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Setup

Setting: hyperbolic surfaces

(M, g) = M\H? convex co-compact hyperbolic surface

Resonances: poles of the scattering resolvent

1 -1 [ 12(M) = 12(M), ImA >0
R(/\):<—Ag———)\2) : 2( ) (2)
4 [20mo(M) = L2 (M),  ImA<0
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Setup

Setting: hyperbolic surfaces

(M, g) = M\H? convex co-compact hyperbolic surface

Resonances: poles of the scattering resolvent

Also correspond to poles of the Selberg zeta function

Existence of meromorphic continuation: Patterson '75,'76, Perry '87,'89,
Mazzeo—Melrose '87, Guillopé—Zworski '95, Guillarmou '05, Vasy '13
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Resonances: poles of the scattering resolvent R(\)

Featured in resonance expansions of waves:
Re A = rate of oscillation, —Im A = rate of decay

Borthwick '13, Borthwick—Weich '14: numerics for resonances
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Spectral gaps

Essential spectral gap of size 5 > 0:
only finitely many resonances with Im A > —f

One application: exponential decay of linear waves
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Spectral gaps
Essential spectral gap of size 5 > 0:
only finitely many resonances with Im A > —f

One application: exponential decay of linear waves

(NI

[
~—

Patterson—Sullivan theory: the topmost resonance is at A = /(0 —
where ¢ € (0,1) is defined below = gap of size 5 = max (O,%

- g I :
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The limit set and §

M = '\H? hyperbolic surface
Ar S the limit set
§ :=dimy(Ar) € (0,1)

Trapped geodesics: those with endpoints in Ar
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Beyond the Patterson—Sullivan gap

Patterson—Sullivan gap: 8 = max(0, % —9)

Borthwick—Weich '14: numerics for symmetric 3- and 4-funneled surfaces

B

[
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Beyond the Patterson—Sullivan gap

Patterson—Sullivan gap: 8 = max(0, % —9)

Borthwick—Weich '14: numerics for symmetric 3- and 4-funneled surfaces

v o

Dolgopyat '98, Naud '04, Stoyanov '11,'13, Petkov—Stoyanov '10:
for0 < < % gap of size % — 0 + ¢, where € > 0 depends on the surface
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Beyond the Patterson—Sullivan gap

Patterson—Sullivan gap: 5 = max(0, % —9)

Borthwick—Weich '14: numerics for symmetric 3- and 4-funneled surfaces

S

Bourgain—Gamburd—Sarnak '11, Oh—Winter '14: gaps for the case of
congruence quotients
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Patterson—Sullivan gap: 8 = max(0, % —9)

Theorem [D-Zahl '15]

There is an essential spectral gap with polynomial resolvent bound of size

=369

where g € [0, ] is the improvement in the asymptotic of additive energy
of the limit set (explained below).
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Patterson—Sullivan gap: 8 = max(0, % —9)

Theorem [D-Zahl '15]
There is an essential spectral gap with polynomial resolvent bound of size
_3 Be
=% (2 ; 5) 16

where g € [0, ] is the improvement in the asymptotic of additive energy
of the limit set (explained below).

Theorem [D-Zahl '15]

Be>dexp[— K(1— 6) B log'*(1 + 0)]

where C is the constant in the d-regularity of the limit set and K is a
global constant.

C depends continuously on the surface = examples of cases when
0> % but there is a gap
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There is an essential spectral gap of size
3/1 BE
—2(z 5) PE
p 8<2 + 16
where g € [0, ] is the improvement in the asymptotic of additive energy

of the limit set

=

[N

34+8p
6

Numerics by Borthwick—-Weich '14  + our gap for S := 9§
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Additive energy

X(y0, @) C aZ N [—1,1] the discretization of Ar projected from yg € Ar

Yo
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Additive energy

X(yo, ) C aZ N [—1, 1] the discretization of Ar projected from yo € Ar

—+ e e
Additive energy:

Ea(yo,a) = #{(a,b,c,d) € X(yo,)* | a+ b=c+d}
’X(y()? a)| ~ aiéa a726 S; EA(YO; CL/) 5 a736

Definition
Ar has improved additive energy with exponent g € [0, 0], if

EA(yO,CE) < Ca_36+/BE’ 0<a<l,

where C does not depend on yp.

