Exercise 7: Let G = K x H be as above (i.e. G is a Frobenius group in the usual notation),
and let 1 # h € H. Show that the map ¢ : K — K defined by ¢(x) = 27 '2" (z € K) is a bijection.

Solution: First note that ¢(x) € K because K is a normal subgroup, so z" € K and 27! € K
ifreK.

Since K is a finite group, to show ¢ is a bijection it suffices to show injectivity. Set z,y € K
s.t. p(x) = p(y), that is y~ly" =y~ h~lyh = 27 h~lzh = 272", Equivalently:

y A lyh =27 'h ek —= Ay =y hls —= Ay Hh =ya !

Therefore, we have w = yz~' € K which is fixed by conjugation by an element h # 1,h € H. We
want to show that w = 1 € G. But we know (by corollary of Big Frobenius Thm) that H acts
semiregularly on K*, so in particular, w cannot be a fixed point of conjugation by h # 1 unless
w = 1. Therefore, w = 1, and so y = x. Thus, ¢ is injective, and so it is a bijection by cardinality
arguments. [J



