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1 Initial Conditions
Consider the following initial value problem

x'(t) = Ax(t)
X(to) = Xy

where tg # 0. Let y(t) = x(t + tp). Then y(t — to) = x(t), so y is a solution to the initial value problem
y'(t —to) = Ay (t — to)
y(O) = Xq.

So, when dealing with systems of differential equations of this form, we will assume that 5 = 0.
As an example, consider the following initial value problem.

y" 46y +9y=0
y() =1
y'(4) =2
Then if we set z(t —4) = y(t), then z is a solution to
2" +62 +92=0
z(0)=1
2'(0) = 2.

The solution is z = e~3! 4 5te3!. Therefore the solution to our original initial value problem is y =
e 3(t=4) 4 5re—3(t—4),
2 Matrix Exponentiation

2.1 Definition

Let A be an n x n matrix with entries in C. Then we define the exponential of A, denoted exp(A), to be the
matrix

0 n 2 A3 A4
oI A+ S+
HE::O p=l+HA+ -+t

This matrix will play the same role in solving homogeneous systems of first-order linear differential equations
that the scalar exponential function serves in solving homogeneous higher-order linear differential equations.
First we need to show some properties of the exponential of a matrix.



2.2 Basic Properties

The first properties we would like to show are ones that indicate the the matrix exponential behaves in a
similar way to the scalar exponential function. For instance,

2

0
exp(O):I+0+5+...:].

So the exponential of the zero matrix is the identity matrix. Next, suppose A and B are two n X n matrices
such that AB = BA. For any two such matrices, the binomial theorem holds. That is,

n n ) )
(A-i—B)nZ <.)A]Bn]

where

Then

Since A always commutes with — A,
exp(A) exp(—A) = exp(A — A) = exp(0) = I.

Therefore the exponential of any matrix is always invertible, and exp(A4)~! = exp(—A). Also, for any matrix
A,

2.3 Exponentiation and Similarity

Now suppose A = P~1BP, for some n x n matrices A, B, and P. We wish to relate exp(A), exp(B), and
P. We have that

exp(A Z py Z 1BP - (Zin>P P~ lexp(B)P.

n=0



Therefore, if A = SJS~! where J is a block diagonal matrix (such as the Jordan canonical form of A), we
can compute exp(A) using the formula

exp(A) = Sexp(J)S~*.

If
By
By
J =
B,
for some square matrices By, Bo, ..., B, then
By
By
J" =
B'VL
so that
o0 Jn
exp(J) = Z ol
n=0
By
1 By
B n!
=
B
co BT
Zn:O nil’ Bn
. Z:.O:O nz'
oo Bl
ano n7'
exp(Bi)
exp(Ba)
exp(B,)

So, if we want to calculate exp(At), it is enough to be able to calculate exp(Bt) where B is some Jordan
block.

2.4 Systems of Homogeneous First-Order Linear Differential Equations with
Constant Coefficients

Consider the following initial value problem, where A is some n x n matrix with constant coefficients.

The solution to this initial value problem is
x(t) = exp(At)xp.

This is a solution to the system of differential equations because % exp(At) = Aexp(At), and it has the
appropriate value at t = 0 because exp(0) = I.

Boyce-DiPrima refers to the matrix exp(At) as the fundamental matrix of this system of differential
equations.



2.5 Computation of exp(At)
2.5.1 The exponential of a scalar multiple of the identity

In this case,

exp(Alt) Z )\"It" (i ();f')n> I=eMI. (1)

n=0

Since matrix exponentials can be computed block-by-block, this already enables us to compute the
exponential of any diagonalizable matrix.

Example. We will find the general solution to the differential equation:

X (1) = ( - )x(t). 2)

Call this 2 x 2 matrix A. Then

A—-1 =2

det()\I—A):‘ P

':A2—2)\—3=()\—3)()\+1)-

The eigenspace for A = 3 is

NS(A—SI):NS( _22 32 ) =Span{< 1 )}

and the eigenspace for A = —1 is

wstarn-ns(2 2)=sm{( )}

Therefore, if S = ( 1 jl > and A = ( (3) f)l ), then A = SAS~!. Then

-1 €3t 0 -1
exp(At) = Sexp(At)S™ =9 0 et ST
The set of solutions of the equation (2) is equal to the column space of exp(At). However, exp(At) has the

same column Space as
e

o3t —t
exp(At)S = Sexp(At) = ( o3t —t ) ,

—€

x(t) = ¢ e ( } ) +coe™t < _11 ) .

2.5.2 Diagonalizable systems of differential equations

so the general solution is

The pattern in the previous example generalizes. Let A be an nxn diagonalizable matrix. Then A has linearly
independent eigenvectors vy, ..., v, with eigenvalues A1, ..., \,. Then A = SAS™! where S = (vq |-+ | vy)
and A is the diagonal matrix with diagonal entires Ay, ..., \,. Then exp(At) = Sexp(At)S~!, which has the
same column space as

exp(At)S = Sexp(At) = (eMvy [ eMiva |-+ | eMiv,).

Therefore the general solution to the differential equation x'(t) = Ax(t) is

Art Ant
x(t) = creMtvy + coe™2lvy 4 - 4 cpetityy,.



