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Abstract

The Relative Structure of Henselian Valued Fields
by

Joseph Doyle Flenner
Doctor of Philosophy in Mathematics

University of California, Berkeley

Professor Thomas Scanlon, Chair

In [12], Holly showed that definable subsets of algebraically closed valued fields
can be expressed in a canonical way as disjoint unions of swiss cheeses. In this way
she presents the balls as the basic building blocks of the definable subsets of the field,
and thereby deduces a one-dimensional elimination of imaginaries for algebraically
closed valued fields.

We aim to prove a generalization of Holly’s theorem for henselian valued fields of

characteristic 0, and to do so adopt a language built around the leading term struc-

d

tures. If rvy is the leading term map of order § and f(z) = Y a;27 is a polynomial,
j=0

we construct a decomposition of the field K = [JS; such that on each S;, if f is

d .
rewritten as f(z) = > a;j(x — ;)7 then
j=0

rvs(f(x)) =r1vs (Z 1V (@) 1V (2 — Ozi)j>

j=0
for some v = +v(n) (n € Z, a positive integer).
This is then used to show that every definable subset of K (in one variable) can
be expressed as a translation of a pullback of a set definable in the leading terms.
From this, an expansion of the leading term language for characteristic 0 henselian

valued fields is found in which one-dimensional elimination of imaginaries holds.



As with the work of Holly, it is hoped that this may form the one-dimensional
case for an approach to a relative elimination of imaginaries in the spirit of Haskell,
Hrushovski, and Macpherson [10].

As a byproduct of the decomposition, in residue characteristic 0 we also give a
more explicit relative quantifier elimination procedure (which holds as well in an
expansion of the language on the leading term sorts). This provides an effective
decision procedure for pure characteristic 0 henselian valued fields relative to the

leading term structure.

Professor Thomas Scanlon
Dissertation Committee Chair



To my parents, and Holly.
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Chapter 0O

Introduction

0.1 Background

Valued fields have enjoyed a long and fruitful relationship with model theory,
dating from Abraham Robinson’s 1950s theorem on the completeness of the theory
of algebraically closed valued fields (ACVF) (in [29]), and the work of Ax-Kochen
[1],[2],]3] and Cohen [7] in the 1960s. Ax-Kochen worked with henselian valued fields,
which satisfy requirements for existence of roots of certain polynomials weaker than
those of the full algebraic closure. The most common examples of henselian fields are
the p-adics Q, and the field of Laurent series C((?)).

Ax-Kochen showed that the theory of a henselian field of residue characteristic 0
is completely determined by the theory of its residue field R and its value group V.
This could be viewed as a version of Robinson’s theorem relativized to the residue
field and value group, meaning loosely that if the theories of R and V' are taken as a
‘black box’, this suffices to specify completely the full theory of the valued field.

More recently, ACVF has served as a starting point for a more general program
of applying methods of stable model theory to structures which are not stable, but
may contain and in a sense be controlled by a stable part. This analysis begins with
the work of Haskell, Hrushovski, and Macpherson in [10] and [11], and is pursued
further in particular in Hrushovski’s metastability. In the first paper, it is proved

that ACVF admits elimination of imaginaries (a concept originating with Poizat [24],
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though Shelah introduced M in [32]) after adding sorts for definable modules and
cosets of modules (“torsors”) over the valuation ring.

Their proof built substantially on ideas appearing in work by Holly. In her papers
[12] and [13], Holly used Robinson’s quantifier elimination for ACVF to prove a canon-
ical form theorem for definable subsets (in one variable) of an algebraically closed val-
ued field K, using as building blocks the balls (sets of the form {z € K | v(x — a) > 7}
or {z |v(z —a) >~} for some a € K, v € V) and swiss cheeses (balls with finitely
many sub-balls removed).

Specifically, it is proven in [12] that every definable subset of K can be expressed
canonically as a finite union of swiss cheeses. She uses this to prove partial elimination
of imaginaries for ACVF in [13], only for quotients of K (not quotients of powers of
K), given an extra sort for the balls. The idea was that this should serve as the
base case for an induction to prove the full elimination of imaginaries. A key insight
in Haskell-Hrushovski-Macpherson [10] was the identification of the torsors as the
natural generalization of the balls to subsets in more than one variable.

Meanwhile, there have been some initial attempts to extend the ideas of [10] to
produce elimination of imaginaries for other classes of valued fields. Mellor proved
such a result for real closed valued fields in [23]. Hrushovski and Martin [16] did the
same for the p-adics. Their proof is not native to Q,, but uses a means of pulling
down the elimination of imaginaries from the algebraic closure. A similar tactic of
applying results from the elimination of imaginaries in the algebraic closure is also

used in Hrushovski and Kazhdan’s work on motivic integration [15].

0.2 Relativization

In the more general case of henselian valued fields, much of the focus until the
1990s had remained on p-adic fields. Besides Ax-Kochen and Cohen, Macintyre [21]
proved an elimination of quantifiers for p-adically closed fields in a language featuring
the n't-power predicates P, := {z € K | 3y (y" = x)}. This suggests the dependence
of definable sets in the field on definability in the residue field and value group: in Q,,

the residue field is finite while the value group, whose theory is Presburger arithmetic
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Th(Z,+, <,0), admits elimination of quantifiers granted divisibility predicates.

ACVF itself gives another example, with the residue field of an algebraically closed
valued field being algebraically closed (and so strongly minimal), and the value group
being divisible (hence o-minimal). The stable domination in ACVF gives a firm
picture on how much of the model-theoretic niceness of algebraically closed valued
fields is inherited from the model-theoretic niceness of R and V.

In arbitrary henselian valued fields, the picture is complicated by the fact that
henselian fields may carry any field and any ordered abelian group as residue field
and value group. This gives rise to the necessity for general results on henselian
valued fields to be relativized. This means, for example, that while definable sets in
a henselian field may be very complicated, they can be described simply in terms of
the definable sets in the residue field and value group.

However, here the language of residue field and value group does not seem to be
quite the right one. Instead, results have been found using various manifestations of
the language of leading terms. Leading terms, under various different guises, have
featured prominently in the model theory of valued fields in work of Basarab and
Kuhlmann [4],[5],[20], Cluckers and Loeser [6], Hrushovski and Kazhdan [15], and
Scanlon [30], among others.

In this dissertation, we seek to unify this viewpoint and lay the foundation for a
deeper analysis of henselian valued fields (of characteristic 0) relativized to the leading
term structures, along the lines of Haskell, Hrushovski, and Macpherson for ACVF.
We prove relative henselian versions of the theorems of Holly [12],[13] on definable
subsets in one dimension, and of Cohen [7] on decidability.

The technical core of the work is in Chapter 2, where a means of analyzing the
leading term of a polynomial as a function of the leading term of a linear factor is
given. This leads to the possibility of pushing questions about the field into the leading
term structure modulo a linear shift. Thus it is found, in Chapter 4, that definable
sets in one dimension of a characteristic 0 henselian valued field are translations of

pullbacks of definable sets in the leading term structure.



Chapter 1

Valued Fields and Leading Terms

In the first two sections, we go through the basic definitions, properties, and
examples of valued fields that will be needed. All the results here are standard. The
third section introduces a different structure associated to a valued field, the leading
term structures, which will form the basis for the language in the following chapters.
For more general reading on valuation theory, we refer to [31]; in a less general context,

[27]; and for valued fields specifically, [8].

1.1 Valued fields

Definition 1.1.1. A valued field (K,v) is a field together with a valuation map
v: K — VU{cc}

from K onto an ordered abelian group V' (the value group) extended to V U {oo} in

the natural way, such that
(i) v(z) =0 iff z =0

(i) v(zy) = v(z) + v(y) (i.e. v is a group homomorphism K* — V of the multi-
plicative group of the field)

(iii) v(z +y) > min{v(z),v(y)} (the so-called ultrametric inequality).
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(Note: Some authors prefer to write V' multiplicatively, in which case the ordering
is generally reversed and v(0) = 0.)

Valuations are a modification of the idea of an absolute value, which are maps from
a field | | : K — Ry respecting multiplication and satisfying the triangle inequality
|z +y| < |z| +|y|. If in fact |n| < 1 for all n € Z, the absolute value is said to
be non-archimedean. It can be shown (see [27], Chapter 1) that a non-archimedean
absolute value satisfies |z + y| < max{|z|, |y|} for all x,y € K, a strengthening of the
triangle inequality similar to the ultrametric inequality (with the ordering reversed).
Thus it is apparent that valuations are a generalization of non-archimedean absolute

values to arbitrary value groups.
Ezxample 1.1.2. Suppose p € Z is a prime. Define a map on the rational numbers by

.na
vp Pt n

b
when ged(a,p) = ged(b,p) = 1. Then (Q,v,) is a valued field, and v, is called the

p-adic valuation. In this case, V = Z under addition.

The construction of Example 1.1.2 could clearly be applied to any unique factor-
ization domain U and prime p € U, giving a p-adic valuation on the fraction field of
U. For example, the function field Q(¢).

In fact, Q(¢) carries another very natural valuation based on the degree of poly-

nomials. However, in associating a polynomial with its degree, while

deg(P(t)Q(t)) = deg (P(t)) + deg(Q(2)) ,

the sum P(t)+Q(t) has degree at most the maximum of deg(P) and deg(®). The in-
equality operates in the opposite direction from 1.1.1(iii). This is rectified by reversing

the ordering.

Ezxample 1.1.3. Let k be a field, and k(t) the field of rational functions over k. Then

the map
. P()

defines a valuation on k().
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Notice that for deg(P+ Q) to be strictly less than max {deg(P), deg(Q)}, it is nec-
essary (but not sufficient) that deg(P) = deg(Q). Thus this example also illustrates

a first simple principle.

Proposition 1.1.4. Let (K,v) be a valued field. For all z € K, v(z) = v(—z). If
v(z) # v(y), then v(z +y) = min{o(z), v(y)}-

Proof. Clearly v(1) =0,s0 0 =v((—1)(—1)) = v(=1) + v(—1). But V is an ordered
group, whence v(—1) = —v(—1) implies v(—1) = 0. The first statement follows.
Now, say v(z) < v(y). This gives

v(@) = vz +y — y) > minfo(z + ), v(—y)} > min {minfo(z), v(y)}, v(y)} = v(z).
Since v(y) > v(x), we must have min{v(z + y),v(y)} = v(z + y) = v(x). O
Definition 1.1.5. If (K, v) is a valued field, then the valuation ring of K is

O:={reK|v(x)>0}.
It is easily verified that O is indeed a ring.
In the following, a terminal segment of V' U {oo} refers to a set C' satisfying
deCandy>d=~ve(C.
Proposition 1.1.6. (a) Leti be an ideal of O. Then
i={re0|v(x)eC}
for some nonempty terminal segment C' C V U {oo}.
(b) O is a local ring with unique mazimal ideal
m={zx e O|v(x)>0}.
Proof. (a) If a € i is nonzero and v(b) > v(a), then b/a € O shows that b € i.

