
Exercise 3: We have skipped some of the formal proofs for the laws of induction for class functions.
Supply a proof for one of the following:

1. (νE)G = νG where H ⊆ E ⊆ G;

2. [νG, µ]G = [ν, µH ].

(Of course you are welcome to do both!)

Solution:

1. We will use the formulas of induction for class functions on G and E:

(νE)G(g) =
1
|E|

∑
t∈G

ν̇E(gt) .

And likewise, if gt ∈ E

νE(gt) =
1
|H|

∑
s∈E

ν̇((gt)s) =
1
|H|

∑
s∈E

ν̇(gts) .

So:

(νE)G(g) =
1
|E|

∑
t:gt∈E

{ 1
|H|

∑
s∈E

(̇ν)(gts)} =
1
|E|

( 1
|H|

∑
t:gt∈E

{
∑
s∈E

ν̇(gts)}
)

=

=
1
|H|

( 1
|E|

∑
s∈E

{
∑
t∈G
gt∈E

ν̇(gts)}
)

.

The key-point is the following. Since H ⊆ E ⊆ G and ν̇(gts) = 0 if gts /∈ H, we can extend
the second sum for t ∈ G, eliminating the extra condition gt ∈ E. This is consequence of
gts = s−1(t−1gt)s ∈ H iff gt ∈ sHs−1. and s ∈ E, so gt ∈ sHs−1 ⊆ E implies gt ∈ E. Hence,

(νE)G(g) =
1
|H|

( 1
|E|

∑
s∈E

{
∑
t∈G

ν̇(gts)}
)

.

Let us workout the expression 1
|E|

∑
s∈E

{
∑
t∈G

ν̇(gts)}. Consider the left-coset G/E = {t1, . . . , tm},

so each t = tie for a unique pair e ∈ E and i = 1, . . . ,m. Hence,

1
|E|

∑
s∈E

{
∑
t∈G

ν̇(gts)} =
1
|E|

∑
s∈E

{
∑
e∈E

r∑
i=1

ν̇(gti(es))} (*)

And since we have e, s ∈ E, and multiplication by a fixed element is a bijection in E, we can
change the index e ∈ E to e′ = es ∈ E. Hence:

(∗) =
1
|E|

∑
s∈E

{
∑
e∈E

r∑
i=1

ν̇(gtie)} =
1
|E|

|E|{
∑
e∈E

r∑
i=1

ν̇(gtie)} =
∑
t∈G

ν̇(gt)

Therefore,

(νE)G(g) =
1
|H|

∑
t∈G

ν̇(gt) = νG(g) ,

for all g ∈ G, so (νE)G = νG. �
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2. Combining the definitions of the bracket product and the induced class function we get:

[νG, µ]G =
1
|G|

∑
g∈G

νG(g−1)µ(g) =
1
|G|

∑
g∈G

1
|H|

∑
t∈G

ν̇((g−1)t)µ(g−1) =

=
1
|H|

( 1
|G|

∑
t∈G

∑
g∈G

ν̇((g−1)t)µ(g)
)

=
1
|H|

( 1
|G|

∑
t∈G

∑
g∈G

ν̇((gt)−1)µ(g)
)

.

Let us workout the expression 1
|G|

∑
t∈G

∑
g∈G

ν̇((gt)−1)µ(g). At first, note that conjugating by a

fixed t gives a bijection on G: g ↔ gt. Thus, we can change the index g in the second sum
by gt. Hence:

1
|G|

∑
t∈G

∑
g∈G

ν̇((gt)−1)µ(g) =
1
|G|

∑
t∈G

∑
g∈G

ν̇((g)−1)µ(gt−1
) . (**)

Now we change t by t−1 in the first sum and we change the order of both sums, so

(∗∗) =
1
|G|

∑
t∈G

∑
g∈G

ν̇((g)−1)µ(gt) =
1
|G|

∑
g∈G

∑
t∈G

ν̇((g)−1)µ(gt) =
1
|G|

∑
g∈G

ν̇((g)−1)
∑
t∈G

µ(gt) =

=
∑
g∈G

ν̇((g)−1)
( 1
|G|

∑
t∈G

µ(gt)
)

=
∑
g∈H

ν((g)−1)
( 1
|G|

∑
t∈G

µ(gt)
)

,

since g−1 ∈ H iff g ∈ H. And now, simply note that µ is a class function so µ(gt) = µ(g) for
all t. Hence:∑

g∈H

ν((g)−1)
( 1
|G|

∑
t∈G

µ(gt)
)

=
∑
g∈H

ν((g)−1)
( 1
|G|

∑
t∈G

µ(g)
)

=
∑
g∈H

ν((g)−1)µ(g) .

Finally, replace this last expression in the first equation describing [νG, µ]G:

[νG, µ]G =
1
|H|

∑
g∈H

ν((g)−1)µ(g) =
1
|H|

∑
g∈H

ν((g)−1)µH(g) = [ν, µH ]H ,

since g ∈ H so µ(g) = µH(g). �
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