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@ Anosov flows: hyperbolic/chaotic smooth dynamical systems

@ Pollicott—Ruelle resonances: complex characteristic frequencies of
decay of correlations

@ Our case: geodesic flow on a hyperbolic Riemannian manifold
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@ Anosov flows: hyperbolic/chaotic smooth dynamical systems

@ Pollicott—Ruelle resonances: complex characteristic frequencies of
decay of correlations

@ Our case: geodesic flow on a hyperbolic Riemannian manifold

Resonances of the geodesic flow ~ eigenvalues of the Laplacian
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General Anosov flows

Anosov flows

A flow ¢t = eX : M — M is Anosov if (6 > 0)
TeM = RX(x) @ Es(x) @ Eu(x)
|dot(x)-v] < Ce M, t>0, veE(x)
|dot(x)-v] < Ce™Ml, t <0, veE(x)
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General Anosov flows

Anosov flows

A flow ¢t = eX : M — M is Anosov if (6 > 0)
TeM = RX(x) @ Es(x) @ Eu(x)
|dot(x)-v] < Ce M, t>0, veE(x)
|dot(x)-v] < Ce™Ml, t <0, veE(x)

Fundamental example: M = SM, o' : M — M geodesic flow,
(M, g) has sectional curvature < 0
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General Anosov flows

Correlations and resonances

Assume that ¢! is contact = exists a smooth invariant measure

f,g e ]((M) = pf,g(t)z/M[foso‘t]édu

Dolgopyat '98, Liverani '04, Tsujii '10, Nonnenmacher—Zworski '13:

f.ge (¥ = pf7g(t):/ fdu/ gdu+0(e™")
M M
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General Anosov flows

Correlations and resonances
Assume that ¢! is contact = exists a smooth invariant measure
Fac M) = gl = [ [Foelgdn
Dolgopyat '98, Liverani '04, Tsujii '10, Nonnenmacher—Zworski '13:
f,eecC*® = Pf,g(t):/ fdu/ gdu+0(e™)
M M
Resonances of ¢!: poles of the meromorphic extension to C of
o0
pr.g(N) :/ e Mprg(t)dt, Rex>0, f,geC™
0

Pollicott '86, Ruelle '86, Baladi '05, Liverani '05, Gouézel-Liverani '06,
Baladi—Tsujii '07, Butterley—Liverani '07, Faure-Sjéstrand '11
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fop ™t =e ™f, X:C®M)— C®(M), o =e*

Prg(N) = / (e HXINf gy o = (X +\) 2, g) 12
0

Resonances = eigenvalues of —X on anisotropic Sobolev space

H', r>—Re\;, HM)CH CH"(M)
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fop ™t =e ™f, X:C®M)— C®(M), o =e*

s = [l N gy = (X +3) Mg
Resonances = eigenvalues of —X on anisotropic Sobolev space
H', r>—Re\;, HM)CH CH"(M)
Useful criterion: A\ € C a resonance <= the space
Resx(\) = {u € D'(M) | (X + \)u =0, WF(u) C E}

of resonant states is nontrivial. Here E}(x) = (RX(x) @ E,(x))* C T} M.

The “outgoing” condition WF(u) C E; is invariant under differential
operators
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Hyperbolic manifolds

Assumptions
o M =SM={(x,§) | xeM, £ TM, |{|g =1}; ¢ geodesic flow

e (M, g) has sectional curvature —1 and dimension n+ 1

o M=T\H"", T cPSO(1,n+1)
@ In the Minkowski hyperboloid model H™! ¢ RL 1

X(x,&) = £0x + xO¢
©'(x,€&) = (xcosh t + Esinh t, xsinh t + & cosh t)
Eu(x,€) = {nd« +nde | n € TH™, n L&}
Es(x, &) = {ndx —nde | n € T,H™, n L&}
Gelfand—Fomin '55, Guillemin '77, Moore '87, Ratner '87, Zelditch '87,
Flaminio—Forni '03, Leboeuf '04, Faure—Tsujii '13. ..
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Results

Theorem, dim M = 2

Except at —1 — %No, A is a P-R resonance iff

—(A+ m)(A+ m+1) € Spec(—A) for some m € Ny.