(b) This is a simple consequence of (a).
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Definition 1.1.7. The residue field of K is the residue class field R := O/m. The

residue of z € O will be denoted either T or res(x) as convenient.

It is easily seen that if char(R) = 0, then char(K) = 0 as well, whereas if
char(K) = p > 0, then char(R) = p. However, it may occur that char(K) = 0
while char(R) = p. This is the case in Example 1.1.2 (where O is Z localized at the
principal ideal (p), and R = F,, is the finite field with p elements). In Example 1.1.3,
char(K) = char(R) as R = k.

If L O K is a valued field extension of K, the extension is called immediate if K

and L have both the same value group and the same residue field.

Ezample 1.1.8. If k is a field, let k((¢)) be the field of Laurent series over k with the

o0
v E a;t; —n
i=n

valuation

if a,, # 0.
Then k((t)) is an immediate extension of the valued field k(¢) from 1.1.3. However,
it was shown by Krull [19] that k((t)) is mazimal, in the sense that it has no nontrivial

immediate extension.
In fact, Krull showed this for a larger class of fields of formal power series.

Example 1.1.9. Let R be any field, and V' any ordered abelian group. The Hahn field
R((t")) consists of the formal power series over R:

>

sev

where the support {6 | as # 0} is well-ordered.
Taking

v (Z a(;t‘s) =min{0 | as # 0},

sev
(R((t")),v) is a valued field with residue field R and value group V. Moreover, Hahn

fields are maximal.

See Kaplansky [17], [18] for a detailed analysis of maximal valued fields, and

in particular when a maximal valued field can be expressed in the form of a Hahn



CHAPTER 1. VALUED FIELDS AND LEADING TERMS 8

field. Poonen [25] has a similar construction producing maximal fields in mixed

characteristic.

1.2 The valuation topology

Much like a norm, a valuation gives a concept of distance on its field. In fact, from

a real-valued valuation it is possible to construct a metric on K from v as follows.

Proposition 1.2.1. Given a valued field (K,v) with value group V. C R, define a
function

d: KxK—R
by d(x,y) = e @Y (and setting e = 0). This d metrizes K.
The role of e here is simply as a convenient base for the exponent. Any real
number greater than 1 will work equally well.
Proof. Symmetry comes from 1.1.4. For the triangle inequality, we have for all
x,y,2 € K,

d(x,y) +d(y,z) > max{d(z,y),d(y,z)} = e mintvlE—yoly==2)}
Z efv((mfy)+(yfz)) — eilu(w*z) — d(l’, Z)
The first inequality comes from positivity, the second from the ultrametric inequality.

]

Even when the valuation is not real-valued, a topology can be defined on K by
analogy with the metric space topology. The distance between a and b in K is
determined by v(a — b), however we will say that a is close to b if v(a — b) is large.
Therefore it could be said that v(a — b) measures the proximity of a and b.

Now K adopts a topology with basic open sets the open balls,
Bos(a) :={zr e K |v(x —a) > d}

(of radius ¢). We define the closed balls Bss(«) in the same way with > in place of

>, and will also have occasion to refer to balls of the form

Bssm(a) = {x € K | nv(z —a) > §}
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even if 0 is not divisible by n in V. K and () are considered both open and closed
balls.

The terms ‘open’ and ‘closed’ distinguish the strictness of the inequality, but in
fact topologically the open balls are also closed sets, and vice versa. For example
Bss(a) = | Bss(3), the union taken over all § € Bss(«) (see Proposition 1.2.2).

The topology is Hausdorff, but otherwise has some initially counterintuitive fea-
tures as a consequence of the strengthening of the triangle inequality to the ultramet-

ric inequality.
Proposition 1.2.2. (a) If § € Bss(a), then Bss(a) = Bss(f).
(b) Suppose that A and B are balls in K. If ANB # (), then either A C B or B C A.
Proof. (a) Consider x € B>s(3). So, v(x — ) > 6, and v(f — ) > 0 gives
v(z —a) > min{v(x — 3),v(6 —a)} > 9.

Thus z € Bsos(a) and Bss(8) C Bss(a). Equality follows by symmetry, since

(b) Suppose for simplicity that A and B are open balls, A = B-s(a) and B = B~ ()
with v > 6. If v € AN B, then by (a), A = Bss(x) and B = B, (z). Now B C A
follows from v > 4.

O

Accordingly, though it is sometimes intuitively useful to imagine the valuation
topology on K by analogy with euclidean space, it can also be misleading. A more
faithful picture of the topology gives K a locally treelike structure. See Holly [14] for
details.

FEzample 1.2.3. The p-adic numbers Q, can be constructed from Q with the p-adic
valuation (see 1.1.2) by metric space completion. Alternatively, they can also be built

algebraically as the fraction field of the p-adic integers
Ly = lin (Z/p"Z).

Like 1.1.8, Q, is a maximal immediate extension of (Q,v,).
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1.3 The leading term structures

We define a series of structures associated to a valued field. These both capture
the information of the value group and residue field, and provide an algebraic view
of the topology of balls.

In addition to the maximal ideal m introduced in 1.1.6, the ideals
ms:={r € O |v(r) >}

for 6 > 0 are also needed. So, m = my.
Before the following definition, let us note that for each § > 0in V|, 1 + my is a
subgroup of the multiplicative group K*. In particular, to see that 1 + ms is closed

under inverses, we have for v(m) > §
v((l+m) ' =1)=v(1—(1+m))—v(l+m)=0v(-m)—0=0v(m) >4

Definition 1.3.1. Let § > 0 in V. The leading term structure of order 9 is the
quotient group
RVs := K* /(1 + my).

The quotient map is denoted rvs : K* — RVs. As with the value group, it is
convenient to include an element co in RV as rvs(0). Generally, the subscript 0 will
be omitted, so RV = RV and rv = rvy.

Besides the induced multiplication, RV inherits a partially defined addition via

the relation
Ds(x,y,2z) <= Jr,y,z € K(x=rvs(x) Ny =rvs(y) Nz =1vs(2) Nz +y = 2).

The sum x + y is said to be well-defined (and = z) if there is exactly one z
such that @®s(x,y,z). The notation x +y = z will often be used for simplicity,
bearing in mind that x + y = z and x + y = w does not always imply z = w. If
P(z) = Y a;x* € Klz], then by P(rvs(z)) we mean Y rvs(a;)rvs(z’). For this to
make sense, it must be verified that the sum as defined by @; is associative.

In fact, although the sum of more than two elements in RVs; may not be well-

defined, it is indeed associative (and commutative). It is an easy consequence of the
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definition of @5 and an induction on n that the sum
((..(x14+%X2)+...+Xp1) +X,) =2

if and only if there are z;, z € K, rvs(z;) = x; and rvs(2) = z, such that z1+.. .+, =
zZ.
The Hahn fields of Example 1.1.9 provide a good general source of intuition, and

will also be useful later.

Ezxample 1.3.2. In the Hahn field with R = C and V' = Z, we have the field C((¢)) of
Laurent series over the complex numbers. Two such series will have the same leading
term of order 3, say, if they have the same value and if their first four coefficients

coincide (see Proposition 1.3.4). Thus, if
ro= Pt T+ 3
y = t 24+t 414+t +t2

then v(z) = v(y) = —2, and rv3(z) = rvs(y) since v(z — y) = v(2t?) = 2 > v(y) + 3.
But rvy(z) # rvy(y).
Note also that rv(z) + rv(y) here is well-defined, while rv(x) — rv(y) is not.

The following propositions illustrate how the leading terms encapsulate both the

algebraic information of residue field and value group and the valuation topology.
Proposition 1.3.3. For all nonzero x,y € K, the following are equivalent:

1. rv(z) = rv(y)

2. v(r —y) > v(y)

3. v(z) =v(y) and res(y/x) =1

Proof. 1=2: If rv(z) = rv(y) then there is an m € m such that x = y(1 + m). So
v(x —y) = v(ym) = v(y) + v(m) > v(y).

2=3: Proposition 1.1.4 gives v(x) = v(y). Now, from v(z —y) > v(y) we get
v(l —y/z) > v(y) —v(z) =0. Thus 1 — y/z € m as required.
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3=1: Let m:=1—y/x. We have am =z —y and y = (1 — m). If m € m, this
shows that rv(z) = rv(y).! O

Thus if x and y have the same leading term, they must have the same value; and
if that value is 0, they must also have the same residue. A similar phenomenon occurs
in the higher order structures. Indeed, if v > 6 > 0, since 1 +m, C 1 4 m; there is a
natural map RV, — RVj, which we also denote 1vs, or rv.,_s should there be fear of
confusion.

Therefore, for any § > 0, rvs(x) = rvs(y) implies v(z) = v(y) (and res(y/x) = 1).
So we can always speak unambiguously of v(x) for x € RVy.

However, in RV the statement can be refined somewhat.

Proposition 1.3.4. Given x,y € K nonzero and § > 0 in V, the following are

equivalent:
1. rvs(x) = rvs(y)
2. v(x—y)>v(y)+0

8. Bsy@)s(2) = By +s(y)

Proof. 1=2: This is the same as in 1.3.3, but with m € mjy.
2=1: Let m := =% Then v(m) > 0 by (2), and = = y(1 + m) implies rvs(z) =

rvs(y).
2<3: Since v(x) = v(y), by 1.2.2 Boy@)+5(2) = Bsuy)+s(y) iff @ € Boyyy4s(y)-
But the latter condition is simply the statement v(z —y) > v(y) + 9. O]

Next we establish when the addition on RV is well-defined.

Proposition 1.3.5. Let 6 > 0, and v(z + y) = min{v(x),v(y)}. Then for all z such
that rvs(2) = rvs(z), rvs(z +y) = rvs(z + y).

Conversely, if v(z + y) > min{v(z),v(y)} = v(x), then there exists z such that
rvs(z) = rvs(x) but rvs(z + y) # rvs(z + y).

!Note that v(x) = v(y) is not really used here, because in fact it is implied by res(y/x) = 1: if
v(x) > v(y), y/x ¢ O so res(y/z) is undefined, while if v(y) > v(x), v(y/x) > 0 = res(y/x) = 0.
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Proof. Consider z = z(1 +m), with v(m) > 4. Defining m’ := 3, we then find

zty=z(l+m)+y=a+y+(z+ym = (z+y)(1+m)

and

v(m') =v(z) +v(m) —v(x +y) > v(m) > 0.

On the other hand, suppose v(z +y) —v(x) = ¢ > 0, and let m be any element of
value 0 4+ ¢. Take z := z(1 4+ m). As v(m) > 9, rvs(z) = rvs(x). But

v((z4+y)—(r+y)=v(z—xz)=d+¢
implies, by Proposition 1.3.4, that rvs(z + y) # rvs(z + y). O

Therefore, there is a well-defined z € RV such that @©s(rvs(x), rvs(y), z) precisely
when v(z + y) = min{v(z),v(y)}, namely z = rvs(z + y).

