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ABSTRACT. We collect a number of technical assertions and related counterexamples about

viscosity solutions of the infinity Laplacian PDE —Accu = 0 for Asou := Z?j:l Ug,; Uz ; Uz o, -

1. Introduction.

This paper gathers together an assortment of new observations and counterexamples
concerning viscosity solutions u = u(z) of the “infinity-Laplacian” equation

(1.1) —Au=0 inU,

where U denotes an open subset of R"™ and

(1.2) Aot = Z Uy, Uz U,z -

i,j=1

Background and motivation. The PDE (1.1) is a sort of Euler-Lagrange equation
for a basic calculus of variations problem in the sup-norm: see for instance the survey by
Barron [B] and the references therein.

The fundamental variational principle, first identified by G. Aronsson, is this. We are
given a continuous function ¢ : U — R and are asked to extend g to a function u : U — R
so that

(1.3) { for each bounded subset V of U and each function v € C(V),

u=wvon dV implies ess-supy, |Du| < ess-supy |Dv|.
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We say that u is an “absolutely minimizing Lipschitz extension” of the boundary values g.

A central question has been to understand this minimization problem and to develop
appropriate PDE methods. It is a central discovery of G. Aronsson that the Euler-Lagrange
equation of the (1.3), suitably interpreted, is a highly nonlinear and highly degenerate
PDE (1.1). It has been a major challenge to understand the connections between analytic
properties of solutions to the boundary—value problem

—Asu=0 inU
(1.4) {

u=g in OU,

and the variational problem associated with (1.3).

R. Jensen [J] proved the first basic theorems asserting that the Dirichlet problem (1.4) is
well-posed, He showed that if U is a bounded, open, connected subset of R and g € C(9U),
then (1.4) has a unique viscosity solution u € C(U) satisfying u = g on U,

More recently, Crandall, Evans and Gariepy [C-E-G] have focussed attention upon the

“comparison with cones” property of solutions. They introduced quantities

S*(z,7) = max u(y) — u(x) >0
yeB(z,r) r
and
S_(x’fr') = min M S O7
yEB(z,r) r

defined if B(z,r) C U, and showed that the mappings r — S*(x,7), S~ (z,r) are respec-
tively monotone increasing and decreasing. Thus the limits

(1.5) S(z) := lim ST (x,7) = — lim S~ (z,r)

r—0 r—0

exist and, as shown in [C-E-G|, are equal. If u is differentiable at z, then of course
S(x) = [Du(x)].

These observations raise the fundamental regularity question as to whether viscosity
solutions of (1.4) are everywhere differentiable or even C!. This still unsolved problem is
the motivation for much of the new mathematics in our paper. (Very recently O. Savin [S]
has shown in an important paper that viscosity solutions of (1.1) in two dimensions are in
fact continuously differentiable.)

Outline of this paper. Our paper is a collection of interesting, but only weakly
interconnected, topics.

In Section 2 we introduce a measure of the “flatness” of the graph of w on a ball, namely
the sup norm of the error when we approximate u by a plane. We then demonstrate by
an example that, unfortunately, this flatness does not decrease by a factor less than one if

we pass to a smaller, concentric ball. This failure of the flatness to improve is somewhat
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unexpected, since essentially all conventional proofs of C! regularity (or partial regularity)
depend on such an assertion.

Section 3 provides some techniques of “approximation by cones” from above and below.
We show that if u is flat on some ball, then we can in better approximate u by cones
on a smaller ball. We think this technical statement is somewhat interesting, and pretty
encouraging, but so far we know of no substantial application.

Section 4 demonstrates that an infinity harmonic function as being a weak solution of
a divergence structure PDE of the form

(1.6) div(e Du) = 0,

for a probability measure o, the support of which lies within the set where |Du| attains
its maximum.

We look more closely in Section 5 at the approximate PDE introduced in §4, and provide
some Jacobian estimates for the related “characteristic” flows. These in part explain some
puzzling features of certain specific solutions of —A,, = 0.

Finally, in Section 6 we deduce some behaviors of solutions under symmetry assumptions
and for certain boundary conditions.

As the foregoing listing of topics makes clear, this real theme of this paper is developing
and advertising some novel viewpoints for the infinity Laplacian equation. We hope our
gathering these diverse ideas together will encouage further progress on the fascinating, if
frustrating, PDE.

2. Failure of flatness decay.

2.1 Flatness decay. Suppose 2° € U and that the ball B(2", R) lies in U. Then for a
radius 0 < r < R, we can measure how well u restricted to B(x°,r) can be approximated
by a linear function in terms of the flatness

a—b (g — a0
(2.1) E(z°,r):= min max u=a (z-= )|
a€R,bER™ B(z0,r) r

The flatness decay conjecture asserts that

there exist constants ¢g > 0, 0 < 7,17 < 1, such that
(2.2) for any solution u and any ball B(z",r) C U,
E(x° 1) < &g implies E(z°,7r) < nE(z°,r).

