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1 Euler’s Formula

Recall the Taylor series expansions for e*, sinx, and cos x centered at x = 0.
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We will use these to define e for any 6 € R.
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This is called Euler’s Formula. We can use it to exponentiate any complex
number z = a + bi, where a,b € R.

e = @b — ¢2eY — ¢%(cos b + isin b)

2 Linear Homogeneous Second-Order Differential
Equations with Constant Coefficients

The first differential equation we will solve has the following form:

y' +ay + by =0. (1)



We wish to find all solutions. The first step is to compute what is called the
characteristic equation of the differential equation. This equation is

N 4+ar+b=0.

How we solve the differential equation will depend on what kinds of roots the
characteristic equation has.

2.1 Distinct Real Roots

Suppose A2 + a\ +b = (A —71)(\ — rg) for some r1,ry € R with ry # ro. Then
the general solution to the differential equation (1) has the form

y = cre™t 4 coe™t.

Example. Solve y”’ — 2y’ —y = 0.

2.2 Repeated Real Root

Suppose A2 + aX +b = (X — r)? for some r € R. Then the general solution to
(1) has the form

y = cire"™ + cote™.



Example. Solve y”’ — 2y’ +y = 0.

2.3 Distinct Complex Roots

Since we are supposing that a,b € R, anytime there are complex roots, they must
be distinct. This is because complex roots of polynomials with real coefliicents
occur in complex conjugate pairs. Suppose A2 +al+b= (A —a—B3i)(A—a+Bi)
for some a, f € R. Then, as with distinct real roots, the general solution to (1)
takes the form
y = dy eIt 4 dpela—Bit,

However, we started with a differential equation with real coefficients, and the
variable t is a real-valued variable, so we would like to know which of these
solutions are real valued functions. Note that the set of solutions is a two-
dimensional C-vector space spanned by

y = eloTBIt — e [cos(Bt) + isin(Bt)]
and
Yo = @BVt = e [cos(Bt) — isin(St)] .

Another basis for the same C-vector space is y142ry2 and #5:#2. So,

y1+y2 e [cos(Bt) +isin(Bt) + cos(ft) —isin(Gt)]
5 = 5 = e cos(ft)




and

y1 —y2 e [cos(Bt) 4 isin(Bt) — cos(Bt) +isin(ft)] e sin(Bt)
2% 21 B .

Therefore the set of all solutions to (1) can be written as
y = e [cy cos(Bt) + casin(Bt)].

Example. Solve 3y — 21y + 2y = 0.