For later use, it will be necessary to extend 1.3.5 to polynomials in RV4. This
is not entirely automatic, since even if say v(z + y + z) = min {v(x),v(y),v(z)}, it
may be the case that rvs(y) + rvs(z) is not well-defined. It must then be shown
that if @s(rvs(y),rvs(z),uy) and Bs(rvs(y),rvs(z), uz) with u; # uy, we still have
rvs(z) + u; = rvg(z) + up. This however is easily accomplished with an application

of Proposition 1.3.4.

Proposition 1.3.6. Suppose v(z1 + ...+ z,) = min{v(zy),...,v(z,)}. Then
y =rvs(xy) + ... +rvs(zy)

if and only if y = vvs(zy + ...+ x,).

Proof. Suppose rvs(x;) = rvs(y;) for i < n. So there are m; € ms with y; = x;(1+m;).

Now
v+ .o T — Y — = Yn) =v(Tmy 4. Tmy,) >Iriin{v(a7i)}+5
implies by 1.3.4 that rvs(z1+...+2,) = rvs(y1 +. .. +yn), and the claim follows. [

The next proposition clarifies what happens when the addition is not well-defined.
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Proposition 1.3.7. Suppose that v(xi;+...+z,) —min{v(z;)} = > 0. Ify > d+¢
and rvy(x1) + ... +1v(2,) =2 € RV, then rv,_5(z) = 1v5(z1 + ... + 2,).

Proof. First, it is easy to check that v(z) = v(x; + ...+ z,) = min{v(z;)} + . By
definition of @,, there are z € K and m; € m, such that z = z;(1 +my) + ... +
(1 +my). Now

v+ ...+ x, —2) =v(@m + ...+ x,my) > min{v(x;m;)}
> min{v(z;)} +v > min{v(z;)} +e+d=v(z)+ 9
and 1.3.4 give rvs(z1 + ... + 2,) = 1v5(2) = 1v,_5(2). O

In other words, when v(z + y) > v(z), while 1.3.5 shows that there is more than
one z € RV, such that &, (rv,(z),1v,(y),2z), 1.3.7 implies that all such z have the
same image in RV for § <~ —ov(z +vy) + v(z).

As a corollary, the following proposition shows that when v(z +y) is not too much
larger than v(x) (compared to ), at least v(rv.,(x) +1v,(y)) is well-defined. On the
other hand, when v(z 4+ y) > v(z) + v, nothing further can be said.

Proposition 1.3.8. Suppose ¢ = v(z +y) —v(z) > 0. Then

(i) if v > € and &,(rvy(z),rv4(y),21) and &, (rv,(x),1v,(y),22), then v(z1) =

v(z2).
(i) if 0 < <e and v(z) > v(x) + 7, then (v, (z),1v,(y),1v4(2)).

Proof. The first statement is 1.3.7 with § = 0, while the second follows from rv, (z) =
vy (2 + 2), 1va (y) = 1v, (=), o

1.4 Hensel’s Lemma

A key subclass of valued fields is given by those satisfying

Hensel’s Lemma. If P(z) € Olx] is a polynomial over the valuation ring with

v(P(a)) >0 and v(P'(a)) = 0, then there exists b € O such that P(b) =0 and b = a.
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To be precise, this is a criterion rather than a lemma. There are certainly valued
fields which do not satisfy it (see 1.4.1). Those which do are called henselian valued
fields. Hensel’s Lemma would more accurately refer to the statement that a maximally
complete valued field (with respect to the topology) is henselian. These include the
p-adics Q,, and Hahn fields. In particular, the Hahn field example shows that a
henselian valued field can be constructed with any field as residue field and any

ordered abelian group as value group.

Ezample 1.4.1. Consider the polynomial P(z) = z? — 13. P has no solution in Q, of
course, although in the 3-adic valuation res (P(1)) = 0 and res(P’'(1)) = res(2) # 0
in R.

P does, however, have a root in Q3. To find it, in liLnZ/i%”Z write
r = (T, T2, T3,...)

with x,, € Z/3"Z and x,.1 = z,, (mod 3") for all n. It is required, for each n, that
2 —13 =0 (mod 3"). This can be solved recursively by setting x; = 1 and

P(x,) 2 —13

n+1
P () o (mod 3"7)

Tpyl = Tp —

to get x = (1,7,16,16,259,...).
Indeed, by induction it is shown that each x,, is prime to 3 (and therefore a unit

modulo 3"™!), whence

2 -13\? 2 -13\?
xi+1—135<xn—x”2 ) _135<xn2x ) =0 (mod 3",

Tn,
the last congruence following from 3" | 22 — 13 and ged(2z,,,3) = 1.

Example 1.4.1 suggests a proof of Hensel’s Lemma for @Q,,, or indeed for any max-
imally complete valued field, completeness being required to guarantee the existence
of a limit of the sequence of approximate roots z,. It can be shown by a simple
cardinality argument, however, that not all henselian valued fields are complete.

Hensel’s Lemma lends itself well to reformulation, and there are many equivalent
statements in valued fields. See Ribenboim [26] for a thorough exposition of these.

Among them is:
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€ O such that
]

Proposition 1.4.2. Let (K,v) be henselian and P(z) € Olz], a
v(P(a)) > 2v(P'(a)). Then there exists b € O with P(b) =0 and b =

Q |

To the list we add a couple more equivalent forms of Hensel’s Lemma. The first

strengthens the condition that b = a.

Proposition 1.4.3. Let (K,v) be henselian and P(x) € Olx], a € O such that
v(P(a)) > 0 and v(P'(a)) = 0. Then there is b € O with P(b) = 0 and v(a — b) =
v(P(a)).

Proof. Taking b as in Hensel’'s Lemma, If we factor P(z) = (z — b)Q(zx), then
v(P(a)) =v(a—0b) +v(Q(a)), whereas

0 =v(P(a)) = v(Q(a) + (a = b)Q'(a)) = min{v(Q(a)),v(a —b) + v(Q'(a))} = 0.

Since v(a — b) > 0, we must have v(Q(a)) = 0. This gives v(a — b) = v(P(a)) as
required. O]

Now 1.4.3 is used to produce a statement which works in residue characteristic
0 for polynomials over K, and produces roots with the same leading term as the

approximate root.

Proposition 1.4.4. Let (K,v) be henselian with char(R) = 0. Suppose f(z) =
d
S ai(x — )t € Kz] and £ € K are such that

=0

v(f(§)) — Orglgd{v(al( )} > 6 >0,
(1.1)

v(f'(€)) — min {v(iai( — )"} = 0.
Then there exists 3 € K such that f(ﬁ) =0 and rvs(f — a) = rvs(€ — ).
Proof. Choose m such that v(a,, (£ —a)™) = min;<4 {v(a;(§ — a)’)}. We may assume
that m # 0, since if v(ag) < v(a;(§ — a)) for all i, f(£) = v(ag) contradicts the
inequality in (1.1).

Now set 0 := a,,(§ — @)™ and define a new polynomial

1 1 &
P(a) = —f((€ = o)z +a) = ;Zal
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It is easily verified that P(x) € O[z] (by choice of m), v(P(1)) = v(f(§)) —v(o) > 6,

and
MPODZU(@F%QE:MM%%W4>—UW)ZNf@»—UWm@—aWA)(l@

We claim that in fact v(P’(1)) = 0. Since v(a,,(§ —@)™) < v(a; (€ — ) for all ¢ < d,

m—l)

we have also v(a,, (£ — a)™ ') = v(ma,(§ — a) and

for all i < d, using here v(n) = 0 for all n € N since char(R) = 0. This shows that

v(am(§ —a)™ ) = min {v(ia;(§ — @)1}, Now (1.1) and (1.2) give v(P'(1)) = 0.
Applying Hensel’s Lemma (in the form of Proposition 1.4.3) to P at 1, there exists

u € O such that P(u) = 0 and v(u — 1) = v(P(1)) > §. Let = (§ —a)u+ a. Tt

follows that f(5) = o P(u) = 0. Furthermore,

v(f =& =v((§ —Ju— (£ —a)) =v((§ —a)(u—1)) >v(§ —a)+9.

It follows that v(( — ) — (£ —a)) > v(§ — a) + 9, giving rvs(8 — a) = rvs(€ — a) by
Proposition 1.3.4. O
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Chapter 2
Swiss Cheese Decomposition

The form of Hensel’s Lemma given in Proposition 1.4.4 suggests a pivotal role, in

d
evaluating a polynomial f(z) = Y a;(z—a)" near £, played by the difference v(f(€))—
i=0

min {v(a;(§ — a)’)}. Indeed, when v(f(£)) = min {v(a;({ — a)")}, Proposition 1.3.6

shows that .
vs(f(€) = Y rvs(ai) 1vs(§ —a).

i=0

In the first section, we study more closely what happens when the value of f(z)

is strictly greater than the minimum value of its terms v(a;(x — «)?). The second

section employs this to give an effective means of evaluating rvs(f(x)).

We work over a henselian valued field (K, v) with char(K) = 0.

2.1 Collisions

d
Definition 2.1.1. For f(z) € K[z], f(z) = Y_ a;(x — «)" has a collision at  around
i=0
a if v(f(B)) > m<1£1 {v(a;(8 —a)")}. The severity of the collision is the difference

o(f(8)) — min {v (a:(8 —a)7)}-

Note that this concept of collision is not intrinsic to the polynomial f(z) alone,

but depends also on a.. Thus if f(z) has a collision at 5 around «, it may be that if
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f(z) is recentered to

a collision at # may be avoided.

On the other hand, for any « where f(x) does not have a collision,

d
rvs(P E vs(a;) rvs(z — a)’
=0

is well-defined (by 1.3.6). Thus, having a collision at [ around « depends only on
rv(# — «). The next proposition shows that there are finitely many leading terms
where a collision can happen.

d
Proposition 2.1.2. Let « € K and f(z) = > a;(x — «)'. There are finitely many

leading terms rv(§ — «) for which f has a colzlzgion at 3 around .

Proof. There are at most d(d + 1)/2 values § € V for which f has a collision at /3
with v(3 — a) = §.! This is because, recalling Proposition 1.1.4, there can only be a
collision if v(a;(8 — a)") = v(a;(8 — a)?) for some 0 < i < j < d, and this equation
has at most one solution for v(8 — «) in V.

So, fixing a § € V, we show that there are finitely many leading terms u such
that v(u) = J and there is a collision at some [ with rv(8 — «) = u. Pick any [ with
v(B —a) =4, let k < d be such that v(ay(3 — a)*) = v(ay) + kd = Iln<1£1 {v(a;) +1id},
and define

d
(B — )z + )
P = = —
(z) ai(B — )k —a)k ; a(f — )
P(z) € O[z], and the residue polynomial P is nonzero. If f has a collision at /3
around o, and v(f — a) =, then setting u : g—z we have v(u) = 0 and

=(Z >_T1g{v(ai<g_ay)}>o.

7

So @ is a root of P in R.

