Exercise 3: Let G = (0, 0|07 = ¢ = 1,09 = ¢2) and ¢ = ¢?™/7. In Chap. 0, we have come
up with the representations D, D’ : G — Gl3(C), where D(o) = diag(¢, (2, (%), D'(0) = (¢5,¢5,¢3),

0 0 1
and D(p) =D'(¢)=| 1 0 0 |]. Show that both D, D’ are monomial representations.
010
Solution: Since we have dim¢ D = dime¢ D’ = 3, we need to find a subgroup H C G with
[G : H] = 3 and two 1-dim representations that induce D, D’ over G. Our natural candidate
for H is H = (o), which is a normal subgroup of G. We know that all representations of H are
1-dimensional and, moreover, they verify x;(c7) = (¢')/ for all [,j = 0,...,6.

We want to see what do the induced representations XlG look like. For this, we will use the block
construction for x& in the basis {g1 ® 1590 ® 1593 ® 1} for {g1, 92,93} = {p, p?, ¢ = 1} = G/H,
i.e. g; = ¢'. Hence,

Xi(gr tag)  xilgr'992) xu(gr'ggs)

X (9) = xilgs 1991) Xz(gziggz) Xz(gz‘iggs) € M;3(C) ,
Xi(95 991) x93 992) Xi(93 993)

and each block x; (g;lggj) € M;(C) = C. Denote each block entry of x*(g) by indices i, j where
1,7 = 1,2,3. Note that, since G is generated by o and ¢, we only need to characterize XlG(cp) and
X (@)

In this case, we have g = pFo®, s0 g; 'gg; = ¢ lpFo*pl = @ i Thtip=igspl = p=ithtig?'s,
Therefore, (X% (¢))i; = xi(¢'™7") = 0if i # 1+ j (mod 3) and it’s = 1 if not, and (xI(0));; =
Xi(p? 0¥ ) = 0if i £ j and if i = j we have (x7(0))ii = xi1(0?®) = ¢'?'. Hence:

0 0 1 ¢to o0 ¢t 0
i) =100 ] 5 xfle)=| 0 ¢* 0 )J={ 0 (¢*?* 0
0 1 0 o o ¢ 0 0 (¢34

Hence, to obtain D we as XlG need to consider 2l = 1 (mod 7), that is [ = 4, and for D’ we need to
take 2 = 6 (mod 7), that is | = 3. Therefore, D and D’ are monomial representations. [J