Im s

s(1 —s) € Spec(—A4)
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Im X\

em =0
mm=1

em=2

ol

A € Specppr(X)

Re A
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Theorem [DFG '14], dmM =n+1>2
Except at —5 — %No (+ special case: A € —2N), A is a resonance iff

2

n\2 n m—2¢
—(A—i—m—i——) + — +m—2( € Spec (—A), meNy, £e[0,m/2],

2 4

where Speck(—A) is the spectrum of —A := V*V acting on trace-free
divergence-free symmetric cotensors of order k
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Theorem [DFG '14], dmM =n+1>2
Except at —5 — %No (+ special case: A € —2N), A is a resonance iff
2

n\2 n m—2¢
—<A+m+§) +I+m—2€€Spec (—A), meNy, £e[0,m/2],

where Speck(—A) is the spectrum of —A := V*V acting on trace-free
divergence-free symmetric cotensors of order k

Im\
oem=0,0=0

ol

Re X
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Theorem [DFG '14], dmM =n+1>2
Except at —5 — %No (+ special case: A € —2N), A is a resonance iff

2

n\2 n m—2¢
—(A—i—m—i——) + — +m—2( € Spec (—A), meNy, £e[0,m/2],

2 4

where Speck(—A) is the spectrum of —A := V*V acting on trace-free
divergence-free symmetric cotensors of order k

Im A
em=0,(=0
am=10=0

Re A

|
wley

|
wleg
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Theorem [DFG '14], dmM =n+12>2
Except at —5 — %No (+ special case: A € —2N), A is a resonance iff

2

n\2 n m—2¢
—(A—i—m—i——) + — +m—2( € Spec (—A), meNy, £e[0,m/2],

2 4

where Speck(—A) is the spectrum of —A := V*V acting on trace-free
divergence-free symmetric cotensors of order k

Im A
em=0,(=0
am=10=0
em=2/(=1

,g % L3 3 Rox
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Theorem [DFG '14], dmM =n+12>2

Except at —5 — %No (+ special case: A € —2N), A is a resonance iff

2 2
—()\—i— m+ g) + % +m—20 e Spec™*(-A), meNy, {e[0,m/2],
where Speck(—A) is the spectrum of —A := V*V acting on trace-free
divergence-free symmetric cotensors of order k

Im A
em=0,(=0
am=10=0
em=2/(=1
*m=2L=0

—hK—h——% X
,% 5 Re A
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Resonant states and multiplicities

Resonant states of X ~ eigenstates of A
Resx(\) = {u € D'(SM) | (X + A\)u =0, WF(u) C E;}
Resyx()\) = {u* € D'(SM) | (X* + N)u* =0, WF(u*) C E}}
Res(\) = {u € D'(SM) | 3k : (X + \)¥u =0, WF(u) C E!}

Theorem [DFG '14]: resonances are semisimple

For A ¢ —2 — 1Np, Resx()\) = Resf())
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Resonant states and multiplicities

Resonant states of X ~ eigenstates of A
Resx(\) = {u € D'(SM) | (X + A\)u =0, WF(u) C E;}
Resyx()\) = {u* € D'(SM) | (X* + N)u* =0, WF(u*) C E}}
Res(\) = {u € D'(SM) | 3k : (X + \)¥u =0, WF(u) C E!}

Theorem [DFG '14]: resonances are semisimple

For A ¢ —2 — 1Np, Resx()\) = Resf()) J

Proof relies on pairing formula:

<U, U*>L2(SM) = .F()\)(f, f*>L2(M)7 uc ReSX()\), ut e Res}‘(()\)

where f, f* are the eigenstates of —A on tensors which correspond to u, u*
Anantharaman—Zelditch '07, Hansen—Hilgert—Schroder '11
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Remarks

Im A
em=0,(=0
SRR I p am=10=0
em=2/(=1
*m=2/L=0

S = = % Ry
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Remarks

Im A

em=0,(=0
am=10=0
em=2/(=1
*m=2/L=0

Re A

e Bands + Weyl law for general contact Anosov flows with pinching:

Faure—Tsujii '13
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Remarks
Im A\
em=0,(=0
SRR I p am=10=0
em=2/(=1
*m=2/L=0
,% ,% ,% Re A

e Bands + Weyl law for general contact Anosov flows with pinching:

Faure—Tsujii '13
@ Zeta function approach + techniques for exceptional points: Juhl '01,

Bunke—Olbrich '95, '96, '99, '01
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Remarks
Im \
om 0
SR I p nm= =0
*m
i " " RoX

e Bands + Weyl law for general contact Anosov flows with pinching:
Faure—Tsujii '13

@ Zeta function approach + techniques for exceptional points: Juhl '01,
Bunke—Olbrich '95, '96, '99, '01