'In fact, there are at most d, though it takes somewhat more effort to show this.
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Furthermore, if rv(3 — ) # rv(f' — a) and w = %/__s, then v(3 — ') = § gives

So u # w, and § and 3’ give rise to different roots of P. Since there are only finitely

many of these, the conclusion follows. O

In residue characteristic 0, we can go further by locating collisions near roots of

the derivatives of f(z). Here let us introduce the convention that if deg(f) = d then

by derivatives of f we mean f(x), f'(z), ..., and f(9(z), notably including f itself
as the 0*® derivative.
d
Proposition 2.1.3. Assume char(R) = 0. Suppose f(z) = > a;(x — a)" has a
i=0

collision at B around . Then there are n < d and \ € K with
(i) f™(\) =0, and
(i1) tv(A — ) = 1v(B — «), and in particular, v(A — 3) > v(5 — a).

Proof. First note that 3 # «, as otherwise the inequality in Definition 2.1.1 could not
be satisfied. Let m be maximal such that min;<g{v(a;(3 — @)")} = v(an(8 — a)™),
and define o := a,,(3—a)™ and P(z) := 1 f((8— )z +«). So, asin 1.4.4, P € Olz],
and v(P(1)) > 0.

Consider P (1). Since

2!

1 .
P () = = a;(f — )z,
o

£ (3 —m)!

d
=m
for 1 = m we have

v (1;!%(5 _ ay‘v—m) — <@am(ﬁ _ a>m) —om) =0 (21)

o(i—m)! o

while for i > m

1l o ,
v (— , a; (B — a)11’m> = (a;(f — @)") —v(am(—a)™) >0 (2.2)

o(i—m)!
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by the maximality of m. (Note that here we are again using v(n) = 0 for all n € Z,
a consequence of char(R) = 0.) Thus v(P™) (1)) = 0.

Now let n be least such that v(P™*+1(1)) = 0. The above shows that n is at most
m — 1. Applying Hensel’s Lemma to P, there is a u € O with & = 1 € R and
P™(u) = 0. Tt follows that v(u — 1) > 0 = v(1), so that rv(u) = rv(1).

Let A :==u(f —a) +a. Sorv(A —a) =rv(u) rv(f — a) = rv(S — «). This implies
that v(A — ) = v((A —a) — (6 — ) > v(f — «) as in (ii). Finally,

(6 —a)" (6 —a)"

0= PU(u) = =———f"((8 = a)u+ ) = ——F" ().

Since a # 3, f™(A\) = 0. O

The situation when char(R) = p is more complicated. Comparing the calculations
in (2.1) and (2.2) above, we find v(P™ (1)) = v(m!) (note that v(i!/(i—m)!) > v(m!),
since m! divides /(i — m)!). If v(P(1)) > 2™v(m!), Hensel’s Lemma (in the form
of Proposition 1.4.2) would still apply to P™ for whichever n has v(P™(1)) >
20(P™+1(1)), and so we could find a root A as before.

Otherwise, if v(P(1)) < 2™v(m!), the same argument will work for any (3 such
that rv(6 — o) = rv(f — a) and

- 1 .

P(r) = mf((ﬁ —a)r + ).

So if there is no root A of a derivative of f(z), it must be that P(1) < 2mv(m!) for
every f3 € B y(3-a)(3). Therefore

0(£(B)) = v(an(B = a)") +v(P(1)) < min {v(a:(3 = )) } +v ((m)*")

i<d
and we have proven that the collision has severity bounded by v <(d!)2d):

d
Proposition 2.1.4. Assume char(R) =p > 0. If f(z) = > a;(x — )’ has a collision
i=0
at B around «, then either

(i) there exists a root A of a derivative of f as in Proposition 2.1.3, or
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(1) there is an integer ¢ > 0 such that rv(z — a) = rv(§ — «) implies

min {v (a;(z — a)") } <v(f(x)) < min {v (a;(z — a)") } + v(q).

i<d i<d

Moreover, q can be chosen no larger than (d!)2d. [

2.2 The decomposition

Propositions 2.1.3 and 2.1.4 give a handle on what is happening near a collision.
We exploit this to prove the existence of a decomposition of K relative to a polynomial
f(z) € Klz], on each piece of which f(z) can be rewritten in such a way as to avoid

collisions. The decomposition is given in blocks of swiss cheese.

Definition 2.2.1. A swiss cheese is a set of the form A\ (ByU...UB,), where
A, By, ..., B, are (open or closed) balls with B; C A.

Like the m in the proof of Proposition 2.1.3, we will frequently need to refer to

the largest degree term carrying the smallest valuation. Therefore define
m(f,a,8) =max{i <d|Jx e SVj<d (via(z—a)) <v(a(z—a)))} (2.3)

where the a; are the coefficients of the expansion of f around «,

Thus, m(f, «, S) is the highest order term in f centered at o which can have minimal
valuation (among the other terms of f) on S.
As before, we first prove the main result for residue characteristic 0, and then

indicate the modifications needed if char(R) = p.

Proposition 2.2.2. Suppose char(R) = 0. Let f(x) € K[z| and S be a swiss cheese
in K. Then there exist (disjoint) sub-swiss cheeses Ty,..., T, € S and aq,...,ap € K

such that
s=Jrn
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and for all x € T,
v(f(2)) = v(@im (x — @)™),

d
with f(x) = 3 am(x — ;)" and m; = m(f, a;, T;).
n=0
Furthermore, aq, ..., ax can be chosen algebraic over the subfield of K generated

by the coefficients of f(x).

Proof. For simplicity, assume S is a ball B>, (a) (or K). No generality is lost as a
decomposition for Bs,(a) 2 S may simply be intersected with S to get the desired

result.
d

Let f(x) = Y ai(x —a)’. The proof proceeds by induction on m(f, a, S). Clearly,
n=0
if m(f,a,S) =0, then by 1.1.4 v(f(z)) = v(ap) for all x € S.
Now suppose m(f,a,S) = m. Let

D:={6>~|V¥i<m((v(an)+md <v(a;)+1i0)}.

In other words, m(f,«,S) = m when v(a,,(x — «)™) is minimal somewhere in S,
while D gives those values where it actually is minimal.

D is an initial segment of [y,00). Indeed, if v < e < 6 € D and i < m, then
v(a;) +i6 > v(ay,) + md implies

v(a;) +ie > v(am) + me (2.4)

so € € D. We need not consider ¢ > m, by the maximality of m.

In particular, the inequality in (2.4) becomes strict for ¢ < §. Therefore we have
also shown that if § € D is not a maximal element of D, then for all x such that
v(x —a) =4,

v(f(2)) = v(am(z — )™) (2.5)

since v(am(z — @)™) < v(a;(x — a)?) for all i # m.

Suppose first that D has no maximal element, and define

Bp :={z € S|v(r—a)e D}.
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Then there is some i < m such that v(a,,(r—a)™) > v(a;(r—a)’) whenever v(z—a) >

d for every 6 € D. Set n :=v(a;) — v(a,,) and note that
S\ Bp = Bzs(@) \ Bp = Bsyjm-i(a)*
since for x € S,

x ¢ Bp < v(ai(r —a)’) < v(am(z —a)™)

< v(a;) —v(ay) < (m—i)v(z — a).

Therefore, if x € Bp then v(f(z)) = v(an(z — @)™) by (2.5), whereas if x € S\ Bp
then m(P, a, Bsym—iy(a)) < m and the induction hypothesis applies.
On the other hand, suppose D = [, ] has a maximum at §. Now S decomposes

into three swiss cheeses:
S = Bss(a) U Bss(a)\ Bss(a) U Bsy(a)\ Bss(a).

On the last of these, as observed above, v(f(x)) = v(am(z — «)™). On the first,
m(f, o, Bss(a)) < m, so that again, the induction hypothesis applies. It therefore
remains only to consider Bss(a) \ Bss(a) =: A, i.e. when v(z —a) = 6.

Let C:={x € A|v(f(z)) # v(am(r —a)™)}, so C is the set of elements of A at
which f has a collision around «. Now, C' is the disjoint union of equivalence classes
under the equivalence z ~ y < v(z —y) > J © rv(z — a) =rv(y — ).

Proposition 2.1.2 shows that there are finitely many such equivalence classes.
Furthermore, by Proposition 2.1.3, each of the equivalence classes contains a root A
of a derivative of f.

So, C'is a finite union of balls of the form B-s(\), having centers algebraic over
the coefficients of f(z). Thus we see that A\ C is a swiss cheese on which v(f(x)) =
V(@ (z — a)™), so now it remains only to determine v(f(z)) on C'.

Choose a A € C, f(™()\) =0, and let

2It should be pointed out here that the failure of D to have a maximal element means that 7 is
not divisible by m —i in V, but as noted earlier we may still define the ball B, /m—: ().
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Taking 0 := a,,(A — )™, define once more

P,(x):= UG (;)x *o) = %Z a;(A — )z’
Py\(z) = (G j>w +) = % bi(A — a)'a’

o

1=

Note that P,(z + 1) = Py\(z) and that P,(z), P\(z) € Olz]. However, since
v(a; (A — a)') > v(an(A—a)™)

for m < i < d, the residue polynomial P,(x) has degree m. Now it follows from
P,(x + 1) = Py(z) that Py(z) also has degree m.

By considering the residues of the coefficients of Py, then, we get v(b;(A — «)") >
v(o) for i > m and v(b, (A — @)™) = v(o). Since v(A — «) = 4, in shifting from
B>, (a) to B5s(\), we see that

m(f’ «, BZ’Y<O‘)) > m(f7 >" B>5(/\))

But equality may occur, so that we cannot yet invoke the induction. Instead, if indeed
m(f, A, Bss(\)) = m, the proof concludes with a second induction on the number k
of roots of the nonconstant derivatives of f contained in the ball Bss(A).

As above, we decompose B-s(\) into the three Swiss cheeses Bo.()\), B>:(A) \
B-.()\), and B>s(\) \ B>:(\); and as above, each case is dealt with easily except
where collisions occur within B>, () \ Bs:(\) =: 4.

For the base case k = 1 of the induction (not & = 0, as B~s(\) contains at least
the root ), A’ is empty, so we are done. Otherwise, there are strictly fewer than k
roots of derivatives of f in A’, again because A ¢ A’ so here the induction step gives
the rest of the decomposition.

