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1 Examples
Example 1. Let V1 = {(x, y, z) ∈ R3 | x + y + z = 0}, with the usual
operations of addition and scalar multiplication from R3. First we need to check
whether V1 is closed under addition and scalar multiplication. Any element of
V1 can be written in the form (x, y,−x − y), so let u = (x1, y1,−x1 − y1) and
v = (x2, y2,−x2 − y2). Then

u + v = (x1 + x2, y1 + y2,−(x1 + x2)− (y1 + y2)) ∈ V1.

If r ∈ R is any scalar,

ru = (rx1, ry1,−rx1 − ry1) ∈ V1.

Therefore V1 is closed under addition and scalar multiplication. Now we need
to check the remaining axioms.

1. u + v = v + u. Clear.

2. (u + v) + w = u + (v + w). Also clear.

3. Since (0, 0, 0) ∈ V1, there exists 0 ∈ V1 such that u+0 = u for all u ∈ V1.

4. If u ∈ V1, then −u = (−1)u ∈ V1 as well.

5. r(u + v) = ru + rv. Clear.

6. (r + s)u = ru + su. Clear.

7. (rs)u = r(su). Clear.

8. 1 · u = u. Clear.

Example 2. Let V2 = {(x, y, z) ∈ R3 | x + y + z = 1}, also with the usual
operations of addition and scalar multiplication. Then (1, 0, 0) and (0, 1, 0) are
both elements of V2, but (1, 0, 0) + (0, 1, 0) = (1, 1, 0) is not an element of V2.
Therefore V2 is not closed under addition and cannot be a vector space.

Notice that 0 /∈ V2. Every vector space must contain the zero vector. Also
notice that the constraint used in the definition of V2 is not homogeneous. Gen-
erally speaking, constraints must be homogeneous to produce vector spaces.
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Example 3. Let V3 = {p ∈ P2 | p(1) = 0}. That is, V3 is the set of all
polynomials of degree two or less which vanish at x = 1. Let p and q be
two such polynomials. Then p + q is another, so V3 is closed under addition.
Similarly, V3 is closed under scalar multiplication. The remaining eight axioms
can be checked in a straightforward manner. Therefore V3 is a vector space.

Exercise 3.3.20. Give R3 the usual operation of vector addition, but redefine
scalar multiplication as

r(x1, x2, x3) = (x1, x2, x3).

To show that this is not a vector space, it is useful to refer to the list of properties
which can be derived from the vector space axioms:

1. 0 · u = 0

2. r · 0 = 0

3. (−1)u = −u (This equation might look like it’s saying “a = a,” but it is
more subtle than that. The left-hand side means we should multiply u by
the scalar −1. The right-hand side refers to the additive inverse of u inside
the vector space. Essentially the equation is saying that u + (−1)u = 0.
It is derived from axiom 6 and the first property in this list.)

4. If ru = 0, then either r = 0 or u = 0.

These are not vector space axioms, so we don’t need to check them separately
in order to show that something is a vector space. However, they are derived
from the vector space axioms, so they hold for all vector spaces. Therefore, if
we have some set for which one of them fails, then that set cannot be a vector
space.

Consider u = (1, 0, 0). Then with scalar multiplication as defined above,

0 · (1, 0, 0) = (1, 0, 0) 6= 0,

so this is not a vector space.

Exercise 3.3.30. Let V be the set of all positive real numbers R+. We will
denote vector addition in V by ⊕ and scalar multiplication in V by ⊗. Then let
x⊕ y = xy and r⊗ x = xr. Since the product of any two positive real numbers
is another positive real number, V is closed under addition. Since any positive
real number raised to any real power is again a positive real number, V is closed
under scalar multiplication. Now we must check the eight remaining axioms.

1. x⊕ y = y ⊕ x since xy = yx.

2. (x⊕ y)⊕ z = x⊕ (y ⊕ z) since (xy)z = x(yz).

3. Let 0 = 1. Then x⊕ 1 = x · 1 = x for all x ∈ R+.
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4. The role of −x is filled by 1
x , since x⊕ 1

x = x · 1
x = 1.

5. r ⊗ (x⊕ y) = r ⊗ x⊕ r ⊗ y, since (xy)r = xryr.

6. (r + s)⊗ x = r ⊗ x⊕ s⊗ x, since xr+s = xrxs.

7. (rs)⊗ x = r ⊗ (s⊗ x), since xrs = (xs)r.

8. 1⊗ x = x, since x1 = 1.

Therefore V is a vector space.

2 Subspaces
Let V be a vector space, and let W be a subset of V . Then if W is also a vector
space, we say that W is a subspace of V . Examples are lines inside planes,
planes inside 3-space, or polynomials inside the space of continuous functions.

To check whether a subset of a vector space is a subspace, we only need
to check closure under addition and scalar multiplication. Note that this only
works if the operations of vector addition and scalar multiplication have been
left as they are in the larger vector space.

Exercise 3.4.2. Let u = (0, s1, t1) and v = (0, s2, t2). Then u + v ∈ V and
ru ∈ V , so V is a vector space.

Exercise 3.4.17. Let f, g ∈ V . Then∫ b

a

f + g dx =
∫ b

a

f(x) dx +
∫ b

a

g(x) dx = 0.

Therefore f + g ∈ V , so V is closed under addition. If r ∈ C,∫ b

a

rf(x) dx = r

∫ b

a

f(x) dx = 0.

Therefore rf ∈ V , so V is closed under scalar multiplication and is hence a
vector space.

3 Null Spaces
Let A be an m× n matrix with real entries. Then the null space of A, written
NS(A), is the subset of Rn

{x ∈ Rn | Ax = 0}.

If A has complex entries, then NS(A) is a subset of Cn, similarly defined.
The null space of any matrix is always a subspace of Rn or Cn.
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