This assertion, if valid, would imply that E(z,r) < Cr? for some v > 0, allradii0 < r < R

and all points z sufficiently close to °. And then we could deduce that u is C'7 near z°.
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Most regularity (or partial regularity) assertions for elliptic PDE follow from some variant
of an flatness decay assertion like (2.2). So it is unfortunate that the conjecture is false
for solutions of the infinity-Laplacian PDE (although, as O. Savin [S] has recently shown,

a solution in two dimensions is in fact C1).

2.2 A counterexample. We will take n = 2, 2% = 0, R = 1, and build a collection
{ur}o<r<n, of CB! functions solving

(2.3) Aju =0 inU = B(0,1),
such that
(2.4) E*0,1) — 0;

but forall 0 < 7, < 1
(2.5) E*0,7) > nE*0,1) if X is small enough.

Here E*(0,7) denotes the flatness of u* on B(0,r):

A —a—"b-
E*(0,7) := min max wi(z) —a x|
a,b B(0,r) r

CONSTRUCTION OF COUNTEREXAMPLE
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Definition of u*. Referring to the illustration, consider the line L, which makes an angle
A > 0 when it crosses the z1-axis, at the point B = (—2,0). L_ is its reflection across the
T1-axis.

Let I, denote that part of the disk U = B(0,1) lying above L, I that part lying
between L and L_, and I_ that part lying below L_. The marked point A4 is (0,2tan \)
and A_ is (0, —2tan \).

Define

(2.6) o(x) :=|z— B|—2=((z; +2)* 4+ 22)"/2 - 2.
Then ¢ € C*°(B(0,1)), |D¢| = 1. Finally, put

o(Ay) + Dop(Ay) - (x— Ay) ifwely
(2.7) ut(z) =4 () if v €11
PA_)+DH(A_) - (x—A_) ifxel_.

The graph of u* therefore comprises a piece of a cone, glued to two planes along the lines
L.

A

Lemma 2.1. The function u” is a viscosity solution of

—Aur=0 inU.

Proof. Let ¢ be a smooth function and assume u* — ¢ has a maximum (minimum) at a
point zg € U. We must prove

—Asd(z0) <0 (=0).

This is clear if u* is C? in a neighborhood of zg, since |Du*| = 1.

A

Suppose instead x9 € Ly and u”(zg) = é(wg). Since u’ is everywhere C*', we have

Du(xg) = D¢(z0) =: £&. The vector ¢ points along the line L1 and we must show

Pee(x0) 20 (<0).
But these inequalities hold since ¢ > u* (¢ < u’) along L1, u(zg) = ¢(xg), and v’ is
linear on L4. 0]

Lemma 2.2. (i) We have

A —
W2 oyl uniformiy for x € B(0,1),

5
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and

u(z) — A T

A
5 = 5(1—#0(1)) as A — 0.

2.9
(2.9) B0

(ii) Furthermore, for each 0 < 1 <1,

Mz)—a—b- 1
(2.10) lim min max vi(z) —a il > =
A—0 a€eR,beR2 B(0,7) AT 2
and
jur(@) — AT — 21| 1
2.11 li 2 = _.
( ) ,\1—% ér(l&i() AT 2

Proof. 1. We note that in the ball B(0,1) we have

Do¢(z) = m(m + 2, z9)
and
D¢(Ax) = (1 +sin? X\)"1/2(1, £sin \).
Write A A — o
v (z) == 3

If z € I, then

r_ Do(Ay) —(1,0) ((1 +sin? \)71/2 — 1,1(1 ©sin? )\)1/23111)\) ;

D
v A ) A

and so |Dv?*| is bounded in I, U I_, uniformly as A — 0. If z € II, then

_ Déa)—(1,0) 1 <x1—|—2—|x—B| Q)

- A A

Dv* —
! A |z — B

Observe |z3| is O(A) in I1, and
(£14+2)— |z —B|= (21 +2) — ((z1 +2)2 + 222 is O(\?).

Thus |Dv?| is bounded as well in I1, uniformly as A — 0.
2. If x € I+, we have

[p(A+) + Dp(Ax) - (v — Ax) — 4]

>l = > =

[(4+4sin® M2 — 2 4+ (1 4sin® \) 72 (21 + sin Azp — 2sin® \) — 24].
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Consequently

lim v (z) = x5 = |z2|.
A—0

Since the functions {v*} are uniformly Lipschitz continuous and | II| — 0 as A — 0, this
implies (2.8). Since therefore

u(z) — 1 = Maa| + o(N),

we have
max u}‘(m)—é — 1| = max |\ ||z |—1 + o(A)
B(0,1) 2 M7 BOD S
A
= 5 (1 +o0(1))
2
This proves (2.9).
3. Likewise
A AT by _ T
A ‘U ) 2 Il‘ _ ‘ (|$2| 2)| +o(\)
B(0,7) T B(0,7) T
A
= 21+ o).

and this is (2.11).
4. We must lastly confirm (2.10), which says we cannot somehow improve the linear
approximation by replacing 1 by a + b - x. Suppose instead
lud —a —b- 2| 1

