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Exercise

Let H be a subgroup of a finite abelian grogfy and letU be aCG-module with
x = xv- If x(G\ H) = 0, show that{G : H] | dimU. (Hint. You may use the
fact that any linear charactar: H — C* extends to a linear character: G — C*.
Computely, \'].)

Solution

Letn = |G| andm = |H|. Considefrr(G) andIrr(H) as groups under pointwise
multiplication. Then the restriction operatien Irr(G) — Irr(H) via A — A|gis a
group homomorphism. L&t = kerr. |K| = n/m.

Now, assumexy (G \ H) = 0, and take any\g, A1 € Irr(G) such thatr(\g) =
r(A1). Then
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Thus, noting that: is the disjoint union of—1({\'}) for ' € Trr(H),
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=< >, [mA]A) (1)
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Nelrr(H) Aer—1(X)
(noting that[x, \] does not depend on the choice of representatieer—1()\’), and
fixing some\ for each\’)
n
= Z —[xu, Al
m
Nelrr(H)

In particular;p/m = [G : H] | dimU = xy(1).



