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1 Vector Spaces

A field F is a set with addition and multiplication operations satisfying the following axioms:

There exists an element 0 € F' such that 0+« = x for all z € F.

For every z,y,z € F, (x +y)+z =z + (y + 2).

For every x € F, there is an element —z € F' such that z + (—z) = 0.
Forevery z,y e F,x+y=y+ .

For every z,y,z € F, z(yz) = (zy)z and z(y + 2) = zy + z=2.

There exists an element 1 € F such that 1-2 =« for all z € F.

For every z,y € F, xy = yx.

For every = € F other than 0, there exists 2~! € F such that zz~! = 1.

Some examples are Q, R, and C.
A vector space V over a field F' is a set with addition and scalar multiplication operations satisfying the
following axioms:

There exists an element 0 € V' such that 0 +v =wv for allv € V.
For every u,v,w € V, (u+v) +w=u+ (v+ w).

For every v € V, there exists —v € V such that v + (—v) = 0.
For every u,v e V, u+v=v+ u.

For every r € F and every u,v € V, r(u +v) = ru + rv.

For every r,s € F and every v € V| (r 4+ s)v = rv + sv.

For every r,s € F and every v € V| (rs)v = r(sv).

Foreveryv eV, 1-v=nv.

Examples. The following are vector spaces over a field F"

F7l
M xn(F), the set of m x n matrices with entries in F
P(F), the set of polynomials with coefficients in F

the set of sequences in F’



Consequences of the axioms.
e Cancellation law.

e The vector 0 € V is unique.

For each x € V, —z is unique.
e Foranyx € V,0-2=0.
e For any a € F and any x € V, (—a)z = —(az) = a(—x).

e Foranyae€ F,a-0=0.

Exercise 1.2.13. Let V = R?, but define addition and scalar multiplication as

(a1,a2) + (b1,b2) = (a1 + by, asbs)

c(ay,az) = (cay,az)

Is this a vector space?

Exercise 1.2.18. Let V = R?, with addition and scalar multiplication defined as

(a1,a2) + (b1,b2) = (a1 + 2b1, az + 3b2)

c(ay, az) = (cay, cas)

Is this a vector space?

2 Subspaces

Let W be a subset of a vector space V over a field F. Then W is a vector space (with operations inherited
from V) if and only if:



e 0 W
e W is closed under scalar multiplication

e W is closed under addition

In this case, we call W a subspace of V.

Example. Let A be an m x n matrix with entries in F. Then NS(A) = {z € F™ : Az = 0} is a subspace
of F".

e Since A-0=0,0¢€ NS(A).
e Let z,y € NS(A). Then A(z+y) =Az+Ay=0+0=0,s0 z +y € NS(A).
o Let c€ F and z € NS(A). Then A(cx) = ¢(Az) =c-0=0, so cx € NS(A).
Exercise 1.3.8. Determine whether the following sets are subspaces of R3.
o Wi ={(a1,as,a3) € R3:a; = 3az,a3 = —az}
eR3:a; =a3+2}
€ R3:2a; — 7as + a3z = 0}

)
W) )
Ws )
o Wy ={(ay,as,a3) € R :a; —4ay —az =0}
Ws ) € R®:ay +2a; — 3a3 =1}
)

€ R3 : 547 — 3a3 + 6a3 = 0}

Exercise 1.3.19. Let W; and W5 be subspaces of a vector space V. Prove that W; U W5 is a subspace of
V if and only if Wy C W5 or Wy C Wy,

Exercise 1.3.31. Let W be a subspace of a vector space V over a field F. For any v € V the set
v+ W ={v+w:we W} is called the coset of W containing v.

(a) Prove that v+ W is a subspace of V' if and only if v € W.



(b) Prove that v + W = vy + W if and only if v; — vy € W.

Addition and scalar multiplication by scalars of F' can be defined in the collection S = {v+W :v € V}
of all cosets of W as follows:
(Vi + W)+ (va+ W) = (v1 +v2) + W

for all v1,v2 € V and
alv+W) = (av) + W

forallv € V and a € F.

(c¢) Prove that the preceding operations are well-defined; that is, show that if v + W = v{ + W and
vy + W = vl + W, then
(1 + W)+ (v2 + W) = (v} + W) + (v + W)
and
a(vy + W) = a(vy + W)

for all ¢ € F.

(d) Prove that the set S is a vector space with the operations defined in (c). This vector space is called
the quotient space of V' modulo W and is denoted V/W.



