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We shell show here that any free associstive algebra R =k < Xy xz,... >
in more than one irdetermimate over & commutetive ring k contains a proper
mbelgebrs S such that the inoclusion S € R is an epimorphism of the category
of associative rings, . In faot, S _can’alsa be takan to be free, .
We shall do this by first constructing such an example in the 3=indetermimate
case, R =k <X, Y, 2> and then observing how it can be adapted to the cases
- of two, or more than three indeterminates.
The idea of the example will be as follows. We toeke a certain invertible matrix
A over R, and let S, denote the subalgebra generated by the entries of A,

0

and Sl the subalgebra generated by the entries of A and AL, Then the inclusion

of S’O in Sl is certainly an epimorphism, We shall then find an elenent which

when adjolned to Sl generates all of R, but when adjoined to So gives a
proper subelgebra 8.
To choose the form of A, we recall that Lf k is a field, then R has

week algorithm, and it is known that any invertible 2x2 matrix over & ring with

0
A

invertible (in which we are not interested) amd matrices (; ;‘c), (:;,g). Now en

easy computation shows that the pubalgebra generated by the entries of (é T)(;‘ (i)

woak algprithm is a product of matrices of the form (g‘ ) with « and H

is the whole subalgebre generated by x and y, and hence also contains the
entries of the inverse of that matrix. So we need a product of et least three
factors,. Let us take for R +the free essociative algebra in three indeterminatos

X, Y, Z, and let

\ +1 X+
A = A(X,Y,Z) = ((1) 11‘)(% g)(é i) . (m? ﬂYgil 5,

*I bave no present plans of publishing these observations. Anyone writing a
relevant paper is welcome to inolude them, with a.ppropria.te atbtribution., Just
let me know, so thet I can keep track of whether they're in print anywhere.



Clearly we hawve
Zy+1  ~ZYX~Y=Z )
=Y YX+1 7°

Iet us regard k<X, ¥, Z > as the semigroup algebra on the free semigroup

A"l = A(-z, ¥, =X) = (

<X, Yy, Z > Let us also make the comvention that when we say that a family of
elements of a semigroup or algebra generatesa free subalgebra, this will be short
for saying that they constitute & free genereting set for the algebra they generate.

Given a set of elements of « k <X, Yy, Z >, Iif we can find a semigroup

ordering on < X, Y, Z > such that the leading terms of the given elements with
respect to that ordering allipccur with coefficient 1, end geyergte a.fres
subsemigroup of < X, Y, 2 >, then the given elements will generate a free
subalgebre of k < X, Y, Z >; and unless these leading terms are precisely X, Y, and
Z, this subalgebra will be proper. Now one can verify that the terms of highest
degree in the fowr entries of A (which will be their leading terms under any
ordering which respects 'bllxe length function) do indeed gemnerate a free semigroup.
Qur first problem is to find a fifth element which, with them, still generates a
free subsemigroup. After trying a few elements which do not, such as YX and Z¥X,
we come to YXXY and finds
Lemme. The elements Y, XY, Y2, X¥2, YXXY € < X, Y, 2 > sare free generators of a
free subsemigroup.
Proof, If a word in X, Y, 2 is a product of these five elements, its factorization
into these terms can be reconstructed uniquely using the following observetions: Any
ocourrence of Z must come from the same factor as the letter to its left. Any X
must similarly come from the same factor &8 the letter to its right., If the
sequence XX ocours, the letter to its left also comes from the same faotor.

If we "join" letters which by the above observations must come from the same

factors, we See that the "oommectsd components" into which the given word falls

are precisely the origimal factors.



Now let S denote the subalgebra of R genmerated by
(1) Y, XY, Y2, XYZ+X+Z, YXXL+X.

From the ebove lemms and our preceding obsgervations, 8 1is free on these generators.

Wo see thet S oconbtains the entries of A, hence S5 is epimorphically
included in the subalgebra of R generated by S eand the entries of AL wote
that this contains YX+l, hemce YX, hence (YXX¥+X) - (YX)(X¥') = X. Hence it
also. oontains (XYZ+x+Z) - X (Y2+1) = 2. Since it also contains Y, it is

precisely R. Thus we have:

Proposition, Let k be a commtative ring, R =k <X, Y, 2> and let S be
the subring of R generated by (1). Then S is free on this generating set, and

the inolusion § S R is5 an epimorphism of associative algebras. ||

If we start with a free algebre on more than three indetemirates, we can
simply perform the above construction with three of the indeterminates and throw
all the others into 8 as they are, gebtting a proper free epic wubalgebra of this R.
If we have only two indetermimates we can make use of the fact that the free
semigroup en three indeterminmates, < X, Y, 2 > is embeddable in the free semigroup

on two indeterminates, < U, V >, We use the embedding given by
T=uv, Y=vu, "Z=uvw,

Now let S c k< U, V> be the subalgebre generated by the entries of
AX, T, Z) and the elanent YXX + V. Then we see as above that S is free on
these five elemsnta, while if wﬁ:.adjoin"thé:é‘n‘kni:e.o’filh(i,’ f;.i)v'.l,,f'bhe resulting
ri%E contains (FIXT +-V),- (FX)(X)= V. “As it.also contains U, it is all

9f k<U'v>C



Let us mote that the inolusion of & proper subsemigroup 8 in a free semigroup
F oan mever be epie. For if we let T be the semigroup with threc elements, 1 (the
identity), 0 (a zero), and an element x satisfying » = 0, then we can mp ¥
inte T by:the homomorphism- £3:  taking all generators (and hence all elements
but 1) to O, and alse by the homomorphism fz king those generators not in 8
to x, and all other nemidentity elements te O. These homomorphisms are distinet,
but agree on S, ®0 & s F is not epile.

I do not know whether an eplo. subflng of a commubetive polynomial ring osn’ -

be proper.