To finish, note again that the «; in the statement of the Proposition, as well as
the centers of all of the balls appearing in a swiss cheese of the decomposition, were
selected from among the roots of the derivatives of f(x). Thus these elements are

algebraic over the subfield of K generated by {ao,...,aq}. ]
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Now, in residue characteristic p, the proof above remains valid except that when
looking in C', not every ball necessarily contains a root A. In those that do not,
however, as in Proposition 2.1.4 we can bound by v(q) the severity of a collision

within that ball. So the corresponding modification reads

Proposition 2.2.3. Suppose char(R) = p. Let f(x) € K[x] and S be a swiss cheese
in K. Then there exist (disjoint) sub-swiss cheeses Ty, ..., T, € S and aq,...,a € K

such that
s=rn

and for each T;, either

(i)
Vo € Ti (v(f(2)) = v (@im,(x — ;)™))

(with f(z) = > ain(x — ;)™ and m; = m(f, a;, 1) );

n=0

1) or there is an integer ¢ € N, 0 < g < (d! 2 such that
(i1) ger g €N, 0 < ¢ ,

Ve € T; (gnglcrll {v(aij(z — )’} < o(f(z)) <min {v (ay(z — o)) } + v(q)) :

j<d

Furthermore, aq, ..., ar can be chosen from the relative algebraic closure in K of

the subfield generated by the coefficients of f(x). O

Finally, we return to the leading term structures to find expressions for analyzing
rvs(f(x)). Thanks to Propositions 1.3.6 and 1.3.7, this is an immediate consequence

of the above two propositions.

d
Proposition 2.2.4. Let f(z) = Y a;z* € Klz] and 0 < 6 € V. Then there are

=0
k
disjoint swiss cheeses Uy, ..., Uy partitioning K = |J U; and ay,...,ar € K such
i=1
d .
that for each i, if f(x) = > a;j(x — o)’ then for all v € U; either
7=0

d
(1) tvs (f(x)) = ;)I‘V(s(aij) vs(z — ;) is well-defined, or

Jj=
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(ii) there is a positive integer ¢ < ()" such that

d

I'vs (f(:l?)) =TIVs (Z I‘V(;_,_U(q)(aij) I'Vstu(q) (:L‘ — Oéi)j>

=0

is well-defined.

The latter case only occurs in positive residue characteristic.

Furthermore, the oy, ..., ax can be chosen to be algebraic over {aq, ... ,aq}.

Proof. Let K = U U; and aq,...,ap € K be the swiss cheese decomposition given
by the Proposmons Each Uj is of one of two types as in the statement of 2.2.3.
In case U; gives an «; whereby v(f(z)) = minj<q {v (a;;(x — o;)?)} for all z € U,

we have

rvs(a;) 1vs(z — o)’

M&

1”V5
J=0

by Proposition 1.3.6
In case U; has an «; for which

min {v (a”(x ,)])} < o(f(x)) < min {v (a” (x — Z)])} +v(q)

ji<d j<d

then Proposition 1.3.7 shows that although " rvs(a;) rvs(z — ;)7 is not well-defined,

d
TV 4o(q)—6 (Z I'V(;(aij) I‘Vg(:L‘ — Oéi)j>

1=0

is well-defined. O

Though each of the preceding propositions is stated for a single polynomial f(z),
the same results will hold for any finite number of polynomials fi(x),..., fu.(x). To
obtain the desired decomposition, simply apply the proposition to each f;(x) sepa-
rately, and then intersect the resulting partitions to get one which works for all f;(z)
simultaneously, using the fact that the intersection of two swiss cheeses is again a
swiss cheese.

The methods used in the decomposition given above are reminiscent of those

employed by Cohen [7] in his decision procedure for the p-adics. In fact, it will
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be shown in Chapter 5 that at least in residue characteristic 0, these results and
techniques can be used to give an effective quantifier elimination, and therefore a
decision procedure, for the field relative to the leading term structures.

One may also compare the cell decomposition for characteristic 0 henselian fields

worked out by Cluckers and Loeser in the context of b-minimality. See [6].
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Chapter 3
Interpretations

While the first two chapters have been of a purely algebraic character, in this and
the following the focus turns to the model theory of henselian valued fields of char-
acteristic 0 and the leading term structures. To begin, in the first section some basic
relevant definitions are introduced. Then, various languages used to study valued

fields are surveyed and compared to the language of the leading term structures.

3.1 Definitions

A structure interpretable in another can be mimicked by definable sets and oper-

ations.

Definition 3.1.1. Let M and N be structures, not necessarily for the same language
and possibly multisorted. Let also the language of M consist of sorts s € & and
symbols r € R of arity n,!. (The symbols in R may be relation, function, or constant
symbols, but for convenience we assume they are all relation symbols.) If A C N,

then M is interpretable in N over A if there are
e A-definable sets T, C N*s for each s € S;

e A-definable equivalence relations ~, on each Tj;

More precisely, the arity of a relation symbol in a multisorted language is a function from the
set {1,2,...,n,} to S.
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e and surjections g, : Ty — s such that e,(z) = g,(y) iff z ~, y

such that for each r € R, r™ C s} x ... x s} the pullback of r via g, x ... x e,

is also A-definable in N.

In other words, the ~,-equivalence classes act as the s-sorted elements of M,
with definable sets on T filling in for the relations in M. In the setting of fields,

interpretable structures can be thought of as a generalization of algebraic groups.

Ezample 3.1.2. Let k be a field and n > 1. The group GL, (k) is interpretable in k
on the set
T = {(%‘) € k™ | det (i) # 0}

with the inverse image of the matrix multiplication being defined in the obvious way.

In this case, the equivalence relation ~ on T is trivial ((a;;) ~ (bij) < Vi,j <
n,a;; = b;;). For an example where it would be nontrivial, we could similarly give an
interpretation of the projective linear group PSL, (k) as a quotient of SL,, (k).
Example 3.1.3. Consider the valued field Q under the p-adic valuation, in the language

containing

e sorts for the field, the value group, and the residue field;

e the usual ring language on the field and residue field sorts, and the ordered

group language on the value group sort;

e and the valuation v and residue map res as maps between sorts (say res(z) = 0
for z ¢ O).

This is interpretable in the pure field Q. Recall that the set Z is definable in Q,
as well as the graph of exponentiation {(x,y,2) € Z? | 2¥ = z} on Z (see Robinson
29] for the former fact, Matiyasevich [22] for the latter?).

If Q is interpreted by the identity in itself, and the value group by the definable
subset Z, the map v, : Q — Z is defined by

vp(z) =y <= da,b € Z(ged(a,p) = ged(b,p) =1 Az = p?(a/b)).

2Definability of exponentiation in Z is a consequence of Gédel [9], but Matiyasevich achieves it
more efficiently.
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Now one can interpret the residue field on the set O = {x € Q | v,(x) > 0} under
the equivalence relation x ~ y < v,(x — y) > 0. The operations on the residue field

are simply the addition and multiplication inherited from O.

As suggested in Chapter 1, the leading term structures in a sense encompass both
residue field and value group. This can now be made more explicit. Regarding the
language, the leading term structure RVy comes with the leading term multiplication

and partial addition in the form of the relation ®s.
Proposition 3.1.4. Let (K, v) be a valued field with leading term structure RV.

1. The value group V is interpretable in RV.
2. The residue field R is interpretable in RV.

3. For v >4 >0V, RVs is interpretable in RV, as long as we may use as a
parameter an element d € RV., of value v(d) = 9.

Proof. (1): To begin, observe that v(x) > 0 is definable in RV. Indeed,
v(x) >0 <= x+rv(l) =1v(1).
From this it follows that v(x) = 0 is also definable:
v(x) =0 <= —w(x) > 0A3Jy (xy =rv(l) A—v(y) >0).
Now define the equivalence relation ~ on RV by
x~y<=dc(v(c)=0Ax=cy).

Clearly, we have x ~ y iff v(x) = v(y), so that the equivalence classes of ~ in RV are
in bijection with V.

Moreover, addition of v(x) + v(y) in V corresponds to the multiplication xy in
RV, and the group ordering < is defined by x <y iff x #co Ax +y = x.

(2): Nonzero elements of the residue field are in bijection with x € RV such

that v(x) = 0, with Z corresponding to rv(z). To see this, simply note that when
v(z) = o(y) =0,

T=y<=v(r—y) €em<=rv(z) =1rv(y).
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The multiplication and addition of R on these elements is the same as the multiplica-
tion and addition in RV except the case where two elements of R add to 0. Dealing
with this special case, however, is routine. For example one may map oo € RV to
0€R.

(3): Considering x = rv,(z),y = rv,(y) € RV, it will be enough to show that
x ~y < 1v5(x) = 1vs(y) is definable in RV,. Recalling 1.3.8, this follows from

rvs(z) =rvs(y) <= v(x—y) >v(y)+9
<= Vz € RV, (&,(x,—y,z) = v(z) >v(y)+9).

]

By itself, then, RV can be thought of as a kind of amalgam of residue field and
value group. The above shows that R and V' are interpretable in RV, and we will show
that in the presence of a cross section of the value group in RV, RV is interpretable
in (R,V). But in fact, if the cross section is definable, then a stronger equivalence

holds.

Definition 3.1.5. A subset C' C RV is a cross section if for every § € V there is

precisely one c¢; € C such that v(cs) = 6, and for all 6,7 € V, cscy = 5.

Proposition 3.1.6. Suppose RV has a cross section C' = {cs |0 € V}. Then RV is
interpretable in the two sorted structure (R, V'), the first sort with the ring language

and the second with the ordered group language.

Proof. Let S = (R* x V) U{(0,0)}, i.e. S is the subset of the cartesian product
of R and V where the first coordinate is only 0 if the second is 0 as well. Define
£:5 — RV by
(5.5)) = csrv(z) ifres(x) =2 #0
00 if (z,d) = (0,0).
We claim that ¢ is a bijection. Indeed, if x € RV is not oo, then v(x) = § # oo,
and there is x € K with £ # 0 in R and x/cs = rv(x). Thus x = ¢((Z,d)) and ¢ is

onto. Conversely, if csrv(z) = ¢, rv(y) with v(z) = v(y) = 0, then v(csrv(z)) = =
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v(cy1v(y)) = 7. So ¢5 = ¢, and rv(z) = rv(y). Now res(z/y) = 1 (by 1.3.3) implies
Z =y, and so ¢ is injective as well.

It remains to show that the inverse image of multiplication in RV and the & rela-
tion are definable in S. But since (csrv(x))(c, rv(y)) = €54 rv(2y), the inverse image
of the graph of multiplication on nonzero elements is just {((z, ), (7,7, (Zg,d + 7)) }.
If either of the factors is (0, 0), of course, the product must also be (0, 0). So the mul-
tiplication relation is clearly definable in S.

For @, if csrv(z) + cyrv(y) = cgrv(z) (with v(z) = v(y) = v(z) = 0) holds in

RV, there are several possibilities to consider:
o Ifsay § <7, then § = and rv(z) = rv(z).
o Likewise if v > 4.
e If § =~ = [, then the addition is well-defined and z = z + § # 0.

e Finally, if # > min{d,~}, the addition is not well-defined and the addition
relation holds for any czrv(z) such that 5 > min{d, v} (see Proposition 1.3.8).

Since each of these cases is clearly definable in S, the inverse image of @ via ¢ is

definable and the interpretation holds. O

Although with the existence of the cross section, RV and (R,V’) are mutually
interpretable, there is not a complete correspondence between the definable sets in
the two structures. If C is not definable in RV, then while there is a definable
subset of R x V isomorphic to V, in RV there is only an equivalence relation whose
equivalence classes are isomorphic to V. Mutual interpretability is a weaker relation

than bunterpretability.

