Exercise 3: Prove the two formulas xs(g) = 2 (x(9)* + x(¢?)) and xa(9) = 3(x(9)® — x(¢%))
stated in class.

Solution:

Since we have T2 = S @ A, and x72 = x?, we only need to prove one of these formulas: the
linearity of characters will give x> = xs + xa. Let us choose 4.

Set V = k(vy, ..., v,) the corresponding kG-module associated to the character x (n = dim; V =
x(1)). We know that k-basis of T2 is given by v; ® vj. Therefore, by simple computation we see
that A = k(v; ® v; —v; @ v; : ¢ < j) and this set of generators is a basis of S.

Set g € G and D = D(g) € Gl,(k). We have g(v; ® vj) = (gv;) ® (9v;) = (> Dpivi) ®
k=1

(Z Dsjvs) = Z DkiDsj(Uk ® US). Hence:
s=1 k,s=1

9-(0i®v; —v;@v;) = Y DgiDyj(vk ®@vs) = > DijDai(v ® 0s) =
k,s=1 k,s=1

n

= Z (DriDsj — Dy D) (v @ vs) = Z(DkiDsj — Dy Dgi) (v ® vs)+

k,s=1 k<s
+ 3 (DiDsj = DijDyi)(vk @ 05) = ¥ (DiiDsj — Dij D) (vp @ v5)+
k>s k<s

+ Z(Dskaj — Dg;Dy;)(vs @ vg) = Z(DkiDsj — DyjDg;) (v ® vs — vs @ V)
k<s k<s

Therefore, Xs(g) = Z(D“DJJ — DZJDﬂ)

1<j

On the other hand,

X(9)* = Q_Di)(Y_Djj) =) DuDj; =) Di+2) DuDjj.
i j i i

1<j
To finish,
x(9%) = tr(D(g*)) = tr(D(9)*) = Z(DQ)n‘ = Z(Z Di;jDj;) = ZDiiji = ZZDiiji+Z D},
i i g i i<j i
Therefore, x(9)* — x(¢%) =2 > (D;iD;; — DijDj;) = 2x4(g) for all g € G, and so
i<j
1 2 2
xalg) = 5(x(9)" = x(¢g7)) VgeG.