2.12 <n< -
(2.12) fhax —— <=n<jy

for sufficiently small A\. Then for all z € B(0, 1),
(2.13) 71 + A | @2 — a — biz1 — bawa| < AT 4 0(A) < YAT

for some n < v < %
Assume first by > 0. Take z; =0, 2o = —7 in (2.13):

A+ bo)T —al < AT
( ) | <~

Thus
a> (A4 by — )T

Now take 1 = x5 = 0 in (2.13), to find |a| < yA7. Thus

(A + by —YN)T < AT
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and so we derive the contradiction
0<by<(2y—1)A <0,

as v < % We similarly deduce that by < 0 is impossible, and so by = 0.
Thus (2.12) now reads
|z1 + Maa| —a — by < AT

for v < %, forc=1—by. Let x1 = 292 = 0, to learn

la] < AAT.
Let x1 =0, x5 = 7, to find also that
AT — a|] < AT
Thus
AT <2\,

which is impossible since v < %
We have proved that if A is small enough there do not exist a,n € R, b € R such that
(2.12) holds. This establishes (2.10). O

According to (2.9), E*(0,1) < (1 + o(1)) (and in fact we have equality). Owing to
(2.10) and (2.11),

E*0,7) > Z(1+0(1)) foreach0 <7 <1.

Do | >

Hence (2.2), (2.4) are valid: the flatness decay conjecture fails.

2.3 Comments on the blow-up method. Flatness decay type assertions are often
proved by a “blow-up” procedure, which for the case at hand would proceed as follows: To
(try to) prove (2.2), suppose the contrary and (try to) derive a contradiction. So suppose
for given 0 < 7, n < 1 that there exist balls B(zy,r;) C U for which

E(:L'k,’l“k) = )\k — 0,

but
E(xk,TT‘k) > n/\k.
Here iy .
_ — bk (r —
E(xk, ) = max u—a i@ xk)‘
B(mk,rk) Tk
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We rescale, by writing for z € B(0,1)

— gk — k.
() = u(xg + rpx) —a® —rib z
AkTE
Then
(2.14) E*(0,1) =1, but E¥(0,7) >,

E* denoting the flatness for v*.

k

Assume now v*® — v uniformly as k — oo, and find a PDE the “blow-up limit” v

satisfies. To do so we may assume as well b* — b. If b # 0, we may without loss assume
b= €1 = (1,,0,0)
Proceeding formally, we calculate that

ko Ug, (T + TR) — bf o Tk

Vg, A v Yza; = )\_kumz%

So
Ak
0= Asoll = Ug Ug, Ug;z; = E(bf + )\kv’;i)(b? + )\kvl;j)vl;ixj.

Cancelling the first term and letting k — oo, A\*¥ — 0, bf — din, we deduce that v solves
the PDE

(2.15) Vgra, = 0.

The foregoing calculations can in fact be made rigorous in the sense of viscosity solutions.
The general solution of (2.15) has the form

(2.16) v(z) = a(za,...,xn) +b(z2, ..., 2,)T1.

The point is that the highly degenerate PDE (2.15) is, under our normalizations, the blow-
up limit of the infinity Laplacian. But since (2.15) only implies (2.16), with no information
at all about the functions a(-) and b(-). If a(-) and b(-) were known to be C1'%, we could in
fact derive a contradiction to (2.14) and thereby prove flatness decay. Our counterexample
in §2.2 shows all this is impossible, since we obtain

a(w2) = |wal, b=0.

Our function a(-) is Lipschitz continuous, and not C'. The moral seems to be that the
linearization (2.15) of infinity Laplacian is too degenerate to be useful.

Remark. Savin’s recent paper [S] shows, without employing any sort of flatness decay
estimate, that viscosity solutions of (1.1) in two dimensions are C'* . The key here problem
is to understand how the flatness of the solution on, say, the ball B(x, R) controls the
flatness on the much smaller ball B(z,r), for 0 < r << R. For this Savin makes use of a
topological argument, valid in two dimensions, showing that an approximate tangent plane
must cut the graph into various disconnected components. 0]
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3. Approximation by cones.

In spite of the counterexample built in §2, we show next that if the flatness E(z,r) is
small, then u can be “well approximated from above and below by cones” on a smaller ball
B(z, 7r). This assertion in effect shows that some sort of improvement in flatness occurs
if we pass to a smaller ball, although we do not know any way to exploit this observation
effectively.

