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Tropical linear spaces

Linear subspaces and Grassmannians

Let K = K, and m < n. The set of m-dimensional linear subspaces of K" is
parametrized by the Grassmannian Grpm,, C A variety:

{m-dimensional subspaces} — Grmn
rowspace A — (detA/),e([n]).
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Tropical linear spaces
Linear subspaces and Grassmannians
Let K = K, and m < n. The set of m-dimensional linear subspaces of K" is
parametrized by the Grassmannian Grpm,, C A variety:
{m-dimensional subspaces} — Grpp

rowspace A —  (det A’)Ie([”])'

As a subvariety of A([ﬂ), Grm,n is defined by the ideal generated by the Pliicker
relations. The shortest ones are called 3-term Pllicker relations:

Psab - Psca — Psac - Pspa + Psad - Pspe = 0,

where S C [n] has size m— 2, and a, b, c,d € [n] — S are distinct.
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Tropical linear spaces

Linear subspaces and Grassmannians
Let K = K, and m < n. The set of m-dimensional linear subspaces of K" is
parametrized by the Grassmannian Grm,, C Al variety:

{m-dimensional subspaces} — Grmn
rowspace A —  (det A/)/e(lnl)'
As a subvariety of A([:v]), Grm,n is defined by the ideal generated by the Pliicker
relations. The shortest ones are called 3-term Pliicker relations:
Psab - Psca — Psac * Pspd + Psad - Pspe = 0,

where S C [n] has size m— 2, and a, b, c,d € [n] — S are distinct.
The support of a Plicker vector P € Grm,pn

supp P := {Ie <[r:7]> P, # 0}

is the collection of bases of a matroid over the ground set [n] := {1,2,...,n}.
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Tropical linear spaces

Tropical Grassmannians

Suppose K is a valuated field. Given a polynomial f € K[Xi,..., Xy], we can
tropicalize it to the “tropical polynomial” trop(f) by substituting

+ — @ :=min Q=+ ke K—val(k) € T:=QU {oo}.
The tropical hypersurface defined by trop(f) is

T(f) := {x € T" | the minimum trop(f) is attained at least twice}.
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Tropical linear spaces

Tropical Grassmannians

Suppose K is a valuated field. Given a polynomial f € K[Xi,..., Xy], we can
tropicalize it to the “tropical polynomial” trop(f) by substituting

+ — @ :=min Q=+ ke K—val(k) € T:=QU {oo}.
The tropical hypersurface defined by trop(f) is
T(f) := {x € T" | the minimum trop(f) is attained at least twice}.
Definition
The tropical Grassmannian TGrm,,» C T(") and the Dressian Drm,n C (") are

TGrms:= [\ T(f) c Drmn:= () T().
fePlicker f Pliicker
ideal relation
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Tropical linear spaces

Tropical Grassmannians

Suppose K is a valuated field. Given a polynomial f € K[Xi,..., Xy], we can
tropicalize it to the “tropical polynomial” trop(f) by substituting

+ — @ :=min Q=+ ke K—val(k) € T:=QU {oo}.
The tropical hypersurface defined by trop(f) is
T(f) := {x € T" | the minimum trop(f) is attained at least twice}.

Definition

[n]
m

The tropical Grassmannian TGrm,,» C T([r,;]) and the Dressian Drpy,, C T( ) are

TGrma= () T() € Drma= () T().

fePllicker f Pliicker
ideal relation

A vector p € Dr, is called a tropical Plucker vector. Its support

suppp = {/e (K’}) p/;éoo}

is the collection of bases of a matroid on the set [n]. The vector p is also called a
valuated matroid.
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Tropical linear spaces

Tropical linear spaces

Theorem (Speyer 04)

There exists a correspondence L that makes the following diagram commute:

Grm,n <— {m-dimensional subspaces of K"}

TGrm,n <t {m-dimensional tropical linear spaces}
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Tropical linear spaces

Tropical linear spaces

Theorem (Speyer 04)

There exists a correspondence L that makes the following diagram commute:

Grm,n <— {m-dimensional subspaces of K"}

TGrm,n <t {m-dimensional tropical linear spaces}
In fact, L can be defined for any p € Drpm.p:

» Forany T C [n] of size m + 1, define the “valuated circuit” cr € T" of p as
(er)i = Pr—i.
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Tropical linear spaces

Tropical linear spaces

Theorem (Speyer 04)

There exists a correspondence L that makes the following diagram commute:

Grm,n <— {m-dimensional subspaces of K"}

TGrm,n <t {m-dimensional tropical linear spaces}
In fact, L can be defined for any p € Drpm.p:

» Forany T C [n] of size m + 1, define the “valuated circuit” cr € T" of p as
(er)i = Pr—i.

