Theorem 1. Let T : V — W be a linear transformation. Then the set
T(V)=AT(v)|veV}
which we call the image of T, is a subspace of W.

Proof. Let w,x € T(V) and o € R. Then there exist u,v € V such that T'(u) = w and T(v) = x. Then,
since T is linear,

Tu+v)=T) +T(V)=w+x
and
T(au) = oT(u) = aw.
Therefore w + x € T(V) and aw € T(V), so T(V) is a subspace of W. O

Theorem 2. A linear transformation from V to W is determined by where it sends any spanning set of V.
That is, if Vi,...,vn € V are such that V = Span{vi,...,vp}, and Ty : V - W and Ty : V — W are two
linear transformations such that Ty (v;) = Ta(v;) for each i, then Ty = Ts.

Proof. Let v € V. Then we can write

n
VvV = E a;V;
i=1

for some ay,...,a, € R. Then
Ti(v)=T (Z ai"i)
i=1
= aTi(v)
i=1

= Z a;Ta(v;)
=1 .
= TQ <Z aivi>
i=1

= TQ(V).

Therefore T7 = T5. ]



