
SOLUTIONS

(a)
∑

n≥1

1
√

n(n + 1)

diverges by the comparison test: 1/
√

n(n + 1) > 1/(n + 1) for all
n ∈ N.

(b)
∑

n≥1

(n!)2

(2n)!

converges by the ratio test: lim |an/an−1| = limn2/2n(2n− 1) = 1/4 <
1.

(c)
∑

n≥1

n!

nn

converges by the ratio test: lim |an+1/an| = lim(1 + 1/n)−n = e−1 < 1.

(d)
∑

n≥1

(n!)2

2n2

converges by the ratio test: lim |an/an−1| = limn2/22n−1 = 0 < 1.

(e)
1000

1
+

1000 · 1001
1 · 3 +

1000 · 1001 · 1002
1 · 3 · 5 + · · ·

converges by the ratio test: lim |an/an−1| = lim(1000 + n)/(2n + 1) =
1/2 < 1.

(f)
∑

n≥1

(21/2 − 21/3)(21/2 − 21/5) · · · (21/2 − 21/(2n+1))

converges by the ratio test: lim |an/an−1| = lim(21/2 − 21/2n+1) =
√

2−
1 < 1.

(g)
∑

n≥1

n2

(2 + 1
n
)n

converges by the root test: lim |an|1/n = limn2/n/(2 + 1/n) = 1/2 < 1.

(h)
∑

n≥1

nn+ 1

n

(n + 1
n
)n

diverges since liman
n/n = lim(1 + 1/n2)−n2

= 1/e, i.e. for large n,
an > 1 (since otherwise liman

n/n = 0).

(i)
∞

∑

n=1

an where an :=

{

1/n if n = m2

1/n2 if n 6= m2.
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Partial sums of this series form an increasing sequence which is bounded
by the sum of

∑∞

n=1 1/n2 with
∑∞

m=1 1/m2. Thus the series converges.

(j)
√

2 +
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√

2 +

√

2 −
√

2 +
√

2 +
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√

2 +

√

2 +
√

2 + · · ·

converges by the ratio test. Indeed, an =
√

2 − bn, where b0 = 0,
bn =

√

2 + bn−1 > 0 for n > 0. Then

an =

√
2 − bn

√
2 + bn√

2 + bn

=

√

4 − b2
n√

2 + bn

=

√

2 − bn−1√
2 + bn

=
an−1√
2 + bn

.

Thus lim sup |an/an−1| ≤ 1/
√

2 < 1.