@ Rate of decay of correlations depends on the small eigenvalues of A
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Remarks
Im A\
om 0
TR ) i1
*m
:% * = ,% = ,% Re A
@ Bands + Weyl law for general contact Anosov flows with pinching:

Faure—Tsujii '13

@ Zeta function approach + techniques for exceptional points: Juhl '01,
Bunke—Olbrich '95, '96, '99, '01

@ Rate of decay of correlations depends on the small eigenvalues of A

@ Possible applications to quantum ergodicity of resonant states
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Horocyclic operations (dimension 2)

M = r\H2, SM = r\5H27 ‘Pt =X xp(~U_)(2.6)

U,, U_ horocyclic vector fields on SM:

B (2,8)

[X,Ug] = £Us, [Us, U-]=2X

E,=RU_, E,=RU,
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Horocyclic operations (dimension 2)

M =T\H2, SM=T\SH2, of= e

U,, U_ horocyclic vector fields on SM:

[X,Ug] = £Us, [Us, U-]=2X

E,=RU_, E,=RU,

A is a resonance <= Ju € D'(SM)\0: (X +A)u=0, WF(u)C E}
m>0= (X+A+m)Umu=0, WF(U™)C E*

No resonances for ReA >0 = U™u =0 for m > —Re A
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Reduction to the first band (dimension 2)

(X+MNu=0 WF(u)cCE!; U™u=0 form>1
u, U_u, UPu, ..., v:=U"u#0, Ulyu=0
(X+A+mv=0, U_v=0;, WF(v)C E; automatically

Im\

em=0
am=1

em=2

|
i)
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Reduction to the first band (dimension 2)

(X+MNu=0 WF(u)cCE!; U™u=0 form>1
u, U_u, UPu, ..., v:=U"u#0, Ulyu=0
(X+A+mv=0, U_v=0;, WF(v)C E; automatically

Other direction: given v, put (A ¢ —1 — 1N)

(2A 4+ m)!
——_U"v; X+ ANu=0, UTu=
mi(2\ + 2m)l o+ (X+Nu=0, Ulu=v

em=0

em=2
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First band (dimension 2)

(X+Av=0 U.v=0

F(x) = /5 IRICOLE
(“A+AA+1)f =0

exp(=U-)(,€)

B ()

DU @:E)
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First band (dimension 2)

(X+A)v=0, U.v=0
F(x) = /5 IRICOLE
(—A+AA+1)f =0

exp(~U_)(#,6)

B_:SH? - S!, &_: SH? — (0, 0)
UB.=XB_=0, U.o_ =0, Xb_ = —d_
v(x,€) = ®_(x, ) w(B_(x,§)), weD(Sh)

w(v.v) = [dy(v)[*w(v), vesS, yerl
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First band (dimension 2)

(X+A)v=0, U.v=0
Fx) = /S PRZCOLS
(—A+AA+1))f =0

exp(~U_)(w,€)

B_:SH? - S!, &_: SH? — (0, 0)
UB.=XB_=0, U.o_ =0, Xb_ = —d_
v(x,€) = ®_(x, ) w(B_(x,§)), weD(Sh)
w(yv) =|dy(v) w(v), ves', yerl

_ X2
f(x) = /Sl P(X,V)1+’\W(Z/) dv, P(x,v)= 1—|x|

x —vf?’

x € B?
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First band (dimension 2)

v € D'(SM) F(x) = [s o v(x, ) d€ f e C>(M)
(X+XNv=0 - (—A—2)f=0
U_v=0 z=-A\+1)
v=20)woB.) f=Ju P w(v)dy
w € D'(S?)
vw = [dy[rw

B (2,8)

exp(Us)(2,€)
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First band (dimension 2)

v € D'(SM) F(x) = [s o v(x, ) d€ f e C>(M)
(X+XNv=0 - (—A—2)f=0
U_v=0 z=-A\+1)
v=20)woB.) f=Ju P w(v)dy
w € D'(S?)
vw = [dy[rw

Poisson operator w — f bijective (A ¢ —1 — N):
Helgason '70, '74, Minemura '75,
Oshima—Sekiguchi '80, Van Der
Ban—Schlichtkrull '87, Grellier—Otal '05

—a

This finishes the proof in dimension 2
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Higher dimensions

Problem: Uy are no longer well-defined vector fields on SM
Solution: in dimension 2, U_ spanned E,
Eu(x,§) = 0-(£(x,€)), 0-:n—(n,7)
E(x,&)={ne TxM|n L&} vector bundle over SM
U_:D'(SM) — D'(SM; %), U_u(x,€)-n=du(x,§&) - 0_(n)
U™ D'(SM) — D'(SM; @2E%), UTX = (X + mUT