Definition 3.1.7. Suppose M is interpretable in N via the definable S C N* and
surjection € : S — M, and that N is interpretable in M via the definable T C M* and
surjection ¥ : T'— N. These interpretations form a biinterpretation if the composite
maps £ ot and ¥ oe (restricted to the domains where the composites make sense) are

definable in M and N respectively.
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The distinction between two structures being mutually interpretable and biinter-
pretable is a case of two structures not only being able to imitate each other, but
to imitate each other so well that each structure can definably recognize the other’s

imitation of it.

Proposition 3.1.8. If there is a definable cross section C in RV, then there is a
biinterpretation between RV and (R, V).

Proof. Let R* := {x € RV | v(x) = 0} U{oco}. We have on the one hand the bijection
€ : 5 — RV from 3.1.6, and on the other hand two bijections

Jp: R*"— R
Yy :C =V

which interpret the sorts R and V' in RV as in 3.1.4 (the map ¥y is different from
that in 3.1.4 in the absence of C, but the argument is the same).

Now, the composition € o (Jg x ¥y ) : (R* x C') — RV sends (x, ¢5) to xcs, which
is obviously definable in RV. The map g o ¢ is defined on the subset of S for which
the second coordinate is 0, and sends (Z,0) to . The map ¥y o ¢ is defined on the
subset of S for which the first coordinate is 1 and sends (1, d) to §. These are trivially
definable in S x R and S x V respectively. Thus we have a biinterpretation. O

3.2 On Languages

A number of different languages have been proposed for working with valued
fields in first-order logic. As a single sorted structure, one adds to the ring language
Lr = {0,1,4, x} a predicate for the valuation ring ©. This is in fact enough to
specify the valuation, since v(z) < v(y) iff y/z € O. It is then straightforward
to show that the value group and residue field are interpretable in the field in this
language. Other authors have used the 3-sorted language as in Example 3.1.3.

On the other hand, one may also build a language based around the leading term

structures. The leading term language refers to a multisorted language

(K, (RVs)sen)
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with the ring language on the field sort, A C {d € V' | 0 < § < oo} to be specified as
needed, the multiplication and the addition relation €5 on each RV, and as maps
between the sorts rvs : K — RV and 1v,,_5 : RV, — RV, for each v > ¢ € A.

This is a simplification of the language of additive and multiplicative congruences

(amc-structures) used by Kuhlmann [20]. He defines, for each 6 > 0 in V|, the system
K; := (05, Gs,05(z,y))

whereby O; := O/ms, G5 .= K* /(1 + ms) (= RVy as a multiplicative group). The
notations ms; and 75 are used for the canonical maps O — Os and K* — G respec-
tively (again, 7} is the same as our rvs). Then the relation Oy is defined on O x G
as

Os(x,y) <= 32 € O (ms(z) =x A7;(2) =y).

In fact, we show that the leading term structures and Kuhlmann’s amc-structures

are biinterpretable.
Proposition 3.2.1. For 6 > 0, Ky is interpretable in RVy.

Proof. Since Gy is a reduct of RVy, it only remains to give an interpretation of Os,
as well as of the relation ©j.

Elements a,b € O have equal images in Oy if (and only if) a — b € mg, that is, if
v(a —b) > §. Using the notation

RV :=RV4(0) = {x € RVs | 0 < v(x)}
define an equivalence relation ~ on RV} by
a~b<=VYceRVs(a—b=c—uv(c)>9).

It is clear that there is a bijection between Os and the equivalence classes of ~ on
RV,

In fact, if we define the surjection

¥ :RV) — Os
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so that ¥(x) is the element of Os corresponding to the equivalence class of x, then
we have w5 = 9 o rvy.

It remains to show that the graphs of addition
A= {(x.y.2) € (RV])® | 9(x) + 9(y) = 9(2))}
and multiplication
M = {{x,y,z) € (RV;)’ | I(x)0(y) = 9(2) }
as well as the interpreted form of the relation Oy,
Os5 = {(x.y) € (RV;)* | 32 € O (ms(2) = V(x) Arvs(z) = y)} ,

are definable in RVj.
Beginning with @)5, it happens in fact that

65()(7 y) = X~Y,
i.e. iff ¥(x) = ¥(y). This is because given y € O with rvs(y) =y,
ms(y) = V(x) < W(rvs(y)) = I(y) = V(x) & x ~y.

Similarly, (x,y,z) € M iff xy ~ z follows from again taking x,y,z € O with

rvs(x) = X,1v5(y) = y,1vs(2) = z and noticing that
Ts(2)s5(y) = ms(2) & ms(xy) = Ms(2) & V(xy) = V(z) & xy ~ 2.

Finally, for addition we have A = ®sN (RV;)? To see this, taking x,y,z € RV,

we have

@s(x,y,2) < dr,y,z€ O@vs(x) =xA1vs(y) =y Arvs(z) =zAx+y=2)
& dr,y,z € O(ms(x) + ms(y) = ms(2))
< (x,y,z) € A.

The reverse is also true:
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Proposition 3.2.2. RV is interpretable in K.

Proof. Tt is only necessary to prove that the relation @; is definable on Gs. Suppose

for simplicity that x # oo and v(x) < v(y). We claim that @;(x,y,z) if and only if
Ix ' eGsda,be O (x 'x=1A0ax'y) AOs(b,x 'z)Al+a=0).

If there are z,y,z € K with rvs(z) = x,1v5(y) = y,1vs(2) = z and x + y = z,
then 1 + 2~ 'y = 22 gives 1 + @ = b in the above. Conversely, if the formula holds,
then taking 7!, a,b € K such that rvs(z™1) = x~1, 75(a) = @, and 75(b) = b, we find

that rvs(x) = x,rvs(za) =y, rvs(xb) = z witness Bs(x,y, z). O

It is evident that 3.2.1 and 3.2.2 in fact give a biinterpretation, since the inter-
pretations are given by the identity map between RVs and Gs. Thus we have proven
that the leading term language of order ¢ is biinterpretable with the amc-structure
of order ¢, for all § > 0 in V. Moreover, this biinterpretation is field-quantifier-free:
the formulas defining the maps and interpreted relations include no quantifiers over

the field sort.

3.3 Quantifier Elimination

Quantifier elimination holds in algebraically closed valued fields (see Robinson
[28]), but such a property is too much to expect in general henselian valued fields.
As noted in Example 1.1.9, a henselian valued field can be constructed with arbitrary
residue field and value group.

Instead, one hopes for a relative quantifier elimination. This would mean that all
quantifiers can be eliminated down to those which quantify over a certain definable
subset, or over a sort. In the case of valued fields, for example, it may be possible
to eliminate field-sorted quantifiers by showing that they can be transformed into
quantifiers over the residue field sort or the value group sort, or over the leading term
structures. In fact, in henselian fields of characteristic 0 in the leading term language,

such a relative quantifier elimination does indeed hold.
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This was shown by Kuhlmann in [20], following a special case by Basarab [4].
Considering Proposition 3.2.1, and the absence of field-sorted quantifiers in the in-
terpretation given there, Kuhlmann’s result transfers immediately into our modified

leading term language.

Proposition 3.3.1 (Kuhlmann [20]). Let (K, v) be a henselian valued field of charac-
teristic 0. The theory of (K, (RVs)sea) admits elimination of field-sorted quantifiers,

where

A {0} if char(R) =0
{v(p") | n € N} if char(R) =p > 0.

]

Much like in Proposition 3.1.8, if the field contains a cross section of the value
group definable without field-sorted quantifiers, the 3-sorted language is biinter-
pretable with the leading term language, and the relative quantifier elimination carries
over. However, a definable cross section will not often exist. Thus, while the 3-sorted
language has the benefit of dealing with more familiar structures, the leading term
language seems to be the more natural language for henselian fields, as this is where

the quantifier elimination works.

Example 3.3.2. We give an example of a henselian field which does not admit quantifier

elimination relative to R and V. Let K = Q((t)). As a Hahn field, K is henselian.
We claim that the elements t? and 2t2 satisfy the same field-quantifier-free formulas

(without parameters). Such a formula can be written as a boolean combination of

formulas of the form

(i) f(z) = g(x) or f(x) # g(x), where f(z), g(x) € N]z];

(ii) e(res(fi(x)),...,res(fu(z))), where ¢ is a formula in the residue field sort and
each f; € N[z];

(iii) or Y(v(fi(x)),...,v(fu(x))), where ¢ is a formula in the value group sort and
each f; € N[x].
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In the first case, since t? and 2¢? are transcendental over Q, it is easily seen that
f(t?) = g(?) if and only if f(2t?) = g(2t?) if and only if f(x) = g(x). In (ii), for each
i res(f;(t?)) and res(f;(2t?)) are both simply the residue of the constant term of f;,
and therefore equal. Thus ¢? satisfies a formula of the form in (ii) if and only if 2¢?
does.

For (iii), if f(z) = i a;x" with each a; € Q, and suppose k is the least integer
such that ay # 0. ThenZ:sOince v(a; (%)) = v(a;(2t%)") = v(a;) + 2 = 2i if a; # 0 (and
= oo if a; = 0), we have v(f(t?)) = v(f(2t?)) = 2k. So again, t* satisfies ¢ if and
only if 2¢? does.

Therefore, t? and 2t have the same field-quantifier-free type over (). However, they
do not have the same type, since only ¢? is a square in Q((¢)). The same example

b root

can be adapted to k((t")) for any field k containing an element lacking an n
in k, proving also that such a field cannot contain a cross section of V' definable over

() without field-sorted quantifiers.
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Chapter 4

Definable Subsets of K

In [12], Holly proved a canonical form for definable subsets (in one variable) of
an algebraically closed valued field (ACVF). Namely, each such set can be expressed
uniquely as a finite union of non-trivially nested swiss cheeses. This was used in [13]
to show that these one-dimensional sets are coded in ACVF in the 3-sorted valued
field language augmented by extra sorts for the balls.

In this chapter, we use the decomposition of Chapter 2 and relative quantifier
elimination from Chapter 3 to give an analog of these results in characteristic 0
henselian valued fields, relativized to the leading term structures. Again, we work in

a henselian valued field (K, v) with char(K) = 0.

4.1 A canonical form

As with the quantifier elimination, in attempting to describe the definable subsets
of K it will be impossible to make any assumption on what is happening in the leading
term structures. What is sought is a simple characterization of definable subsets of

the field in terms of definable sets in the leading term structures.

Proposition 4.1.1. Suppose S C K 1is definable over A. Then there are ayq, . .., qy €
acl(A) and a subset D C RV, x ... x RVy, definable over acl(A) such that

S={ze K| (rvs(x —aq),...,1v5(x —ay)) € D}.



CHAPTER 4. DEFINABLE SUBSETS OF K 41

As before, if char(R) = 0, we may take §; = 0 for all i; if char(R) = p > 0, then
the 6; can be taken among v(p") for n € N.

Proof. The elimination of field-sorted quantifiers from Proposition 3.3.1 implies that

S is definable by a formula of the form

¢ (rvs, (fi(@)), - 1vs, (fal@)) (4.1)

with ¢ being a formula in the RV sorts and each f; a polynomial with coefficients
over A.