> Let

L(p) == {xe€T"|ci ®x1 D D ca® Xn is attained twice for any circuit ¢ of p}.
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Tropical linear spaces
Tropical linear spaces

Tropical linear spaces satisfy beautiful combinatorics:

» They are pure polyhedral complexes of dimension m.
» Their f-vectors have a nice upper bound (f-vector conjecture).
» Their global combinatorics are determined by a nice polyhedral subdivision.
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Tropical linear spaces

Tropical linear spaces

Tropical linear spaces satisfy beautiful combinatorics:

» They are pure polyhedral complexes of dimension m.
» Their f-vectors have a nice upper bound (f-vector conjecture).
» Their global combinatorics are determined by a nice polyhedral subdivision.

Theorem (Speyer 04)

Letp e (%), Then p is a tropical
Pliicker vector if and only if the
regular subdivision induced by p on
the polytope

I, := convex{e, | | € supp p}

is a matroid subdivision, i.e., all its
edges have the form e; — €.
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Isotropical linear spaces

Isotropic subspaces and spinor spaces

Denote 2n := {1,...,n,1*,...,n*}, and let Q be the symmetric bilinear form in K"
n n
Q(x,y) = fo Y+ in* Vi
i=1 i=1

An n-dimensional subspace U C K" is isotropic if Q(x, y) = 0 for any x,y € U.
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Isotropic subspaces and spinor spaces
Denote 2n := {1,...,n,1*,...,n*}, and let Q be the symmetric bilinear form in K"
Q(x,y) = fo Y+ in* Vi
i=1 i=1
An n-dimensional subspace U C K" is isotropic if Q(x, y) = 0 for any x,y € U.

The set of n-dimensional isotropic subspaces of K2" is parametrized by the (pure)
spinor space Spin, C A2":

{n-dimensional isotropic subspaces} —  Spin,
rowspace ( /n| Anxn) —  (Pfaffian A),com
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Isotropical linear spaces

Isotropic subspaces and spinor spaces

Denote 2n := {1,...,n,1*,...,n*}, and let Q be the symmetric bilinear form in K"
Q(x,y) = fo Y+ in* Vi
i=1 i=1
An n-dimensional subspace U C K" is isotropic if Q(x, y) = 0 for any x,y € U.

The set of n-dimensional isotropic subspaces of K2" is parametrized by the (pure)
spinor space Spin, C A2":
{n-dimensional isotropic subspaces} —  Spin,
rowspace ( /n| Anxn) —  (Pfaffian A),com

As a subvariety of AZ["], Spin,, is defined by the ideal generated by the Wick relations.

The shortest ones are called 4-term Wick relations:
Wisabcd - Ws — Wsap - Wseg + Wisac - Wispg — Wsag - Wispe = 0
Wesabe - Wsg — Wesand - Wse + Wsaca - Wsp — Wispeg - Wsa = 0
where S C [n], and a, b, ¢, d € [n] — S are distinct.
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Isotropical linear spaces

Isotropic subspaces and spinor spaces

The support of a Wick vector W € Spin,

supp W := {I € ol

W/#O}

is the collection of bases of an (even) A-matroid over the ground set [n].

