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1 Inner Products

Exercise 6.1.27. Let || - || be a norm on a real vector space V satisfying the parallelogram law. That is,
for all z,y € V,
lz + gl + llz — yll = 2ll= ] + 2lly]>.

Define
1 2 2
{@,y) =7 [l +ylI* = llz = ylI*] -

First observe that (z,z) = ||z and (z,y) = (y,x) for all x,y € V. We only need to show that this function
is linear in the first variable.

(a) Prove (z,2y) = 2(x,y) for all z,y € V. (We did this yesterday.)

(b) Prove (z +u,y) = {(z,y) + (u,y) for all z,u,y € V. Consider

(@ +u,y) — (x,y) = i [z +u+yl* =z +u—yl* =l +yl?> + [l - y|?]
1 U w\ ||2 U u\ |2
:1_\‘(”5*5)*(9*5)’\ +H(x+2)(y+2)’”
1 U u\ |2 U u\ |2
‘[H(“2)+(—y+2)H +H(“z)‘(—y+z)’”
170 w2 w2 w2 w||?
=5l sl 2l 50 =2l 5 2l 5]
1 2 u |2
=3 Hy+2H o5l
= 2(y,u/2)
= (y,u)
= (u,y).

(c) Prove (nz,y) = n{zx,y) for every positive integer n and every x,y € V. (This follows from part (b)
by induction on n.)

(d) Prove m(Lw,y) = (z,y) for every positive integer m and every z,y € V. (By part (c), (m(Lz),y) =

m{,y).)



(e) Prove (rz,y) = r(z,y) for every rational number r and every z,y € V. (If r > 0, we can write
r =, where m and n are both positive integers. Then

m 1

Yy =— {Mnx,yﬁ = %(w,m =r(z,y).

(re,y) = m( n
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If » = 0, one only needs to check that (0,y) = 0 directly from the above formula. If » < 0, then —r > 0, so
(—rz,y) = —r(z,y). Then

0=(0,y) = (rz —rz,y) = (re,y) + (-re,y) = (re,y) —r(z,y)

which completes the proof.)

(f) Prove that [(z,y)| < |z|||ly|]| for every z,y € V. (Use the above formula and the inequalities
2+ yl* < ll2l* + 2ll=[lllyll + Iy and [z — y]I* =[] = 2[lz/lly] + llyl*.)

(g) Prove that for every ¢ € R, every rational number r, and every =,y € V,

le(@,y) = (e, y)| = [(e = r){z, y) = ((c = r)a, y)| < 2]e —rl||z]l[|y]]

(The first equality follows from part (e). Then use the triangle inequality and apply part (f) to both
(¢ = 7)(z,y)| and [{(c =)z, y)|.)

(h) Given c € R and z,y € V, we have that

le(a, y) — (e, y)| < 2|c —rfll]l]lyll

for all r € Q. Therefore ¢(z,y) = (cx,y). Therefore (-,-) is linear in the first variable. The other two inner
product axioms follow in a straightforward way from the above formula.

2 Orthonormal Bases

Definition. A subset S of an inner product space V is called orthogonal if (x,y) = 0 for any distinct
x,y € S. If, additionally, each ||z|| = 1 for all x € S, then S is called orthonormal.

Theorem. Let {v1,...,v;} be an orthonormal basis for an inner product space V. Then for any y € V,
k
y= Z<yavi>vi-
i=1

Proof. We can write
k
Y= E a;V;.
i=1

Then for each j,

k
<yavj> = Zai<viavj> = aj.
i=1

Gram-Schmidt. Let {wy,...,w;} be a basis for a vector space V. If
_ - <wj7 Ui>
K PV e
i=1 ‘
then {vy,...,vx} is an orthogonal basis for V.



Proof. We need to check by induction on j that (vj,v;) = 0 whenever i < j:

j—1
wj,v
(o) = gy — 30 0D ) g 00) — g ) =0,
2 ol
Then we must also check that span{ws,...,w;} = span{vi,...,v;} by induction on j. For the base step,
there is nothing to prove, and for the induction step, it suffices to show that v; € span{ws,...,w;_1} and

w; € span{vy,...,vj_1}.

Definition. Let W be a subspace of an inner product space V. Then the orthogonal complement of W,
W, is the set
Wt={weV|{w) =0vwe W}

Because inner products are linear in the first variable, W+ is also a subspace of V.

Exercise 6.2.6. Let V be an inner product space, and let W be a finite-dimensional subspace of V. If
x ¢ W, prove that there exists y € V such that y € W, but (z,y) # 0.

Proof. Let {w1,...,w,} be an orthonormal basis for W, and let w = >_1" (2, w;)w;. Then z —w € W+,

since for each j,
n

<’LU,'wj> = Z<xawi> ’ <’LUZ-,’LU]'> = <wij>'

Then

since « ¢ W.