Applying the decomposition of Proposition 2.2.4, there are swiss cheeses Uy, . .., U,,
partitioning K, for each i < k RV polynomials ¢;1, . .., t;, (over acl(A)), and for each
i <k and j <m field elements o;; € acl(A) such that (4.1) is equivalent to

\ (& €U A (tilrve, (@ — aij)), .. tiglrve, (2 — aig)])
7j=1

(with each 0;; = d; + v(p™), some n € N, or §;; = 0 in residue characteristic 0).
The condition x € U, is definable in RV with parameters of the form rv(z — ).
Without loss of generality we consider 3 to be among the «a;; and let ); be the RV

formula expressing
wj(Xl, R ,Xk) — T c Uj N (tlj[xl]: R ,tkj[Xk]) .

For each i < k define v; := max;j<,,{d;;}. Since every t;;[rvs, (z — ;)] can be
computed as ti;[rvy,_; (rvy,(z — ai;))], it may without loss of generality be assumed
that d;; = ~; for all ¢, 7. Thus each 1; is a formula over RV, x ... x RV, .

Finally, letting x be the formula \/¢; and D be the set in RV., x... x RV,
defined by y, we have

S={re K| (v, (r—a),...,tv,,(z —y)) € D}
as required. O

Holly’s swiss cheeses in algebraically closed valued fields arise as boolean combina-

tions of balls. This can be seen as the combination of a pullback of a finite set (from
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the residue field) and an interval (the value group). It is a consequence of strong
minimality and o-minimality that these are all the sets definable in the residue field
and value group. Again, it is a necessary byproduct of the relativity in the quantifier
elimination in the henselian setting that we must allow for pullbacks of arbitrary
definable sets D in the leading term structures.

The pullback of an interval in the value group itself will produce a ball (or, more
accurately, an annulus) around 0. Shifting to balls centered elsewhere can be taken

as analogous to our linear shifting by (aq, ..., ag).

4.2 Imaginaries

The main theorem of [13] gives a first step towards elimination of imaginaries for
ACVF using the canonical form theorem of [12]. With 4.1.1 we may also prove a

general henselian version. First, some definitions are needed.

Definition 4.2.1. Let T be a first-order theory, possibly in a multisorted language.
T admits elimination of imaginaries if, for every model M | T, (-definable set
S C M™, and (-definable equivalence relation ~ on S, there is an m € N and (-

definable function f : S — M™ such that for all a,b € S, a ~ b if and only if
fla) = f(b).

Thus f(a) can act as a proxy for the equivalence class of a under ~. These
equivalence classes are the so-called ‘imaginaries’.

Like the morleyization process for quantifier elimination, it is always possible to
force a theory to eliminate imaginaries by expanding the language. This is done by
adding, for each ()-definable equivalence relation ~, a new sort S consisting of the
equivalence classes of ~ as well as a new function symbol f which maps an element
to its equivalence class in S. The resulting theory is denoted 7°9.

For theories which fail to eliminate imaginaries, it can be useful to find some
intermediate, optimal expansion lying between T" and 7°? which suffices. This was
done, for example, for ACVF in Haskell, Hrushovski, and Macpherson [10]. They

found that algebraically closed valued fields eliminate imaginaries in the 3-sorted
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language augmented by new sorts made up of definable submodules of K™ over O
and their cosets (the ‘torsors’). Since the balls centered around 0 constitute O-
submodules of K, this is presented as a generalization of Holly’s theorems to more
dimensions.

From another perspective, elimination of imaginaries gives a way of treating de-

finable sets as elements. Given a formula ¢(Z,7), define
an~ biff Vo ((z,a) < ¢(z,b))

i.e. if p(Z,a) and (Z,b) define the same set. This set can then be identified with
the equivalence class of a under ~.

This motivates the following definition and proposition.

Definition 4.2.2. Let S C M™ be a definable set of a model M. S is coded in M if
there exist a formula ¢(Z,%) and a tuple @ in M such that for all b, ©(Z,b) defines S
if and only if b = a.

Poizat [24] proved that coding definable sets is equivalent to eliminating imagi-

naries:

Proposition 4.2.3. Suppose T is a theory with at least two distinct definable elements
(such as any theory of fields). T eliminates imaginaries if and only if for every M =T
and definable S C M", S is coded in M.

Returning to henselian valued fields, therefore, Proposition 4.1.1 suggests an ex-
pansion of the leading term language in which all definable subsets of K (in one vari-
able) are coded. To do this, it must be assumed that all definable subsets in the lead-
ing term sorts are already coded. Thus, we begin with the language (K, <RV5)§%A).
A code for the definable D C RV" will be denoted "D™.

To be precise, by (K, (RVs)5i,) is meant the model expanded to the language
adding, for each formula ¢(x,y) over the leading term sorts, a new sort S, for the

equivalence classes of the relation

a~ b iff Vx (¢(x,a) < ¢(x,b))
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and with a new function f, sending a to its equivalence class in S,,.

Now, 4.1.1 showed that every definable subset of K is of the form
{r e K| (rvs,(x —a),...,1v5(x —ay)) € D}

for some definable D in the leading term sorts. We wish to give a language in which
these sets are coded. Given the formula ¢ defining D, define a new equivalence

relation ~, on K* x S, by
(a1, ...,a5, "D ~, (B1, ..., Ok, "ET) iff

Vo ((rvs, (x — 1), ..., tvg (x — ag)) € D« (v, (x — B1),...,1v5. (x — Bk)) € E)

and add as before a new sort T, consisting of the equivalence classes of ~,, and a
new function g, : K* x S, — T, sending (o, ..., ax, " D7) to its equivalence class.
Let £ be the expansion of the leading term language with all these new sorts and

coding functions added for every RV-formula .

Proposition 4.2.4. Let M = (K, (RVs)52,,(T,)) be a henselian valued field of char-
acteristic 0 expanded to L as described above. (Recall that A = {0} for char(R) =0,
A = {v(p™) | n € N} for char(R) = p.) Every subset S C K of the field is coded in
M.

Proof. Most of the work has already been done by 4.1.1, what remains being only
a matter of making sense of the formalism. In particular, the form of definable sets
from 4.1.1 still holds in the expanded language, since the relations ~, are all definable
by equations of the same form.

Given a definable S C K, therefore, suppose
S={re K| (rvs(r—ai),...,tvs (v —ag)) € D}.

Fix the formula ¢(x;a) defining D. Now letting ¢ = g (a4, ..., ax, fo(a)), S is
defined by the formula
Y(x,c) =

vyla <. 7yk7y(gsa(yla <o 7yk7fgo(Y)) =C < QO(I"V(;I(I’ - y1)7 s ,I'V(;k(fﬂ - yk)>y))
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and moreover, c is the only element of T, for which v (z, c) defines S.

Thus S is coded in M via ¢ and c. O

As with Holly’s theorem, it is hoped that this one-dimensional case could form a
foundation for a full elimination of imaginaries for characteristic 0 henselian fields.
Just as a key insight in [10] was the identification of the definable O-modules and
torsors as the proper generalization of the balls to more dimensions, a key issue here
is in finding a suitable many-dimensional version of the sets in 4.1.1.

In fact, it is an immediate consequence of quantifier elimination that definable

subsets of K™ take the form

{{z1,...,2n) € K| (tvs,(f1(Z)),...,vvs, (fr(Z))) € E} (4.2)

where E is definable in RV, x ... x RV, and each f; € K[z1,...,z,).

One could then obtain a trivial elimination of imaginaries by including the sets
(4.2) as new sorts. An approach towards a more satisfying solution of the elimination
of imaginaries problem may be to give a necessary and sufficient subclass of the
polynomials f;.

For example, one could hope to show that every definable set can be coded in terms
of sets of the form (4.2) with the f; being affine transformations of K™. Though a

counterexample has not been found, this seems overly optimistic.
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Chapter 5

Relative Decidability

As in [7], the swiss cheese decomposition of Chapter 2 suggests a decision proce-
dure relative to the leading term structures. Working over the p-adics, Cohen obtains
a decision procedure for Q, using the fact that the residue field (a finite field) and
value group (Presburger arithmetic) are themselves decidable.

Again, such a result will not hold generally in henselian valued fields due to the
lack of control over the residue field or value group. However, as with Kuhlmann’s
quantifier elimination, we can look for a relative procedure which reduces questions
in the field to questions about the leading term structures. This is a relative decision
procedure in the sense that if the leading term structures are themselves decidable,
then the whole valued field is decidable; or alternatively, if we allow ourselves an
oracle for the leading term structures, then we can construct a decision procedure for
the whole field.

The proof relies on an effective relative quantifier elimination procedure (as op-
posed to Kuhlmann’s, which does not give a clear algorithm). At present, it works
only in residue characteristic 0. Nevertheless, it seems likely that a similar proof
could be adapted for the mixed characteristic case, and we show precisely where the

obstacle remains.
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5.1 Quantifier elimination revisited

The first step in the quantifier elimination comes from deciding questions about

when certain finite sets of balls have a non-empty intersection.

Proposition 5.1.1. Let z;,a, € K, 0<6; € V fori <n. The formula
Jz (/\ rvs, (2;) = rvs, (x — a,-)) (5.1)
i<n
is equivalent to a formula with no field-sorted quantifiers over the parameters rvs,(z;),

rvs,(a; — a;), and &; (or, more precisely, an element of value 0;).

Proof. Notice that the set of x satisfying rvs,(z;) = rvs,(z — ;) is in fact equal to
the open ball B; := B.,(.,)1s,(2 + a;). So what is sought is a means of testing for
nonemptiness of the intersection of the balls B;. Since finitely many balls having
pairwise nonempty intersections implies a nonempty intersection, it will be sufficient
to do so for the intersection of two balls. Thus we may assume n = 2.

Let us assume also that v(z1) + 1 < v(22) 4 0. This implies that By N By # 0 iff
By D By iff z9+as € By iff v(z1 + a1 — 29 — ag) > v(z1) + 1.

o Case 1: v(z1) <w(a; — az), v(z1) < v(ze), and §; < Js.
Then, by Proposition 1.3.8, v(z; + a1 — 20 — a2) > v(z1) + d1 is equivalent to

v(wy) # v(wa) A
dwy, Wy € RV, | rvs, (21) — 1vs, (22) + 1vs, (ar — az) = wyi A

Vs, (21) — v, (22) + 1vs, (a1 — ag) = wy

since the sum in RV, at least determines the valuation except when
v(z1 — 22 + a1 — az) > min{v(z1),v(z2),v(a; —az)} + 0 = v(z1) + 1.

o Case 2: v(z1) <w(a; — az), v(z1) < v(z2), and §; > 0.

This time, although vy, (22) is no longer uniquely determined from rvs,(22),

v(z1 + a3 — 2o — ag) > v(21) + 01 is equivalent to

Yu € RVy, 3wy, wy € RVy,
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v(wy) # v(wg) A
1vs,(0) = 1v5,(22) = | 1vs,(21) —u+r1vs, (a1 —as) = wi A
rvs, (21) —u+ vy, (@ — az) = wy

because rvg, (1) = rvs,(z2) implies that rvs, (z1) — u = rvs, (21) — rvs, (22).

