MATH 252 EXERCISES XV PROBLEM 3

DAVID BERLEKAMP

1. PROBLEM:

Let U,V,W be simple kG-modules, where k is a splitting field of char0O for G.
Let T be the regular module kG.

(a) Show that U @ T = (dim U)T.

(b) Show that U ® V can be embedded in T

(¢) Show that W appears in U ® V' at most dim W times.

2. SOLUTION:

Throughout the following we write dy := dimY for Y a kG-module.

(a) We have x7(g) = d1g, so xuer(9) = xu(9)xr(9) = xv(9)dy = xv(1)d1g =
dydiy = duxr(9) = xayr(9). Since k is a splitting field of char0 identity of
these characters is sufficient to determine isomorphism of the representations, so
URT ~dyT.

(¢) The number of times m that W appears in U ® V' is at most (xvgv, xw) =
(xuxv,xw) = {xu, Xvxw), the number of times U appears in V* ® W. This is at
most %. Similarly, m is the number of times V' appears in W ® U*, which is at
most %. Then multiplying gives m? < df, = m < dw, as desired.

(b) The number of times that any simple W appears in T is dy; therefore by
(c) there are enough factors of each W to embed U @ V in T.
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