=

Without loss we may assume z° =0, r =1, u(0) = 0. Fix 0 < 7 <

Theorem 3.1. Define

A= max |u — x|
B(0,1)

(i) There exist points = € {u = +3} such that
(3.1) C~(z) <u(z) <CT(x) (x€ B(0,7))

for certain cones

(3.2) { Ct(z)=at +bT |z —a|,

C(x)=a —b |z —at|
(ii) Let L = [z, x"] denote the line segment from x~ to x+. We can select x*, a™, b*
as above so that in addition

(3.3) L passes through B(0,T),
C\3/2
(3.4) €T (@) = C (@) < —— (z€l),
and
3/2
(3.5) bt —b7| < O™
T

We are saying that the graph of w on B(0,7) lies between the graphs of the upward
opening cone C* and the downward opening cone C'~, as illustrated. Furthermore, these
CO2 o« N for A < 1.

cones are close along the line segment L, being separated by a factor ==

Proof. 1. Define A* = {z € B(0,1) |u=+1}. We will write z = (2/,,) for 2/ =
(x1,...,op_1). Select zy € A~ with z{;, = 0. Then take z; € A" such that |xg — z1| =
dist(zg, A™). Continue, inductively finding for even k

(3.6) xr € A~ such that |z — zp_1| = dist(zp_1, A7),
10



graph of C*
graph of C”

graph of u

APPROXIMATION BY CONES FROM ABOVE AND BELOW

and for odd k,
(3.7) xr, € AT such that |z — 21| = dist(zx_1,AT).

2. Write

TE = |xg — Tp_1|

We observe first that
(3.8) ree1 <rp  fork=1,2,...
To see this, we note that for even k,

w(zps1) — u(zy) 1

S+(.’Bk,7’k) - T = E?
since u(zp41) = 3, u(zy) = —5. Also
_ W(Thy2) — U(Tr41 1
S @hrtshn) = = 2“16+1( = B CThg1

But S*(xg,rr) < =S (Tg+1,7k+1), and so (3.8) follows. Similar reasoning applies if k is
odd.
3. Next, notice that

1
mn¢—'§>\;

(3.9) € AT implies 5

this means the level sets A* have “thickness” at most A in the z,, direction. Consequently

(3.10) re <1+CA\ rp>1-2\ fork=1,2,...
11



Therefore
rr €[1=2\14+CA (k=1,2,...).

This and (3.8) implies that if we take k = 1,2,..., N — 1 (N to be selected), there must
exist two consecutive radii such that

CA
(311) 0 é Tk — Tk4+1 S W

4. We next estimate how many times N we can carry out our “zig-zag” construction
and be certain the line segment [z, zr41] intersects the ball B(0, 7).
Assume, say, k is odd; so that zy = (2}, Tk, ) lies on AT. Let

Yk+1 = (l‘;ﬁ yk+1,n)

be a point on A~ with the same first (n — 1)-coordinates as xx. Let xx11 = (2}, Tht1,n)
denote, as above, a point on A~ closest to xj.
Then

[Teg1 — or| < |Yrg1 — 2kl
Squaring and expanding, we deduce

|5U;c+1 - xHQ + (Tht1n — xk,n)z < (Yry1n — xk,n)23

and so
/ /2 2
Ther1 — Tkl < Yks1n — 2Uk+10Tkon
2
— Lht1in + Zxk—i—l,nxm,n

< ClYk+in — Thtin
< CA,

the last inequality holding according to (3.9). Hence
(3.12) |y q — )] < CAV2

Since x{, = 0, we have
|z}, | < CEAY2,

Hence the line segment [z, zx41] will intersect the ball B(0, 7) provided
k< CrA~Y2,

We can consequently set N = CtA~Y/2 in (3.11): There exist radii such that

C\3/2

(3.13) 0 S Tk — Tk4+1 S
12




5. We may suppose hereafter that k is even. Write

et =z, T =2y,
+_ 1 opr_ 1
at = 2,b =7
- _ 1 - 1
a”=35,0b = o

and define C*(-) by (3.2). Note that

1 1 _ 1 _
Ct(at) = 5 T E’fr -] = 5= C™(z™);
and
bt — b | = TR o OXY
TEThk4+1 T’

by (3.13). This gives (3.5), and (3.1) follows by comparison with cones. Lastly we note
that since CT and C'~ agree at ™, estimate (3.5) implies (3.4). O

4. Concentration measures and a divergence-structure PDE.

In this section we reexamine the singular variational principle giving rise to the operator
A and extract a related divergence structure equation. These assertions are motivated
by the heuristic paper [E2], which notes the quite similar mathematical structures for the
infinity Laplacian problem, Monge-Kantorovich mass transfer problems and weak KAM
theory.

4.1 A minimization problem, limits as k — oco. For fixed k > 0, let u* be the

unique minimizer of the functional
(4.1) Iv] := / esIDvF gy
U
among Lipschitz continuous mappings with v = g on dU. Then uv* € C(U) N C*(U) and

(4.2) { div(esIPv" P Dub)y =0 in U

u® =g on OU.

In particular,
1
(4.3) —ukiuk_uk, ——AuF=0 iU

We define also

2
(4.4) L3 := Zlog (f egpukﬁd:c) ,
k U



the slash through the integral denoting the average. Hence if we set

cE(DubP-L3)

(4.5) of =
U]
we have
(4.6) ok >0, / ofdr =1,
U
and
(4.7) div(e*Du*) =0 in U.
Finally, write
9(=) — g(y)] g
4.8 L .= _ U
(4.8) Sup{ dstoz.y) | WY E TFEY e,

where dy(x,y) denotes the distance from x to y within U. (If U is convex, dy(z,y) =

[z —yl.)
Our goal in this section will be passing to limits in the divergence structure PDE (4.7)
as k — oo.

