Exercise 1:

1. Let ¢ = (2,0,1) € Irr(G) where G = S3. Show that the character ring Ch(G) (consisting of
all virtual characters) is equal to Z[p] (the ring generated by ¢).

2. Let ¢ = (3,—1,0,0) € Irr(G) where G = A4. Show that Ch(G) is not equal to Z[y].
Solution:

1. In this case, we have the character table for G = Sjs:
1 (12) (123)

1 3 2
|1 1 1
vy |1 -1 1
o2 0 —1

In this case, the character ring consists of the ring generated by all the differences of char-
acters. Since product of characters correspond to the character of the tensor product of the
modules they afford, we get that Ch(G) is the Z-module generated by the irreducible char-
acters 1g, x, ¢. We what to show that Ch(G) = Z[y]. Since we know 1, ¢ € Z[¢] C Ch(G),
we only need to show that x € Z[y]. By Burnside-Brauer Theorem, since ¢ is a faithful
character, y should appear as a factor of 2, since it is no factor of 1 nor ¢.

In this case p? = (4,0,1), and so we only need to show that [¢?, x] = &1 (i.e., invertible over
7). Let us compute this inner product. The conjugacy classes in G are {1},{(12),(13),(23)}
and {(123),(132)}. So:

1
[¢2,X]:6(4-1+0+2~1-1):1,

which implies x € Z[p], as it remaind to show. O

2. In this case G = A4 and ¢ = (3,—1,0,0) € Irr(G). Recall the character table for Ay, were
G=(r;0), 7=(12)(34), 0 = (123):

1 7 o o2

1 3 4 4
1l |1 1 1 1
X |1 1 w w?
pll 1 w? w
|3 =1 0 0

As before, we know that Ch(G) = Z(l¢g, x, i, ¢). To show that Ch(G) # Z[p] we need to
show that x or pu ¢ Z[p]. By symmetry we have [¢", x] = [¢", u] for all n. This will be the
key-point.

Assume x € Z[p], then y = Z;V:O ajp’ for a; € Z and N € N. Since y is abs irreducible, we
get

N N
1 =[x, x] MZ@M => a0 = ajp¢’] = M,Zagw [, x] =0,
=0 =0 =0

J
a contradiction. Thus, Ch(G) # Z[y]. O



