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Exercise

Letk = Q andG = A,. Letx by any one of the three nontrivial linear characters on
the normak-Sylow group ofG. Show thaty“ is the tetrahedral character Gh(which

is also the character of tidimensional reduced permutation representatio¥ oh
theG-set{1, 2, 3,4}).

Solution

Let A be the tetrahedral character Gn

Let H = {1,u,v,w} be the2-Sylow subgroup of7 isomorphic to the Klein-
group. Fix any one-dimension& H-moduleV with nontrivial charactery: then
x(h) = 1foroneh € {u,v,w} andx(h) = —1 for the other twoh € {u,v,w}.
Without loss of generality, lef(u) = 1 andy(v) = x(w) = —1.

Letr € G have ordei3. Note that{H,rH,r?>H} are all cosets of{ in G, and
conjugation byr is an order3 permutation on{u, v, w}. Without loss of generality,
assume:” = v, v" = w andw” = u. (If this is not the case, replaeewith »r—* and it
will become true.)
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Choosé) # z € V. Then{l ® z,r ® z,r? ® =} forms a basis fo “.

u-(l®z)=u®x
=lQu-x
=1®x

u-(rex)=ur®sx
=ru" @x
=rvR®x
=rQuv-x
——(row)

u-(r*ez) =ur’er
=w'r? @
=*uw @z
=r2®w-x

=— (P eu).
From the above it follows that
X% () = =1 = A(u).
Now,

r-(lez)=rz

r-(rec) =2 Qux

r-(rfez) =19
Above we see that“(r) = 0 = A(r), and by a similar argument®(r?) = 0 =
A(r?).

Clearly x“(1) = A(1). 1, u, r andr? represent all conjugacy classes®fso we
have determined that® = \.