Random sets have improved additive energy with g = min(d,1 — 9)
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Scheme of the proof

M = I'\H? convex co-compact hyperbolic surface
Ar C St limit set, 6 = dimy(Ar)

M has an essential

microlocal
analysis

spectral gap of size 3 )

Ar is d-regular
with constant C

additive
combinatorics

Ar satisfies fractal
uncertainty principle
with exponent 3

A

harmonic
analysis

Be = Be(C) > 0

Ar has improved
additive energy
with exponent (g
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Spectral gap via fractal uncertainty principle

To prove that M has an essential spectral gap of size 3, enough to show

1
(— Ay — ri )\2>u =0, u outgoing

ImA>—8, ReA>1

— u=0
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Spectral gap via fractal uncertainty principle

To prove that M has an essential spectral gap of size 3, enough to show

h2
— 2 _— — 2 = i
( h*Ag 2 w )u 0, u outgoing =0

Imw>—-5h, Rew=1 0<hxkl
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Spectral gap via fractal uncertainty principle

To prove that M has an essential spectral gap of size 3, enough to show

h?
—_— 2 —_——_— 2 fr— 1
( h Ag 7 w )u =0, uoutgoing u=0

Imw>—-Fh, Rew=1 0<hxkl

Using Vasy '13 and propagation of

singularities up to time t, get
(1 = Opp, (x4))ulli2 = (h"")IIUHL2
‘I %

10py (x-)ull.z 2 €75 |ull 2

where ., x_ live e t-close to the
outgoing/incoming tails ', C T*M
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Spectral gap via fractal uncertainty principle

To prove that M has an essential spectral gap of size 3, enough to show

2 h? 2 .
(—hAg—T—w )uzO, u outgoing

= u=0

Imw>—-5h, Rew=1 0<hkl

Using Vasy '13 and propagation of
singularities up to time t = log(1/h), get

(1= Op,(x+))ulliz2 = O(h™)|ul| 2
| Opy(x=)ulliz > 7| ul| 2

where y ., x_ live h-close to the
outgoing/incoming tails ', C T*M
and L,, Lg are weak unstable/stable
Lagrangian foliations, tangent to 'y, T_
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Proofs

I(1 = Opg* (x+))ull 2 = O(h*)|ull 2
10p;: (x=)ull2 > h7||ull 2
where ¢, x_ live h-close to ', ,T_ C T*M

To get a contradiction, enough to show

10pF(x=)Ops* (x+ )l 212 < ChP
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11 = Op* (x)ull2 = O(h)ull 2
10p," (x-)ull2 > h7|lull 2

where ¢, x_ live h-close to ', ,T_ C T*M

To get a contradiction, enough to show
10p,* (x-)OPy* (x4 )l 212 < CHP

Definition
Ar satisfies a fractal uncertainty principle with exponent 3, if

I 3nr iy By Inc (il 2(s1) s 12(s1) < ChP,
1 2i
Byv(y) = (2rh)~2 /S Ny =YXy )vly) ay’

for all x € C§°(S* x S\ {y = y'}), where Ar(h) C St is the
h-neighborhood of the limit set Ar
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Fractal uncertainty principle with exponent §:
A (0 BxIns ()l 2(s1) s 1281y < CHP,
_1 2i
Byv(y) = (2mh) 2 /S Ny =yt y)v) dy’

Theorem [D-Zahl '15]

If Ar satisfies the fractal uncertainty principle with exponent /3, then
M = I'\H? has an essential spectral gap of size /3

How to prove a F.U.P.?
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Fractal uncertainty principle with exponent §:
A (0 BxIns ()l 2(s1) s 1281y < CHP,
_1 2i
3w0%=@ﬂ02éjy—/MM%/WWUW’

Theorem [D-Zahl '15]

If Ar satisfies the fractal uncertainty principle with exponent 3, then
M = I'\H? has an essential spectral gap of size /3

How to prove a F.U.P.?
o |[Bylliz2: B=0
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Fractal uncertainty principle with exponent §:
- (my B In ()l 21y 1251y < Ch,
_1 2i
Byv(y) = (2mh) 2 /S Ny =yt y)v) dy’

Theorem [D-Zahl '15]

If Ar satisfies the fractal uncertainty principle with exponent 3, then
M = I'\H? has an essential spectral gap of size /3

How to prove a F.U.P.7
o |[Bylliz12: B=0
o IByllprypoe: B=35—16
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Fractal uncertainty principle with exponent §:
- (my B In ()l 21y 1251y < Ch,
_1 2i
Byv(y) = (2mh) 2 /S Ny =yt y)v) dy’

Theorem [D-Zahl '15]
If Ar satisfies the fractal uncertainty principle with exponent 3, then

M = I'\H? has an essential spectral gap of size /3

How to prove a F.U.P.?
° ||Byllizs12: B=0
o [Bylliiosi: B=5-9
o L*: 5:%( 5)+16,whereﬂ5
comes from the improvement on
additive energy
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From regularity to an additive energy bound
Definition
Ar C St is §-regular with constant C, if (us is the Hausdorff measure)

Ca® < ps(Ar N B(yo,a)) < Ca®, yo €Ar, a€(0,1)

Theorem [D-Zahl '15]

If Ar is d-regular with constant C, then it has improved additive energy
with exponent (here K is a global constant)

Be = dexp [ - K(1- 5)_28 |og14(1 + C)]

@ J-regularity + § < 1 = Ar does not have long arithmetic progressions

@ A version of Freiman’s theorem = Ar cannot have maximal additive
energy at a small enough scale

@ Induction on scale = improvement in the additive energy at all scales
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Thank you for your attention!
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