Semyon Dyatlov Resonances for hyperbolic manifolds June 25, 2014 15 / 18



Higher dimensions

Problem: Uy are no longer well-defined vector fields on SM

Solution: in dimension 2, U_ spanned E,

Eu(x,€) = 0-(E(x,€)), O :m = (n,m)
E(x,&)={ne TxM|n L&} vector bundle over SM
U_:D'(SM) — D'(SM; %), U_u(x,€)-n=du(x,§&) - 0_(n)
U™ D'(SM) — D'(SM; @7E"), UTX = (X + m)UT

Start with u € D'(SM), (X + A)u =0, WF(u) C E;}

u, Uou, UPu, ..., v =UTu#0, U™ u=0
veD(SM;@2€*), (X+A+m)v=0, U-v=0
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Higher dimensions

Problem: Uy are no longer well-defined vector fields on SM

Solution: in dimension 2, U_ spanned E,

Eu(x,€) = 0-(E(x,€)), O :m = (n,m)
E(x,&)={ne TxM|n L&} vector bundle over SM
U_:D'(SM) — D'(SM; %), U_u(x,€)-n=du(x,§&) - 0_(n)
U™ D'(SM) — D'(SM; @7E"), UTX = (X + m)UT

Start with u € D'(SM), (X + A)u =0, WF(u) C E;}

u, Uou, UPu, ..., v =UTu#0, U™ u=0
veD(SM;@2€*), (X+A+m)v=0, U-v=0

Analogy with polynomials on R™: U_ ~d, Uy ~ x
v — u: “Taylor formula” but commutation relations more involved

Semyon Dyatlov Resonances for hyperbolic manifolds June 25, 2014 15 / 18



Higher dimensions

Poisson on symmetric trace-free tensors (v € <§<>’5” o gt Vagy = 0):
P {w e DS BY(TS") [ 7w = [drM 7w} —
{veC®(M;®(T*M)) | V*v=0, (<A +A(n+)\)+m)v=0}

is an isomorphism for A ¢ —2 — 1Ny, n > 1
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Higher dimensions

Poisson on symmetric trace-free tensors (v € <§<>’5” = g Vagy = 0):
Py Aw e D(S" @5 (T*S") | v'w = |dy[M 7w} —
{ve C¥M;@2(T*M)) | V*v =0, (A +A(n+A) +m)v =0}
is an isomorphism for A ¢ —2 — 1Ny, n > 1
Injectivity
Weak expansion (x = rv € B"™!, p=1—r =0, v € S")

,@)\W(X) ~ C)\W(V)p_A + Z fk(y)p—)\-i-k + Z fkl(y)pn-i-)\-i-k
keN keNp
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Higher dimensions

Poisson on symmetric trace-free tensors (v € @’; = g Vagy = 0):
Py {w e D'(S"; 05 (T*S") | v'w = ]d’y]/\J”"W} —
{ve C¥M;@2(T*M)) | V*v =0, (A +A(n+A) +m)v =0}
is an isomorphism for A ¢ —2 — %NO, n>1
Injectivity
Weak expansion (x = rv € B"™!, p=1—r =0, v € S")

Prw(x) ~ aw(@)p + > () M+ Y f(v)pm
keN keNp

Surjectivity
@ 1 weak expansion for each trace-free divergence-free eigenstate v

o the p=> term in the expansion determines v

v
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Pairing formula and semisimplicity (m = 0)
(X+0v =0, Uv=0. fly)= [ viyn)dn-
SeM

(X* +A)v* =0, U v*=0, f*(y):/st*(y,n+)dn+

¥ _pal(n+ A .
(fy %) 2(my = (4m) /ZF((’2’+>\;<V’V )12(sMm)
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Pairing formula and semisimplicity (m = 0)

(X+ v =0, Uv=0. fiy)= [ iy )dn-
S«M

(X430 =0, U =0, F(y)= /S V) de
ol (n+ )
* _ n/2 *
(f ) 2(my = (47) (CES)) +>\)<V7 v 2(sm)
v==o)(woB.), v :¢§(WOB+) AT

(f, f%) =/ v(y,n-)v*(y,n+) dydn_dn, n? PN
S2Mm

B_(x,8) B (2.8)

—B_(ym-) Tt —Bi (g
(') = [ vlx v ) de U

Change of variables W : (x,&,7n) — (v,n—,1+)
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Thank you for your attention!
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