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1 Block Diagonal Matrices

A block diagonal matriz is a square matrix of the form

B, 0 - 0
0 By -+ 0
0 0 --- B,

where each B; is a square matrix. When we have two block diagonal matrices with the same sequence of
block sizes, they are easier to multiply together. Namely, we can multiply block diagonal matrices together
the same way we multiply diagonal matrices together, except here we have to worry about blocks that don’t
necessarily commute.

Example. Let

1 1 0
A= -1 1 0
0 0 3
and
01 0
B = 2 1 0
0 0 -1
. . Aq 1 1
Then A and B are both block diagonal. In particular, A = A where A; = 11 and
) _
B; 0 1
A; = 3, and B = B where By = 9 1 and B, = —1. Note that when we talk about
2
matrices being block diagonal, the blocks should never intersect each other. Then
2 2 0
AB:(AlBl 4B ): 2 0 0
272 0 0 -1
and
-1 1 0
BA—(BlAlBA>— 1 3 0
202 0 0 -3

We can also use this approach to raise a block diagonal matrix to a power:

n

B 0 - 0 BY 0 - 0
0 By --- 0 0 BY --- 0
0 0 --- B, 0 O -.- B»



0 20

2

In the above example, A% = ( A 12 ) = -2 0 0 |. With small enough blocks, raising a block
2 0 0 9

diagonal matrix to a power is not much more difficult than raising a diagonal matrix to a power. Therefore,

when a matrix is not diagonalizable, we will settle for finding a block diagonal matrix that it’s similar to,

and the smaller the blocks are the better.

2 Definition of the Jordan Canonical Form

A Jordan block is a square matrix of the form

A1 0 0
0 A 1 0
0 0 A 0
00 0 -+ A

That is, every diagonal entry is A, for some A € C, and every entry just above the main diagonal is 1. All
other entries are 0. The following 1 x 1 matrix is also said to be a Jordan block:

(A

The Jordan canonical form of a square matrix A is a matrix of the form

By 0 0
0 B 0
J = .
0 0 B,

where each B; is a Jordan block, and J is similar to A. We refer to finding S and J such that A = SJS~!
as putting A in Jordan canonical form. For any diagonalizable matrix, its Jordan canonical form is its
diagonalization. In this case, each Jordan block is of size 1 x 1.

We will use the following fact from MATH 110 to compute the Jordan canonical form of matrices: if A
is an n X n matrix with characteristic polynomial

Xa(A) = A=A) (A= A2)"™ - (A= Ag)"™,

then
dim NS(A — )\iI)T"’ =T

for all 4.
These facts from MATH 110 are also useful things to know about the Jordan canonical form, although
we won’t need them in the following computations:

e Every matrix has a Jordan canonical form.

e The Jordan canonical form of a matrix is unique, up to a rearrangement of the Jordan blocks.

3 The Jordan Canonical Form of a 2 x 2 Matrix

3.1 A 2 x 2 matrix with two distinct eigenvalues

Any such matrix is diagonalizable. To put such a matrix into Jordan canonical form, simply diagonalize it.

3.2 A 2 x 2 matrix with a unique eigenvalue

Call the matrix A, and call this eigenvalue Ag. Then the characteristic polynomial is det(A] —A) = (A —Xg)?.



3.2.1 dimNS(A—l) =2

In this case, A is diagonalizable.

3.2.2  dim NS(A — A\I) = 1.

Then dim NS(A — \gI)? = 2. That is, NS(A — \oI)? = C2. Let v, € C? be such that (A — \gI)vy # 0,
which must exist since dim NS(A — X\oI) < 2. Since va € NS(A — M\gI)? = C?, (A — \oI)*vy = 0. If we let
vi = (A — \oI)va, then vy is an eigenvector of A, since

(A= XoI)vy = (A= XoI)*vy = 0.
Then we have that

AV1 = )\0V1 —|—0~V2

Avy = v + AgVa.

Since vo ¢ NS(A — M\oI), vi # 0. Therefore the set {v;} is linearly independent. Since vi € NS(A — A\ol)
and vo ¢ NS(A — X\oI), vo ¢ Span{vi}. Therefore the set {vi,vs} is linearly independent, and is hence a
basis for C2. By the above equations, A relative to the ordered basis {v1, vy} is the matrix

(X 1
=)
The entire matrix J is a single 2 x 2 Jordan block. So, if S is the matrix with first column v; and second
column vs, then A = SJS™1.

