Quiz 6 Solutions

1. Find the points on the surface z2yz = 1 that are closest to the origin.

Solution 1. For a point (x,y,z) on this surface, we can write its distance squared from the origin,
D, as a function of y and z:

1
D(y,z) =y*+ 2>+ —.
Yyz

We use distance squared instead of distance because this simplifies the formula slightly, and minimizing
distance squared the is the same as minimizing distance. Then we need to compute the gradient of D:

1 1
VD(y,z) = <2y — y2—2,2z >
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So, VD(y,2) = 0 if and only if 2y32 = 1 = 2y23, which implies y? = 22, which is in turn equivalent to

y = z or y = —z. However, since 22yz > 0, yz > 0, so VD(y,z) = 0 only if y = z. Then VD(y,2) =0
if and only if 2y* = 1, which is equivalent to y = 4%/5 ory = *4%/5' So, there are four points on the

surface with minimum distance from the origin: ({‘@, e i), (—{‘ﬁ, 2= i), ({‘@, -5 —%),
and (_w,_%ﬁ,_%).

Solution 2. Write D as a function of z as well: D(x,y,2) = 22+ y?+ 22. Then we wish to maximize
D under the constraint #2yz = 1. So, VD(z,y, z) = (2x,2y,22), and if we set g(x,y,2) = 2%yz, then
Vy(z,y,2) = 2zyz, 2%z, 2%y). Then, if A\VD(z,y,2) = Vg(z,y,2), then A\ = yz by looking at the
first coordinate, so 22 = 2y? and 22 = 222 from looking at the other coordinates. Then we know that
y? = 2%, and as above, since 2yz > 0, yz > 0, so y = z. Then, since 22 = 2y?, y = z and 2%yz = 1,
2y* = 1. The rest of the solution follows as above.

2. Find the maximum and minimum values of the function f(x,y) = 5x + 12y subject to the constraint
22 +y? = 4.
Let g(z,y) = 2% +y%. Then Vf(z,y) = (5,12) and Vg(x,y) = (2x,2y). These vectors will be scalar
multiples of one another if and only if y = 1—52:13 The only such points lying on the curve g(x,y) = 4
are (m %) and (—E —%). So, f (m %) = 26 is the maximum value of f under the constraint, and
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f (—%, —%) = —26 is the minimum value.



