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1 Linear Recurrence Relations

Recall the definition of the Fibonacci sequence:

fn+2 = fn+1 + fn
for all n > 0, fo =0, f1 = 1. This gives the sequence
0,1,1,2,3,5,8,13,21,34,...

We can think of the Fibonacci sequence in terms of vectors:
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for all n > 1. Then we have a sequence of vectors
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If we can write a formula for f,, in terms of n, then we’ll have a formula for f,
in terms of n, which is simply the first entry of f,,. Note that for all n > 1,
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fn+1 = Afn = A2fn—1 = A3fn—2 =...=A".

In order to write down a formula for A", first we need to diagonalize A. Here
is the characteristic polynomial of A:
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The roots are 1i2‘@. Let Ay = % and Ay = 1*2‘/5. Then the eigenspace for
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< 1, we can compute

Now, using the fact that
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We can use this same approach to compute closed form formulas for the
terms of any sequence defined by a linear recurrence relation:

In+r = Qr—19n+r—1 + Qr—29n4r—2 + -+ a19n+1 + aogn

where ag,as,...,a,_1 are fixed scalars. The only thing that will change com-
pared to the above computations for the Fibonacci seugnce is which particular
matrix is used to write the recurrence relation as a matrix equation.



