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Exercise

Let H be a subgroup of a finite abelian groupG, and letU be aCG-module with
χ = χU . If χ(G \ H) = 0, show that[G : H ] | dim U . (Hint. You may use the
fact that any linear characterλ : H → C∗ extends to a linear characterλ′ : G → C∗.
Compute[χ, λ′].)

Solution

Let n = |G| andm = |H |. ConsiderIrr(G) andIrr(H) as groups under pointwise
multiplication. Then the restriction operationr : Irr(G) → Irr(H) via λ 7→ λ|H is a
group homomorphism. LetK = ker r. |K| = n/m.

Now, assumeχU (G \ H) = 0, and take anyλ0, λ1 ∈ Irr(G) such thatr(λ0) =
r(λ1). Then

[χU , λ0]

=
∑

g∈G

χU (g)λ0(g
−1)

=
∑

h∈H

χU (g)λ0(g
−1)

=
∑

h∈H

χU (g)λ1(g
−1)

=
∑

g∈G

χU (g)λ1(g
−1)

=[χU , λ1].

0
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Thus, noting thatG is the disjoint union ofr−1({λ′}) for λ′ ∈ Irr(H),

χU (1)

=





∑

λ∈Irr(G)

[χU , λ]λ



 (1)

=
∑

λ∈Irr(G)

[χU , λ]λ(1)

=
∑

λ∈Irr(G)

[χU , λ]

=
∑

λ′∈Irr(H)

∑

λ∈r−1(λ′)

[χU , λ]

(noting that[χU , λ] does not depend on the choice of representativeλ ∈ r−1(λ′), and
fixing someλ for eachλ′)

=
∑

λ′∈Irr(H)

n

m
[χU , λ].

In particular,n/m = [G : H ] | dim U = χU (1).


