
Exercise 3: Prove the two formulas χS(g) = 1
2 (χ(g)2 + χ(g2)) and χA(g) = 1

2 (χ(g)2 − χ(g2))
stated in class.

Solution:
Since we have T 2 = S ⊕ A, and χT 2 = χ2, we only need to prove one of these formulas: the

linearity of characters will give χ2 = χS + χA. Let us choose χA.
Set V = k〈v1, . . . , vn〉 the corresponding kG-module associated to the character χ (n = dimk V =

χ(1)). We know that k-basis of T 2 is given by vi ⊗ vj . Therefore, by simple computation we see
that A = k〈vi ⊗ vj − vj ⊗ vi : i < j〉 and this set of generators is a basis of S.

Set g ∈ G and D = D(g) ∈ Gln(k). We have g(vi ⊗ vj) = (gvi) ⊗ (gvj) = (
n∑

k=1

Dkivk) ⊗

(
n∑

s=1
Dsjvs) =

n∑
k,s=1

DkiDsj(vk ⊗ vs). Hence:

g · (vi ⊗ vj − vj ⊗ vi) =
n∑

k,s=1

DkiDsj(vk ⊗ vs)−
n∑

k,s=1

DkjDsi(vk ⊗ vs) =

=
n∑

k,s=1

(DkiDsj −DkjDsi)(vk ⊗ vs) =
∑
k<s

(DkiDsj −DkjDsi)(vk ⊗ vs)+

+
∑
k>s

(DkiDsj −DkjDsi)(vk ⊗ vs) =
∑
k<s

(DkiDsj −DkjDsi)(vk ⊗ vs)+

+
∑
k<s

(DsiDkj −DsjDki)(vs ⊗ vk) =
∑
k<s

(DkiDsj −DkjDsi)(vk ⊗ vs − vs ⊗ vk)

Therefore, χS(g) =
∑
i<j

(DiiDjj −DijDji).

On the other hand,

χ(g)2 = (
∑

i

Dii)(
∑

j

Djj) =
∑
i,j

DiiDjj =
∑

i

D2
ii + 2

∑
i<j

DiiDjj .

To finish,

χ(g2) = tr(D(g2)) = tr(D(g)2) =
∑

i

(D2)ii =
∑

i

(
∑

j

DijDji) =
∑
i,j

DijDji = 2
∑
i<j

DijDji+
∑

i

D2
ii.

Therefore, χ(g)2 − χ(g2) = 2
∑
i<j

(DiiDjj −DijDji) = 2χA(g) for all g ∈ G, and so

χA(g) =
1
2
(χ(g)2 − χ(g2)) ∀ g ∈ G .
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