Lemma 4.1. (i) We have
(4.9) L, <L.
(ii) Furthermore for each n < p < 0o,

(4.10) Sllip ¥l @y < 0.

Proof. 1. Let u solve
{ —Asu=0 inU

u=g in OU,
so that
ess sup |Du| = L.
U

Then
f egmu’“‘zd:c < ][ e%m“'zda: < egLQ.
U U

Hence (4.4) implies L2 < L2
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2. Now fix n < p < oo and take k£ > p. Then since e* > z for x > 0, we have

K12\ P 1/p 1/p
(252 <
U U
1/k
U

172
eﬁLk

Hence
% 2
(][ |Duk|2pdx) <2'T  for k> p.
U
U

Limits as k—oo. In view of (4.10), {u*}%° , is bounded and uniformly equicontinuous.

k

Hence for some subsequence k; — oo, we have u*/ — u uniformly on U. In view of (4.3),

u is a viscosity solution of

—Asu=0 inU
(4.12) {

u=g in JU.

By uniqueness, in fact the full sequence converges:

(4.13) u® — u  uniformly on U.
Also, according to (4.6) we may assume

(4.14) ok —~ o weakly as measures on U
where ¢ is a Radon measure on U, normalized so that

o(U) = 1.

4.2 A divergence structure equation Our intention next is to pass to limits in the
PDE (4.7) as k — oo, showing thereby that “div(cDu) = 0” in an appropriate weak sense.

We hereafter write
e5(1Du*|*~L3)

do® = oFdx = sz.
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Lemma 4.2. (i) We have

k— o0 k— o0

(4.15) lim L, =L and lim / |Du*|? do* = L2
U

(ii) If v € COL(U) satisfies

(4.16) v=g on0U, |Dv|<L a.e.,
then
(4.17) klim / |Du” — Dv|*do* = 0.

Proof. 1. As before take k£ > p. Then

1/p 1/k 2
<][ e%|D“k|2dm> < (][ e§|D“k|2da:) :eLTk.
U U

Assume liminfy,_,. Ly =: M < L. Then there exists a subsequence k; — oo such that
Ly, — M.

Also uki — u uniformly on U, where u is the unique viscosity solution of (4.12). By lower

semicontinuity of the LP-norm, we have

. ) 1/p 2
][ ez Pul” gy <ez
U

|Du|? M2
ess-supe 2 <e 2.
U

for all p. Therefore

Since ess-sup |Du| = L > M, this is a contradiction unless M = L.
2. We note next that for each n > 0,

/ | Du*|? do® :/ |Duk|2dak—l—/ |Du*|? do®
u {IDuk 2> L3 —n} {|Duk |2 <L —n}
= A+ B.

Now

and

A= (L = m)o*({|Du* > Li — n}) 126(!2% = n)(1 = o*({|Du"|* < LY — n}).



Thus for each n > 0,

k—oo

(4.18) lim inf/ |Du”|? do® > L — .
U
2. In view of (4.7), we have
/ Du” - (Du* — Dv)do* =0
U

if v =g on OU. Consequently,

/ | Du”|? do* :/ Du* - Dv do*
U U

= / l\Duk|2 + 1]DU\Q — 1|Dul€ — Dv|? ) do*;

o\ 2 2 2 ’
and so
(4.19) / ]Duk—Dv]2d0k+/ |Duk|2dak:/ | Dv|?do*.
U U U

If we take v = u, the solution of (4.12), then |Dv| = |Du| < L a.e. and so

limsup/ |Du*|? do® < L2
U

k—o00

This and (4.18) prove the second limit asserted in (4.15). Furthermore, if we take any v
satisfying (4.16) in (4.19), we have

limsup/ |Du” — Dv|*do® < L? — klim |Du*|? do® = 0.
U - JUu

k—oo

Now define for x € U the upper and lower extensions

u”(z) = yrgg%{g(y) + Ldy (z,y)}

and

ut(z) == ;relgg{g(y) — Ldy (z,y)}.

(We follow here the notation of A. Fathi for weak KAM theory: see [F].) Thenu™ =ut =g
on OU, and

(4.20) ut <u<u~ inU.
Introduce also the touching set

T:={zecU|u (z)=u"(x)}.
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Theorem 4.3. We have
(4.21) sptoNU CT;

and consequently Du(x) exists for each point x € spt(o).

Proof. 1. We first claim that

(4.22) |Du| < L a.e. on U —T.

