A NOTE ON ENGEL'S THEOREM

George M. Bergman

Jacobson El, Ch.II §§l—3] gives & ds*mlopment of Engelts Theorem in which the
assumption that the class T of Linear transforwetions considersd be a. Lis algebra
is weakened: The conditions thet T be closed under addition and scdler
mulbiplication are dropped, and the condition of clesure under Lie bracket is
weskened teo an assumpbion that for every 8, t € I, T also con‘!;a.ins an element,
dénoted. sx t3: of the,form. . sb+mts, wheré o« is:a séadr:depending oh.s ssiad:;ﬁ. Thus
tlat development simulteneously inmeludes the corresponding results for Jorden
el gebras, sssociative algebras, and semigroups of linear transformations, as well
a8 Lie algebras.

In the following development we allow the stlill more general expression
(1) sxt = st +as:

" where & is an ar“sitrai;y i.@émber éf-ﬁaﬁhe‘%izbaglgthgé; g.pﬁrﬁ'1inéa.-r-.‘;.tzfan'srf.ormaj:ians
{with:1):generated by. s and: te . Owriproof is-simslar -to:bwb shorter than thet-of g .
. Ve shali use the following key observation., If sxt is as in (1), and w
is Some vector emnihilated by the linear tfansformatidn s, ‘then (axt)'u = ghu,

since the last term of (1) kills wu. Hemoe more generally
(2} If 'Sl,...,sr € Aﬂn(u)’ 'hhﬂn ("Slx(-'..x('srx'b)... ))u = Slcdisrtua

In what follows, capital letters will denote sebs of linear transformstions, of
vector s, etc.s Whsn we write &n expression like AB, +this will stand fer

{ab l ach, bEB}; similsrly A xB will mean {ax bl. agh, beB}; .A.z will mean M..
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Theorem. Let T be a set of endomor phi sms _of 8 finite-dimensional vecter space v
over & field k. Suppose that T is closed under an operatien x as ai{l)y s

and tlet all elements of T are nilpotemt. Then ™ = 0 for some n.

Proef. The result is trivial for .= 0, .80 assume. inductively that. V. E 05

and that the Theorem is true, for-all veetor .V,s_p?._q,esu'of: gm_llef dimension than V.
Aet U E V. be e mopzero subspace-of V, which is the inbersection .of the

annihilaters in V of some family of elements of T, and which is ninimal for

this proprby. Let S denote the set of elements of T which annihilate TU.

Thus, U = Amn 8. Clearly,‘ S is cleosed under x. Also, S will aet en V/U,'

and vhy-applying our inductive hypothesis te this action, we See that for seme. m,

(Svjﬂ}m &/ 0% Honee  faking wna= m+lweaeé"6ha.‘b‘snﬂ0. S T P LT
‘Now. if  TO =0 . thon. Tr=® .and: we:'.a.:_r!e,dbhe.;' We shall asgsume T’Gfo and .

obtain: g conbradiobion.  Hote that by {2), r(Sx{ecsn(BxT)w. )U, with r &'s,

equ.?a,l_si-.f 85T U. Hence for r = n, this j‘s. zere, while we have assumed t.ha'b

for T =0 it is nonzero; so we can choose a largest r _?_;-.:0-‘.."‘suchi--tm:bﬁthis

set is noﬁzero. Toke q ~in this set . (§x(...x(S%T}..) such that qu # 0.

Then by (2} agein, 8 q U = (8xq) U, which is zero by cholce of Z. This

means q U S Amn(S) = U. Thus q|U is a‘_np)x;gga}fg_endomﬁrphism of T.. Also,

q€ T, so g is nilpotent, so q]U bas a nonzero kermel TU', TU' = Ann{So{q})

is smaller than U, centradicting the choice of U. This completes the proéf'

of the Theorem.

Remarks I at first hoped that the opposite generalization of BEngelts

Theorem might be trues that a vector-space of nilpotent linear transformations

on & Pinite-dimensioral vector-space might be nilpetent. Bub this is false.

0-10 000
The vector=space of 3x 3 matrices spammed Wy (0.'0 1) and (—-3. 0 0) is easily
CQQ pilo '
shovm to consist of nilpobent matrices, but the product of those two matrieces

#To verify that Sy,y sabisfies the.same ‘hybobhesis as S, we must know thab

the action of sas' on V/U (s,s%8) is still of the form 5 §' + & §; in ,.
particular, that the =a in the expressien of sxs! induces an erdomprphism of V/U.
It we.s to get this that we assumsd & & the algebra gensrated by s, © in {1).



-1 Q0
is 0 1 0] which is not nilpotent.
000 :
In considering the above guestion I was led to another. Suppose A and B
gre finite-dimensionzl vectdr ;s-paca“s;z_:am=.awe,5':,ghoo,se Aé < A, ;‘-Bé;‘g"r'ﬂ;--?-;su'eh Lhat

dim By < dim AO. Clearly, the set of all linesr maps from A& %to B +that carry

4y into B0 forms a vecbor~subspace of Hom(A,B), whose members are all singular,

Questions is the converse true? I.e., if T is a vector subspace of Hom(4;B)
whose members are all singular, must T take some subspace AC* A into 2
subsrace B0 € B of smller dimension? I can prove this if T is 2-dimensional.

(Might exterior algmebra be somehow applicable?)
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Addendum; the answer te the question in the last paragraph is no. For
instance, let L be awmy rank 1 simple Lie algebra, and consider the
spece of maps of the form ad(x)s L= L (xsL), Eech is singular. If L
ked & subspace M that was carried by all these inte sgme N of smaller .
dimemsion than L, then M could not equal L, because nl,L{=L ¢ N. But
if M # L, take x € L = M; then ad(x) is nonsirgular on L (becaus L
"haz rank 1) hence cannot take L into any ¥ of smaller dimension. The
easlest version of this example, as Chernoff points oub, is the cross-
produst on RS, :