Example. Let

Then the characteristic polynomial of A is

A—3 1

det()\I—A):‘ IR

‘:A2—4)\+3+1:(>\—2)2.

The eigenspace for A = 2 is

NS(A—ZI):NS( — > :Span{< | )}

Now we know that this matrix is not diagonalizable, so we’ll put it into Jordan canonical form instead. First

let
vo — 1
2=\ 9 |

Then let

These are the columns of S, so

and

Then A = SJS— L.



4 The Jordan Canonical Form of a 3 x 3 Matrix

4.1 With Three Distinct Eigenvalues

Any such matrix is diagonalizable. Therefore, the Jordan canonical form is the diagonalization.

4.2 With Two Distinct Eigenvalues

One of the eigenvalues must be a double root of the characteristic polynomial, and the other eigenvalue is not
repeated. Call the matrix A, the repeated eigenvalue )\g, and the other eigenvalue \;. We are assuming here
that A\g # A;. Then det(\] — A) = (A—Xg)%(A—\1). Regardless of which matrix A is, dim NS(A— 1) = 1.

4.2.1 dim NS(A — M\I) =2

In this case, A is diagonalizable.

4.2.2 dimNS(A—XI) =1

Since dim NS(A — A\I)? = 2, we can choose vo € NS(A — A\I)? such that vo ¢ NS(A — AgI). Then
let v3 be some nonzero eigenvector in NS(A — A1) and vi = (A — M\oI)vy. Since vo € NS(A — M\oI)?,
vi € NS(A — \I). Since vy ¢ NS(A — M\I), vi # 0. Therefore the set {v;} is linearly independent.
Then since vi € NS(A — \gI) and vo ¢ NS(A — \oI), vo ¢ Span{vi}, so the set {vy,va} is linearly
independent. Since NS(A — \gI) € NS(A — \gI)? (this is a special case of the general theorem which says
that NS(B) C NS(AB)), v1,va € NS(A — \oI)%. However,

(A — )\0])2V3 = (/\1 — )\0)2V3 75 O,

so v3 ¢ Span{viy,vy}. Therefore the set {vi,vs,v3} is a basis for C?, so we can compute the matrix A
relative to this basis:

AV1:>\()V1+O'V2+0'V3
AV2:V1+AOV2+O'V3
AV3=O~V1+O'V2—|—A1V3.

Thus A relative to this basis is

M1 0
J = 0 X O
0 0 X

This matrix is in Jordan canonical form, with one 2 x 2 Jordan block and one 1 x 1 Jordan block. Then if
S = (V1 ‘ Vo | Vg), A=SJS1L.

With this type of matrix, it’s often easier to compute vi; and vy by first letting v; be some nonzero
eigenvector in NS(A — Aogl) and then solve the matrix equation (A — \gI)vy = vy for the vector vo. This
way we don’t have to compute the matrix (A — \gI)?%.

Example. Let

S = WD



Then the characteristic polynomial is

1
det(A — A) = o det(3M] — 34)

L3245
=5 -1 -1 -1
-3 03X

1
=5 [—3(—44 15X = 5)) + 3A(9A* — A + 2 + 4)]

1
> [27X% — 27A% — 27X 4 27]
A=A —A+1
=A=12A+1).

The eigenspace for A = —1 is

5 —4 5 1 01 1
NS(A+I)=NSBA+3[)=NS[{ 1 4 1 |=NS|[ 0 1 0 |=Span 0
3 0 3 0 00 -1

The eigenspace for A =1 is

—1 | = Span 1
3 0 -3

So the matrix is not diagonalizable. We will let vi =

-1 -4 5 1 0
NS(A—1)=NS(BA-3[)=NS 1 -2 1 =NS| 0 1
0 0
1 1
1 and vy = 0 . Then v, must satisfy the
1
A

equation (A —I)ve = v;. Equivalently, it must satisfy (3
to the augmented matrix

-1 -4 5 3
1 -2 1 3
3 0 -3 3
which row reduces to
10 -1 1
0 1 71 —1
0 0
There is not a unique solution, but any solution will do. Let vo = . Then
1 1 1
S = (Vl | Vo | Vg) 1 -1 O
0
and
1 1 0
J=( 01 0
0 0 —1

Then A = SJS~ L

4.3 With a Unique Eigenvalue

Call the matrix A, and call the eigenvalue \g. Then det(A — A) = (XA — \g)® and dim NS(A — \oI)3 = 3,
but dim NS(A — AoI) can be either one, two, or three.



4.3.1 dimNS(A—XI) =3

In this case, A is diagonalizable.