To see this, suppose first that

(4.23) u(xo) < u (xo)

for some point z¢ € U, at which Du(z() exists. Define the cone function
c(x) == u(xg) — Mdy(x, zg),

for M > 0 selected later. Clearly c(zo) = u(xg). Suppose now y € OU. Then

c(y) = u(zo) — Mdy(y, o)
=u(xg) —u (zo) + u (x9) — Mdy(y,xo)
< —(u" (z0) — u(z0)) + 9(y) + (L — M)dy (y,v0)
= g(y) + (L — M)dy (w0,0U) — (u™ (z0) — u(xo))
=9(y)
for
(4.24) M= [ — Y (®0) Zul@o)

dy (zg, 0U)
By comparison, we have u(x) > ¢(z) for all x € U, and consequently
(4.25) |Du(zo)] < M < L
if (4.23) holds. Similarly, if
(4.26) ut (z0) < u(xg),
then

|Du(xo)| < M < L
18



for

u(zo) — u (o)
dU(ilj'o, 8U)

For every point o € U — T either (4.23) or (4.26) holds: assertion (4.22) is proved.
2. Now take v = w in (4.17):

M. =L —

/ |Du* — Dul? do® — 0.
U
Fix n > 0 and write A, := {z € U | Du(z) exists, |Du(x)| < L —n}. Then

/ |Du” — Dul? do® — 0.
AU
Hence
limsup/ |Du”|do® < limsup/ | Dul| do* +/ |Du* — Dul do*
A A A

k—oo n k—oo n n

< (L —n)limsupo®(4,).

k—o0

Since o#{|Du*| < L — &} — 0 for each € > 0, we deduce

Llimsupo®(A,) < (L —n)limsup o*(4,).

k—o0 k—o0
Consequently,
klim o¥(A,) =0 for each n > 0.
Next, define

B, ={xecU|S@)<L-nnU-1T),

the function S defined by (1.5). Since S is upper semicontinuous, B, is an open set; and

hence
o(B,) < likminfa’“(Bn) < likminfak(An) = 0.
Therefore -
o(U~T)=> o(B1)=0.
k=1

2. Recall that u™ < u < u™, with equality along T. Now ™ is locally semiconcave
within U, meaning that for each subregion V' CC U, there exists a constant C such that

D*u~ < CI  within V
in the sense of distributions. Likewise u™ is locally semiconvex. It follows that if 2o € TNU,
then
w(@) = u(wo) + Du(zo) - (z — 30) + O(| — z[)
for
Du(xg) := Du™ (x¢) = Du™ (x0).
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Theorem 4.4. For each ¢ € CL(U), we have the integral identity

(4.27) /UDQS - Dudo = 0.

We interpret (4.27) as saying
“div(cDu) =0 within U”

in the sense of distributions. Since Du(z) exists for each x € spt(c) N U, the integrand in
(4.27) is defined.

Proof. 1. Let V CC U. Take a smooth cutoff function ( such that
0<(¢<1,¢(=1 onV,(=0 near OU.

Extend u = g outside U and write

u® = 1. * u,

where 7. is a standard mollifier. Then (4.7) implies

0—/Du C(uP —uf))do™;

and so

/CDuk( — Du) /Du - D¢ (uP — uf) do®.
U

Rewriting the term on the left as in the proof of Lemma 4.2, we find

/g]Duk—Du€|2dak+/ gDu’“.Duﬁdak:/ ¢|Du€\2dak—/ Du* - D¢(u* —uf)do*.
U U U U
Hence

/C!Duk—Duﬂzdak—l—/ ¢Du” - Dudo®
U
/C — Duf) - Du* do® +/ ¢|Duf|? do® /Duk~D§(uk—u€)dak
U
= /(u—u VD¢ - Du® do* —I—/ ¢|Duf|? do® /Duk~DC(uk—u€)dak;
U

U
and then

/unk—DusyzdaM/ ¢|Duk? do®
U U
:/ ¢(Du* — Du) - DuF dak—/(u—us)Dg.Duk do*
U U

+/ C|Du€|2dak’—/ Du* - D¢(u — u®) do*.
U U



Now |Duf| < L and [, |Du*|? do* < C. Hence

limsup/ g|Duk—Du€|2dak+L2/ CdagLZ/ Cdo + Csup |u — uf|.
U U U U

k—oo

Consequently,

(4.28) lim Sup/ |Du* — Duf|?do® < Ce.
\%4

k—oo

2. Let ¢ € C}(U) and take spt(¢) C V CC U for some open set V, as above. Then
(4.7) implies

0:/ D¢ - DuF do*
U
= / D¢ - (Du* — Duf) do® +/ D¢ - Duf do*.
U U
According then to (4.28) we have

< Cel/?,

/ D¢ - Dufdo
U

But Du® — Du pointwise on spt(o), and thus the Dominated Convergence Theorem im-
plies

/Dqﬁ-DudU:O.
U
O

4.3 Boundary behavior. Since our test function ¢ is required to have compact support
within U, Theorem 4.4 says nothing interesting when

(4.29) o(U) =0, o(dU) = 1,

that is, when o concentrates all its mass into the boundary of U. We propose in this case
the interpretation that