To see this, let u = rvg, (u) and note that the inequality v(z;) < v(z9) is in fact
strict. Thus rvg, (21) —u = rvs, (21 — u) and rvg, (21) — 1vg, (22) = 1vs, (21 — 22)

as well-defined sums. Now
v((z1 —u) — (21 — 22)) = v(z2 —u) > v(22) + 02 > v(21) + &

by 1vs, (1) = 1vs,(22).

Now argue as in Case 1.

o Case 3: v(z1) <w(a; —az) and v(z2) < v(z1).

This implies v(z1 + a3 — 22 — az) = v(29) < v(z1) + d1, so this case is trivial.

o Case 4: v(ay —az) < v(z).

In this case, rvs,(21) + v, (a1 — ag) is well-defined. Then
Az (rvs, (21) = 1ve, (T — a1) Arvs,(22) = rvs, (T — as))
holds if and only if
Az (rvs, (21) + 1vs, (a1 — ag) = 1vs, (x — az) Arvg,(20) = 1vs,(z — ag)) .
If §; < d, this is equivalent to
rvs, (21) + v, (a1 — az) = v, (rvs,(22))

(witnessed when the above holds by & = 23+ ay), while if d3 < §; it is equivalent

to
Vs, (rvs, (21) + 1V, (a1 — ag)) = 1vs,(22)

(witnessed by = = 21 + a4).
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The desired formula will then be the disjunction over all these cases. O]

In fact, we will need the above result to apply more generally to formulas involving

the leading terms of polynomials linear in z.

Proposition 5.1.2. Let z;,a;,b; € K with a; # 0. The formula

Iz ( N\ rvs, (21) = 1vs, (asx — bi)) (5.2)

i<n

is equivalent to a formula with no field-sorted quantifiers over parameters rvs (z;),

rvs,(a;), rvs,(ab; — azb;), and ;.

Proof. This is easily adapted from 3.2.1. By factoring out rv(a;) in (5.2) to get

U= rvs.(z — bi/a;), 3.2.1 gives an equivalent field-quantifier-free for-

v, (2;) rve, (a;)”
mula over parameters rvs, (z;) rvs, (a;) ™1, 1ve,(bj/a; — bi/a;), and §;. Factoring rvs,(a;)
and vy, (a;) 1v5,(a;) back into the first two leading terms gives rvs, (z;) and rvg, (a;b; —

a;b;), as required. ]

Proposition 5.1.2 forms the basis for an induction on the maximum degree of a
polynomial appearing as a leading term. As noted above, the proof as a whole works
only in residue characteristic 0, since we must eventually assume that each §; = 0,
but it is carried out as far as possible without this assumption.

The relative quantifier elimination essentially uses the linearization of the leading
terms of polynomials to push questions about the existence of field elements into the
leading term structures.

One feature of this method is that we need not make any assumptions on the
formula in the RV structures. Consequently, we may allow any additional structure
(such as a cross section, or an expansion to RV®?) on the leading terms. The important
point is that the field sort carries only the usual ring language and the map(s) rvs.

The basic situation, therefore, would be a two-sorted structure (K, RV) in residue
characteristic 0, and a many-sorted structure (K, RVy, RVyp), RVy 2y, . . .) in residue
characteristic p > 0. In full generality, however, the language can include any expan-

sion on the RV part of these basic languages.
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Proposition 5.1.3. Let T be the theory of a characteristic 0 henselian field with
char(R) = 0' in a language of the kind described above. Then T eliminates field-

sorted quantifiers.

Proof. We begin with an existential formula of the form

dr € K (¢ (rvs, (fi(z,a)),...,rvs, (fu(z,1)))) (5.3)

where ¢ is some predicate definable (with RV-sorted parameters) in RVs, x ... xRVj,,
the f; are polynomials over K, and all field-sorted free variables are among u. It
suffices to show that this is equivalent to a field-quantifier-free formula.

First of all, if each f; is linear in z, rewrite (5.3) as

Jz; € RVj, (gp (Z1,...,2Zn) N Jz €K (/\ Z; = rv(;i(fi(x,ﬁ))>> : (5.4)

i<n
Now Proposition 3.2.2 applies to eliminate the quantifier Jz.
In general, we use an induction on max;<, {deg(fi(z))} to reduce each f; to linear
terms. Proposition 2.2.4 gives a partition K = USj and roots Aq,...,\, of cer-
tain polynomials g1, ..., g, which are derivatives of the f; (in particular of degree

< max;<, {deg(fi(x))}), such that for all z € S; and i < n either

(i) rvs, (fi(x)) can be computed in RVy, as a well-defined polynomial function of

YV(SZ.(Z' — )\”) ()\” € {)\1, Ce 7>\m})7 or,

(i) rvs,(fi(x)) can be computed as the image in RV, of a well-defined polynomial

function of rvs,4,(g) (2 — Aij), ¢ a power of p (only in case char(R) = p > 0).

The roots Aq,..., A, also serve as centers of the balls comprising the swiss cheeses
S;.

In this way, the formula in (5.3) is equivalent to one of the form

Jr,y1,. Yy € K /\gz(yz) =0A
i (5.5)
Ve (TVéklj (@ = y1j), .- 1vs, (T — ynj)) :
J

L As mentioned above, however, this assumption is avoided in the proof as far as possible.
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Specifically, ¢; will express that x € S}, that there is a term ¢;; [rv(;kij (x — y;;)] which
is well-defined for each 7, and that ¢ holds with ¢;; [I‘V(gkij (x — y;;)] substituted for f;.
Here the y;; are among y1, . . ., ym and the dy,; are either d; or (in residue characteristic
p only) &; +v(q).

In (5.5) the bound variable z occurs only linearly, so it can be eliminated as shown

above. This produces an equivalent formula in the form

W, ym €K ((/\gi(yi) = 0) A (1vy, (ha (g, 1), - - JVw(he(@?ﬂ)))) (5.6)

with hq, ..., hy being polynomials and 1) an RV formula. So it remains to show that
the quantifiers dyy, ..., y,, can be eliminated in such a formula.

In fact we may do so one at a time, so writing y for vy, g for g1, and suppressing y»
through v, (i.e., treating them as free variables in the subformula) our goal becomes

to eliminate the quantifier in a formula of the form

Fy € K(9(y) = 0N (1vy, (ma(y, @), .., 1V, (Re(y, 0)))) (5.7)

where ¢(y) is a polynomial of degree < max;<, {deg(f;(x))}.

Moreover, given g(y) = 0 each h;(y) may be replaced with its remainder on
division by ¢(y) (in applying the euclidean algorithm, it will be necessary to multiply
through by powers of the leading coefficient of g). Therefore it can be assumed that

deg(h;(y)) < deg(g(y)) < max {deg(fi(2))}

for each 7 < £. If the latter inequality is strict, of course, the induction hypothesis
finishes the job.

Otherwise, if we have equality, let us apply the decomposition of Proposition 2.2.4
a second time relative to hq(y),...,he(y). The result is another formula equivalent

to (5.7) taking the form

2,z €K (/\ $i(z) =0AFy(g(y) =0A X (xvy, (y — 21), ..., 1y, (y — zk)))>

(5.8)
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with deg(s;(z;)) < max {deg(h;(y))} < max {deg(f;(x))} for every i. Now, it will
J< j<n

suffice to eliminate the quantifier dy from the subformula

Jdy (g(y) =0Ax (er (y - Zl)? s IV (Y —2))) (5'9)

since then we would be in the situation of (5.6) except now with the degrees of the
si(z;) strictly less than max;<, {deg(f;(x))}.

From this point on, we need the assumption that char(R) = 0. So in particular
the assumption will now be made that all n; = 0.

Suppose without loss of generality that v(y — z1) > wv(y — z) for all i < k.
Then for each 7, rv(y — z;) = rv(y — z1) + 1v(21 — 2;) is a well-defined sum. Thus
X (rv(y — 21),...,tv(y — 2x)) depends only on rv(y — z;) and the parameters rv(z; —

zi), and in this case we may think of (5.9) as

Jy (9(y) =0A X (rv(y — 21))) - (5.10)

If we can eliminate the Jy in this formula, then by taking the disjunction over the

possible cases of which v(y — z;) is largest, we will be done.

Now, write g(y) = i a;(y — 21)° (the a; here will depend on 2, ..., 2, but as
usual we suppress mentilglg of the free variables and parameters wherever possible). If
ag = 0, then z is a root of g and we may check whether x’ holds on rv(z; — z;) = 0.

Otherwise, if g(y) = 0 shares a common factor with g™ for some n > 1 (but

n < d), then we may factor to write g(y) = ¢ (y)j(y) and reduce (5.10) to

Fy (9™ W) =0AX (rv(y — 21))) V (§y) = 0AX (tv(y — 21)))) -

Since both ¢(™ and § have degree strictly less than deg(g), we may apply the induction
to finish the proof. Thus we assume that ¢ has no common factors with any of its
derivatives.

Finally, if g(y) = 0 then g has a collision at y around z;, and no root of g is also
a root of any of ¢, ¢”,...,¢'?. Now, Proposition 2.1.3 implies that there is a A and
n < d such that ¢ (\) = 0 and rv(A — 21) = 1v(y — 21).
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Consider the formula

VAdy (( \/ gD (\) = 0) — ‘g has a collision at y around X’ A x/(rv(y — zﬂ)) :

1<i<d

(5.11)

We claim that (5.11) is equivalent to (5.10). In fact, if g has a root at y and A
is a root of g (1 <i < d), then g()\) # 0 and so the constant term of g recentered
around A is nonzero. This implies that ¢ still has a collision at y around .

If, conversely, (5.11) holds, then Proposition 2.2.2 implies that there is a A, which
is a root of one of g, ¢, g",...,g? for which rv(y — 2;) = rv(\A — 21) and g does not
have a collision at y around A. Therefore, this A must be a root of g itself. In other
words, (5.11) implies that there is a root of A of g for which rv(y — 2z1) = 1v(A — 21),
and ' holds of rv(y — z;). This shows that (5.10) and (5.11) are equivalent.

In (5.11), the quantifier Jy can be eliminated as in (5.4), since having a collision
at y around A is a definable condition on rv(y — A), and thus y appears only lin-
early. Likewise, the quantifier VA can also be eliminated by the induction hypothesis,
because deg(g") < deg(g).

Taking the disjunction over all these cases, we have succeeded in eliminating the

field-sorted quantifier in (5.9), and this finishes the proof. O

Since, looking back over the proof of Proposition 2.2.2, we have an effective algo-
rithm for producing the swiss cheese decomposition, the above proof gives an effective
algorithm for producing a field-quantifier-free formula from any formula in the leading
term language. Assuming formulas in the leading term sorts are decidable, therefore,
we may use this to devise a decision procedure for formulas over the valued field, and

we have proved

Proposition 5.1.4. The theory of a henselian valued field with char(K) = char(R) =
0 is decidable relative to an oracle for RV, or equivalently, as long as RV is decidable.
O
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