
Exercise 9: Let G = Dr be the dihedral group of order n = 2r, and write r = 2m + 1 if r is
odd, and r = 2m if r is even. Show that the counting formula for the number t of involutions in
G (t =

∑
χ6=1

s(χ)χ(1)) leads to t = 2m + 1. (Check that this is the correct number by an explicit

enumeration of the involutions.)
Referring to the bound t2 ≤ (s−1)(n−1) (where s = |Irr(G)|), show that the difference (s−1)(n−
1) − t2 is m when r is odd, and 3(m − 1) when r is even!

Solution: Denote Dr = 〈τ, σ | o(σ) = 2; o(τ) = r; τσ = στ−1〉.
To use the counting formula for the number of involutions in G we need to compute the

Frobenius-Schur indicators of the characters. By definition, s(χ) := 1
|G|

∑
g∈G

χ(g2) = 1
2r

∑
g∈G

χ(g2).

As an important remark, we know By Ex IV-10 that the characters are real. Hence, the values of
the indicators are ±1.

To be able to compute the indicators, we need to know how the square of elements behave under
the conjugacy action. Note that elements of the form στ l square to 1, hence χ((στ l)2) = χ(1).
Hence, it remains to compute χ((τ l)2) = χ(τ2l). So we only need to check the conjugacy classes of
elements of the form τ2l for l ∈ Zr. By simple computation, we get C(τ2l) = {τ2l, τ−2l}, which has
cardinality two iff 4l 6= 0 (mod r). Hence, we have two cases, depending on the parity of r.

If r = 2m + 1 is odd, |τ2l| = 2 if l 6= 0 and we have m + 1 conjugacy classes, whereas if r = 2m,
then |τ2l| = 1 for l = 0,m and |τ2l| = 2 otherwise, and we have m + 1 conjugacy classes.

s(χ) =
1
2r

(
r−1∑
l=0

χ((στ l)2) +
r−1∑
l=0

χ((τ l)2) =
1
2r

(
r−1∑
l=0

χ(1) +
r−1∑
l=0

χ(τ2l) =
1
2r

(rχ(1) +
r−1∑
l=0

χ(τ2l) .

Hence, we have:
• If r = 2m + 1:

s(χ) =
1
2r

(rχ(1) + 2
m∑

l=1

χ(τ2l) + χ(1)) =
1
2r

((r + 1)χ(1) + 2
m∑

l=1

χ(τ2l)) .

• If r = 2m:

s(χ) =
1
2r

(rχ(1) + 2
m−1∑
l=1

χ(τ2l) + χ(1) + χ(τ2m)) =
1
2r

((r + 2)χ(1) + 2
m−1∑
l=1

χ(τ2l)) .

By Ex IV-10, we know the character table of Dr (we follow the notation of the resolution of
this exercise by the “Dihedral Group Fan Club”), so we can compute the Frobenius-Shur indicator
depending on the parity of r:
• If r = 2m + 1, we have

s(χ2) =
1

2(2m + 1)
(2(m + 1)1 + 2

m∑
l=1

1) =
1

2(2m + 1)
(2(m + 1) + 2m) =

1
2(2m + 1)

(4m + 2) = 1 ;

s(αh) =
1

2(2m + 1)
(2(m + 1)2 + 2

m∑
l=1

2 cos(h2lθ)) =
1

2(2m + 1)
(4(m + 1) + 4

m∑
l=1

cos(h2lθ)) ,
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where θ = 2π/(2(2m + 1)) and 1 ≤ h ≤ m. We know that s(αh) = ±1. And since 4(m + 1) +

4
m∑

l=1

cos(h2lθ)) ≥ 4(m+1)−4
m∑

l=1

(−1) = 4m+4−4m = 4 > 0 and 2(2m+1) > 0, we get s(αh) > 0

for all h, hence s(αh) = 1 for all h.

Thus: t = (1 · 1 +
m∑

h=1

2 · 1) = 1 + 2m.

• If r = 2m, we have

s(χ4) =
1

2(2m)
(2(m + 1)1 + 2

m∑
l=1

1) =
1

2(2m + 1)
(2(m + 1) + 2m) =

1
2(2m + 1)

(4m + 2) = 1 ;

s(χ2) = s(χ3) =
1

2(2m)
((2m + 2) · 1 + 2

m−1∑
l=1

(−1)2l) =
1

2(2m)
((2m + 2) + 2

m−1∑
l=1

1) =

=
1

2(2m)
((2m + 2) + 2(m − 1)) =

4m

4m
= 1 ;

s(αh) =
1

4m
(2m + 2)2 + 4

m−1∑
l=1

(cos(2lhθ)) =
1

4m
(4(m + 1) + 4

m−1∑
l=1

cos(2lhθ)) ,

where θ = 2π/(2(2m+1)) and 1 ≤ h ≤ m−1. By similar arguments as used before we get s(αh) > 0
hence s(αh) = 1.

Therefore: t = (3 · 1 + (m − 1) · 2 = 2m + 1.

Let us compute explicitly the number of involutions, depending on the parity of r. We know
that all symmetries στ l with 0 ≤ l ≤ r − 1 are involutions. So it remains to count involutions of
the form rl, hence 2l 6= 0 (mod r) but l 6= 0 (mod r).

Thus, ir r is odd (2 : r) = 1 and so the first equation leads to l = 0 (mod r). Whereas if r = 2m
is even, we get 2l = 0 (mod r) iff l = 0 (mod m), and so l 6= 0 (mod r) leaves l = m as the only
possibility.

Hence, if r is odd, we have t = r = 2m + 1, while r = 2m even gives t = r + 1 = 2m + 1. And
this agrees with our previous calculation of t using the counting formula.

To finish, let us compute the difference (s − 1)(n − 1) − t2, according to the parity of r.
• If r = 2m + 1, by Ex IV-10 we know that s = 2 + m and n = 2(2m + 1), so (s− 1)(n− 1)− t2 =
(m + 1)(4m + 1) − (2m + 1)2 = 4m2 + 5m + 1 − (4m2 + 1 + 4m) = m.
• If r = 2m, we know s = 4 + (m − 1) = m + 3, and n = 2(2m) = 4m, so (s − 1)(n − 1) − t2 =
(m + 2)(4m − 1) − (2m + 1)2 = 4m2 + 7m − 2 − (4m2 + 1 + 4m) = 3m − 3 = 3(m − 1). �
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