. Ou

(4.30) Y 0 on spt(o)”
To see this, write ¢(x) := dist(x, dU) and introduce a smooth vecor field v = (v1,... v™)
such that ¥ = —D¢ near OU. In particular, v|sy is the outward pointing unit normal.
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Lemma 4.5. Assume (4.29). Then

N 2
(4.31) lim (ai) do* =0,
k—o0 U 31/

where N

0

8—1: = DuF - v.
Proof. 1. We can rewrite the Euler-Lagrange equation (4.7) to read:
(4.32) (" (6i5 — kub,ub ))e, =0

for j=1,...,n. For € > 0 define
Ues :={z € U | dist(z,0U) > e}.
We multiply (4.32) by /¢, sum on j and integrate by parts:
1 . .
/U (m - u’“uk) (v,6+ 1 a,) do* = 0.

Now ¢, = —v* near OU. Hence for € > 0 small enough,

ouk\ 2 C
/ <—) do* < — +0/ ]Duk|2dak+0/ | Du”|?¢ do®
v\ v k U. U-U.

(4.33) o
< —+ C'/ | Du”|? do® —1—60/ | Du”|?do*.
k U. U
2. We claim next that for each fixed ¢ > 0,
(4.34) lim / |Du*|? do® = 0.
U.

k—o00

To confirm this, multiply (4.7) by ¢?u* and integrate by parts, where ¢ € C>°(U). We find
/ |Du”|>¢? do® = —2/ Du¥ - D¢ ¢uF do*®
U U
1
< —/ | Du*|¢? dok+C/(uk)2|D§|2dak.
2 Ju U
Take ¢ so that ( =1 on U., (=0 on U — U,/y. Then

/ |Duf 2 do® < C/ |D¢|2do*,
US U5/2

and the term on the right goes to zero as k — oo, owing to (4.29). This proves (4.34).

2. Select 6 > 0 and then fix small € > 0 so that L% < §. Using (4.33) and (4.34), we
calculate

ouk 2 OuF 2
limsup/ <—) do® < thUp/ (—) do® + lim ’Duk\Qdak
k— 00 U (9V ke— 00 U-U, aV k—oo U.

<el?=05.
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5. Compression and expansion of characteristics.

We return now to the approximating problem (4.2), or equivalently (4.3):

1
(5.1) —ufuk b~ ZAuF =0 inU,

Ty "L XL k,

and discuss the corresponding “characteristics”. By these we mean trajectories of the
solution ®* = ®*(x,t) of the ODE flow

52) { k= Duk(dF)

&F(z,0) = z,

defined for x € U and those times ¢ such that ®*(z,t) € U.
We write

(5.3) J¥(x,t) == det D, ®"(2,t) > 0
for the Jacobian of the transformation induced by (5.2), and recall that
(5.4) JF = div(Du®)J* = AuF T

We next calculate how u* and |Du*|? change along the flow lines:

Theorem 5.1. We have these indentities:

d
(5.5) St (@) = [Dut (@)
and
& ek d K12/ &k 2d k
In particular,
1 k(2 (ak 1 k _ 1 k|2
(5.7) 5 [Dut(®%(z, 1) + +log J* (2, 1) = 5| Du”[(2),

for x € U and those t such that ®*(z,t) € U.

Proof. Formula (5.5) is obvious; and (5.6) follows from (5.1) and (5.4), since

| =

d 2
%|Dukl2(<1>k) = 2uF u” ukj =2A uf = —EAuk = —

Tq "L,y X

(log J¥).

N
QU

t
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Interpretation: compression and expansion of characteristics. According to
(5.7) the Jacobian of the transformation induced by the ODE (5.2) is given by

(5.8) ,]k(x,t) — o5 (IDu" (@)~ |Du? (2" (z,1))

In particular, if ¢ — |Du”|?(®*(x,t)) is strictly increasing (or decreasing), then J* goes to
zero (or infinity) exponentially fast as & — co. And this in turn means geometrically that

the flow lines are compressing (or expanding) exponentially fast.

An example. This observation helps “explain” some puzzling phenomena for a simple

solution in two dimensions found by Aronsson:
4
— 3

u(zy, xe) = x5 —x7.

Now the “characteristic” ODE
{ P, = Du(P)
®(z,0) ==,
for © = (x1,x3) correspond to trajectories lying on the curves
2 2

3 3 —
i +x5 =C

for positive constants C. In the four open quadrants, we see that |Dul|? is indeed constant
along these curves, which however run into the x; and x5 axes, as illustrated.

TRAJECTORY OF “CHARACTERISTICS”

We can nonrigorously interpret what is happening here. Consider intial points x =
(1, z2) first quadrant. Presumably for large values of k the trajectories of the ODE (5.2)
approach the positive =, axis, where they “bunch up”, corresponding to the Jacobian J*
becoming very small. In view of (5.8) this means that |Du*|? then becomes larger than

its initial value along the trajectory.
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6. More about solutions.

This final section records various observations about the behavior of particular solutions
of the infinity-Laplacian equation in certain special circumstances.