2.5.3 Diagonalizable systems with complex eigenvalues

Let A be a real 3 x 3 matrix with eigenvalues g, A1, and A;, where A\; ¢ R. Then A is diagonalizable, since
its eigenvalues are all distinct. Let v be a nonzero eigenvector with eigenvalue \g, and let v be a nonzero
eigenvector with eigenvalue A\;. Then

AV = Avy = \vy = M V1.

Therefore ¥7 is a nonzero eigenvector with eigenvalue A;. So the general solution to x’(t) = Ax(t) is

A A Altv—l

x(t) = coe™'vy + creMivy + coe
= cpe™tvy + creMtvy + oo (eAltv1>

= coe™'vo + (1 + c2)Re (eM'vy) + (e1 — e2)Im (eMivy) .

Therefore our three linearly independent solutions are e**vq, Re (e*fvy), and Im (e*fvy).

Example. Let

1 2 0
A= -2 1 0
0 0 -2

and suppose we want the general solution for x’(¢t) = Ax(t). Then
A—-1 =2 0
xaN) =] 2 A-1 0 [=Q+2[A-1D*+4]=A+2)(A—1-2i)(A—1+20).
0 0 A+2

The eigenspace for A = —2 is

3 20 0
NS(A+2I)=NS|[ -2 3 0 | =Span 0 ,
0 00 1
0
so our first solution is e™2* | 0 |. The eigenspace for A =1 4 2i is
1
27 2 0 - 1 0 1
NS(A—T1-2i[)=NS| -2 -2 0 =NS 0 0 1 ) =Span i
0 0 —-3-—-2 0 0 0 0
Then
_ 1 1 cos(2t) sin(2t)
U2t ) — et lcos(2t) +isin(2t)] | @ | =€ —sin(2t) | +i| cos(2t)
0 0
Therefore the general solution is
0 cos(2t) sin(2t)
x(t)=cie7® | 0 | +e' [ca| —sin(2t) | +c3 | cos(2t)
1 0 0



2.5.4 The exponential of a 2 x 2 Jordan block

01
v= (0 o)

Then any 2 x 2 Jordan block B is equal to AI + Ny for some A. Note that At and Nyt commute, since
the former is a scalar multiple of I, so that exp(Bt) = exp(Alt + Nat) = exp(Alt)exp(Nat). We already
computed exp(A[t) = e*[ in (1), so we only need to compute exp(Nat). Since N2 = 0,

Define a matrix

00 1
N Nt N (1t
exp(Nat) = Y 2 => 2 =1+ Not = ( 0 1 >
n=0 n=0
This gives us that
e)\t te)\t
(s = (5 ).
Example 1. Consider the differential equation
1 2 —4 5
x'(t) = 3 1 1 1 |x(t) (3)
3 0 0
Then if
1 1 1
S=11 -1 0
1 0 -1
and

11
J=1 01 0
0 0

then SJS~! is the matrix from the equation (3). Then the general solution is an element of the column
space of

1 1 1 et tet 0 el tel+et et
Sexp(Jt)=| 1 -1 0 0 ¢ 0 =1 e te—¢e 0 ,
1 0 1 0 0 et et tet —et

so the general solution to (3) is

1 t+1 1
xt)=¢e' et [ 1 |+ t—1 +cze”t 0
1 t —1

Example 2. Consider the differential equation

1 4 -2 1
x'(t) = 3 1 1 1 |x(t) (4)

1 -2 4
Then if

1 3 1

S = 1 0 O

1 0 -1

and



then SJS~! is the matrix from the equation (4). Then the general solution is an element of the column
space of

1 3 1 el tet 0 et te' +3e" €
Sexp(Jt)=| 1 0 0 0 ¢ 0 |=|¢€ te! 0 ,
1 0 -1 0 0 € e te! —e!
so the general solution to (4) is
1 t+3 1
x(t)=e e[ 1 | +e2 t +c3| O
1 -1

2.5.5 The exponential of a 3 x 3 Jordan block

Define a matrix
01 0
Ns=1| 0 0 1
0 0 O

As above, any 3 x 3 Jordan block B is equal to A\I + N3 for some A. Also, AIt and N3t commute, so that
exp(Bt) = exp(AIt + N3t) = exp(\t) exp(N3zt) = e* exp(N3t) by (1). Since N3 = 0,

2 1 ¢+ 2
Nt Nzt? 2
exp(Nst) = »  —5— =T+ Nt + Z =01 t
n=0 " 00 1
Therefore 2 At
M et <
exp(Bt) = 0 eM  teM
0 0 e
Example. Consider the differential equation
1 5 -1 -1
x'(t) = 3 0 0 3 x(t) (5)
1 -2 4
Then if
1 2 3
S=|1 00
1 1 0
and
1 10
J=10 1 1
0 0 1

then SJS~! is the matrix from the equation (5). Then the general solution is an element of the column
space of

123 et tet t22et el te' 4 2¢ tZTet + 2tel + 3et
Sexp(Jt)=| 1 0 0 0 et tet =] et tet t22et 7
L 10 0 0 € et tel 4 el t%t + tet
so the general solution to (5) is
1 t+2 24+ 4t4+6
xt)=¢e'lei [ 1 | +e t + 3 t?
1 t+1 2+ 2t