4.3.2 dim NS(A — X\I) =2

Here we will need to know that dim NS(A — A\gI)? = 3. Suppose dim NS(A — \gI)?> = 2. Then NS(A —
Xol)? = NS(A — \oI), so (A — NgI)*>v = 0 if and only if (A — \gI)v = 0. Now suppose (A — \gI)3v = 0.
Then

(A=2D)?[(A=XoI)v] =0
SO

(A — )\0[) [(A — )\0[)V] =0.
Therefore NS(A —XoI)? € NS(A—XoI)?, so dim NS(A — \ogI)? = 2. This is a contradiction, which tells us
that dim NS(A — X\oI)? = 3; that is, NS(A — \oI) = C3.

Since dim NS(A — X\oI)? > dim NS(A — X\oI), we can choose vo € NS(A — A\gI)? such that vo ¢
NS(A— AoI). Then if we let vi = (A — A\oI)va, V1 is a nonzero eigenvector with eigenvalue Ag. Then since
there is a two-dimensional eigenspace, we can let v3 be another eigenvector such that {vy,vs} form a basis
for NS(A — AoI). Then since vy ¢ NS(A — \oI), vo ¢ Span{vy,vs}, and hence {vy,va,v3} is a basis for
C3. Now we can compute the matrix for A relative to this basis:

Avi =X v1 +0-ve+0-vs3
AV2:V1+)\0V2+0‘V3
AV3=O'V1—|—O'V2—|—AOV3.

Thus A relative to this basis is

A1 0
J = 0 X O
0 0 X
If S=(vy|va|vs), then A=SJS™ 1
Example. Let
1 4 -2 1
A= 3 1 1 1
1 -2 4

Then the characteristic polynomial is det(A] — A) = (A — 1)3. Then eigenspace for A = 1 is

1 -2 1 1 1
NS(A-I)=NSGBA-3)=NS| 1 =2 1 | =Span{ | 1 |,| ©
1 -2 1 1 -1
3 1 1
Then we canlet vo= [ 0 |. Thenv; =(A—1T)vo=| 1 |, and we can let vz = 0 . Then
0 1 -1
1 3 1
S=(vi|va]|vs) = 1 0 0
0 -1

and

<

Il
SO =
O~ =
—_ O O

Then A = SJS™1.



4.3.3 dim NS(A— M) =1
Here we need to know that dim NS(A — X\I)? < dim NS(A — X\oI)®. Suppose otherwise. Then NS(A —
Aol)? = C3, so that CS(A — X\oI) € NS(A — \gI). However, we know that dim NS(A — X\oI) = 1, and the
Rank-Nullity Theorem tells us that dim C'S(A — AoI) = 3 — dim NS(A — Agl) = 2. This is a contradiction.
Since dim NS(A — A\I)? < dim NS(A — X\oI)3, we can choose vz € NS(A — \ogI)3 = C? such that v; ¢
NS(A—XoI)2. Then we can let vo = (A — \gI)vsz and vi = (A — \gI)va. Then v; is a nonzero eigenvector.
Since vy ¢ NS(A — X\gI), the set {vi, v} is linearly independent. Then since vi, vy € NS(A — X\oI)? but
vy ¢ NS(A — \oI)?, the set {vi,va,v3} is linearly independent and hence a basis for C3. We can now
compute the matrix for A relative to this basis:

AV1=/\0V1+0-V2—|—0'V3
Aveg =vi + Agva +0- vy
AV3:0'V1 +V2+)\0V3.

Therefore the matrix relative to this basis is

M1 0
J = 0 X 1
0 0 X

As in the 2 x 2 case, this entire matrix is a single Jordan block. Then if S = (vq | v2 | v3), A= SJS™ L

Example. Let

1 5 —1 -1
A= 3 0 O 3
1 -2 4

Then the characteristic polynomial is det(A\] — A) = (A — 1)3. The eigenspace for A =1 is

2 -1 -1 1
NS(A—I)=NS(BA-3[)=NS| 0 -3 3 = Span 1
1 -2 1 1
For this kind of matrix, a good approach is to guess something for v3 and then compute vy and vi. As
3 2
long as vy # 0, the original guess for v3 was valid. Let vs=| 0 |. Then vo=(A—1I)vs=| 0 | and
0 1
1
vi=(A-Dvo=| 1 |. If
1
1 2 3
SZ(V1|V2‘V3): 1 0 0
1 1 0

and

<

I
o O =
O~ =
— = O

then A = SJS~1.