Felipe Rincon (UC Berkeley) Isotropical Linear Spaces February 20, 2012

7/12



Isotropical linear spaces

Isotropic subspaces and spinor spaces

The support of a Wick vector W € Spin,

supp W := {I € ol

W, #0}
is the collection of bases of an (even) A-matroid over the ground set [n].
Definition

A collection of subsets B C 2 is the set of bases of an (even) A-matroid if

» Forany A, B € Band i € AAB, there exists j € BAA such that i # j and
AA{i,j} € B.
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Isotropical linear spaces

Isotropic subspaces and spinor spaces

The support of a Wick vector W € Spin,

supp W := {I € ol

W, #0}
is the collection of bases of an (even) A-matroid over the ground set [n].
Definition

A collection of subsets B C 2 is the set of bases of an (even) A-matroid if

» Forany A, B € Band i € AAB, there exists j € BAA such that i # j and
AA{i,j} € B.

Given any subspace W C K", the subspace U := W x W+ Cc K™Mis isotropic, so
Grm,n — Spin,,.

Moreover, the Pliicker vector of W is the same as the Wick vector of U, so Wick vectors
generalize Pliicker vectors, and in particular, A-matroids generalize matroids.
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Isotropical linear spaces

Tropical spinor spaces

Definition
The tropical spinor space TSpin, C 12" and the A-Dressian ADr, C 12" are
TSpin, .= (] T(f) C ADr, = () T(f).

feWick f Wick
ideal relation
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Isotropical linear spaces

Tropical spinor spaces

Definition
The tropical spinor space TSpin, C 12" and the A-Dressian ADr, C 12" are
TSpin, .= () 7(f) C ADr, = () T(f).

feWick f Wick
ideal relation

A vector w € ADr, is called a tropical Wick vector. Its support

W/#OO}

is the collection of bases of a A-matroid on the set [n]. The vector w is also called a
valuated A-matroid.

supp w = {/ e 2l

Note that tropical Wick vectors generalize tropical Plicker vectors.

Felipe Rincon (UC Berkeley) Isotropical Linear Spaces February 20, 2012

8/12



Isotropical linear spaces

Tropical spinor spaces

Definition
The tropical spinor space TSpin, C T2" and the A-Dressian ADr, C T2" are
TSpin, := ﬂ T(f) C ADr, := ﬂ T(f).

feWick f Wick
ideal relation

A vector w € ADr, is called a tropical Wick vector. Its support

W/#OO}

is the collection of bases of a A-matroid on the set [n]. The vector w is also called a
valuated A-matroid.

supp w = {/ e 2l

Note that tropical Wick vectors generalize tropical Plicker vectors.

Theorem (Jensen-R.)
TSpin,, = ADr, ifand only if n < 6.
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Isotropical linear spaces

Isotropical linear spaces

Theorem (R.)
There exists no correspondence Q that makes the following diagram commute:

Spin, <—— {n-dimensional isotropic subspaces}

TSpin,, <9, {n-dimensional isotropical linear spaces}
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Isotropical linear spaces

Isotropical linear spaces

Theorem (R.)
There exists a correspondence Q that makes the following diagram commute:

Spin, <—— {n-dimensional isotropic subspaces}

TSpin, <2 {n-dimensional isotropical linear spaces N S}

where S := {x € T?" | forany i € [n], at least one of x; and x;- is equal to co}.
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Isotropical linear spaces

Isotropical linear spaces

Theorem (R.)

There exists a correspondence Q that makes the following diagram commute:
Spin, <—— {n-dimensional isotropic subspaces}
TSpin, <2 {n-dimensional isotropical linear spaces N S}

where S := {x € T?" | forany i € [n], at least one of x; and x;- is equal to co}.

In fact, Q can be defined for any w € ADr,:
» Forany T C [n], define a “valuated A-circuit’ cr € T?" of w.
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Isotropical linear spaces

Isotropical linear spaces

Theorem (R.)
There exists a correspondence Q that makes the following diagram commute:

Spin, <—— {n-dimensional isotropic subspaces}

TSpin, <2 {n-dimensional isotropical linear spaces N S}

where S := {x € T?" | forany i € [n], at least one of x; and x;- is equal to co}.

In fact, Q can be defined for any w € ADr,:
» Forany T C [n], define a “valuated A-circuit’ cr € T?" of w.
> Let
QW) = {X€T* NS |CIOXI D - BChOXn® Cix O X« D+ Co © Xp»

is attained twice for any A-circuit ¢ of w}.

