of the polarizationH.,. qCh(U ). These
e ects are compensated for by (ft.1) (C L,%) and (fty+1) Oz re-
spectively. Thus, roughly speaking, the quantized symplgc trans-
formation “accounts for variations T® of maps ! X, while the
symplectic formalism of Section 3 based on formal groups acats for
variations T+ T%%f complex structures on . This suggests that
there is an intrinsic relationship between formal group lags and the
moduli space of Riemann surfaces. However, the precise matof this
relationship remains mysterious.
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