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1 Existence and Uniqueness Theorem

Consider the differential equation

y™ 4 1)y "D+ pa(t)y = g(t) (1)

where each p;(t) and g(¢) are all continuous on an open interval I containing a
point ty. Suppose also we are given the following initial conditions.

y(to) = co
Y (to) = a1

y(n_l)(to) = Cp—1

Then there exists a unique solution to (1) satisfying the given initial conditions.
This is Theorem 4.1.1 in Boyce-DiPrima.

We can interpret this theorem in terms of what we already know about linear
algebra. In doing so, we will consider the equation (1) without the given initial
conditions.

First, we need to reduce to the case of a homogeneous linear differential
equation, so that the set of solutions is a linear vector space. If y;(t) and ya(t)
are two solutions to (1), then y; — yo is a solution to the differential equation

Y™ 4 py )y 4 4 pu(t)y =0 (2)

which is homogeneous, and therefore its solution set is a subspace. Therefore,
if we denote the set of solutions of (2) by S, then the set of solutions of (1) is
the set
{vwt+ylyesS}
for some fixed solution y, of (1). This is why we can, for the most part, restrict
our attention to homogeneous differential equations.
Define a linear transformation 7' : S — C™ as follows.
f(to)
f'(to)
T(f) = :

f(n;l)(to)



The existence part of the theorem tells us that 7" is onto. That is, for any v € C™,
there exists f € S such that T'(f) = v. It is a general fact of linear algebra that
if T(f1),T(f2),...,T(f.) are linearly independent, then so are fi, fa,..., fr.
Now suppose f1, f2,..., fr are linearly independent, and suppose

arT(f1) +a2T(f2) +---+a.T(f) =0.
Then since T is a linear transformation,
T(arf1 +azfo+---+arf) = 0.

Now we’ll apply the uniqueness part of the theorem. With initial conditions

y(to) =y (to) ==y V(te) =0,

the zero function is a solution to (2). By uniqueness, it is the only solution.
Therefore,
aifr +agfo+---+afr =0.

Since the f;’s are linearly independent, this implies that
a1 =ay=---=a, =0.

Therefore T(f1),T(f2),...,T(f.) is a linearly independent set of vectors in C™.

Let f1, fa,..., fm be abasis for S. Then T'(f1),T(f2),...,T(fm) is a linearly
independent set of vectors, and they span C™ because T is onto. Therefore they
form a basis for C™. This tells us that m = n, so S is n-dimensional.

Suppose we have f1, fo,..., fn € S, and we want to know whether they’re
linearly independent (and therefore a basis for S). Then we only have to test
whether T'(f1),T(f2),...,T(fn) are linearly independent in C™. This is true if
and only if the matrix with each of these vectors as columns is invertible, which
in turn is equivalent to

f1(to) falto) -+ fulto)
fi(to) f3(to)
. . . . £0. 3)

A 000) BV () - V(1)

2 The Wronskian

The Wronskian of fi, fa,..., fn, denoted W(f1, fa,..., fn), is the determinant

fi for e S
fi for
1(n.—l) f2(n-—1) .. T(Ln.—l)



This determinant is a function of t. Here we are thinking of these functions as
scalars that vary with ¢, not as vectors. If W(fy, fa,..., fn)(to) # 0 for some
to, then f1, fo,..., fn are linearly independent. If fi, fo,..., f, are solutions to
an n-th order homogeneous linear differential equation such as (2), then we can
rephrase (3) as

W(fir for- s fu)(to) 0.

In particular, if the Wronskian is zero at tg, f1, fo,. .., fn are linearly dependent.
This implication only holds if the functions are solutions to (2).

We can use the Wronskian to verify that our general solution formulas from
last time did actually give all solutions to the corresponding differential equa-
tions.

In all cases, we are trying to solve the differential equation

y' +ay +by=0. (4)

Case 1: M2 +a\+b= (A—r1)(\—1r2) where 7| # 73 and r1,7, € R. Here,
our two solutions are y1(¢) = ™! and y3(t) = e™*. Then

erlt ergt ( n )t
— — T1T7T2
Wy, y2) = ettt paerat | = (re —r1)e :

This is nonzero for all ¢, so y; and ys for a basis for the solution set of (4).

Case 2: N2 +a\+b=(\—7)2. Now yi(t) =" and ya(t) = te®’. Therefore

ert tert
re™  (rt+1)e"

2rt

W(yl,y2) =

which is also nonzero for all t. Therefore y; and yo are a basis for the solution
set of (4).

Case 3: \2+a\+b= (A—a—pFi)(A—a+pi) where o, 3 € Rand 3 # 0. The
solutions we ended up with after some computation were f1(t) = e cos(3t) and
f2(t) = e**sin(fBt). We can compute the Wronskian of these solutions directly.

_ e cos(t) e sin(ft)
W(f1, f2) = e (acos(Bt) — Bsin(Bt) e (asin(8t) + Bcos(5t))

— 562(12&

This is nonzero for all ¢ since § is assumed to be nonzero. Therefore f; and fs
are a basis for the solution set.

At first, we had the solutions g1 (t) = (@89t and gy(t) = e(®=PDt. We can
use the computation from case 1 to determine W(gy, g2) by setting 1 = a + i
and r9 = o — (.

Wi(g1,92) = (a0 — fBi —a — ﬂi)e(a+ﬁi+a—ﬁi)t — _28je20t

This is again nonzero for all ¢, so g; and gs are a basis for the solution set. We
obtained the real-valued solutions fi and fo by taking fi = 2312 and f, =




9192 We can use these relations to compute W (f1, f2) based on W (g1, g2).
We have that

fi f2 ) gj%g? YN (9 o9 /2 1/2i
fi £ utd: Azt g gb 1/2 —1/2i )

Therefore

W (1, f2) = det( %; _11//2; >W(gl7gg) - (_211) (—28ie2) = ge2ot.