The space Q(w) is called the cocycle space of w, and can be thought of as a
generalization of a tropical linear space.
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Isotropical linear spaces

A-matroid subdivisions
Cocycle spaces satisfy beautiful combinatorics.

Theorem (Murota 97, R.)

Letw e T2". Thenw is a tropical Wick vector if and only if the regular subdivision
induced by w on the polytope

I'w := convex{e, | | € supp w}
is a A-matroid subdivision, i.e., all its edges have the form e; + €;.
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Isotropical linear spaces

A-matroid subdivisions
Cocycle spaces satisfy beautiful combinatorics.

Theorem (Murota 97, R.)

Letw e T2". Thenw is a tropical Wick vector if and only if the regular subdivision
induced by w on the polytope

w := convex{e | | € suppw}
is a A-matroid subdivision, i.e., all its edges have the form e; + ;.

Satisfying the 4-term Wick relations
corresponds to subdividing the
4-demicube in a A-matroidal way.
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Isotropical linear spaces

A-matroid subdivisions
Cocycle spaces satisfy beautiful combinatorics.

Theorem (Murota 97, R.)

Letw e T2". Thenw is a tropical Wick vector if and only if the regular subdivision
induced by w on the polytope

w := convex{e | | € suppw}
is a A-matroid subdivision, i.e., all its edges have the form e; + ;.

Satisfying the 4-term Wick relations
corresponds to subdividing the
4-demicube in a A-matroidal way.

A list of tropical Wick vector spaces and some of their corresponding A-matroid
subdivisions when n < 6 is available at:

http://math.berkeley.edu/~felipe/delta/
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Isotropical linear spaces

Cocycle spaces

Theorem (R.)

The cocycle space Q(w) can be described as the intersection of the tropical polytope
whose vertices are the cocircuits of w with S, i.e.,

O(w)z{ D ,\c@c],\ceqr}ms.
ccg?ix:uit
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Isotropical linear spaces

Cocycle spaces

Theorem (R.)

The cocycle space Q(w) can be described as the intersection of the tropical polytope
whose vertices are the cocircuits of w with S, i.e.,

O(w):{ &P M@c’ACET}ms.

¢ cocircuit
of w

Corollary (Murota-Tamura 01)

Any tropical linear space L(p) can be described as .
the tropical polytope whose vertices are the
cocircuits of p.
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Isotropical linear spaces

Cocycle spaces

Theorem (R.)

The cocycle space Q(w) can be described as the intersection of the tropical polytope
whose vertices are the cocircuits of w with S, i.e.,

O(w):{ &P M@c’ACET}ms.

¢ cocircuit
of w

Corollary (Murota-Tamura 01)

Any tropical linear space L(p) can be described as .
the tropical polytope whose vertices are the
cocircuits of p.

Corollary (Ardila-Klivans 03)

If p has only entries in {0, oo} then L(p) can be
described as a realization of the order complex of
the lattice of flats of the matroid associated to p.
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Isotropical linear spaces

Future directions

» How are the global combinatorics of a cocycle space determined by the
corresponding A-matroid subdivision?
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Future directions

» How are the global combinatorics of a cocycle space determined by the
corresponding A-matroid subdivision?

» What is the upper bound for f-vectors of cocycle spaces?

» What are some interesting A-matroid valuations? What is the A Beta invariant?
The A Tutte polynomial?
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Isotropical linear spaces

Future directions

v

How are the global combinatorics of a cocycle space determined by the
corresponding A-matroid subdivision?

v

What is the upper bound for f-vectors of cocycle spaces?

What are some interesting A-matroid valuations? What is the A Beta invariant?
The A Tutte polynomial?

v

v

Can all this be generalized to other homogeneous spaces and their
corresponding Coxeter matroids?
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Isotropical linear spaces

Future directions

v

How are the global combinatorics of a cocycle space determined by the
corresponding A-matroid subdivision?

v

What is the upper bound for f-vectors of cocycle spaces?

What are some interesting A-matroid valuations? What is the A Beta invariant?
The A Tutte polynomial?

v

v

Can all this be generalized to other homogeneous spaces and their
corresponding Coxeter matroids?

Thank you!
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Ooops...
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