6.1 Symmetry and gradient decay. We begin with an assertion about the geometric
decay of the sup-norm of |Dul, under the hypothesis that the solution u is even:

Theorem 6.1. (i) Let u € C%1(B(0,1)) be a viscosity solution of
(6.1) ~Au=0 in B°0,1)
satisfying the symmetry condition:
(6.2) u(x) = u(—=x) for x € B(0,1).
Then there exists a constant 0 < \ < 1, independent of u, such that
(6.3) ess-Supp(o, 1) |Dul < Aess-supp o 1) [Dul.

(ii) If u satisfies the above conditions and

ess-supp(q,1) |Du| < 1,

then
1

L«
|Du(z)| < X|x| and |u(z)] < u(0) + M1+ a)

|x‘1+a
for x € B(0,1), where a := logg§.

Proof. 1. The proof is by contradiction. Suppose that for each j there exists a viscosity
solution u; € C%1(B(0,1)) of (6.1), satisfying (6.2), such that

(6.4) ess-supp(g 1) |[Dujl =1,
but

1
(6.5) ess-supp(g, 1) |[Du;| = 1 — 5

We may assume u;(0) = 0 for all j, and also

lim u; = use uniformly on B(0,1).
j—00

According to (6.4), ess-suppg,1) [Duco| < 1.
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2. We claim that in fact
ess-Sup (o, 1) | Duoo| = 1.

To see this, note first that owing to (6.5) for each j there exists a point z; € B(0, 5) such

that 9
ST (uj, ) 21— =
j

Hence for each 0 < r < %, we have

Let us assume
lim z; = 2, € B(0, 3).

j—o0 2
Then

blim S+(Uj,$j,7’) = S+(uoovx0077n)'
J—00

Hence S(too™, Too,7) > 1 for all radii 0 < r < %, and consequently
ST (Uoo, Too) > 1.
But since ess-supp g 1) [Duco| < 1, we must have
1= S(too ™, Too) = 58-5UP (g 1) | Do |-
Therefore u is differentiable at z., and

| Dttoo (20| = SJr(uoo,a;oo) =1.

3. Moreover, there exists a parameterized line segment 1: [—b, a] — B(0, 1) such that
1'(t) = Duso (7o), 1(0) = 2

and
1(=b), 1(a) € 0B(0,1).
Let 7 =1(a) and x~ = 1(—b). Then

u(@ ™) —u(z”)]

= 1.
jz* — 27|

It is easy to see that
|zt + 27 < 1.
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Therefore
lu(z™) —u(z™)| = Ju(@?) —u(—z7)| < |27 + 27| < 1.

Moreover,
1
2 —aT[ 221 5 = V3,
and consequently
) — - 1
) —u@)| _ 1
|zt — 2~ V3
a contradiction. ([l

6.2 Effects of boundary conditions. We have found it difficult to develop much
intuition about the behavior of infinity harmonic functions, and have consequently found
it interesting to study some relatively simple situtations.

Here is a good question: Suppose that u is nonnegative, bounded and solves —Au =0
in the unit ball B(0,1), with boundary values that vanish everywhere except near the
north pole of 9B(0,1), where u = 1. We now shrink the region on the boundary near the
north pole where u # 0, and ask: Does u(0) go to zero or not?

Certainly for harmonic functions, u(0) would go to zero. But this assertion is not
so obvious for infinity harmonic functions. A. Oberman [O] has provided some careful
computations showing that u(0) goes indeed go to zero, a fact we next prove:

Theorem 6.2. For each m, let u,, € C(B(0,1)) be a viscosity solution of

—Asotty, =0 in B°(0,1)

satisfying
0<um§17 um|Am _0’
where )
Ay i ={z€0B(0,1)| -1<z,<1-—}
m
Then

lim u,, =0 wniformly on compact subsets of B(0,1) — {en},
j—o0

for e, =(0,...,0,1).
Proof. For each m, set
1
Ry ={zeR"| -1<z;<lfor1<i<n-1, -l<z,<1-——}
m
and

I, = 0R,, N B(0,1).
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Choose v,, solving
{ —AsVUy, =0 in R,,

Um|8Rm—Im = 07 Um|lm = Um-

According to [C-E-G],

| DV, () for a.e z € R,y,.

< -
= dist(z, I,,)

Hence, without loss of generality, we may assume

lim v, =v uniformly on compact subsets of R — {e,},
m—00

where
R={zeR"-1<x; <1 for 1<i<n}

and v € C(R — {e,}) is a viscosity solution of
—Asv =0 in R
satisfying
0<v < 1, U|8R—{en} = 0.

We can now quote a nice removable singularity result of Bhattacharya [Bh], namely that

v=0 1in R.
Since
VUm|R,,n0B(0,1) = 0 = Um|R,,n0B0,1)s Vml|L, = Um,

it follows by comparison that

Um|8Rm Z U, -

Hence

Vml|R,,nB0,1) = UmlR,.AB01)-
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